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DIFFUSIVE BEHAVIOUR OF ERGODIC SUMS OVER ROTATIONS

JEAN-PIERRE CONZE, STEFANO ISOLA, AND STEPHANE LE BORGNE

Dedicated to the memory of Fugene Gutkin

ABSTRACT. For a rotation by an irrational « on the circle and a BV function ¢, we
study the variance of the ergodic sums Spp(z) = Z]L;OI w(x + jo). When « is not of
constant type, we construct sequences (Ly) such that, at some scale, the ergodic sums
Sty satisfy an ASIP. Explicit non-degenerate examples are given, with an application
to the rectangular periodic billiard in the plane.
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Introduction

Given a measure preserving map 7 on a probability space (X, A, 1), many results link the
stochasticity of T to limit theorems in distribution for the ergodic sums of an observable ¢
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on X. A simple example is T': x — 2z mod 1 on X = R/Z endowed with the Lebesgue
measure: the normalized ergodic sums satisfy a Central Limit Theorem (CLT) when ¢ is
Holder or with bounded variation.

When T is an irrational rotation x — x + a mod 1 on X, the picture is quite different.
Depending on the Diophantine properties of «a, too much regularity for ¢ can imply that
© is a coboundary. In that case, there is no way to normalize its ergodic sums in order
to get a non-degenerate asymptotic distribution. Therefore, it is natural to consider less
regular but BV (bounded variation) functions, in particular step functions. Nevertheless,
by the Denjoy-Koksma inequality, the ergodic sums Spp(z) = 25—1 o(x + ja) of a BV
function ¢ are uniformly bounded along the sequence (g,) of denominators of . This
leads to consider other subsequences (L,) with the hope that, along (L,), there is a
diffusive behaviour at some scale for the ergodic sums.

Results on the CLT in the context of Fourier series, which are related to our framework,
trace back to Salem and Zygmund [SaZy4§| in the 40’s. M. Denker and R. Burton in
1987, then M. Weber, M. Lacey and other authors gave results on a CLT for ergodic sums
generated by rotations. But their goal was the construction of some functions, necessarily
irregular, whose ergodic sums satisfy a CLT after self-normalization. The limit theorem
along subsequences that we show below is for simple steps functions. In this direction,
for ¢ := 111 = 111 o, F. Huveneers [Hu09| proved that for every v € R\ Q there is a

sequence (Ly)nen such that Sp, 1 //n is asymptotically normally distributed.

Here we consider the diffusive behaviour of the ergodic sums of step functions ¢ over a
rotation by a. We study growth of the mean variance and approximation of subsequences
at a certain scale by a Brownian motion when « is not of constant type. Another method,
including the constant type case, will be presented in a forthcoming paper.

The content of the paper is the following. An analysis of the variance along subsequences is
given in Section[I} Then, in Section[I.2] we introduce an approximation by lacunary series,
in order to show in Section [2/an ASIP (almost sure invariance principle) for subsequences
of ergodic sums for BV observables when o has unbounded partial quotients. The method
relies on the stochastic behaviour of sums of the form 3% f,(k,z) where (k,) is a fast
growing sequence of integers and (f,,) a bounded set of functions in a class which contains
the BV functions. It is based on a result of Berkes and Philipp [BePh79| in a slightly
extended version (see appendix, Section .

Examples with a non-degenerate limit in distribution are presented in Section The
result has an application to a geometric model, the billiard flow in the plane with periodic
rectangular obstacles when the flow is restricted to special directions.

To conclude this introduction, let us observe that result presented here for an isometric
map, the rotation by «, is related to the dimension 1. For instance for rotations on the
2-torus, the natural framework is to consider, instead of the single rotation, the Z2-action
generated by two independent rotations.
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Preliminaries

In what follows, a will be an irrational number in |0, 1[. Its continued fraction expansion
is denoted by a = [0;ay,as,...,ap,...]. We will need some reminders about continued
fractions (see, for instance, [Kh37]).

