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The supersolid phase of soft-core bosons in two dimensions is investigated using the self-consistent
Hartree-Fock and quantum Monte Carlo methods. An approximate phase diagram at finite tem-
peratures is initially constructed using the mean-field approach, which is subsequently validated
through precise path-integral simulations, enabling a microscopic characterization of the various
phases. Superfluid and melting/freezing transitions are analyzed through the superfluid density
and the long-range behavior of correlation functions associated with positional and orientational or-
der, in accordance with the general picture of Berezinskii-Kosterlitz-Thouless transitions. A broad
region at low temperatures is identified where the supersolid phase exists, separating the uniform
superfluid phase from the normal quasi-crystal phase. Additionally, a potential intermediate hexatic
phase with quasi long-range orientational order is identified in a narrow region between the normal
solid and fluid phases. These findings establish self-consistent Hartree-Fock theory beyond the local
density approximation as an effective tool, complementary to computationally intensive quantum
Monte Carlo simulations, for investigating the melting of the supersolid phase and the possible
emergence of the hexatic superfluid phase in bosonic systems with various interaction potentials.

I. INTRODUCTION

Supersolidity is a peculiar state of matter where both
U(1) and translational continuous symmetries in d di-
mensions are spontaneously broken. According to hy-
drodynamic theory [1] for a supersolid in d dimensions
1 + d distinct gapless dispersive modes, respectively Bo-
goliubov and crystal phonons, characterise the spectrum
of the system. These modes correspond to the Nambu-
Goldstone bosons emerging due to the broken symme-
tries, as shown by generalising the Goldstone theorem to
non-Lorentz-invariant systems [2].

In three dimensions (3D), supersolids feature long-
range order (LRO) in the density fluctuations, which
share the periodicity of the lattice structure, and off-
diagonal long-range order (ODLRO) in the one-particle
density matrix as a result of phase coherence and Bose-
Einstein condensation (BEC). In two dimensions (2D),
both types of order parameter are not stable against
thermal fluctuations, but a similar classification of the
supersolid phase can be defined in terms of power-law
as opposed to exponential decay of the corresponding
correlation functions [3]. The transitions associated to
the emergence of quasi-long range order, namely correla-
tion functions with algebraic decay, are generally of the
Berezinskii-Kosterlitz-Thouless (BKT) type.

From the experimental point of view, first inconclusive
evidences of supersolid behavior were observed in crys-
tals of 4He [4, 5]. The interpretation of these results was
not straightforward [6] and more careful studies have fi-
nally shown that solid helium does not exhibit a finite
superfluid response [7]. This conclusion agrees with the
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general belief that superfluidity in crystals is ruled out if
the number of atoms is commensurate with the number
of lattice sites [8].

Unambiguous evidence of supersolidity was instead re-
ported in ultracold dipolar gases, where thousands of
atoms form phase coherent clusters. The cluster-type su-
persolid was proposed long ago by E. P. Gross [9]. First
experiments realised linear arrays of clusters [10–12], and
observed the distinct Goldstone modes associated with
the two spontaneously broken symmetries [13–15]. More
recently, planar configurations have been realized [16, 17]
and quantized vortices have been created [18]. New ex-
periments are focusing on the role of temperature in sup-
pressing coherence between droplets [19, 20] opening the
way to the study of the finite temperature phase dia-
gram. On the other hand, a supersolid phase in the sense
predicted by Andreev and Lifshitz [1], namely a conden-
sate of zero-point vacancies, has been observed in a single
layer of 3He adsorbed on a carbon nanotube [21, 22].

On the theory side, while usually ultracold dilute
Bose gases are very well described by the Gross-
Pitaevskii (GP) theory, the dipolar cluster and super-
solid states require the inclusion of the repulsive Lee-
Huang-Yang correction in the GP equation (a.k.a. ex-
tended GP equation) to stabilize the attractive compo-
nent of the anisotropic dipolar interaction [23–25]. Quan-
tum droplets of dipolar atoms have also been investigated
beyond the extended GP scheme using quantum Monte-
Carlo methods [26–28].

Concerning the study of phase transitions the dipo-
lar gas platform has a drawback: in order to avoid the
collapse of the gas due to the head-to-tail dipole-dipole
attraction, a confinement in the direction of the atomic
dipole moment is necessary. The system is eventually
composed of mesoscopic elongated clusters organised in
a 2D structure. These features make a scaling to the
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FIG. 1. Phase diagram of 2D soft-core bosons as a function of temperature T and strength W of the interaction potential (1).
The density is fixed at ρR2 = 4.4, with R the range of the soft-core interaction potential (1). The parameter ϵ0 = ℏ2/(2mR2)
is taken as the energy scale. Left panel: phase diagram obtained within the self-consistent Hartree-Fock approximation. The
density profiles of the condensate and thermal fractions shown in Fig. 3 are taken at the point marked by the red cross. Other
numerical parameters are: discretization parameter M = 22, supercell linear size L = 6, see Appendices B-D for details on
the numerical implementation of the HF approximation and Section III for the explanation of how the phase boundaries have
been obtained. Right panel: phase diagram obtained from PIMC simulations with N = 4032 particles, see Section IV for
details. Points are classified by analyzing the correlation functions G6(r) and the superfluid response. “Normal”means here
non-superfluid (zero superfluid density in the thermodynamic limit).

thermodynamic limit and the study of reduced dimen-
sionality not straightforward.

From a theoretical point of view, a very useful model,
which exhibits a supersolid phase in 2D and in 3D is
a Bose gas with a soft-core interaction potential (see,
e.g., [29, 30])

V (r) =Wθ(R− |r|) , (1)

with r the vector connecting two atoms, θ(x) the Heav-
iside step function, R the range of the potential, which
will serve as our unit of length, and W > 0 a constant
determining the strength of the interaction. For later
convenience, we also define the unit of energy for the
present study as ϵ0 = ℏ2/(2mR2). Interactions in the
soft-core model are purely repulsive, resulting in a well-
defined equilibrium state in the thermodynamic limit. It
is worth noting that, as discussed in Ref. [31], the super-
solid behavior of the long filaments forming in dipolar
gases can be interpreted in terms of an effective 2D soft-
core system.

In 2D this model has been studied at zero temperature
by using GP theory [29] and path-integral Monte Carlo
(PIMC), focusing on the low temperature limit [32, 33].
The model features a normal cluster solid phase, a clus-
ter supersolid phase, and a uniform superfluid phase.
The zero-temperature excitation spectrum of the various
phases has also been explored [34–36].

As already mentioned, phase transitions in 2D have pe-
culiar features due to the enhanced role of thermal fluctu-

ations. The normal to superfluid transition is of the BKT
type and is signaled by the universal jump of the super-
fluid density [37]. Different scenarios can instead apply
to the freezing/melting transition in 2D. First of all, a 2D
crystal can sustain only positional quasi-LRO, meaning
that the pair correlation function along a symmetry axis
exhibits a power-law decay. Orientational LRO is instead
present resulting in a finite order parameter. In classi-
cal systems the melting to the fluid state, where both
positional and orientational order decay exponentially,
may occur as a two-step process involving the hexatic
phase as an intermediate state [38]. In the hexatic phase
positional correlations decay exponentially, while orien-
tational correlations decay as a power law. Depending
on the type of interaction potential, one could have that
the liquid/hexatic transition is first order while the hex-
atic/crystal transition is of the BKT type [38]. Alterna-
tively, both transitions are of the BKT type according
to the celebrated Kosterlitz-Thouless-Halperin-Nelson-
Young (KTHNY) theory [39–41]. Evidences of the hex-
atic phase and of the KTHNY melting scenario have been
observed in systems of colloidal particles [42, 43]. A dif-
ferent scenario predicts a first-order liquid to solid tran-
sition without hexatic phase [44, 45].

More complications arise when one adds quantum-
mechanical effects to the melting scenario. Intriguing
question are: a) Are quantum exchange effects relevant
for the 2D freezing/melting transition? b) Is there an
hexatic phase and could this phase sustain a finite super-
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fluid response? c) Is the superfluid to supersolid transi-
tion of the first order or of the BKT type? Concerning
questions a) and b), a theoretical study of dipoles in 2D
including quantum effects argued that the hexatic phase
could survive down to very low temperatures well within
the degenerate regime [46]. As for question c), at T = 0
one expects that the energy of the crystal state of the
soft-core model becomes lower than the homogeneous su-
perfluid for densities above the critical point. However,
at finite T , it is unclear whether the transition remains
first order.

In this article we investigate theoretically the finite
temperature phase diagram of soft-core bosons in 2D
and we establish quantitatively the boundaries of the
various phases in the thermodynamic limit. We use
both a Hartree-Fock (HF) scheme, where solutions of the
GP equation and thermal excitations are treated self-
consistently without resorting to the local density ap-
proximation, and exact PIMC simulations to validate the
main results of the HF analysis and to characterize the
different phases through the calculation of the relevant
correlation functions.

We find that the supersolid phase occupies a significant
region of the phase diagram at large interaction strength
and low temperatures. The hexatic phase might exist
in a thin region between the crystal and the fluid, but
there appears to be little room for a hexatic superfluid
phase [47]. Furthermore, PIMC simulations indicate that
the transition from the superfluid to the supersolid is ac-
companied by a jump in the superfluid density and in
the orientational order parameter. In the regime of large
interaction strength, we find an intriguing unexpected
result: the orientational order parameter increases with
temperature, reaches a maximum and then rapidly van-
ishes as the system enters the normal fluid phase. We
attribute this counterintuitive behavior to an enhanced
role of quantum fluctuations.

The structure of the paper is as follows. The main re-
sults of the present paper, the phase diagrams obtained,
respectively, from HF theory and PIMC simulations, are
presented and compared in Sec. II. In Sec. III A, we
present in detail the self-consistent HF scheme used to
obtain the phase diagram. The critical temperature of
the first order fluid-solid transition predicted by HF the-
ory is obtained by computing the free energies of the
uniform and density-modulated phases, as explained in
Sec. III B. Using HF theory, we calculate the superfluid
density with the phase twist method and also the bulk
and shear moduli of the crystal. In Sec. III C, these are
used together with the universal relations of the BKT
transition to estimate the critical temperatures of the
transitions from superfluid to normal and from the crys-
tal to the hexatic phase. In Sec. IV we briefly describe
the PIMC method and we discuss results for the super-
fluid density, the orientational order parameter and the
long-range behavior of the pair correlation function and
of the orientational correlation function by varying tem-
perature and strength of the interaction. Final conclu-

sions are examined at the end in Sec. V. Technical details
and additional results for the HF method are collected in
Appendices A-E. Finite size effects in PIMC simulations
are also further discussed in Appendix F.

