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ABSTRACT

This paper considers an inverse heat source localization problem with applications to indoor person localization from temperature

measurements. In particular, this inverse problem consists in the reconstruction of the intensity and position of heat sources

from observed temperature data. The proposed approach leverages the Green function method to model the heat distribution in

three-dimensional intervals. This approach allows the formulation of the considered inverse problem through a Volterra integral

equation, so numerical quadrature and Tikhonov regularization are employed in the approximation procedure. The validation

of the proposed method is conducted through numerical experiments with synthetic data, where various configurations of heat

sources in controlled indoor environments have been tested. Results demonstrate the method robustness and accuracy in localizing

active heat sources while maintaining privacy and requiring minimal computational resources. Potential applications extend to

smart living environments and noninvasive occupant detection also including safety issues.

1 | Introduction

The inverse heat source problem deals with the determination
of the position and intensity of unknown heat sources within a
given domain from some knowledge of the temperature distri-
bution. The applications of the inverse heat source problem are
vast and diverse. Interesting examples are the detection of abnor-
mal heat sources in thermography analyses [1] and pollution
detection [2]. Generally, in engineering, inverse problems have
found a significant development [3]. Additionally, heat source
localization can be important to provide a better understanding
of different medium’s behavior [4, 5]. The localization of heat
sources has been also studied by using acoustic pressure mea-
surements [6] and by analyzing temperature measurements on
heat conducting objects [7, 8].

This problem does not have a straightforward formulation
since it is stated in terms of the direct problem, that is, the
initial-boundary value problem for heat equation describing the
effect of the sources on the temperature distribution. As opposed
to other inverse problems, that generally are not ill-posed [9],
however, regularization techniques can be used to stabilize and
improve the numerical results obtained by the inverse procedure.
To this aim, one of the most used stabilization approaches is
the Tikhonov regularization technique [10]. Furthermore,
extensions and modifications of Tikhonov regularization tech-
nique, such as iterative and adaptive schemes, have enhanced
its applicability to various problems [11, 12]. This stabilization
procedure applies straightforwardly within the optimization
methods, such as least squares [13, 14], which are utilized to
identify the heat sources by minimizing the discrepancy between
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observed and computed temperature fields in the so-called
direct approach.

An important method to solve such inverse problems involves
the use of the Green function of the differential operators that
describe the boundary value problem under study. The Green
functions give the integral representation of the solution of these
boundary value problems. So they are a powerful tool for solv-
ing the inverse heat source problem by transforming this problem
into an integral equation, usually a Volterra integral equation of
the first kind [15, 16], allowing in this way the exploitation of the
wide literature on the numerical solution of the Volterra integral
equations [17, 18]. Moreover, for such equations, an interesting
survey of regularization methods has been proposed [19].

Our study arose from an application in the living sector, with
the final aim of localizing indoor space occupants through the
acquisition of room temperature data via sensors positioned on
the ceiling [20]. In the proposed method, the heat source of the
human body has been approximated by a gaussian shaped heat
source. In fact, the smoothing properties of the heat operator tend
to cancel the details in the initial data and in the source data (far
from its support). So, this is a perfect localization tool in sensi-
ble situations like elementary schools or kindergartens, where
privacy issues require special attention. So, the main advantages
of this method are the requirement of very simple measurement
tools and the ability of being employed without privacy con-
cerns. While the work done in [20] uses a least-square approach
with real data to localize the heat sources, for this case study,
we propose the Green function approach to construct a Volterra
equation of the first kind with the aim of determining the inten-
sity of sources. This integral equation is discretized through the
trapezoidal quadrature rule, leading to a linear system whose
numerical solution is stabilized by the Tikhonov regularization
technique. The proposed method has been tested with numerical
experiments where synthetic data are used.

The paper is structured as follows: Section 2 describes the math-
ematical model for the considered problem and the formula-
tion of its solution, beginning with the one-dimensional case
to introduce the main concepts and then extending these argu-
ments to three dimensions. The Green function approach and its
integral representation are discussed in detail, alongside numer-
ical techniques for integral approximation. Section 3 formu-
lates the inverse problem, focusing on the reconstruction of
heat source intensities from temperature measurements. This
section also outlines the regularization strategies employed for
the problem. Section 4 presents numerical experiments with dif-
ferent heat source configurations, demonstrating the accuracy
and robustness of the proposed method. Finally, Section 5 pro-
vides some conclusions and a discussion on future developments
of this work.