For u € R, set ||u|| := infez |u — n|. Let (pn/gn)n>0 be the sequence of the convergents of
a. The integers p,, (resp. g,) are the numerators (resp. denominators) of . They satisfy
the following relations: p_1 =1, po =0, ¢g_1 =0, ¢go = 1 and

(1) gn+1 = Ap+1Qn + Gn—15 Pn+1 = An+1Pn +pn—17 (_1)71 = Pn—14n — Pndn—-1, N 2 0.
Let n > 0. We have, [g.all = (=1)"(g:0 — pn), 1 = qullgnircll + o [|gner]].

n O .
Hence, setting o = Pn + —, it holds

n Qn
1 1 1 1
2) —— < < llgurll = 6] < — = .
Gn+1 qn+1 + qn qn+1 An+19n + qn—1
Moreover for 0 < k < g,, in every interval [qﬁn, %[, there is a unique point of the form

jamod 1, with 5 € {0, ...,q, — 1} and we have

1
(3) a0 < | gnora| < Jlka|, for 1<k < g,.
qn

Recall that « is of constant type (or has bounded partial quotient (bpq)), if sup, ax < 0.

The uniform measure on T! identified with X = [0, 1] is denoted by . We will denote
by C a generic constant which may change from a line to the other. The arguments of
the functions are taken modulo 1. For a l-periodic function ¢, we denote by V(¢) the
variation of ¢ computed for its restriction to the interval [0, 1] and use the shorthand BV
for “bounded variation”. An integrable function ¢ is centered if pu(¢) = 0.

Let C be the class of centered BV functions. If ¢ is in C, its Fourier coefficients ¢, (p)
satisfy:

W ere) = 20, with K() = sup ()] < +oc.

The class C contains in particular the step functions with a finite number of discontinuities.
An example which satisfies , but is not BV, is the 1-periodic function ¢ such that
o(x) = —log |x|, for x € [—%, sl x #0.

Notation

Let ¢ be in C. The ergodic sums Z;V:_Ol o(x+ja) are denoted by Sye(x) or ¢y (z). Hence

we have

l— . r mi(f—1)ra sinwlra 2wire
(5) pel@) = Lo pl(a+ ja) = 3, 4 2 eritthre st carire,
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Let ¢ be such that for p/q a rational number in lowest terms, || — p/q|| < 1/¢* (in
particular for ¢ a denominator of o). By Denjoy-Koksma inequality we have

q—1

(6) [@alloc = sup| D pla+la) < V().

In the L? setting, for functions which satisfy , we have [|¢,, |l2 < 27 K(¢). (See the
remark after Proposition .

Therefore, the size of the ergodic sums ¢, depends strongly on the values of ¢, since for
a BV centered function, the ergodic sums are uniformly bounded along the sequence (g,,)
of denominators of «.

Let us recall the Ostrowski expansion which gives a bound for the growth of the ergodic
sums of a BV function.

Let N > 1 and m = m(N) be such that N € [¢, @it

We can write N = b,,,q,, + 7, with 1 < b, < @41, 0 < 7 < ¢q,,. By iteration, we get for
N the following representation:

N=> bigp, with0<by<ay—1, 0< b < apg for 1 <k <m, 1< by < g
k=0
Therefore, the ergodic sum can be written:

m - Ne—1 m  bege—1
(7) Sne(x Z Z (x+ ja) = Z o(x + Npja + ja),
0=0 j=Np_1 =0 7=0

with Ng = by, N, = Zi—o by qi. for £ < m. It follows, for every x:
m(N

®) !Z¢$+Ja!<zbk|ls0qk”oo§‘/ Zbk

The aim

In view of the Ostrowski expansion, we can ask if there is a diffusive behaviour of the
ergodic sums along suitable subsequences defined in terms of the ¢,’s. We will see that, for
rotations of non constant type, there are such sequences along which a CLT holds and that
even a stronger stochastic behaviour can occur: after redefining (Sy,) on a probability
space, denoting by ({(t);>0) the standard 1-dimensional Wiener process, we will show the
existence of a sequence (L,) such that, for a sequence of r.v. (7,) and a constant A > 0,

we have S;, = C(7) + o(n2 ™), ae. with 7,,/||SL, |2 = 1, a.e. (||Sz, ||2 is of order n).

The method of proof is the following. As shown below, if a, is big, there is f, such that
the qin—periodic function f,(g,.) approximates well the ergodic sum ¢, , cf. . When
a,, or a subsequence of a,, is growing fast, a CLT for subsequences (¢, ) can be deduced
from the stochastic properties of sums of the form chvzl fn.(@n,-). In the appendix, we
will recall a result of Berkes and Philipp which provides a CLT and an approximation by
a Wiener process for sums of this form.
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1. Variance estimates for subsequences of ergodic sums

1.1. Bounds for the variance.

We will use inequalities related to the repartition of the orbit of 0 under the rotation by
.