II. PHASE DIAGRAM OF SOFT-CORE
BOSONS

In this section we discuss the phase diagram of 2D
soft-core bosons at finite temperature as obtained from
HF self-consistent calculations and exact PIMC simula-
tions. The two phase diagrams are shown in Fig. 1. It
is worth emphasizing here that they are plotted using
the same units, without applying rescaling factors. The
following phases are identified: First we distinguish be-
tween a normal fluid and a superfluid, both occurring
in the regime of relatively weak interaction strength, at
high and low temperature respectively. In 2D the super-
fluid transition is of the BKT type and entails a universal
jump of the superfluid density from a finite critical value
to zero. Both within the HF framework and in PIMC
simulations, we calculate the superfluid density ρS and
use the Nelson-Kosterlitz criterion (see Eq. (24) below)
to determine whether the system is in the superfluid or
in the normal phase.
Notice that the HF theory can not describe the BKT

superfluid transition and would predict a finite ρS even
above the BKT transition temperature. On the contrary,
PIMC simulations are known to reliably reproduce the
critical behavior of ρS at the transition point [48] once
finite-size scaling is properly accounted for. Nevertheless,
the above simple criterion provides an accurate estimate
of the transition temperature if the size of the simula-
tion is large enough. In the comparison between HF and
exact phase diagram, we notice that HF theory overesti-
mates the extension of the superfluid region up to higher
temperatures (kBT/ϵ0 ∼ 10, while PIMC simulations in-
dicate the transition at kBT/ϵ0 ∼ 7 for the smallest inter-
action strength). Furthermore, whereas the superfluid to
normal transition point appears to be almost insensitive
to interactions within the HF scheme, exact simulations
show a decrease of the transition temperature with in-
creasing interaction strength W .
By increasing the strength W of the interaction at rel-

atively low temperature one enters the supersolid phase,
characterized by a finite superfluid density (above the
universal critical value set by BKT theory) and a density
modulation corresponding to a triangular lattice. Within
the HF approach, the spatially modulated solution cor-
responds to a lower free energy compared to the uniform
solution and the lattice constant is also determined via
a minimization procedure. PIMC simulations, instead,
provide direct access to the global orientational order pa-
rameter |ψ6|2 defined in Sec. IV from the integral of the
orientational correlation function G6(r). The order pa-
rameter |ψ6|2 remains finite in the quasi-crystal phase,
even though the density-density correlation function ex-
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hibits peaks which decay with a power law according to
the theory of the crystal phase in 2D. Simulations seem
to indicate an abrupt appearance of the orientational or-
der parameter as a function of the interaction strength
W (see Fig. 6). A discontinuous jump of |ψ6|2 would
be compatible both with a first-order and a BKT-type
transition. However, much larger simulations would be
needed to exclude a continuous transition or the exis-
tence of an intermediate hexatic phase between the fluid
and the solid. We also notice that the HF prediction of
the onset of supersolidity as a function of interaction is
in reasonable quantitative agreement with the results of
PIMC simulations.

The transition from supersolid to solid is determined
using the criterion of the superfluid density ρS analo-
gously to the normal to superfluid transition in the uni-
form phase. Also in this case HF theory overestimates
the extension of the supersolid region, while the decrease
of the transition temperature with interaction strength
is in agreement with the PIMC phase diagram. It is
commonly accepted that the transition between the su-
persolid and the solid phase persists down to zero tem-
perature (see, e.g. [34, 35]), however an exact zero-
temperature analysis is still lacking. Interestingly, the
presence of such zero-temperature critical point has been
argued to lead to a renormalisation of the Kosterlitz-
Nelson criterion, as predicted for the quantum phase
model [49]. A simple linear extrapolation to zero tem-
perature of the normal to supersolid transition point
based on the phase diagram in Fig. 1, yields an estimate
W/ϵ0 ≈ 9 of the quantum critical point in agreement
with Ref. [34].

The HF phase diagram includes an hexatic phase sep-
arating the normal fluid from the normal solid. This
is signaled by a spatially modulated solution of the HF
equations being lower in free energy compared to the
uniform solution and a Young elasticity modulus Y be-
ing smaller than the critical value corresponding to the
universal jump of the BKT theory of 2D melting. In-
deed, the KTHNY theory predicts at this value of Y a
transition from a quasi-crystal to an hexatic phase where
translational order is short ranged and orientational or-
der decays algebraically yielding a vanishing global order
parameter |ψ6|2. According to the HF phase diagram,
the hexatic phase can only be accessed from the normal
fluid. This suggests the absence of an hexatic superfluid
phase within HF theory. Using PIMC simulations we
tried to look carefully for the hexatic phase especially in
the region of high temperatures and large interactions
strengths. Unfortunately, this phase is not associated
with a global order parameter and can be recognized only
by studying the behavior of the density-density and ori-
entational correlation functions which should decay, re-
spectively, exponentially and algebraically. This is diffi-
cult to establish in a firm way for the system sizes allowed
by our simulations. However, some indication of hexatic
behavior are visible in the upper right corner of the phase
diagram in Fig. 1 corresponding to the points labeled as

”unknown” which we can not clearly assign neither to
the homogeneous normal phase nor to the solid phase.
Similar ”unknown” points are also present in the phase
diagram of Fig. 1 in a narrow slice separating the super-
fluid and the supersolid or normal solid phase. For these
points the orientational order parameter |ψ6|2 shows sig-
nificative size dependence and the corresponding corre-
lation function G6(r) decays slowly. We can not con-
clude whether these points lie very close to the transition
and suffer of large finite-size effects or they are associ-
ated with the existence of an intermediate hexatic phase
which, in any case, would occupy a very thin region of
the phase diagram.
In Sec. III and Sec. IV, more details on the analysis

leading to the results shown in Fig. 1 are provided.

III. SELF-CONSISTENT HARTREE-FOCK
THEORY ANALYSIS

The first method employed to determine the phase
diagram shown in Fig. 1 is self-consistent HF theory.
HF theory represents the simplest form of independent-
particle approximation for quantum many-body systems
and serves as the foundation for more advanced meth-
ods in nuclear and atomic structure theory, as well as
in quantum chemistry. It is widely utilized for fermionic
systems, where it underpins the intuitive understanding
of atomic and molecular energy levels in terms of single-
particle spin-orbital occupations.
For bosonic systems, HF theory has been applied in

its self-consistent form to investigate the thermodynam-
ics of ultracold atoms confined in harmonic traps [50, 51].
However, in these studies, the solution of the HF equa-
tions relied on the use of the semiclassical or local den-
sity approximation which greatly simplifies the numerics.
The local density approximation combined with Bogoli-
ubov theory has also been employed to map out the finite
temperature phase diagram of an ultracold dipolar quan-
tum gas, leading to the remarkable finding that the su-
persolid phase appears out of a uniform superfluid upon
increasing temperature [20].
A key contribution of the present work is demonstrat-

ing the practical feasibility of obtaining self-consistent
HF solutions for bosonic systems at finite temperature
beyond the local density approximation scheme. As de-
tailed in Sec. IIIA, HF theory provides a natural exten-
sion of the GP equation to finite temperatures, offering
a conceptually clear and computationally efficient frame-
work. Furthermore, it is shown in Fig. 1 that the phase
diagram predicted by HF theory is in qualitative agree-
ment with results from computationally intensive PIMC
simulations.
In Sec. IIIA, the self-consistency equations of HF the-

ory for bosons are derived using a finite temperature vari-
ational principle. The variational nature of the HF ap-
proximation even at finite temperature is rarely empha-
sized, however it is important here since the solid phase
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is identified by checking when its free energy becomes
lower than the one of the homogeneous phase, as de-
tailed in Sec. III B. Then, in Sec. III C it is explained
how the calculations of the superfluid density and of the
Young modulus, in connection with the use of the univer-
sal Nelson-Kosterlitz relations, allow one to obtain rather
accurate estimates of the BKT critical temperatures, re-
spectively, of the normal-superfluid transition and of the
solid-hexatic transition. Details on the derivation and
the numerical solution of the self-consistency equations
of HF theory are provided in Appendices A-E.

A. Hartree-Fock theory from the finite
temperature variational principle

Consider the Hamiltonian Ĥ = Ĥfree + Ĥint − µN̂ of
an interacting two-dimensional Bose gas, which consists
of the sum of a free or non-interacting term

Ĥfree =

∫
dr ψ̂†(r)

(
−ℏ2∇2

r

2m
+ U(r)

)
ψ̂(r) , (2)

an interaction term of the density-density type

Ĥint =
1

2

∫∫
dr dr′ V (r− r′)ψ̂†(r)ψ̂†(r′)ψ̂(r′)ψ̂(r) , (3)

and a chemical potential µ term proportional to the total
particle number operator

N̂ =

∫
dr ψ̂†(r)ψ̂(r) , (4)

In (2)-(4) ψ̂(r) is a bosonic field operator satisfying the
standard commutation relations

[ψ̂(r), ψ̂†(r′)] = δ(r− r′) , (5)

[ψ̂(r), ψ̂(r′)] = [ψ̂†(r), ψ̂†(r′)] = 0 , (6)

U(r) a single-particle potential and V (r) the interaction
potential. In particular, we are interested in the soft-core
interaction potential (1). It was shown in Ref. [29] using
the GP equation, that this type of interaction leads to a
supersolid phase at zero temperature.
A particularly neat way to obtain the equations of HF

theory is using the finite temperature variational princi-
ple for the thermodynamic grand potential, based on the
Bogoliubov inequality [52–55]

Ω ≤ Ω0 + ⟨Ĥ − Ĥ0⟩ = Ωm.f. , (7)

where Ĥ is the many-body Hamiltonian just introduced,
while Ĥ0 is an auxiliary Hamiltonian. The corresponding
grand potentials Ω and Ω0 are defined by

Ω(0) = − 1

β
lnTr

[
e−βĤ(0)

]
. (8)

The expectation value on the right-hand side of (7) is
evaluated with respect to the statistical ensemble given
by Ĥ0, namely

⟨Ĥ − Ĥ0⟩ = Tr
[
ρ̂0
(
Ĥ − Ĥ0

)]
. (9)

with ρ̂0 = e−βĤ0/Tr
[
e−βĤ0

]
. In the following, we adopt

the convention that all expectation values are evaluated
with respect to the variational Hamiltonian Ĥ0 as above.
The Hamiltonian Ĥ0 is called variational because it

is chosen so as to minimize the right-hand side of (7),
called the mean-field grand potential Ωm.f., thus giving
the best possible approximation to the exact grand po-
tential Ω. This is equivalent to minimizing with respect
to the density matrix ρ̂0.
The HF approximation is obtained by taking Ĥ0 to

be an operator at most quadratic in ψ̂(r), ψ̂†(r). In this

work, Ĥ0 takes the form

Ĥ0 =

∫
dr ψ̂†(r)

(
−ℏ2∇2

r

2m
+ U(r)− µ

)
ψ̂(r)

+

∫
dr

[
ξ(r)ψ̂†(r) + ξ∗(r)ψ̂(r)

]
+

∫∫
dr dr′ Γ(r, r′)ψ̂†(r)ψ̂(r′) .