2 | Model Formulation

Let R and C be the set of real numbers and complex num-
bers, respectively. Let n be a positive integer, R" represents the
n-dimensional real Euclidean space, and vectors in R” are indi-
cated in bold throughout this paper.

We define the initial-boundary problem for the heat equation
from which the inverse source problem under consideration
is obtained. We describe the Green function method [21] for
the solution of this initial-boundary problem and the integral
formulation of its solution. The one-dimensional case is used
to introduce the main ideas and mathematical details that are
then generalized to the three-dimensional case. In Section 2.1,
the one-dimensional problem is formulated. The Green func-
tion approach is applied to express the solution with an inte-
gral representation. In Section 2.2, computational details for the
integral approximation are outlined, emphasizing the impor-
tance of the source function choice to handle singularities effec-
tively. Finally, in Section 2.3, the three-dimensional problem is
formulated.

2.1 | One-Dimensional Problem

LetQ =[0, L] C R, L > 0be the one dimensional spatial domain,
[0, T] be the time interval, and u(x, ) be the function representing
the temperature value at a point x € Q and time ¢ € [0, T]. We
consider the following problem:

L(x,0) - aZh(x,0) = f(x,1), x€Q, 1€(0,T),

du

—(0,7) =0, T,

ZX(O H=0 te[0,T] W
u —

%(L1) =0, re[0.T],

u(x,0) = uy(x), x € Q,

where @ € R, a > 0, is a constant representing the thermal dif-
fusivity, uy(x) is the initial temperature, that is, the temperature
at time 7 = 0, and f(x, 1) is the function representing the source
term. From standard arguments on the differential equation the-
ory, we have that the solution of problem (1) can be expressed in
the following form [22]:

L
u(x,t):/ G(x, 1,8, 0)ug(5)dé
0

t L
+ / (/ G(x, ;&) f(C, T)d€>df~
0 0

For x,& € Qandt, t € [0, T], the function G(x, t; £, 7) is the Green
function associated to problem (1); in particular, it is the solution
of the following auxiliary problem:

2

oG . %G .
Lx,1:6,7) - a2l(x,1:6,7)

=o(x = &)o(t — 1), xeQ, te0,7),

1520,1:6,7) =0, 1 €[0,T], 3)
C(L,1;¢,7) =0, te[0,T],
G(x,0:¢.7) =0, x€Q,

where 6(-) denotes the Dirac delta distribution.
We can express the solution of problem (3) in the following form:

G(x,t;E,7)= K(x, &, 1)+ v(x, 1, E,T) 4)
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where K(x,1; &, 7) is the heat kernel [23], given by the following:

1 _ =
e 40 t—1>0,

K(x,t;&,7) = Véra(-1) (5)

0 t—7<0,

and u(x,t;&, 7) is an unknown function that must be deter-
mined to prescribe the boundary conditions in (3). By replac-
ing G(x,t;&,7), given in (4), into problem (3), we obtain that
v(x, t; &, 7) must satisfy the following boundary value problem

Rt E,7) — all(x,1,6,7) =0, x€Q, t € (0,T)
2(x, 1€, L6, s : ,T),

Wi . _ K 4
JEOnen=-%0nE0,  rel0TL ©
ov . __l)_K .

L(Lngn=-K(Lreo.,  1el0T],

v(x,0;¢,7) =0, x € Q.

We note that K only depends from the time variable through the
difference r — = > 0. So, the solution v of problem (6) is supposed
to have the same dependence from ¢#; in particular, we assume that

v(x,t;¢E,7)=V(x,t —1;&),

for a suitable function V. So, we can consider the Laplace
transform with respect to ¢ — = of the functions v(x,t; &, 7) and
K(x,t;&, 1), that is, v(x, &, s) and E(x,é, s); so, for example, we
have that

+oo
(x, &, 5) = / eV (x, 1 E)dt.
0

From the properties of the Laplace transform and from (4), we
have the following:

G(x,£,5) = K(x,&,5) + T(x, &, 5) )

where [24] ‘
K(x.2.5) = — g Vibd ®)

24/ as

From problem (6) and the properties of the Laplace transform, we
have the following:

TL(x,&,5) = 2T(x,&,5) =0

(66 VX €, )