Lemma 1.1. If g, is a denominator of a and m > 1, we have with an absolute constant

C:
1 1 1 1 1 m  m?
9 — < C — < (O(=4+ =
(9) 2 k2~ <mqn * q%)’ 2 k2 ko — (Qn * qz )
k: ||ka||<1/m,k>qn k: |kal|>1/m, k>qn
qn—1 n—1 q
10 < 6 ()
(10) Z k:2 ||ka||2 ]ZO q]

Proof. Observe first that, if f is a nonnegative BV function with integral p(f) and if ¢ is
a denominator of «, then:

S 1lka) _2u) | V()

11
(1) w St o

[\

q—1 00
11 = u(f)  V(f
S~ G o A+ 1)) < 35 ) + V() = 04 KU
Now, @ follows from , taking f(x) respectively = ljp 1 1(|z|) and = %1[% %[(\:c])
For ({10)) we can write the LHS as

n—1 qj4+1—9;— 1 qj4+1—q5— 1

2 (g5 + 02 [l(g +€ Jal® — Z Z I(g; + Oarll*

j=0 =0 =0 qJ £=0

Using the fact that there is only one value of ra mod 1, for 1 <r < g;41, in each interval
[E Bk =1,...,¢j11 — 1, we have the following bound which implies :

qi+17 @j+1 Y

Qj+1—qj'—1 1 o 7T2
- * < (g +qj+1)* + =7, <6¢7,. O
; ||(QJ +€)a||2 ||QJa||2 ; k/q]+1 2 J ]+1) 6 q]+1 QJ_H

Now, we study the behaviour of the variance for the ergodic sums ¢, (x) = Z;:& o(x+ja)
of a function ¢(z) = Y, 2e*™* in the class C. We have:

|% sinnt
(12) lenll? = Z (ra), with Gy(t) == —5—

sin?wt
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The 1-periodic function G,, satisfies f G (t) dt = n and the symmetry G,,(t) =
for 0 <t <1, so that G,({ra}) = (HmzH) We set

Gty = 13 = - (1 D),

sin?7t |2 4n sin 7t

The mean satisfies the following lower bounds:

(13)

Lemma 1.2. (upper bound) There is a constant C' such that, if ¢ satisfies ,

(14)

(Gn(1)) =

2f o<t< bt s b o b1
r — —— for — =,
P OPTSES o S8 g, =t

>1|3

L

”SOHHS S CK<QD)2 Za?Jrlu Vn € [Q€>Q£+1[-
7=0

Proof. Using (9), we have (with the last inequality satisfied if ¢, < n):

Let ¢ satisfy . Let ¢ < n < qpyq. From and @ of Lemma , we have

S

|k1>qe

lnll?

1 ||nkal)? 9 1 1 1
il < il Bl
ke =% 2 @t 2 P
|kl <1/n, k>qe |kal|>1/n, k>qe
2 2 2 2 2
< L4 p DD ol 0 <y

IN

<

nge ¢ @ ¢ @ ¢ ¢

627r'mkoz | 2

2|1— L [[nkal®
Z|c’f ) e27rzka|2 = Zkz ka2
k0 k0
1 ||nkal?
+ K@) ) 5
Kol 3, k? e+ Zk E
-1

L
R(eP (2] + 6K ()" E <CE(@P Y dn.

When « is of bounded type, this gives maxg,<n<q,,, [|¥nl2 = O(F).

For the mean (D), of the square norm of the ergodic sums, we have by :

(15)

)_l

n—

el = 3 g ral

0 r#£0

SIH

D) :

i

Theorem 1.3. [[s06] (lower bound) There is a constant ¢ > 0 such that

(16)

/-1

<D90>n Z CZ |7qj|2a?+17 vn S [q& C]Z+1[-
7=0

Go(1—1)
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Proof. From and , we get the estimate

(17) <D90>n > Z ’%“’2 + Z n2|7r|2‘
- L 82 (r - [[ral])? . i
rrall>sg; r#0: || ra|<s;
If n > g, then (2) implies ||g;al] > 5, for j = 1, ..., {—1. Therefore, using ¢; [|¢;er|| < a; )y,
we have:
-
|’77“ h/q
(Dp)n = C s . >Cy Y |y lPai,. O
2 (r - [[red])? Z j - llgged)? Z ul @i

lral>5,;

By ([16), if v, is an integer < gey1 such that [|@y, [l2 = maxy<q,,, [|@k/2, then

o I3 = ¢ D o Pai -

If the sequence (7, (¢)) is bounded from below, the variance of most of the ergodic sums
is of order of the scale given by the a;’s. If o has bounded partial quotients, the average
of the variance grows at a logarithmic rate.