(10)

The fields ξ(r) and Γ(r, r′) should be understood as vari-
ational parameters. The HF potential Γ(r, r′) satisfies
the constraint Γ(r, r′) = Γ∗(r′, r) imposed by the Her-

miticity of Ĥ0. It is also possible to include a pairing

term of the form ∆(r, r′)ψ̂†(r)ψ̂†(r′)+h.c., leading to the
Hartree-Fock-Bogoliubov (HFB) approximation. How-
ever, we have found that it is significantly more difficult
to obtain a self-consistent solution within HFB theory,
at least with the iterative algorithm presented in Ap-
pendix D. Therefore only HF theory is discussed here.
Due to the presence of the linear term in the second line

of (10), the variational Hamiltonian is not number con-
serving and the field operator can acquire a nonzero ex-
pectation value, which is called the condensate wave func-

tion and denoted by ψ(r) = ⟨ψ̂(r)⟩. Notice that in 2D the
squared order parameter |ψ(r)|2 should be interpreted as
the quasi-condensate density (see e.g. Ref. [56]), which
provides a legitimate description of the thermodynamic
state at temperatures much smaller than the degeneracy
temperature T ∗ = 2πℏ2ρ/kBm set by the density ρ. It is
useful to introduce the fluctuation operator

ψ̃(r)
def
= ψ̂(r)− ⟨ψ̂(r)⟩ = ψ̂(r)− ψ(r) . (11)

The following properties are an immediate consequence
of the definition of fluctuation operator

⟨ψ̃(r)⟩ = ⟨ψ̃†(r)⟩ = 0 , (12)

⟨ψ̂†(r)ψ̂(r′)⟩ = ψ∗(r)ψ(r′) + ⟨ψ̃†(r)ψ̃(r′)⟩ . (13)

By imposing that the functional derivatives of the
mean-field grand potential Ωm.f. with respect to the vari-
ational parameters vanish (for details see Appendix A),
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one obtains the extended GP equation

µψ(r) =

(
−ℏ2∇2

r

2m
+ U(r)

)
ψ(r)

+

∫
dr′ V (r− r′)

[
|ψ(r′)|2 + ⟨ψ̃†(r′)ψ̃(r′)⟩

]
ψ(r)

+

∫
dr′ V (r− r′) ⟨ψ̃†(r′)ψ̃(r)⟩ψ(r′) ,

(14)

and the self-consistency equation for Γ(r, r′)

Γ(r, r′) = ΓH(r, r
′) + ΓF(r, r

′) , (15)

ΓH(r, r
′) = δ(r− r′)

×
∫

dr′′ V (r− r′′) ⟨ψ̂†(r′′)ψ̂(r′′)⟩ ,
(16)

ΓF(r, r
′) = V (r− r′) ⟨ψ̂†(r′)ψ̂(r)⟩ . (17)

Note that we have split the HF potential into its Hartree
ΓH(r, r

′) and Fock ΓF(r, r
′) components. The HF ap-

proximation consists in finding a solution of the system
of nonlinear equations (14)-(17). Note that the HF po-
tential enters in the extended GP equation through the
expectation values of fluctuation operators since these
are evaluated on the statistical ensemble given by the
variational Hamiltonian Ĥ0. At low enough tempera-
ture the expectation values of the fluctuation operators
in (14) can be neglected and one obtains the standard
GP equation in its static form, which is an equation for
the condensate wave function alone.

FIG. 3. Density profiles of condensate |ψ(r)|2 (top) and

thermal excitations ⟨ψ̃†(r)ψ̃(r)⟩ (bottom) obtained from HF
calculations. Parameters are kBT = 7ϵ0, W = 6.12ϵ0, ρR2 =
4.4, aopt = 1.516, discretization parameter M = 22, and L =
6, the latter being the number unit cells along the directions
ai. ρc and ρt are the average densities of condensate and
thermal excitations, respectively, and ρ = ρc + ρt the total
density. The point in the phase diagram at which the density
profiles are calculated is close to the first order transition
temperature Tc,sl and is marked as a cross in Fig. 1.

B. Homogeneous vs. spatially modulated solutions

In this subsection we examine, within HF theory, the
transition from a homogeneous phase to the state with
spatial density modulations indicating spontaneously
broken translational symmetry. Details regarding the
numerical solution of the self-consistency equations (14)-
(17) are collected in Appendices B-D.

The many-body Hamiltonian Ĥ is translational invari-
ant if the external potential is constant, U(r) = const.
Continuous translational symmetry can be spontaneously
broken by density modulations. The residual discrete
translational symmetry is characterized by a pair of fun-
damental lattice vectors ai=1,2 entering in the periodicity
constraints

ψ(r) = ψ(r+ ai) , (18)

Γ(r, r′) = Γ(r+ ai, r
′ + ai) for i = 1, 2 . (19)

Since the lattice structure is formed spontaneously, the
vectors ai are themselves variational parameters.

At T = 0 the expectation values ⟨ψ̃†(r)ψ̃(r′)⟩ vanish
and one is left with the task of finding a solution of the
GP equation alone. In the case of the soft-core poten-
tial (1), the solution of the GP equation depends on the
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single dimensionless quantity [34]

α =
mWρR4

ℏ2
=
WρR2

2ϵ0
. (20)

At zero temperature, the total density ρ is equal to the
condensate density ρc =

∫
dr |ψ(r)|2/A, with A the area.

Above a critical value αc, a solution with the symme-
try of a triangular lattice is favoured with respect to the
homogeneous phase [29, 34]. The precise critical value
depends on the lattice constant a = |ai| of the triangular
lattice. The optimal value aopt of the lattice constant is
calculated by minimizing the GP energy functional per
unit area EGP/A as a function of a at fixed density ρ
whenever a modulated solution exists. The GP energy
functional EGP is defined by

EGP[ψ(r), ψ
∗(r)]

=

∫
drψ∗(r)

(
−ℏ2∇2

r

2m
+ U(r)

)
ψ(r)

+

∫ ∫
dr dr′ V (r− r′)

1

2
|ψ(r)|2|ψ(r′)|2 .

(21)

The optimal lattice constant at zero temperature as a
function of α is shown in Fig. 2. The GP equation is
solved numerically on a fine-grained triangular lattice
with lattice vectors bi = ai/M (see discussion around
Eq.(C2) in Appendix C). Taking the discretization pa-
rameter M = 22, we find the critical value αc = 12.9,
slightly above αc = 12.7 obtained in Ref. [34] with a
Gaussian ansatz and closer to the path integral quantum
Monte Carlo αc = 13.4 prediction at density ρR2 = 4.4
from the same reference.

The density of thermal excitations ⟨ψ̃†(r)ψ̃(r)⟩ in-
creases with temperature while the condensate wave
function is depleted. Thermal averages of fluctuation op-
erators are performed by summing over all allowed wave
vectors of a finite system with periodic boundary con-
ditions containing L × L unit cells (see Appendix B).
Typical density profiles are shown in Fig. 3 for a finite
system of size L = 6. Interestingly, the thermally-excited
quasiparticles tend to accumulate on a ring around each
of the condensate peaks. Similar density profiles are ob-
served throughout the solid phase of soft-core bosons.
The solid phase eventually melts away with increasing
temperature. Within the HF approximation this occurs
as a first order phase transition. The critical tempera-
ture is obtained as the crossing between the free energies
of the solid phase and the homogeneous phase. At fixed
total density ρ, it is necessary to use the free energy

Fm.f. = Ωm.f. + µN , (22)

with N = ρA =

∫
dr

[
|ψ(r)|2 + ⟨ψ̃†(r)ψ̃(r)⟩

]
(23)

the total particle number, rather than the grand poten-
tial Ωm.f. of Eq. (7), for comparing different phases. An
example of free energy crossing is shown in Fig. 4. The
critical temperature of the first order phase transition as

a function ofW is shown as the solid line in the phase di-
agram (see Fig. 1). This has been obtained by using, for
fixed coupling W , the optimal lattice constant of Fig. 2
also at finite temperature. It would be possible to op-
timize the lattice constant at finite temperature as well
by minimizing the free energy with respect to a at fixed
density, however this is in practice unnecessary since the
lattice constant changes very little with temperature.
As shown in Fig. 3, the melting of the solid phase oc-

curs for rather small condensate depletion ρt/ρ ∼ 3%,

with ρt = ρ− ρc =
∫
dr ⟨ψ̃†(r)ψ̃(r)⟩ /A the average den-

sity of the thermal component. Indeed, the density pro-
files shown in Fig. 3 are for a point in the phase diagram
rather close to the first order phase transition between
the density modulated and the homogeneous phase pre-
dicted by HF theory. This point is marked in the left
panel of Fig. 1.

C. Berezinskii-Kosterlitz-Thouless transitions

With increasing temperature, the transition from a su-
perfluid to a normal fluid is expected to occur. Mean-field
theory can not describe this transition in 2D. However,
the results of HF theory can provide an indirect estimate
of the BKT temperature by means of the universal rela-
tion with the discontinuity of the superfluid density [37]

ℏ2ρs(T−
BKT,sf)

m
=

2kBTBKT,sf

π
. (24)

On the right-hand side, T−
BKT,sf denotes a tempera-

ture infinitesimally smaller than the critical temperature
TBKT,sf of the superfluid BKT transition.
The superfluid density is defined as the response of

the system to a twist in the boundary conditions. Nu-
merically, it is convenient to implement twisted boundary
conditions by means of the minimal substitution [57]

−i∇r → −i∇r − κ . (25)

in the kinetic term of the Hamiltonian (2). Then the
superfluid density tensor is defined as

ℏ2

m
[ρs]i,j =

1

A

∂2F

∂κi∂κj
, (26)

in terms of the free energy F . Within the HF approxi-
mation F is replaced by the mean-field free energy Fm.f.

given by Eq. (22). Due to the triangular symmetry of the
solid lattice, even in the supersolid phase the superfluid
density tensor is proportional to the identity, namely
[ρs]i,j = ρsδi,j , with the scalar ρs called the superfluid
density in the following.
As shown in Fig. 4b, the superfluid density obtained

from (26) as a function of temperature provides an esti-
mate of TBKT,sf by means of the universal relation (24).
The same procedure is used both in the homogeneous
phase and in the solid phase, and the BKT temperatures
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FIG. 4. Determination of the transition temperatures Tc,sl

and TBKT,(sf,ssl,hex) shown in the phase diagram of Fig. 1:
(a) the first order transition between the solid (crystalline)
phase and the homogeneous fluid phase occurs at the tem-
perature Tc,sl at which the corresponding mean-field free en-
ergies (22) are equal; (b) superfluid density ρs in the homo-
geneous and in the solid phases obtained from a quadratic fit
of the mean-field free energy according to (26). The straight
dashed line corresponds to the right-hand side of (24) in ap-
propriate units, thus the crossings with the superfluid density
curves give an estimate of the critical temperatures of the
superfluid BKT transition within the homogeneous (TBKT,sf)
and solid (TBKT,ssl) phases; (c) Young modulus as a func-
tion of temperature. In the same way as in panel b, the
intercept with the straight line determines the critical tem-
perature of the BKT transition from the solid to the hexatic
phase according to the universal relation for two-dimensional
melting (27). Parameters: W = 7ϵ0, ρR2 = 4.4, aopt = 1.502,
(M,L) = (22, 6).

for the transitions from a superfluid to a normal fluid
TBKT,sf and from supersolid to a normal solid TBKT,ssl

are shown in Fig. 1 as the dotted and dash-dotted lines,
respectively. Notice that, for the values of W shown
in Fig. 1, the degeneracy temperature at the density
ρR2 = 4.4, kBT

∗ ≃ 55ϵ0, is significantly larger than all
drawn transition lines. This justifies the use of the HF
description in terms of the quasi-condensate density ρc,
whose thermal depletion remains marginal in the whole
phase diagram.