90 _ K

0—5(0, £.8)= a)L(O,s‘, s), 9

(L&, 5) = —2(L,&,5),
where s € C and we have supposed the commutative property
between the derivatives with respect to x and the Laplace opera-
tor. Hence, we have

v(x,&,8) = a+e\/§x + a_e_\/gx (10)

Moreover, constants a, and a_ can be found by imposing the
boundary conditions. In particular, we have the following:

N T ALt
a a 2a

\/EaJre\/gL — ﬁa_ef\/gL = i(37\/§(L7§),
o o 2a

and

whose solution is

L Vim0 /e
T 2yas NI i ]
) 1 e Vito L Ve |
- 24/as e\/EL _e—\/EL

By substituting a, and a_ into v, we obtain the following:

1

u(x,&,5) =
das

VL + VAL ) + VL) + VL) an
e\/EL - e_\/EL ’

and finally, by using (11) and (8) in (7), we obtain the following:

1 e—\/glx—ﬂ_'__l .

4as 4as
Y B Y AU B VAIC Al 12)
e\/gl“ - e_\/gL

G(x,&,5) =

The inverse Laplace transform of function G in (12) gives the
required function G; in (12), the inverse transform of the first
term gives the fundamental solution K (see (8)), whereas the
second addendum has not an explicit inverse transform; how-
ever, we can implement an approach similar to the one used in
[25]. In particular, for the denominator in this term, we can use
the geometric series

I
—
(NP
8
N
[
| [
[ %)
=
I
N——
=

eV n=0
thus,
1 +o0 - _
E(X, 5, S) = Z <e_ \/;(2L+2Ln+§—x) +e \/;(2L+2Ln—.f—x)
V4as n=0

+e \/; QLR | - \/; (2L+2Ln—§+x)>.

In this way, we can consider the explicit inverse transform of o,
through the table of Laplace transforms [24], and obtain

+o0

1

Véarn(t — 1) n=o0
_ @L+2Ln+é-x)? _ @L+2Ln-¢-x)? _ @Ln+é+x)? _ @L+2Ln-g+x)?
e 4a(i-1) +e 4a(t—7) +e 4t 4 da(t—7)

v(x,t;€,7) =

13)

Finally, by using (4), the Green function can be approximated as
follows:

N 5

1
—_— T »T) s
Vara(t — 1) sl )+,§‘>Z§g(yh’ )]

(14)

Gx, ¢, 1)~

85UB01 7 SUOWILLIOD AIIERID B |qedi[dde ay) Aq peuienob 818 Saole YO 8SN JO S9|N1 10} ARId 1T aUIIUQ AB]IA UO (SUOTHPUOD-PU-SWLBIALICO" &S| 1M ARe.d 1 |Bul Uo//Say) SUONIPUOD pue swie | 8y} 88S *[5202/0T/82] Uo Akeiqi1auliuo 8|1 * outeweD IgeISIeAIUN -eRIUEpeN PIB3 A £GTO. BWW/Z00T OT/I0pAW0d" A3 1M AleIq1joulUo//Sdiy Woly papeojumod ‘0 9.y T660T



where 7 = 4a(t — 7), N is a given truncation parameter of the
series in (13), and

g T)=e7,

y=x-=¢

15)

andforn=0, ... ,N,

You =2L+2Ln+&—x,
Vsu=2L+2Ln—-§—x,
Yan =2Ln+&+x,

Ysp=2L+2Ln—-§+x.

We note that, from the knowledge of G, the solution u(x,?) of
problem (1) is given by (2).

2.2 | A Note on the Computational Details
of Formula (2)

The integral representation (2) has a key role in the inverse
problem. So, its numerical approximation has to be done in an
efficient way. The first integral

L
/ G(x,1;€,0)uy(£)dé

0

is approximated through the trapezoidal rule [26]. This method
has been chosen for its effectiveness in approximating definite
integrals, especially when the computational cost is a criti-
cal element as in the real-time application mentioned in the
introduction.