Examples will be given in Section 2.2l To complete the picture we discuss a lower bound
valid for functions ¢ whose Fourier coefficients satisfy a definite (lower) bound.

We define u,, by
1 1
(18) Uy = min{u : || gl < 3 }=max{u : || g 1| > o 1
The sequence (u,) cannot grow faster than logn. Since
1
(19) Fradl 2 1l qu, el 2 oy Vr < G,

the integer ¢,, can be interpreted as the first time the orbit {z + fa},>1 returns into a
neighborhood of size 1/n of x.

We say that « is of type v if 1 < =sup{s: liminf, ,,, 7°-||ra| = 0}.

If « is of type 7, then liminf,, . l‘iig‘]? = % (cf. [Is06]).

Lemma 1.4. Let o be of type v and ¢ € L* be such that |7y,| > cr'=? for some 3 E]%,’y[.
Then there is an infinite subset I C N and a constant C > 0 such that

(20) (D), > O n?1-5%) =2 , nel, VYe> 0.

Proof. We start again from the estimate (17). Since 2¢; > 1/||gs—1ct| > g, for all k, using

and we write
1 _ _
D20 2 o (P P+ i, P ).
The assumption on the Fourier coefficients of ¢ then yields

2
(Dp)n > —(¢.2°1 2, + n*q,*).

n_82
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On the other hand, one checks that the function
Fops(x) :=2"%(a+b2?), a,b>0, s€(0,1), z € RT,

satisfies
1
Fop.s > I_Sbsa ER+7
N (:E) - 85(1 _ 8)1_5 a T
and therefore
2
—2s ¢ —26(1-s) 2(1—s—sp)
Dy),, > .
n < QO> - 87285(1 _ S)l—squnfl qun
Now, if a is of type v > 1, we have liminf, , 77 |ral| = 0 for all € > 0. This implies
1

that qu,,-1 < a qqu‘ along an infinite subsequence {n;} and for some positive constant
c¢1. Thereby, for each s € (0,1), we can find a constant Cy so that the above yields:

(17573,8776(4{1::) )

"5

o 2
nj 2 <D§0>n3 Z Cs Qu

Hence, taking s such that the exponent at right is zero, we get . 0

Remark: Since ¢ ¢ C for § < 1, in order to apply Lemma to some ¢ € C, o must be

of type v > 1.

1.2. Lacunary series and approximation by qin-periodic functions.

We consider now another method giving information on the diffusive behaviour of the
ergodic sums Sy¢. It is based on approximation of ¢,, by qi—periodic functions.

Given p(x) = 3,5 2= €?™*, recall that the ergodic sums can be written:

_ (@) wi(f—1)ra sinmlra  2mirs
eo(®) =320 e e

r sin tra

We use the following notations for ¢ > 1:

~

-1

(21)  Pu(x) = ' oz + %) — Z % 2™l — 3,(0x), with Py(z) := Z % p2mire.
J=0 r#£0 20
In particular, @,,(x) = ZT#O Trin 2t We will show that @y, (¢s.) is a qin—periodic

approximation of ¢, , if a,4 is big.

Remark: If ¢ € C, then @ is also in C and satisfies: K (@) < K(y). If ¢ is a BV function,
then for every ¢ > 1, the periodic function ¢, = @,(¢.) has the same variation on an
interval of period and the variation of @, on [0, 1] is less than V(¢). When ¢ has zero
integral, this implies

(22) 1Belloe < V().
Proposition 1.5. If ¢ satisfies , then we have

(23) 160, = Banladlf =Y

r#0,qn f7

L |lgaralf? -
S Al — oG,

2 lradl?
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Proof. If ¢ satisfies (4]), we have:

77" 7r7, n— Slnﬂ-ana TIrT ’an TIGqn T
Pan (T) — Py, (Gn Z (o= proc T2 2mirw N " IS 2T — (A)+(B),

sin Tra
r#0 r#0
with
: 2
§ ,-)/an m (gn—1)gnra SIN Tq, o . 1] 627riancc
. )
o Gn SIN TQ, T
§ 77" m (gn—1)ra sin T 627ri7’ac
sin mra
r#0,qn |
Therefore, ||¢,, — @h(qn)ﬂg is equal to
| in mq? [-(p)|?  sin Tg,ra
24 2 : ’qu’ emilan—1)gnra smmq,ro 1’2 + § : Trl® Tdn 2
Gn SINTTQ, T r2 sin mro