Similarly to the superfluid transition, the melting of a
quasi-crystal in two dimension has also topological char-
acter and can occur through two separate BKT transi-

tions [39–41, 43, 58]. For increasing temperature, the first
BKT transition occurs between a solid and the so-called
hexatic phase, characterized by short-range positional or-
der and quasi-long range orientational order. The topo-
logical excitations are in this case lattice dislocations. A
second BKT transition driven by the unbinding of discli-
nations leads to the loss of orientational order as well,
resulting in a featureless fluid phase at high temperature.
Both melting BKT transitions in two dimensions

are characterized by universal relations analogous to
Eq. (24). In the case of the solid-hexatic transition, the
universal relation reads [39, 41]

Y (T−
BKT,hex)a

2 = 16πkBTBKT,hex . (27)

On the left-hand side Y (T−
BKT,hex) is the Young modulus

of the two-dimensional quasi-crystal slightly below the
BKT temperature TBKT,hex and a is the lattice constant
of the triangular lattice. This relation is used here to
obtain an estimate of the BKT temperature of the solid-
hexatic transition, in the same way as for the superfluid
to normal BKT transition.
The Young modulus in two dimensions is related to the

shear G and bulk B moduli by

Y =
4

G−1 +B−1
. (28)

To obtain the shear modulus, an area-preserving de-
formation of the crystalline lattice is imposed, see Ap-
pendix C. In the notation of elasticity theory [59], the
corresponding displacement vector field is

u(x, y) =

(
y(cot θ′ − cot θ)

0

)
. (29)

with θ and θ′ the angles formed by the fundamental vec-
tors a1 and a2 (18)-(19) before and after the deformation,
respectively. The only nonzero components of the strain
tensor are off-diagonal

uxy = uyx =
1

2

(
∂ux
∂y

+
∂uy
∂x

)
=

cot θ′ − cot θ

2
, (30)

thus realizing a pure shear deformation of the lattice. If
the deformation is small, the free energy is a quadratic
function of the strain tensor when the lattice is initially in
its equilibrium configuration, the triangular lattice (θ =
2π/3) in our case. Then, the shear modulus G is obtained
as the coefficient of the quadratic term in the free energy
variation caused by the lattice deformation

∆F

A
≈ G(u2xy + u2yx) =

G

2

(
cot θ′ +

1√
3

)2

. (31)

In practice, G is computed through a quadratic fitting of
the mean-field free energy as a function of θ′. Notice that
the shear modulus is non-vanishing only in the crystalline
phase, while it is zero both in the hexatic and fluid phase.
Furthermore, a nonzero shear modulus can be taken as
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the definition of a solid phase in 2D, since strictly long-
range positional order is forbidden due to the Mermin-
Wagner theorem.

For the bulk modulus B, one considers a displacement
field corresponding to a pure hydrostatic compression

u = −λr , uij = uiiδi,j = −λδi,j . (32)

This is done numerically by scaling the fundamental vec-
tors ai by the same factor (1−λ), while the area becomes
(1 − λ)2A (see Appendices B-C and Fig. 8 for details).
Then, the bulk modulus is obtained from the free energy
variation [59]

∆F

A
≈ −P (uxx + uyy) +

B

2
(uxx + uyy)

2

= 2Pλ+ 2Bλ2 .
(33)

Note that when the above definition is applied, the par-
ticle number is kept constant as a function of λ, thus
the first order term is the pressure P , while B corre-
sponds to the inverse compressibility of the system. The
2D pressure P is nonzero since the soft-core interaction
potential (1) is purely repulsive. In contrast, the optimal
lattice constant is found by requiring that the first order
term in the expansion of the free energy as a function of
the lattice vectors length vanishes at fixed average den-
sity ρ = N/A (see Fig. 2 and Sec. III B). In the case of
a supersolid, where number of particles incommensura-
bility with respect to the lattice structure is important,
it is not obvious whether the quantity B that enters in
Eq. (28) should be computed at fixed particle number or
particle density [60]. For a discussion of how the BKT
temperature TBKT,hex is modified if the latter prescrip-
tion is used see Appendix E.

The Young modulus as a function of temperature ob-
tained from the mean-field free energy and the graphical
solution of Eq. (27) are exemplified in Fig. 4c. The re-
sulting estimate of the BKT temperature TBKT,hex of the
transition between the solid phase and the hexatic phase
is shown as the dashed line in Fig. 1. In drawing the
phase diagram, we interpret the temperature Tc,sl of the
first order transition between the solid and the homoge-
neous phases predicted by HF theory as the transition
line between the hexatic and homogeneous phases.

IV. RESULTS OF THE PATH-INTEGRAL
MONTE CARLO SIMULATIONS

Simulations of the microscopic Hamiltonian with the
soft-core interaction potential (1) are performed using
the continuous-space PIMC algorithm [61, 62], in partic-
ular with its formulation for the canonical ensemble with
periodic boundary conditions described in Ref. [63]. Our
findings, obtained at fixed number of particles N , are
compared with the low-temperature results of Ref. [33]
obtained at fixed chemical potential, finding agreement.
To accurately resolve the phase boundaries and capture

subtle structural features, we employ the lookup-table
technique [64], enabling simulations with a significantly
larger number of particles: all the simulations presented
in this work are performed with either N = 4032 or
N = 16128 particles. Additional sizes are considered
in Appendix F for a more detailed analysis of finite-size
effects. For these systems we compute, at each point in
the parameter space, the relevant order parameters and
correlation functions. Uncertainties are obtained by sta-
tistical average of many independent simulations, started
from either a perfect triangular lattice configuration or
a homogeneous random configuration and then thermal-
ized until they reached compatible structural and ther-
modynamical properties. Example worldline snapshots
for the interaction strength W = 6.6ϵ0 at three tempera-
tures are reported in panel (a) of Fig. 5. The solid or fluid
nature of the system is determined by analyzing the ori-
entational order of neighboring particles [40, 65–67]. This
provides information about the relative positions of the
clusters, which, in the solid phase, are known to form a
triangular lattice. We thus define the six-folded director
field

Ψ6(r⃗p) =
1

Np

∑
q

ei6θpq , q | r⃗q ∈ Dq , (34)

where θpq is the angle between the vector connecting par-
ticles p and q and a reference axis, and Np is the total
number of particles within the disk Dp of radius 2R cen-
tered at the reference particle position r⃗p. The above
definition of Ψ6 allows one to extract information about
the local orientation of neighbouring clusters without the
need of identifying and discerning them. The latter task
is in fact not sharply defined. The value 2R for the disk
radius is empirically chosen in such a way that it contains
only the nearest clusters, and it coincides with a mini-
mum in the density-density correlation function g2(r),
see panel (b) of Fig. 5, and, a posteriori, it also coincides
with a minimum in the orientational correlation function
G6(r) defined as

G6(r) = ⟨Ψ6(r⃗p)Ψ
∗
6(r⃗q)⟩ , (35)

with r = |r⃗p − r⃗q| the distance between two particles.
We also define the global orientational order parameter,
|ψ6|2 =

〈
|Ψ6(r⃗)|2

〉
. Systems within the solid phase are

characterized by long-ranged orientational correlations
(finite |ψ6|2), while systems within the fluid phase are
characterized by short-ranged orientational correlations
(vanishing |ψ6|2). An algebraically decaying quasi-long
range G6(r) would signal the hexatic phase, but it is dif-
ficult to precisely pinpoint it with our simulations due
to the presence of finite-size effects. In the phase dia-
gram of Fig. 1, points are characterized by (super)solid
phases if their G6 correlation functions are well fitted
(coefficient of determination R2 > 0.95) by a damped
model y = Ar−B sin(kr +D) + C with a finite constant
C. Points corresponding to the homogeneous phases are
instead determined by fitting the peaks of G6 to an ex-
ponentially decaying function y = Ae−Br and requiring
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FIG. 5. PIMC simulations for N = 16128 particles with interaction strength W = 6.6ϵ0 at three values of temperature
corresponding to three different phases. Panel (a) shows example snapshots of worldline configurations. Panel (b) shows the
density-density correlation functions in the plane g2(x, y) (upper row) as well as their magnitude along lattice directions (lower
row). Panel (c) shows the real part of the orientational correlation functions G6(r). The symbols displayed in the upper right
corner of the plots correspond to the system phase as classified in the phase diagram in Fig. 1.
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a coefficient of determination R2 > 0.98. In panel (c) of
Fig. 5 the two behaviors are visible: supersolid and solid
phases display G6 oscillating around finite values, while
the rightmost plot shows the exponential decay obtained
in the normal fluid phase. For these points, it is worth
analyzing the corresponding density-density correlation
functions reported in panel (b): The supersolid and solid
phases are characterized by an evident crystalline struc-
ture, but with the magnitude of the peaks of g2(r)−1 de-
creasing with r, in agreement with the Mermin-Wagner
theorem. The fluid phase, instead, shows rapidly de-
caying density-density correlations. Points of the phase
diagram whose orientational correlation functions don’t
satisfy any of the two requirements above are labeled as
“unknown” and may be compatible with an algebraic de-
cay of G6(r), characteristic of the hexatic phase.

The superfluid nature of the system is determined
by comparison of the superfluid fraction of the sim-
ulations, computed via the winding number estima-
tor [68, 69], with the universal jump predicted by the
Nelson-Kosterlitz equation (24). If the computed super-
fluid fraction is larger than the universal jump at the
transition, the system is superfluid, while, if it is smaller,
sizeable finite-size effects are expected to renormalize it
to zero and the system is not superfluid. When ρs/ρ
is compatible (within three standard deviations) with
the value computed from Eq. (24), the corresponding
points in the phase diagram of Fig. 1 are labeled as un-
known. This classification clearly separates the diagram
in four patches—a homogeneous normal fluid, a homo-
geneous superfluid, a normal solid, and a supersolid—
with boundaries similar to what is predicted by the HF
method. While the PIMC and HF boundaries do dis-
play relatively small quantitative differences, the overall
qualitative agreement is good. At the boundary between
the solid and homogeneous fluid patches, where the self-
consistent HF method predicts the hexatic phase, the
PIMC method finds a thin region of points that get clas-
sified as unknown, where we observe a slow decay of the
G6 correlation function and large finite-size effects.