The second integral

t L
/ </ G(x, ¢, 1)f (¢, T)d-§>df
0 0

requires special attention because of its singularity at r = ¢. In the
following, we consider a particular form for the function f(x, 1)

M
1
fxt)=——=) 0,0f,(x) (16)
Vor gi
where
Su0) = e ent) an

In other words, the source f(x,?) is supposed to be equal to the
sum of M heat sources having Gaussian shape, where for m =
1,2, ... , M, the parameter ¢, controls the width of the source,
x,, € Qis the center, and ¢,,(f) > 0, t € [0, T, is the intensity of
the mth source. We note that when o,,(f) = 0, for each r € [0,T],
there is no source at x,, during the simulation. The choice of
expression (16) provides some computational advantages that
are explained in the following sections; however, it allows the
approximation of general source shapes as a consequence of the
well-known properties of the Gaussian radial basis functions [27];
see Chapters 10 and 11, a choice proposed also for other appli-
cations [28-30]. However, when G is given by (14), the inte-
grand function can be written as the sum of terms of the form

Ce~(@€+bé+e) for suitable choices of the coefficients C, a > 0, b,
and c. For these functions, we can consider the following formula:

L
/ et rere) g - 1 \/Ze%—c
0 2V a
erf( 24LED ) o 2 , a>0,
24/a 2+/a

where erf is the error function; see [24] Chapter 7 for details.

(18)

For simplicity, in the description of the numerical scheme, we fix
the ideas on the generic mth source; that is, we assume that the
source term function in (1) is of the following form:

FGt) = ——0, (0 f(x) (19)

V2

Note that this is not a restrictive assumption because all the oper-
ators involved in the following discussion are linear. In this case,
the values of the parameters C and a are equal for all the five
exponential terms in (14) and are given by the following:

t
C:—O-m() a=%+€

27/ 2a(t — 1) ’

Moreover, it is easy to prove that the values of coefficients b and
¢ for the exponential terms in the product between (17) and (14)
are given, forn =0, ... , N, by the following:

2
'

2x 2
bl = —? - 2Xm€m (20)
4nL+4L-2
Anltal—2x _ 2xm€,2,,’ h=2,
—4nL—4L+2
L 2xme,2n, h=3,
bpw =73 _anrlar-2x 2 21)
— - 2x €, h =4,
4nlL+2x 2 _
- = 2% €5 h=35,
2
_Xx 2.2
a= +e X (22)
4n? L*+8nL>—4nLx+4L*—4 Lx+x> 2.2
= + e X h=2,
4n* L2 +8nL2—4nLx+4L*—4Lx+x*
n n VlTx X+X +€’2nxfn, h=3,
Chn =\ 42 12480124 4nLx+4L2+4Lx+x> 2.2 (23)
= + €, X, h =4,
4n? L*+4nLx+4L%+x>
LA L 6242 h=5.

T m”=m’

Now, for each term, we can perform some simplifications that
lead to the following integral:

/ 5T pabeydr (24)
0 2z

where we define P(a, b, ¢) as follows:

»2
il 2aL +b b
P(a,b,c) = ¢ <erf< ¢ 1> - erf< ! >>
\/1+eiT 2+/a 2+/a
SN h——h 2aL +b b
+ ZZ ¢ erf| S S )
h=2n=0 '/1+€r2n7 2\/5 24/a

(25)
Mathematical Methods in the Applied Sciences, 2025
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Integral (24) can be easily approximated with the trapezoidal rule,
since it no longer has a singularity at r = 7.

2.3 | Three-Dimensional Problem

We consider the three-dimensional problem that general-
izes problem (1). Let B =1[0, L;] x [0, L,] X [0, L;] C R3, L; >
0,L, > 0, L; > 0 be the spatial domain and let x = (x;, x,,x3)" €
B. We are looking for the solution of the following problem:

S0~ adu(x,1) = d(x.1), X € B, 1€[0.T],
%x,1) =0, x€oB, 1€[0,T],  (26)
u(x,0) = Uy(x), X € B,

where A is the Laplacian operator in the three-dimensional

2 2
Cartesian coordinate system, that is, Au = =tttz and
A(x) represents the unit outward normal at x € 0B.

Given & = (§,,&,.&,)" € B, < t, we consider the Green function
T, solution of the problem

X 1:€,7) — aAT(X, 1; €, 7)
=6(x = §)é(t - 1),
S (X 1€,7) =0,

I'x,0;¢,7) =0,

X€E B, te][0,T],
X€oJB, t€[0,T],
X € B.