7"750 T;éoaqn M

1, . sinTg2ra 1 sin7wg,ro
25 < K 2 E = | ,mi(gn—1)gnro n -1 2 K 2 E - 2.
(25) < K(p) = r2 e Gn SIN QT "+ &) I Mr2| sin ro |
r 7Y, qn

—1 1
27 r#0 r €

For ¢; € [0,1], we have: |¢°(z + ;) — ¢%(x)] < J; + 1j,6,)(); hence

2mire

Let ¢%(x) = {2z} — 1. The Fourier series of ¢" is ¢"(z) =

gn—1 qn—1 qn—1
Z (2 + ja+6;) — (x + ja)| < Z i + Z L, (z + ja).
=0 =0 =0
Since [ja — jpn/qn| < - +1q , for 0 < j < @, this implies:
1 =
0] = B0 S ot D T o)

and therefore Hgogn — gﬁgn(qn-ﬂh = 2a
As @9 and @Y are bounded by V(¢") (Denjoy-Koksma inequality and ), if follows:

(26)  llog, = o (an- )5 < [l I + 1B, (@) loc] 125, — B4, (@)l <

Ap+1 .
By (24) applied to ¢°, we obtain:
1 1 sin 7Tq27“0z 1 1 sinmg,ra
0 _~0 2 _ mi(gn—1)gnra 277" TAnT 7 4124~ == 72
HSOQn SDQn (%1)”2 A2 712 | qn sin TqpT | +47TZ Z r2 ' sinmra ’
7'7£0 T;'équ’nl/‘

It follows, by ([25)) and @:

g — Pan (@n)]13 < (27 K ()2 100 — 20 ()13 < (Am K () apy. O
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Remark: Likewise, if ¢ satisfies (), then, since [|] [la < [1¢), lo < V(¢°) =1, we have

2 17 (@)? | sin wgra 2 1 sinmgpro,
=S < K(p) Y - |
a2 o 72 | sin mra "= K(e) o 72 | sin mra |

= (27 K()) lleg, [I5 < (27 K (9))* V(¢")*.

2. CLT for rotations

2.1. CLT and ASIP along subsequences for rotations.

Let (tx) be a strictly increasing sequence of positive integers and let (L) be the sequence
of times defined by Ly = 0 and L, = >}, ¢, n > 1. Our goal is to show that,
under a condition of the growth of (a,), the distribution of ¢, can be approximated by a
Brownian motion. More precisely we will show the following ASIP (almost sure invariance
principle, cf. [PhSt75]) for (¢, ), when ay, 11 is fast enough growing:

Theorem 2.1. Let (tx) be a strictly increasing sequence of positive integers and let L, =
S Qi.,n > 1. Assume the growth condition: a1 > kP, with B > 1. Then, for every
@ in the class C such that

n
(27) Z |Pg, |5 > cn, for a constant ¢ > 0,
k=1

we have ||l¢r, 153/ > i1 |Pa, I3 = 1 and the convergence in distribution (CLT)
(28) L./ ller,lla = N(0,1).

Moreover, keeping its distribution, the process (r, )n>1 can be redefined on a probability
space together with a Wiener process ((t) such that

(29) o1, = () +o(nz ™) ace.,

where X > 0 is an absolute constant and T, is an increasing sequence of random variables
such that 7,/||eL, |13 — 1 a.e.

Proof. As in Ostrowski’s expansion, the sum Z]Lio_ "oz + ja) reads
n th+Lk71—1 n qtk_l n
> plet+jo) =) Y plo+Lima+jo) =) ¢ (v+ L),
k=0 j=Lp_1 k=0 j=0 k=0

We use Proposition [1.5. Let g := | th:’“;ikfl_l o(.+ja) — &y, (qy,- + Lr—1c)|. We have
I3 < Caﬂlﬂ-

Assume that a;, 1 > k°. Then by Lemma below, we have: > 7' | gx = O(nl’gﬁ) a.e.
Since § > 1, this bound is comparable to the term of approximation in Theorem
(appendix), which we apply now with fi = @, (. + Li—1c). Let us check the hypotheses
of this theorem.
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Condition implies Condition of Theorem for fi and ny = ¢, (see in the
appendix Lemma [3.6) which implies [l¢L, 3/ > i1 1P, 113 = 1).