In Fig. 6 we plot the values of the order parameters as
functions of the interaction strengthW , for three temper-
atures kBT/ϵ0 = 3.0, 4.0, and 5.0. This allows analyz-
ing how the order parameters change while crossing the
different phases. At the smallest interaction strengths
W ≲ 6.2, we find a large superfluid fraction and a van-
ishing orientational order, compatible with the presence
of a homogeneous superfluid. As W increases, the super-
fluid fraction decreases, while |ψ6|2 becomes finite. The
rise of the latter order parameter is moderately quick but,
due to finite size effects, we cannot conclude whether its
appearance would be continuous or discontinuous in the
thermodynamic limit. Notice that a discontinuous drop
to zero of |ψ6|2 is compatible with the BKT scenario of
the 2D melting transition [40]. At the lowest tempera-
tures kBT/ϵ0 = 3.0 and 4.0, the order parameters change
less rapidly, almost linearly with W [70]. Notably, we
find a region with finite superfluid fraction, greater than

the universal jump (24), together with a finite |ψ6|2, sig-
nalling the supersolid. By increasingW even further, the
system becomes a normal solid. At the highest temper-
ature 5.0ϵ0, instead, the change in the order parameters
is more abrupt, directly taking the system from the ho-
mogeneous superfluid phase to the normal solid. A fur-
ther analysis on how the finite sizes affect the superfluid
and orientational order parameters is provided in Ap-
pendix F. It is shown that, at the three temperatures of
Fig. 6, the superfluid fraction sizably scales with the size
only beyond the critical threshold predicted by Eq. (24).
This is consistent with the standard BKT scenario. As
already mentioned in Section II, a renormalization of the
critical threshold is expected close to a quantum critical
point [49], corresponding in this case to the transition
from supersolid to normal solid at zero temperature. This
effect is not noticeable at the temperatures we address.
An interesting feature can be observed by analyzing

the behavior of |ψ6|2 at fixed W as a function of the
temperature, shown in Fig. 7. At low temperature and
intermediate values of W , where the superfluid phase is
observed, the system increases its orientational order as
it is heated, even after the transition to a normal solid.
After reaching a maximum within the solid phase, ther-
mal fluctuations take over, and the orientational corre-
lations decrease until the solid melts and the system be-
comes homogeneous with vanishing |ψ6|. A similar fea-
ture emerges also in the long-range decay of the pair
correlation function shown in Fig. 5 (b) which is more
pronounced at the temperature kBT = 3.0ϵ0 than at
kBT = 5.5ϵ0. This peculiar behavior, revealed by ex-
tensive simulations in a wide region of the parameter
space, is a striking new feature of this system that de-
viates from the standard phenomenology: an increase of
the thermal energy leads to more ordered structures. In
fact, orientational order is observed to decrease with in-
creasing temperature in experiments on 2D suspensions
of colloidal particles [71] and in classical simulations of
2D melting [44]. This seems to indicate that quantum
fluctuations play an important role in the behavior of
|ψ6|2 shown in Fig. 7.
Furthermore, Fig. 7 shows that the appearance of a

finite value of |ψ6|2 occurs quite suddenly as a function
of temperature. However, similarly to Fig. 1, we can not
conclude whether the transition is continuous or discon-
tinuous since much larger simulations would be needed
to establish precisely the value of |ψ6|2 for the points
marked as unknown in Fig. 7.

V. CONCLUSIONS AND DISCUSSIONS

We have investigated the phase diagram of soft-core
bosons as a function of temperature and interaction
strength. Special attention was devoted to the inter-
play between superfluid behavior and quasi-long-range
structural order. The latter is a key feature of 2D
quantum systems at finite temperatures, requiring spe-
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cific theoretical treatments. In particular, it is impor-
tant to address both positional and orientational cor-
relations. In detail, we presented analyses based on
self-consistent HF calculations and on unbiased PIMC
simulations. The former method extends earlier zero-
temperature studies based on the GP equation and Bo-
goliubov theory [29, 34, 60, 72]. The implementation

of twisted boundary conditions allowed determining the
superfluid response, while the combination of a lattice
deformation and a hydrostatic compression allowed the
computation of the Young modulus, which provides in-
formation on the stability of the quasicrystal against lat-
tice dislocations, possibly leading to a hexatic phase. On
the other hand, compared to previous PIMC studies, we
addressed larger sizes and additional estimators for ori-
entational correlations, allowing us to identify power-law
decays of correlations and to discern quasicrystal, fluid,
and potentially hexatic phases. The standard winding
number estimator was used to characterize the superfluid
behavior. In this way we have quantitatively determined
the finite temperature phase boundaries beyond the low
temperature regime of previous studies [33].

The analysis of phase diagram revealed the occurrence
of the following phases: normal and superfluid homoge-
neous phases, a normal quasicrystal, a superfluid qua-
sicrystal (i.e. the supersolid), and possibly a hexatic
phase. According to HF theory, the latter phase is sta-
ble in a sizable window separating the normal fluid from
the solid. In PIMC simulations, this window shrinks and
possibly vanishes, but an unambiguous assessment is not
possible due to the finite system sizes. The phase bound-
aries predicted by the HF theory turn out to be in qual-
itative agreement with the PIMC results. This finding
establishes the former method as a useful computational
tool for the rapid exploration of phase diagrams of novel
physical systems. On the other hand, PIMC simulations
equipped with estimators for positional and orientational
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orders allowed us to inspect the quasi-long range nature
of off-diagonal and structural correlations that character-
ize 2D systems. The analysis of quasi-long range orienta-
tional correlations allowed us to identify an unexpected
phenomenon that occurs in the strong-interaction regime.
Here, we observe that the orientational order parame-
ter first increases with the temperature – representing
an instance of the order-by-disorder mechanism – and it
decreases only after reaching the maximum at a finite
temperature.

Future investigations should focus on different interac-
tion potentials, trying to identify promising candidates
for the observations of hexatic phases in the quantum
realm, eventually also demonstrating superfluid proper-
ties. On the technical side, it would be interesting to
develop a stable numerical algorithm for solving the self-
consistent equations of HFB theory, see Sec. III A, that
should provide a quantitatively more accurate phase dia-
gram compared to HF theory especially at low tempera-
ture, where quantum fluctuations dominate over thermal
fluctuations. Another potential advantage of the HF and
HFB approximations is that they can also be used to
simulate the out of equilibrium dynamics of bosonic su-
perfluids and supersolids, while this is usually very hard
for Monte Carlo methods. The relevant equations of
motion can be derived using the minimal action prin-
ciple [53] and consists in a time-dependent GP equa-
tion coupled to equations of motion for the expectation
values of fluctuation operators that evolve according to
the time-dependent mean-field Hamiltonian Ĥ0(t) [73–
77]. Note that the fermionic analogue of the HFB ap-
proximation, the time-dependent Bogoliubov-de Gennes
(BdG) equations have been employed extensively for the
study of superfluid Fermi gases, even in the strongly cor-
related unitary regime for which a suitable local density
functional has been designed [78–80]. While a publicly
available and well maintained code for the solution of the
dynamic BdG equations is available [80, 81], this is not
the case for the time-dependent HFB method for bosons,
which is sparsely used and generally only in a transla-
tionally invariant or spherically symmetric setting [73–
77]. Given that supersolids realized with ultracold dipo-
lar gases are currently under intense investigation, in-
cluding their out of equilibrium dynamics, further devel-
opment of numerical codes based on HFB theory would
be highly beneficial.
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Appendix A: Self-consistency equations

The purpose of this Appendix is to provide some de-
tails regarding the derivation of the extended GP equa-
tion (14) and self-consistency equation for the HF po-
tential (15)-(17). Here, the same approach as developed
in [54, 55] in the fermionic case is used. It is based on
the Legendre transform that allows to switch from the
variational parameters ξ(r), Γ(r, r′) to the correspond-

ing expectation values ⟨ψ̂(r)⟩ = ψ(r), ⟨ψ̂†(r)ψ̂(r′)⟩ as
the independent variables in the mean-field grand poten-
tial. The essential new element in the bosonic case, with
no counterpart for fermions, is the presence of the linear
term in Ĥ0 (10) associated to the field ξ(r), which leads
to a finite expectation value of the field operators, that
is to the condensate wave function ψ(r). How this can
be taken into account is explained in detail below.

As a first step, note that the expectation values of the
field operators and their bilinear combinations are ob-
tained by taking the functional derivatives of the auxil-
iary free energy Ω0 with respect to the variational pa-
rameters

δΩ0

δξ∗(r)
= ψ(r) ,

δΩ0

δξ(r)
= ψ∗(r) , (A1)

δΩ0

δΓ(r, r′)
= ⟨ψ̂†(r)ψ̂(r′)⟩ . (A2)

Then, Wick’s theorem is used to compute the expecta-
tion value of the interaction (quartic) term ⟨Ĥint⟩ in the

Hamiltonian Ĥ. Note that Wick’s theorem can not be
applied directly since the variational Hamiltonian Ĥ0 is
not purely quadratic, but contains a term linear in the
field operators. On the other hand, using the standard al-
gebra of coherent states and displacement operators [83],
one can show that the expectation values of product of

fluctuation operators ψ̃(r) and ψ̃†(r) (11) do not depend
on the field ξ(r). Moreover, the following relation be-
tween the field ξ(r) and the condensate wave function
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ψ(r) holds

ξ = −H0ψ , (A3)

H0 = Hfree − µ+ Γ = −ℏ2∇2

2m
+ U − µ+ Γ . (A4)

Here, H0 is the analogue of the Bogoliubov-de Gennes
Hamiltonian in fermionic systems, that is the single-
particle operator that gives the quasiparticle excitations.
In order to derive (A3), it is necessary for H0 to be in-
vertible. In addition, for bosonic systems, H0 is required
to be a positive semidefinite operator (no negative eigen-
values). In general, it is found that for a self-consistent
solution of the mean-field problem the operator H0 has
a finite gap (the lowest eigenvalue is strictly positive)
and thus it is positive definite and invertible, as required
for (A3) to hold.

According to the above discussion, the expectation val-
ues of products of fluctuation operators can be com-
puted by setting ξ(r) = 0, thus the variational Hamil-

tonian Ĥ0 is purely quadratic and Wick’s theorem can
be applied. As a consequence, to compute expectation
values of arbitrary products of field operators, such as

⟨ψ̂†(r1)ψ̂
†(r2)ψ̂(r3)ψ̂(r4)⟩, one has to first use (11) in

the form ψ̂(r) = ψ(r) + ψ̃(r) to replace the field oper-
ators with the fluctuation operators and then to apply
Wick’s theorem to express everything in terms of expec-
tation values of products of two fluctuation operators.
Expectation values of an odd number of fluctuation op-
erators always vanish. One obtains for instance

⟨ψ̂†(r1)ψ̂
†(r2)ψ̂(r3)ψ̂(r4)⟩

= ⟨ψ̂†(r1)ψ̂(r4)⟩ ⟨ψ̂†(r2)ψ̂(r3)⟩
+ ⟨ψ̂†(r1)ψ̂(r3)⟩ ⟨ψ̂†(r2)ψ̂(r4)⟩
− ψ∗(r1)ψ

∗(r2)ψ(r3)ψ(r4) .