27

From the Cartesian symmetry of B, we can easily see thatT" can be
expressed in terms of the Green function of the one-dimensional
problem, that is,

I'x,t;&,7) = G(x,1; £, 7)G (x5, 1, &, 7)G (x5, 15 &5, T); (28)

see [21] for details. As in the one-dimensional problem, we
assume that the source function ¢(x, 7) in problem (26) has the
following form:

M 3
1
d& 1) = ——= D 0, | fmi(x) (29)
vzl

where
Fui@) =m0 i212.3) m=1,2, ..., M,

and X,, = (x,,,X,,2.X,,3)" € B denotes the position of an heat
source having intensity o,(f). As in the one-dimensional
problem, the solution u(x,t;0,U;) of problem (26) can be
expressed as follows:

ux,t,0,U,) = /F(X, 1,6,00Uy(8)d¢
B

+ / </F(x,t;§,1)¢(§,r)d§>d7.
0 B

We analyze the second addendum in (30), and for 0 < 7 <7, we
have that

(30)

/fmmaﬂaanﬁ
B

_i%m
m=1 ‘\/ﬁ

3 L,
H/Gmmmmmwr €3]
170

Each one of the integrals

LV
/ G(Xi,l; éi’ T)fm,i(fi)déi i=1,2,3
0

can be evaluated as shown in Section 2.2, thus enabling the
numerical approximation of u(x, t; o, U,) given in (30).

3 | The Inverse Problem

We consider an inverse source problem associated to problem
(26), where the source function is completely defined from vec-
tor o(t) = (6,(1), 6,(1), ... ,o,,()T. In particular, the following
problem is studied.

Problem 1. Given wt), i=12,....1, j=1,...,J+1,
the temperature measurements at known points X; € B,
i=12,..,1 attimess;, j=1,...,J +1, compute the source

intensities o-(tj) such that u(xi,tj;a, Uy = yi(tj), i=1,2,...,1,
j=1,...,J+1.

The integral formulation (30) for the solution of problem (26)
allows us to formulate Problem 1 as an integral equation for the
source intensity functions o(¢). In particular, with the notation
introduced in the previous section, we have the following:

u(x,.,tj; o, Uy — / I'x;, 1 E,0)Uy(&)d&
B

= /’</F(Xi,tj;f,r)qb(f,r)df)dﬂ
0 B

where the innermost integral at the right-hand side is evaluated
by formula (31). Hence, the right-hand side of (32) can be rewrit-
ten as follows:

(32)

Mo
Z/ 6, (0)D,(X,1;;7)d7,
0

m=1

where the functions ®,,(x,7;; 7) are obtained by applying formu-
las developed in Section 2.2 to analytically compute the corre-
sponding integrals in (31); instead, the time integrals are numeri-
cally approximated by the trapezoidal quadrature rule. Moreover,
we can notice that the left-hand side of (32) is a known term for
allx;,,i=1,...,Iandr;,j=1,...,J + 1. Now, the procedure to
construct the linear system of the form Ao = b from the modified
version of Equation (32) is presented.

We define the vector o = (o}, ... ,0",)" € RM*V, where the
generic vector 6,, = (6,,(t;), ... ,6,(f;,1))" € R’*! contains the
values of the m-th source intensity at different observation
times. The vector b = (b}, ... , b’ ) € R+ is given by the

TABLE1 | Numerical experiments proposed.

Case studied Source configuration  Active sources

Case 1 2% 2 grid One active source
Case 2 2% 2 grid Two active sources
Case 3 3 X 3 grid One active source
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FIGURE1 | Case 1: Plot of the active source intensity (top) and its relative error over time (bottom). [Colour figure can be viewed at
wileyonlinelibrary.com]
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FIGURE2 | Case 1: Plot of the inactive sources intensity over time. [Colour figure can be viewed at wileyonlinelibrary.com|
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concatenation of J + 1 vectors bj eR!,j=1,..,J+1,which
have the ith component equal to

() = %, 10,09 = [ 00,013 60U =1, T
B
(33)
Thus, the matrix A can be defined as A = (4,] ... |A,,), where
the generic matrix 4,, € R’7/+! is composed of J block matrices
A,,; € R™/*1 having components equal to

s 0;®,,(x,,1;,7;) if j<j+1,
A, )= T " 7> 41 (34)

where w; are the weights assigned to the trapezoidal quadrature
formula.

The linear system Ao =b is not directly solved since it is
ill-conditioned and also because we need to enforce a solution
o with nonnegative components. For these reasons, we use the
Tikhonov regularization procedure, and in the corresponding
minimization problem, we consider the bound constraint; that
is, we solve the following problem:

.. 1 5 2
minimize E(lle-—b||2+A||0'||2),

. (35)
subjectto o >0
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where 4 is the Tikhonov regularization parameter; see [10] for
details on this regularization method.