For (, observe that supy |8y, o < V(p) < 400, sup [|@g, l2 < +oo. Moreover,
Vrar, | < K (@) by and there is a finite constant C such that the tail of the Fourier
series satisfies:

R(Bq, . t) < R(t), Yk, with R(t) < Cpt2.
For the sequence (g, ), the lacunarity condition (H2) as well as the arithmetic condition
( are satisfied, since g, /q, > ay, 41 — 00.

Therefore, the hypotheses of Theorem are satisfied. The convergence in distribution
(28) is a corollary. O

Lemma 2.2. Let (g,) be a sequence of nonnegative functions such that ||g,||2 = O(n™?%),
0 > 0. Then we have, for all e > 0:

N )
ng = O(N'"2™)q.e.
k=1

2
Proof. For 1= %—g—i-&?, with & > 0, we have convergence [ Y 77, ,§+1 dp < oo. Therefore,
PO k251 = O(1), a.e. which implies:

N

N
S g Zkél 9 o (3} ij; L= O ), e, O
1 k=1

1

If the partial quotients of « are not bounded, then there is a sequence (t) of positive
integers tending to +oo such that a;, 1, > k7, with 8 > 1. Tt follows:

Corollary 2.3. Let o be an irrational rotation with unbounded partial quotients. Then
there are A > 0 and an increasing sequence of integers (ty)x>1 such that, for the sequence,
L, = E,ivzl dt., m > 1, under the non-degeneracy condition , we have

(30) oL, = C(m) + 0(71%_)‘) a.e.

Remarks: 1) It still remains the question of Condition that we will check for explicit
step functions. We will have to estimate:

(31) Z Ve (9)2az,; (for the lower bound of the mean variance),
1« 1 & 1
(32) N Z 1P, [ N Z [Z ﬁhrqtk ?] (for the ASIP).
k=1 k=1 70

To get the ASIP along a subsequence L, = >} ¢, we need an increasing sequence ()
of integers such that a;, 41 > &’ with § > 1, and liminf, & >0 [0 o 7% [Veg, [?] > 0.
For this latter condition, it suffices that liminf, 2 37/ |y, [> > 0.
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2) The result of Theorem is valid more generally for sequences of the form L, =
Y reo Ck ., where (c,) is a bounded sequence of non negative integers.

3) Let a be of Liouville type. Then, under a non degeneracy condition which is checked
in the examples below, the variance along subsequences is "in average" of the order of
Zjlv a: as shown by Theorem , whereas the variance for the subsequences described in
this section is much smaller and grows linearly.

4) If « is such that a, is of order n® with 8 > 1, we find a sequence (L,) for which
Theorem holds with of growth at most exp(c¢n Inn) for some ¢ > 0.

5) For a with bounded partial quotients, a different approach is necessary for the CLT.
It is based, as suggested in [Hu09|, on a decorrelation property between the ergodic sums
at time g, for BV functions. The details will be given in a forthcoming paper.

2.2. Application to step functions.

Ezample 1. o(z) = ©°(x) = {z} — % — 2—_731 #O% e

Here the above formulas , reduce to: ﬁ Zi;% Ay % ch\;l |Pa, 12 = %2. One
easily deduces a non-degenerate CLT and ASIP along subsequences for non-bpq rotations.

2mire

Now we consider steps functions. The non-degeneracy of the variance is related to the
Diophantine properties (with respect to «) of its discontinuities. If ¢ is a step function:
=2 ;v (1r; — pu(ly)), with I; = [u;, w;[, its Fourier coefficients are

—2mirw; __ e—27rzr1Lj

e v; ‘
cp = E v, , = g L emmir(uitws) gin (e (u; — w;)), r # 0.
T i j omir A~ (7T ( j J>>> #

jed jeJ

The growth of the mean variance is bounded from below by

¢
(33) G << g = (D), > CY | v ulmm) —1)Pag .
k=1 jeJ

One can try to set conditions on the coefficients v; and the endpoints of the partition such
that |7, | =< 1 when k belongs to some subsequence J C N.

For example, if the a;’s are bounded, then it can be shown, with an argument of equirepar-
tition as below, that for a.e. choice of the parameters the lower bound (Dy), > clnn

holds.

Now we consider different particular cases for generic or special values of the parameter.