(A5)

Without the last term, this reduces to Wick’s theorem for
bosonic operators in the number conserving case. The
condensate wave function, which is nonzero if the field
ξ(r) is nonzero, enters both in the last term, not included
in the standard Wick’s theorem, and also in the expec-
tation value of field operator bilinears according to (13).

Using (A5), one can compute the expectation value of
the interaction term in the many-body Hamiltonian

⟨Ĥint⟩ =
1

2

∫∫
dr dr′ V (r− r′)

×
[
⟨ψ̂†(r)ψ̂(r)⟩ ⟨ψ̂†(r′)ψ̂(r′)⟩

+ ⟨ψ̂†(r)ψ̂(r′)⟩ ⟨ψ̂†(r′)ψ̂(r)⟩

− |ψ(r)|2|ψ(r′)|2
]
.

(A6)

This last result is useful since the expectation value of the
interaction term has been written as an explicit function
of the expectation values of the field operator bilinears
and the condensate wave function.
After subtracting the expectation value of the inter-

action term ⟨Ĥint⟩ from the mean-field grand potential

Ωm.f., one is left with the quantity

Ω0 = Ω0 −
∫

dr
[
ξ(r)ψ∗(r) + ξ∗(r)ψ(r)

]
−
∫∫

dr dr′ Γ(r, r′) ⟨ψ̂†(r)ψ̂(r′)⟩ .
(A7)

It follows from (A1)-(A2) that ψ(r) and ⟨ψ̂†(r)ψ̂(r′)⟩,
are the conjugate variables of ξ∗(r) and Γ(r, r′) respec-
tively, thus one can identify Ω0 as the functional Leg-
endre transform of Ω0. The Legendre transform Ω0 is
a naturally a function of the conjugate variables and its
functional derivatives are given by

δΩ0

δψ(r)
= −ξ∗(r) , δΩ0

δψ∗(r)
= −ξ(r) , (A8)

δΩ0

δ ⟨ψ̂†(r)ψ̂(r′)⟩
= −Γ(r, r′) . (A9)

Then, the mean-field grand potential can be written as

Ωm.f. = Ω0 + ⟨Ĥint⟩ , (A10)

and its functional derivatives with respect to the con-
jugate variables can be easily computed from (A8)-(A9)
and (A6). One has to keep in mind that, when taking
the derivatives, the conjugate variables, namely the fields

ψ(r), ψ∗(r), ⟨ψ̂†(r)ψ̂(r′)⟩, are considered as independent
variables, regardless of the relation in (13). Then, re-
quiring that the functional derivatives vanish leads im-
mediately to the self-consistency equation (15)-(17) and
to the following relation between the field ξ(r) and the
condensate wavefunction

ξ(r) = −
∫

dr′ V (r− r′)|ψ(r′)|2ψ(r) . (A11)

The extended GP equation is obtained by eliminating
the field ξ(r) in the above equations using (A3) and in-
serting the self-consistency equation (15)-(17) in place of
the HF potential. Finally, one recovers the GP equation
in the form (14) by replacing the field operators with
the fluctuation operators using (13). It is clear from this
derivation that the extended GP equation is equivalent
to the self-consistency equation for the variational field
ξ(r) (A11).

Appendix B: Momentum-space representation and
discrete translational symmetry

The numerical solution of the mean-field problem, that
is the problem of finding ψ(r) and Γ(r, r′) satisfying the
extended GP equation (14) and the self-consistency equa-
tion (15)-(17), becomes less computationally demanding
by taking advantage of the symmetries of the system, in
particular translational symmetry. The Hamiltonian Ĥ
possesses continuous translational symmetry if the single-
particle potential U(r) is a constant. On the other hand,
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continuous translational symmetry is spontaneously bro-
ken down to discrete translational symmetry in the solid
phase. The purpose of this Appendix is to recast the
self-consistency equations, which include the GP equa-
tion, in a momentum space representation that allows to
take advantage of discrete translational symmetry.

For the numerical solution, a finite system (also called
supercell) with period boundary conditions is considered.
The shape and size of the supercell are specified by a basis
of vectors Ri with i = 1, 2 for a two-dimensional system,
thus the area of the supercell is A = |R1 ×R2|. Periodic
boundary conditions imply that

ψ(r) = ψ(r+Ri) , (B1)

Γ(r, r′) = Γ(r+Ri, r
′) = Γ(r, r′ +Ri) . (B2)

The field ξ(r) in (10) has been eliminated in favor of
the condensate wave function, therefore it is set to zero
everywhere in the following.

The periodicity condition (B2) implies that the HF
potential can be expanded as a Fourier series. For a
function f(r, r′) of two arguments such as Γ(r, r′) the
following convention for the Fourier series is used

f(r, r′) =
1

A

∑
k,k′

fk,k′ei(k·r−k′·r′) , (B3)

fk,k′ =
1

A

∫∫
dr dr′ f(r, r′)e−i(k·r−k′·r′) , (B4)

where the sum is over all wave vectors k, k′ such that

k ·Rj = 2πmj with mj integer. (B5)

Note that the single-particle potential U(r) should be
considered a function of two arguments, since∫

dr ψ̂†(r)U(r)ψ̂(r)

=

∫∫
dr dr′ ψ̂†(r)U(r)δ(r− r′)ψ̂(r′) .

(B6)

Thus, we have for its Fourier transform

Uk,k′ =
1

A

∫∫
dr dr′ U(r)δ(r− r′)e−i(k·r−k′·r′)

=
1

A

∫
drU(r)e−i(k−k′)·r .

(B7)

It is clear that the Fourier coefficients depend only in
the difference k− k′, therefore we define Uk−k′ = Uk,k′ .
The external potential U(r) serves as a source term to
induce a translational symmetry breaking pattern with a
specific periodicity and phase.

For a function of a single argument, the following
Fourier series convention is adopted

ψ(r) =
1√
A

∑
k

ψke
ik·r , (B8)

ψk =
1√
A

∫
drψ(r)e−ik·r . (B9)

As before, the sum runs over wave vectors which satisfy
the condition (B5). Similarly, for the field operator, we
have the expansion

ψ̂(r) =
1√
A

∑
k

b̂ke
ik·r , (B10)

b̂k =
1√
A

∫
dr ψ̂(r)e−ik·r . (B11)

The field operators in momentum space b̂k satisfy the

canonical commutation relations [b̂k, b̂
†
k′ ] = δk,k′ .

Using the conventions just established the variational
Hamiltonian reads

Ĥ0 =
∑
k,k′

b̂†k[H0]k,k′ b̂k′ , (B12)

[H0]k,k′ =

(
ℏ2k2

2m
− µ

)
δk,k′ + Uk−k′ + Γk,k′ . (B13)

Here [H0]k,k′ denotes the matrix elements in the momen-
tum space representation of the quasiparticle Hamilto-
nian H0, which has been introduced previously in (A4).
The Hermiticity of H0 requires that Γk,k′ = Γ∗

k′,k and
Uk = U∗

−k.

The momentum space version of the self-consistency
equation for the HF potential (15)-(17) reads

Γk,k′ = ΓH
k,k′ + ΓF

k,k′ , (B14)

ΓH
k,k′ =

1

A

∑
q

Vk−k′
(
ψ∗
qψq+k−k′ + ⟨b̂†qb̂q+k−k′⟩

)
,

(B15)

ΓF
k,k′ =

1

A

∑
q

Vq
(
ψ∗
k′+qψk+q + ⟨b̂†k′+qb̂k+q⟩

)
, (B16)

with Vk =

∫
drV (r)e−ik·r . (B17)

The interaction potential V (r) = V ∗(r) is a real function,
thus its Fourier transform has the property Vk = V ∗

−k,
while the symmetry property V (r) = V (−r) translates
into Vk = V−k. Recall that all the expectation values

of the field operators b̂k and b̂†k′ on the right-hand side
of the above equations are evaluated with respect to the
quadratic Hamiltonian in (B12), which does not contain
any linear term. Thus, the expectation values in (B15)-
(B16) are in fact expectation values of fluctuation oper-
ators. In the same way as the single-particle potential
U(r), the Hartree potential is local and depends only on
the difference of wave vectors, namely ΓH

k−k′ = ΓH
k,k′ , as

shown in (B15).

The numerical solution of the extended GP equation
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is performed in practice by minimizing the functional

FeGP[ψ(r), ψ
∗(r)]

=

∫
drψ∗(r)

(
−ℏ2∇2

r

2m
+ U(r)

)
ψ(r)

+

∫ ∫
dr dr′ V (r− r′)

[
1

2
|ψ(r)|2|ψ(r′)|2

+ |ψ(r)|2 ⟨ψ̃†(r′)ψ̃(r′)⟩+ ψ∗(r)ψ(r′) ⟨ψ̃†(r′)ψ̃(r)⟩
]
,

(B18)

which is the part of the mean-field free energy Fm.f. (22)
that depends on the condensate wave function. The
above functional can be written in momentum space as

FeGP[ψk, ψ
∗
k] =

∑
k,k′

ψ∗
kKk,k′ψk′

+
1

2A

∑
k,k′,q

Vqψ
∗
kψk+qψ

∗
k′ψk′−q ,

(B19)

where the matrix elements of K are given by

Kk,k′ = K∗
k′,k =

ℏ2k2

2m
δk,k′ + Uk−k′

+
1

A

∑
q

(
Vk−k′ ⟨b̂†qb̂q+k−k′⟩+ Vq ⟨b̂†k′+qb̂k+q⟩

)
,
(B20)

The extended GP equation in momentum space is ob-
tained from the gradient of (B19)

∂FeGP

∂ψ∗
k

=
∑
k′

Kk,k′ψk′ +
1

A

∑
k′,q

Vqψ
∗
k′ψk′−qψk+q .

(B21)

For the purpose of numerical minimization, it is also use-
ful to compute the Hessian of the GP functional, ∂2FeGP

∂ψ∗
k∂ψk′

∂2FeGP

∂ψ∗
k∂ψ

∗
k′

∂2FeGP

∂ψk∂ψk′
∂2FeGP

∂ψk∂ψ∗
k′

 =

(
Kk,k′ 0
0 K∗

k,k′

)

+
1

A

∑
q

Vk−k′

(
ψ∗
qψq+k−k′ 0

0 ψ∗
q+k−k′ψq

)

+
1

A

∑
q

Vq

(
ψ∗
k′+qψk+q ψk′−qψk+q

ψ∗
k′−qψ

∗
k+q ψk′+qψ

∗
k+q

)
.