4 | Numerical Results

We present the results obtained from some numerical exper-
iments designed to assess the effectiveness of the proposed
method. In these experiments, we simulate a closed room with
fixed sensors near the ceiling to measure the temperature gener-
ated from different source configurations.

The closed room is represented by the spatial domain B =
[0, L,]1 X [0, L,] %[0, L;], where the maximum length are L, =
34m, L, =44 m, and L; =2.7 m, where m denotes meters.
The thermal diffusivity a is 2.17 - 10*5“‘?2, where s denotes sec-
onds. All the simulations are made on a time interval [0, 7],
with T = 600 s. We suppose to have a uniform grid of 4 x 5 ther-
mal detectors, at a height z = 2.45 m; the grid is placed on a

hypothetical rectangle that is 0.5m away from the walls. The grid
consists of four detectors along the x-direction and 5 points along
the y-direction.

The numerical solution of the initial-boundary value problem
(26) is computed by the finite difference scheme with a uniform
space grid having N, =17, N, =22, and N, = 21 nodes in the
x, ¥, and z directions, respectively. The simulation time inter-
val has been partitioned in N, = 61 time steps, resulting with
At = 10 s, so the Courant-Friedrichs—Lewy (CFL) condition for
the three-dimensional heat equation is satisfied [31].

Two different source configurations are considered. The first con-
figuration is a 2 X 2 grid, and the second configuration isa 3 x 3
grid, both grids placed at a fixed height of z = 0.5 m. We note
that this choice to place all sources on the same horizontal plane
is motivated by a specific application context, namely, indoor
human localization in public environments. In such settings,
individuals typically occupy a relatively narrow vertical range
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(e.g., standing or sitting at a common average height), which
justifies the assumption of coplanar sources. This assumption
also serves as a stabilization strategy in the inverse problem.
While extending the model to allow sources distributed across
multiple planes is theoretically feasible, it would introduce addi-
tional degrees of freedom and complexities that require different
configuration in the problem data. Table 1 provides a summary
of such configurations. The numerical solution of problem (35)
is computed by a Newton method modified to deal with bound
constraints [32]; in particular, for this method, we have used the
MatLab provided by function Isqlin [33]. In problem (35), we

500 600

Case 3: Plot of the inactive sources intensity over time. [Colour figure can be viewed at wileyonlinelibrary.com]

Source intensities representation

35

N
o

y direction

05

0 0.5 1 1.6 2 25 3
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Case 3: Sources grid positions (left) and visual representation of the computed heat source intensities (right). [Colour figure can be

have chosen the regularization parameter A = 5- 107> through
a process of trial and error, with the objective of finding the
best trade-off between stability and reconstruction accuracy.
However, from results not reported in this paper, we have that
slight different regularization parameters provide similar source
positions but with slightly different intensity. In the practical
application of the method, an automatic selection of the regu-
larization parameter should be done, for example, by using the
Morozov discrepancy principle [34]. Figures 1-9 show the behav-
ior over time of the computed source intensity versus the actual
source intensity as well as the relative error over time. Moreover,
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Figures 3, 6, and 9 give a visual representation of the recon-
structed heat sources in a slice of the xy-plane at z = 0.5 m. In
particular, Figures 1-3 refer to Case 1, Figures 4-6 refer to Case
2, and Figures 7-9 refer to Case 3.

Figure 1 compares the computed intensity of the active heat
source with the actual active heat source intensity over time.
In this first experiment, only a single heat source is active and
the computed intensity closely follows the true value, indicating
that the numerical method successfully captures the dynamics of
the heat source, with a low and stable relative error produced.
Figure 2 shows the computed intensity for the inactive sources
where the true value is equal to zero. In Figure 3, a visual rep-
resentation of the computed heat source intensities is shown in
a slice of the xy-plane at a height of z = 0.5 m. This figure high-
lights the precise identification of the active source while inactive

regions remain unaffected, further supporting the model’s effec-
tiveness in capturing the heat source in this scenario.