Ezample 2. o = ¢(B,.) = lpp — B = ZT;&O ﬁe’“’"ﬂ sin(7r3) ¥
Therefore 7, (¢) = L™ sin7r3 and Theorem [1.3| yields

-1

-1
(Do) > C Zai+1 sin” (mqi,8) > 40, Zai—H laxBI1%,  Vn € [ge, qeral-

k=0 k=0
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For the mean variance, putting, for § > 0, Js := {k : |[|qx/3]| > d}, we have

(34) (De)p > C8 > ap, Vn€ (g gl

kedsN[1,¢]

For the CLT, we have @, = >, ere miran sin(mrg,3) €2,

N ] sin m’qnﬁ
(35) [ Z \ sin(mg,3)[>.
r#0

Since (gy,) is a strictly increasing sequence of integers, for almost every 5 in T, the sequence
(q¢,8) is uniformly distributed modulo 1 in T'. For a.e. § we have:

N
1 | sin( qutk W’
mN];: |90tk”2 _hm E E : = 6

k: r#0

=

Hence, Theorem implies: If « is not of bounded type, there exists a sequence (g, ) of
denominators of o such that, for the subsequence Ly = g, + ... + g1, for a.e. 3,

distribution

\/—\/%ng(ﬁ,.—l—ja) = N(0,1).

- 1 _ 2 2mi(2r+1).

A special case (B = 3): ¢ 1= Lga =1 = > D € (2r+1).

In this case, we have v, = 0, if ¢; is even, = %, if g, is odd. If a,y1 — oo along a
sequence such that g, is odd, then there is a sequence (L) for which

1 1 .
\/N ZSO(§7 ' +]Oé) distrgztion N(07 1)

Remark. Degeneracy can occur even for a cocycle which generates an ergodic skew product
on T! x R (and therefore is not a measurable coboundary). Let us consider 1}y 5 — 5 and
the so-called Ostrowski expansion of 5: § = ano bngna mod 1, with b, € Z. Then it

can be shown that ) ., a‘b—ill < oo implies limg ||gxB]| = 0. If a is not bpq, there is
an uncountable set of 3’s satisfying the previous condition, but ergodicity of the cocycle

holds if § is not in the countable set Za + Z.

Ezample 3. Let ¢ be the step function: ¢ = ¢(8,7,.) = 1y, 5) — 1}y, p44]- The Fourier
coefficients are c,(p) = ZLe=™" B+ sin(nrB) sin(rry). We have

™7

||95qk||§ = QZ |sin(mrgB)|* | sin(mraey) .
7"750
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As above, since (gy) is a strictly increasing sequence of integers, for almost every (3, ) in
T?, the sequence (g, 3, ¢;,7y) is uniformly distributed in T?. We have for a.e. (3,7):

ol |sin(mrq, B)|? | sin(mrg:, v)|?
SOOI Sy sl LA
k=1

r;«éO

Z// | sin(7ry) |2 |Sln(7rrz)| dydz = %

This computation and Theorem imply the following corollary for ¢(53,7,.):

If a is not of bounded type, there exists a sequence (qi,) of denominators of a such that,
for the subsequence Ly = qi, + ... + Gi, for a.e. (B,7)

V3 &
\/_N ; SD(B, T + ]04) distri—bztion N<O’ 1)

=

Erample 4. Let us take v = 3, i.e., ¢ = p(f, %, D) =1, 5 — 1[%’ B41)- We have:

2 i sin(m(2r +1)8) o
—_ — T‘-Z(QT—"_]")B 27TZ(2T+1).Z‘
o) s Z ¢ (2r+1) ‘ '

Hence: |y, | ~ |lgxB]| if g is odd, else = 0. This example is like Example 2, excepted the
restriction to odd values of the frequencies.

The lower bound for the mean variance (Theorem gives in this case:

(36) @ <n <1 = (Dp), > C Z laxB11? @i
0<k<{l—1,q; odd

and we have, if (¢, ) is a sequence of odd denominators, for a.e. [

N
.1 . . |sin(m(2r + 1)q;, B)]> 2 1 1
lim — > 1|5, 13 =1 E E I SN
NN p— 1Zell2 NN 7'('2 (2r4+1)2 T = (2r+1)* 2

re

Ezample 5. (Vectorial cocycle) Now, in order to apply it to the periodic billiard, we
consider the vectorial function w (o, gp ), Where o' and ¢? are functions as in the
example 4) with parameters 51 = §, fo = 5 — §

1 o= Ti(2r+1) asin(m(2r + 1)a/2) 50041,
%) :1[07g]—1[%7é+a}:—z +1)5 1 e ( -l—)7
reZ
—2i mi(2r QCOS(T((2T + )04/2) mi(2r
I e D D (2miCr ).

gt 2r+1
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If ¢4 is even both g;;\ and ggg\ are null. If ¢, is odd, we have

|sin(m(2r +1)§ )|2
Z

(2r +1)2 H2

Z | cos(m(2r +1)§)|?