(B22)

When the self-consistency equations (B14)-(B16) are sat-
isfied, the Hessian is related to the quasiparticle Hamil-
tonian H0 introduced in (B12). Indeed, it is straightfor-
ward to show that ∂2FeGP

∂ψ∗
k∂ψk′

∂2FeGP

∂ψ∗
k∂ψ

∗
k′

∂2FeGP

∂ψk∂ψk′
∂2FeGP

∂ψk∂ψ∗
k′

 =

(
[H0]k,k′ Lk,k′

L∗
k,k′ [H0]

∗
k,k′

)
, (B23)

with Lk,k′ =
1

A

∑
q

Vqψk′−qψk+q . (B24)

When continuous translational symmetry is preserved,
the condensate wave function is a simple plane wave

ψ(r) = ψce
ikc·r , (B25)

and the HF potential depends only on the difference of
the position vectors

Γ(r, r′) = Γ(r− r′) . (B26)

This implies that the Fourier coefficients have the form

Γk,k′ = δk,k′Γk with Γk =

∫
drΓ(r)e−ik·r . (B27)

Furthermore, if time-reversal symmetry is not broken,
one can set kc = 0.
In the case of spontaneous breaking of translational

invariance, the condensate wave function and the HF
potential have a periodicity characterized by the funda-
mental vectors ai=1,2 according to (18)-(19). In anal-
ogy with (B25), it would be possible to assume a more
general condition than (18), namely that the condensate
wave function is a Bloch plane wave with arbitrary quasi-
momentum kc [ψ(r + ai) = eikc·rψ(r)]. However, time-
reversal symmetry is not expected to be broken in the
supersolid phase, therefore only the case in which (18)
holds is considered in the present work.
The symmetry breaking pattern specified by the con-

straints (18)-(19) must be compatible with periodic
boundary conditions. One possible way to ensure com-
patibility (although not the most general one) is to re-
quire

Ri = Liai with i = 1, 2 . (B28)

The positive integers Li specify the number of unit cells
associated to crystalline order along the respective direc-
tions Ri.
The periodicity constraints (18)-(19) enforce some se-

lection rules on the Fourier coefficients in the expan-
sions (B8) and (B3). These are best expressed by means
of the reciprocal lattice obtained from the basis vectors
ai, denoted as

Rai =
{
g
∣∣ g · ai = 2πni with ni ∈ Z

}
. (B29)

The reciprocal lattice is generated by taking integer lin-
ear combinations of the basis vectors gi, defined by
gi · aj = 2πδi,j . In the case of the Fourier coefficients
of the condensate wave function, the selection rule is

ψk ̸= 0 ⇒ k ∈ Rai
. (B30)

For the Fourier coefficients of the HF potential one has

Γk,k′ ̸= 0 ⇒ k− k′ ∈ Rai
. (B31)

In other words, the nonzero coefficients can be
parametrized as Γk+g,k+g′ , where k belongs to the first
Brillouin zone in reciprocal space and g, g′ are arbitrary
vector in the reciprocal lattice Rai

.
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Appendix C: Lattice discretization

Even after imposing the selection rules associated to
the periodicity in a crystalline phase, the number of vari-
ational parameters (the Fourier coefficients ψk and Γk,k′)
is still infinite. In order to make the variational problem
amenable to a numerical solution there are two possible
approaches. The first is to truncate the Fourier expan-
sion in order to include wave vectors with length smaller
than a given threshold, namely |k| < kmax. The second
is to use a fine-grained discrete lattice to approximate
continuous space. The two approaches are similar since
using a discrete lattice has also the effect of imposing an
upper bound on wave vector magnitude. However, the
second approach is simpler to implement in practice and
it is the one used in the present work.

The discrete numerical lattice used to approximate
continuous space is defined by a pair of basis vectors bi.
Then, the lattice site positions are labeled by a pair of
integers j = (j1, j2) and are given by

rj = j1b1 + j2b2. (C1)

It is convenient to take the basis vectors bi commensu-
rate with the basis vectors ai that specify the periodicity
of the crystalline phase. The simplest way to impose
commensurability is to require

ai =Mibi , (C2)

where Mi with i = 1, 2 is a pair of positive integers,
which should be taken as large as possible in order to
well approximate the continuum problem. As a conse-
quence of (B28), one also has the relation Ri =MiLibi,
moreover the total number of lattice sites of the numeri-
cal lattice contained in a supercell is Ns =

∏
i=1,2MiLi.

After the discretization, the condensate wave function
becomes a function of the pair of integers j = (j1, j2)
labeling the lattice sites in the numerical lattice and the
convention for the Fourier expansion is slightly modified

ψ(j) =
1√
Ns

∑
k

ψke
ik·rj . (C3)

The number of wave vectors in the Fourier expansion is
finite since two wave vectors that differ by a reciprocal
lattice vector are identified, namely

k ≡ k′ ⇔ k− k′ ∈ Rbi
. (C4)

Here, the reciprocal lattice Rbi associated to the basis
vectors bi is defined as in (B29). Moreover, the conden-
sate wave function on the discrete lattice ψ(j) is a dimen-

sionless quantity since |ψ(j)|2 is the number of particles
on site j. Indeed, the mapping from the continuum to
discrete space is performed according to the prescription√

Abiψ(rj) → ψ(j) ,
√
Abi ψ̂(rj) → ψ̂(j) , (C5)

where Abi
= |b1 × b2| = A/Ns is the area of the unit cell

of the lattice generated by the basis vectors bi. On the

other hand, the Fourier coefficients ψk are dimensionless,
both in (B9) and (C3).
As an example of the discretization procedure, the

condensate interaction energy appearing in the Gross
Pitaevskii functional (B18) becomes

1

2

∫∫
drdr′ |ψ(r)|2|ψ(r′)|2V (r− r′)

→ 1

2

∑
j

∑
j′

|ψ(j)|2|ψ(j′)|2V (rj − rj′)

=
1

2Ns

∑
k,k′,q

Vqψ
∗
kψk−qψ

∗
k′ψk′+q ,

(C6)

where the Fourier coefficients of the interaction potential
are defined as

Vq =
∑
j

e−iq·rjV (rj) , Vq = V ∗
q = V−q . (C7)

The last sum in (C6) is finite since it is performed over
all wave vectors satisfying (B5) with 0 ≤ mi < MiLi. In-
deed, one has to keep in mind that wave vectors are iden-
tified modulo reciprocal lattice vectors according to (C4).
Note that, in constrast to (B17), the Fourier coeffi-

cients in (C7) are obtained by sampling the interaction
potential at the discrete points of the numerical lattice
and thus depend on the discretization used (the choice
of the vectors bi). To avoid discontinuous changes in
the Fourier coefficients when the lattice vectors bi are
changed, the interaction potential is a slightly smoothed
version of the soft-core potential in (1)

V (r) =
W

e30(r−R)/R + 1
. (C8)

The dependence of the Fourier coefficients on the dis-
cretization is one disadvantage of using the second ap-
proach mentioned at the beginning of the section. Its
consequences are discussed further in the following.
In order to complete the mapping of the continuum

Hamiltonian to a lattice Hamiltonian, it is necessary to
specify the hopping matrix elements between the lattice
sites. There is considerable freedom in how to choose
them since the only constraint is that the effective mass
in the lattice model (related to the coefficient of the
quadratic term of the dispersion at k = 0) should be
the same as the mass m in the continuum. The specific
choice used in this work is explained in the following.
In the case of the two-dimensional soft-core interac-

tion potential, the most favorable crystalline symmetry is
hexagonal [29]. For the purpose of computing the shear
modulus (Sec. III C), it is necessary to consider a less
symmetric numerical lattice generated by the vectors

b1 = b

(
1
0

)
, b2 =

b
√
3

2

(
cot θ
1

)
, b3 = b1 + b2 . (C9)

For θ = 2π
3 and cot 2π

3 = − 1√
3
, the triangular lattice with

C6 symmetry is recovered as a special case. For generic
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FIG. 8. Left: Triangular lattice generated by the vectors
bi (C9) with θ = 2π/3 or equivalently by ai (C2). In the
former case, the lattice shown represents the numerical lat-
tice used to map the continuum Hamiltonian to a discrete
one, while in the latter it is a schematic representation of
the spontaneously formed periodic structure that defines the
solid phase. Middle: the same triangular lattice in the left
panel rescaled by a factor 1 − λ = 0.8, where λ parametrizes
the hydrostatic compression used to computed the bulk mod-
ulus (32). Right: Lattice generated by the vectors bi (C9)
with θ = 2π/3 − π/10, which corresponds to a pure shear
deformation of the triangular lattice in the left panel. From
the change of the mean-field free energy Fm.f. with the angle
θ one obtains the shear modulus according to (31).

values of the angle θ, the Bravais lattice is a monoclinic
one, in which the rows of lattice sites are shifted horizon-
tally so has to preserve the distance between them. This
deformation preserves the area of the primitive unit cell
and corresponds to a pure shear strain. The triangular
lattice and its deformed version are illustrated in Fig. 8.
The only nonzero hopping amplitudes are the ones that
correspond to nearest-neighbors in the triangular lattice
with θ = 2π/3. Thus, the dispersion is given by

εk =

3∑
i=1

2ti(θ)(1− cosk · bi) . (C10)

The hopping amplitudes along the three directions spec-
ified by bi are denoted by ti(θ) and are given by

t1(θ) = t

[
3

2

(
1 + cot2 θ

)
+
√
3 cot θ

]
, (C11)

t2(θ) = t(2 +
√
3 cot θ) , (C12)

t3(θ) = −t
√
3 cot θ . (C13)

The effective mass tensor at k = 0 is diagonal and inde-
pendent of θ. Moreover, if one fixes the hopping ampli-
tude t as

t =
2R2ϵ0
3b2

with ϵ0 =
ℏ2

2mR2
, (C14)

the effective mass is equal to the massm in the continuum
Hamiltonian, as required.

Appendix D: Iterative solution of the
self-consistency equations

With the discretization procedure presented in Ap-
pendix C, the problem is reduced to the minimization

of the mean-field grand potential Ωm.f. with respect to a
finite number of variables ψk, Γk,k′ , where the wave vec-
tors k, k′ satisfy the condition (B5) with 0 ≤ mi < MiLi.
The number of independent variables is further reduced
by imposing the periodicity conditions (18)-(19), which
lead to the selection rules in (B30) and (B31). The spe-
cial case of a translationally invariant system is obtained
for ai = bi (Mi = 1), see (B25)-(B26).
In practice, rather then performing the simultaneous

minimization of Ωm.f. with respect to all the independent
variables, the strategy used in the present work is to seek
a self-consistent solution by an iterative procedure. This
is an adaptation to the bosonic case of the standard it-
erative method routinely adopted for fermionic systems.
Unfortunately, the iterative algorithm to be presented
below is found to be highly unstable when the pairing
potential ∆(r, r′) is included as a variational parameter.
This is the sole reason why the pairing potential is not
used here. Finding a suitable algorithm for the solution
of the self-consistency equations of HFB theory, that is
with the pairing potential included, is an interesting open
problem for the future.
The iterative algorithm for HF theory consists in the

following steps:

1. Initialization: the energy functional (B19) is mini-
mized at fixed density

ρ =
1

A

∑
k

|ψk|2 . (D1)

The expectation values ⟨b̂†kb̂k′⟩ appearing in the
functional are initially set to zero. The minimiza-
tion produces an initial guess for the condensate
wave function ψk and the chemical potential µ,
which is the Lagrange multiplier associated to the
density constraint.