Figures 4-6 concern Case 2. Figure 4 compares the computed
intensity values of two active heat sources with the actual active
heat sources, again within the 2 x 2 grid configuration. In par-
ticular, Figure 4 illustrates how the numerical solution is able to
differentiate between the two active sources, accurately tracking
their respective intensities while keeping the respective relative
errors low. At the same time, as shown in Figure 5, the inactive
sources exhibit an intensity close to zero. While minor discrep-
ancies between the computed and actual intensities are visible,
the overall trend demonstrates the reliability of the numerical
method in a more complex multisource scenario. In Figure 6, the
corresponding heat source intensities are visualized, showing the
successful localization of both the active sources.
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In Figure 7, the behavior of a single active source is presented in
the case of a 3 x 3 grid configuration. The computed intensity is
again in close agreement with the true intensity, with only minor
variations visible as time progresses. This reinforces the model’s
consistency in identifying the heat source’s behavior, even in a
more complex grid setup. The same concept holds for the inactive
sources, as shown in Figure 8. Similar to the previous experi-
ments, Figure 9 visualizes the heat source intensity, confirming
that the model accurately identifies the active source, while the
inactive regions remain unaffected. In all the cases considered,
the method successfully identifies the correct placement of the
active sources, assigning a value close to zero to the inactive ones.
So, these results highlight the robustness of the method for dif-
ferent source configurations and its ability to identify rapidly the
active sources in the room (see Figures 1, 4, and 7). On the other
hand, the diffusive nature of the heat equation seems to nega-
tively influence the results obtained over long periods. This last
point has to be analyzed in a future study of the proposed method.
Figures 10-17 highlight the behavior of the proposed method
with an added noise of 1%, 2%, 5%, and 10%, applied to the set
up of Case 1. It should be noted that a dedicated study to find an
optimal value of the A parameter would yield more stable results;
however, this is outside the scope of the presented work.

Figure 10 compares the computed intensity of the active heat
source with the actual active heat source intensity over time.
The computed intensity closely follows the true value, indicat-
ing that the numerical method successfully captures the dynam-
ics of the heat source, with a low and stable relative error pro-
duced. Figure 11 shows the computed intensity for the inactive
sources where the true value is equal to zero. We can conclude
that the noise level of 1% does not have notable negative effects
on the numerical method proposed. The comparison proposed in
Figures 12 and 13 between the computed heat source intensities

with a noise level of 2% of the temperature data shows the ability
of the numerical method of correctly identifying the heat source
position and intensity, while keeping a low relative error.

Figure 14 shows the computed heat source intensity when the
data has a 5% level of noise. In this case, the computed values
are less stable but still relatively close to the true value. Also, as
shown in Figure 15, the intensity of the inactive sources is cor-
rectly assigned, so the ability of the numerical method on finding
the correct active source has not changed.

Finally, Figures 16 and 17 show the behavior of the proposed
numerical method when the noise level of the temperature data is
10%. In this case, an optimal value of the Tikhonov parameter, 4,
would yield more stable results; however, it is important to high-
light how the numerical method is able to correctly differentiate
between the active source and the inactive ones.

For the various cases, the elapsed time in the numerical solu-
tion of the inverse problem was about 20-40 s, proving the abil-
ity of the method to be applied in real-time applications. The
numerical results are obtained with an implementation of the
proposed method in Matlab [35] running in a ACER Aspire lap-
top, equipped with processor Intel Core i7-7500U 2.7 GHz, 12 GB
of DDR4 RAM, and operative system Windows 10 (64 bit).

5 | Conclusions

This paper presents an inverse heat source problem arising from
person localization in indoor spaces. The proposed method used
to solve this problem is based on an integral representation for
the temperature function. This representation is obtained from
the knowledge of the Green function of the heat operator with
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prescribed boundary conditions, and such Green’s function is
obtained through the use of the Laplace transform. Moreover,
in this representation, the source function is approximated by a
linear combination of the Gaussian functions, which allows an
important simplification of the temperature function. The inverse
heat source problem has been formulated as a system of inte-
gral equations, whose solution has been obtained by using the
Tikhonov regularization procedure. The proposed method has
been tested and validated with some numerical experiments, con-
firming its capability to accurately solve the inverse heat source
problem. Indeed, the experiments show good agreement between
the computed and actual source intensities, with relative errors
kept at acceptable levels.

The promising results obtained in this paper encourage us to
improve this method and to extend this study to slightly differ-
ent domains or more complex heat source configurations. Finally,
the method should be tested in real-world applications like the
one in the living sector, where the proposed problem has been
considered to localize persons within indoor spaces [20, 36]. To
this aim, sensor noise, convective effects, and other uncertainties
as windows, doors and room furniture should be evaluated and
considered in the inversion procedure.
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