2. Initialization: given the condensate wave function,
the self-consistency equations (B14)-(B16) with

⟨b̂†kb̂k′⟩ = 0 are used to provide an initial guess
for Γk,k′ .

3. The quasiparticle Hamiltonian H0 is constructed
using the chemical potential and the HF potential
obtained in the previous steps, see (B13).

4. From the quasiparticle Hamiltonian, the one-body
density matrix at temperature T (β = 1/kBT is the
inverse temperature) is computed as

R =
1

eβH0 − 1
. (D2)

The matrix elements of the density matrix R are

the expectation values ⟨b̂†kb̂k′⟩. Note that at zero
temperature the HF approximation reduces to the
solution of the standard GP equation (step 1 above)
since the one-body density matrix (D2) vanishes.
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5. The energy functional (B19), in which the expec-

tation values ⟨b̂†kb̂k′⟩ are the ones computed in the
previous step, is minimized at fixed density

ρ =
1

A

∑
k

(
|ψk|2 + ⟨b̂†kb̂k⟩

)
. (D3)

In contrast to (D1), the density contribution of the
quasiparticle excitations is now included in the to-
tal density. The minimization produces updated
values for the chemical potential µ and the conden-
sate wave function ψk.

6. The condensate wave function ψk and the expecta-

tion values ⟨b̂†kb̂k′⟩ obtained respectively at steps
5 and 4 are used in the self-consistency equa-
tions (B14)-(B16) to obtain an updated HF poten-
tial Γk,k′ .

7. If the value of the grand potential Ωm.f., the con-
densate wave function and the HF potential have
converged within a given threshold, the procedure
terminates. Otherwise, the iteration continues from
step 3.

If one seeks a self-consistent solution at fixed chemical po-
tential rather than fixed total density ρ, the only mod-
ification is that the chemical potential term −µρ, with
the density given by (D3), must be added to the energy
functional (B19) and the minimization at steps 1 and 5
is performed in an unconstrained manner.

Note that, according to the above sequence, the quasi-
particle Hamiltonian H0 computed at step 3 is in fact
the upper diagonal block of the Hessian of the GP func-
tional computed at its minimum (step 1 or 5), see (B22)-
(B23). This is so by design and guarantees that the quasi-
particle Hamiltonian H0 is a positive definite operator.
This means that the quasiparticle excitation energies, the
eigenvalues ofH0, are positive, an important requirement
for bosonic systems.

The above iterative scheme is very stable and converges
rapidly to a self-consistent solution in the same way as
its fermionic counterpart. The most computationally ex-
pensive step is the diagonalization of the quasiparticle
Hamiltonian H0, which is required to compute the one-
body density matrix (step 4). By taking advantage of
discrete translational symmetry, the diagonalization of
H0 (B13) with size

∏
iMiLi, is reduced to the diago-

nalization of L1L2 blocks of size M1M2. It is found in
practice that all observables of interest converge rather
rapidly with the parameter Li = L, specifying how finely
the first Brillouin zone is sampled. The value L = 6 is
found to provide very well converged results and is always
used here. On the other hand, the convergence is found
to be substantially slower with respect to the parameter
Mi =M , which is much harder to increase given that the
computational cost scales as M6. A qualitatively good
phase diagram can be obtained for M = 14, however
we have found it necessary to increase this discretization
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FIG. 9. Upper panel: bulk modulus in the homogeneous and
solid phases as a function of temperature. The bulk modulus
is computed by rescaling the supercell, which is equivalent to
a hydrostatic compression, see (32) and Fig. 8, while keeping
either the total number of particle (B|N ) or the average den-
sity (B|ρ) constant. In the homogeneous phase B|ρ should
vanish, however, due to the discretization procedure used in
this work (Appendix C), it is not exactly zero, but never-
theless very small, B|ρ ≲ 1.6ϵ0/R

2. In the solid phase, B|ρ
is nonzero since a rescaling of the supercell also changes the
lattice constant a = |ai|, see (B28). Bottom panel: shear
modulus in the homogeneous (Gh) and solid (Gs) phases as
a function of temperature. Due to the mapping to a discrete
lattice model, the shear modulus in the homogenenous phase
Gh is not exactly zero, as expected for a fluid. However, for
large enough discretization parameter, here M = 22, it is es-
sentially negligible, Gh ≲ 0.8ϵ0/R

2. All parameters are the
same as in Fig. 4.

parameter further to ensure convergence. For the results
shown here the value M = 22 is generally used, which is
at the edge of our computational capabilities.

Appendix E: Bulk and shear moduli

The bulk and shear moduli as a function of temper-
ature at fixed coupling constant W = 7ϵ0 and density
ρR2 = 4.4 are shown in Fig. 9. The bulk modulus is
obtained from the change of the mean-field free energy
under hydrostatic compression according to (33). A pure
hydrostatic compression is implemented in the numerical
HF calculations by rescaling the fundamental vectors Ri,
ai and bi by the same factor (1 − λ), where the coeffi-
cient λ appears in the displacement field (32). These are
vectors that specify the size of the supercell, the period-
icity of the crystalline structure and the fineness of the
discretization, respectively, and are all proportional to
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FIG. 10. Left: phase diagram of soft-core bosons as in Fig. 1, with the only difference that the BKT transition temperature
from the solid to the hexatic phase TBKT,hex is obtained from (27)-(28), in which the bulk modulus B is computed at constant
density ρ, denoted as B|ρ in Fig. 9, rather than at constant particle number, denoted as B|N . As a result, the phase boundary
(dashed line) is at lower temperature compared to Fig. 1 and there is a small overlap between the supersolid and hexatic
regions, indicating the presence of an hexatic superfluid phase. Right: magnified view of the phase diagram corresponding to
the square on the left panel. The small hexatic superfluid region becomes larger with decreasing density. The coupling constant
W on the horizontal axis is shifted by Wc, which is the critical value above which a spontaneous modulation of the particle
density is energetically favoured, see Fig. 2. The shift of the coupling constant facilitates the comparison of the phase diagrams
for different particle densities. The critical values are Wc = 5.85ϵ0 at ρR2 = 4.4 and Wc = 8.04ϵ0 at ρR2 = 3.2. Numerical
parameters used: L = 6, M = 20.

each other according to (B28) and (C2). The bulk mod-
ulus, which is used to obtain the Young modulus and the
BKT temperature TBKT,hex shown in Fig. 4c, measures
the change of the free energy density under compression
for fixed particle number. It is indicated with the symbol
B|N in Fig. 9 and is the inverse of the thermodynamic
isothermal compressibility.

However, it is also possible to compute the change of
the free energy density under compression at fixed aver-
age density ρ, leading to an alternative definition of bulk
modulus, which is denoted as B|ρ and shown in Fig. 9
as well. Note that in the homogeneous phase B|ρ is zero
since the free energy density is purely a function of the
density and the temperature, which are constant. Due to
the mapping of the continuum Hamiltonian to a discrete
lattice model, B|ρ is nonzero in the homogeneous phase,
but essentially negligible for large enough discretization
parameter M . The reason is that the Fourier transform
of the interaction potential (C7) depends on the vectors
bi, see (C1). On the other hand, in the solid phase the
free energy density is a function of an additional parame-
ter, namely the lattice constant a of the triangular lattice
formed by the spontaneous density modulations, thusB|ρ
is nonzero since it measures the energy cost associated to
the change of the lattice constant alone.

In the theory of elasticity, the distinction between B|ρ
and B|N is not made since for a standard crystalline ma-

terial the electronic density and the lattice constant are
not independent of each other. On the other hand, for a
cluster solid of the type formed by soft-core bosons, the
number of particles per unit cell is not strictly an inte-
ger and, for fixed ρ, the solid phase can be favored with
respect to the homogeneous one within a finite interval
of values for the lattice constant. Thus, for a finite size
system the lattice constant is controlled by the boundary
conditions and it becomes necessary to determine the op-
timal lattice constant by requiring the vanishing of the
first derivative of the free energy density with respect to
λ at constant density ρ. This is the prescription used to
compute aopt shown in the upper panel of Fig. 2. The
optimal lattice constant is the preferred periodicity of the
density modulations realized in an infinite system, which
is not constrained by the boundary conditions.

The distinction between the two possible definitions of
bulk modulus is necessarily important for a supersolid
since superfluid and crystalline orders can not be present
simultaneously if the number of particles is commensu-
rate with the lattice structure, that is if the number of
particles per unit cell is an integer [8]. Note that simi-
lar issues regarding the bulk modulus in the case of the
soft-core boson model have been discussed also in a re-
cent work [60]. On the other hand, this problem has not
been considered so far in relation to the theory of two-
dimensional melting, meaning that is not clear whether
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B|N or B|ρ should be used in (28) for computing the
Young modulus and estimating the BKT temperature
TBKT,hex.
For completeness, Fig. 10 shows the same phase dia-

gram as in Fig. 1, with the only difference that the BKT
temperature TBKT,hex is estimated from (27) and (28)
using B|ρ instead of B|N . Moreover, the phase dia-
grams for two different values of the density are compared
(ρR2 = 3.2, 4.4). As seen from Fig. 9, B|ρ is roughly
a factor four smaller than B|N , therefore the transition
line between solid and hexatic phases is shifted to lower
temperatures in Fig. 10 compared to Fig. 1, leading to a
small overlap between the hexatic and supersolid regions,
namely an hexatic superfluid phase [47].

Appendix F: Finite size effects in PIMC simulations

The phase diagram shown in the right panel of Fig. 1
is obtained from PIMC simulations with N = 4032 parti-
cles. Additional sizes are considered, including the larger
size N = 16128 (see Fig. 5), as well as smaller sizes, as
discussed hereafter. This allows us to verify when fi-
nite size effects occur. In Fig. 11 we show the super-
fluid fraction and the orientational order parameter at

three temperatures, for various system sizes. The black
points at N = 4032 are the same data reported in Fig. 6.
It is worth reminding that, for increasing interaction
strength W , the system transitions from the superfluid
to the solid phase, passing through a supersolid phase in
the cases corresponding to the two lowest temperatures
kBT = 3.0ϵ0 and 4.0ϵ0. Instead, at kBT = 5.0ϵ0 a direct
transition from superfluid to normal solid is obtained. As
shown in the upper row of Fig. 11, the finite size effects
on the superfluid fraction are very modest in the weak
interaction regime, as long as the system is superfluid
or supersolid. However, as the superfluid fraction crosses
the Nelson-Kosterlitz prediction, and the system is hence
classified as a normal solid, the finite size effects become
important. This is consistent with the expectation of a
BKT transition renormalizing the superfluid fraction to
zero from the point predicted by the Nelson-Kosterlitz
relation. On the other hand, the global orientational or-
der |ψ6|2 (see second row of Fig. 11) shows little depen-
dence on the system size. The only exceptions are the
points very close to the superfluid to (super)solid transi-
tion, which display large statistical fluctuations. In fact,
for these interactions strengths, the phase is classified
as unknown according to the analysis of the correlation
functions discussed in Section IV.
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