H2 (2r +1)2

Let g, be odd. We use . We have

« pe | Ok ‘ ’ 1
= —_ —= —_— h - .
laxll = llaw5 Il = 115 + 2|| ence ([|gnf | || | _anH
This implies:
1 . .
ng 15 = O(—), if py is even,
Ak+1
4 1 1 1
_ = ——— + O0(—) =14+ 0(—), if ps is odd.
I = =X G 0 ~ 1+ OG )
Similarly, we have
G Pk bk L e 0 1
== 2 ZE h (1= +Z0) < |Z] <
lawfall = 15 = 5 = 51l hence |llaxf| (”ﬁ > =12 2gu0

hence:

—~ 1 i . — 1 ) )
||gz§3k||§ = O(—), if py is odd, qu?lng =14 0(—), if py is even.
qk+1 k41

Lemma 2.4. For almost every «, for B > 1, there ezists a sequence (ty) such that
(37) G, 15 odd, py,, is even, py,, s odd and ay 1 > kP for all k.

Proof. Let us examine, for three consecutive terms, the configurations for (p,, ¢,) modulo
2, i.e., the parities of p,, Gn, Pri1, Gnit, Pni2, @naa- Suppose that a, o is even. Then, using
(1)) we see that the only possible configurations are:

[(0,1), (1,0), (1, D], [(0,1),(1,1), (1,0)], [(1,0),(0,1), (1, 1)],
[(1,1),(0,1), (1,0)], [(1,0),(1,1), (0, )], [(1,1),(1,0), (0, 1)].

Taking either pu, Gn, Pnt1;@n+1, O PnsGny Pnt2, @nt2, OF Pntls Gnls Pnt2; Gni2, 1t follows
that we can find among three consecutive convergents (p, q), (p',¢’) the desired parities,

i.e., p even, ¢ odd, p’ odd, ¢’ odd.

Now let be given Ay, Ay, A3 three positive integers. Using the ergodicity of the Gauss map
x — {1/x} in the class of the Lebesgue measure, one easily shows that for a.e. x, there
are infinitely many values of n such that a, = Ay, a,y1 = Ao, a,io = As. By choosing
successively for Ay, Ay, As arbitrary big integers and As even, and using the above analysis
of possible configurations, we get a sequence (t;) such that the condition on the parities
as in (37) is satisfied and limy a;, 11 = +00. Now, taking a subsequence, still denoted (),
we can insure that a1 > kP, with > 1 for all k > 1. O

Theorem 2.5. Let o be an irrational number satisfying the (generic) condition
holds for a sequence (tx) and the convergents of a. Then, for Ly = Zf[ qt,, the sequence
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(N~Y24p Yns1 satisfies a 2-dimensional CLT with a non-degenerate diagonal covariance

matrix

N\
O

1
2

Proof. Tt suffices to prove the CLT for ¢*" = up' + vp? where (u,v) is an arbitrary fixed
vector. By hypothesis the sequence (¢, ) is superlacunary. Therefore (Lemma in the
appendix), we have

IIZ%%IIQ le¢qtk|l2+0 N).

The above computations show that, under Condition (37)),

1 1
), if k is even, qutk 15 =u* + Of
dt+1 Aty 41

1GallE = o*+O( ), if k is odd.

Thus the hypotheses of Theorem [2.1] are fulfilled and (N2 (up} +vy? )) converges

in distribution to the centered Gaussian law with variance # 0
Remarks: 1) Using the continued fraction expansion of a, one can find rotations and
subsequences (L,) with arbitrary values of the covariance matrix in the above CLT.

2) We have only considered the CLT for the vectorial cocycle, but not the ASIP, since
the result of Theorem is one dimensional. Further work should be done to obtain a
vectorial ASIP (approximation by a two dimensional Brownian motion). Let us mention
that a method to get it, could be to adapt the method developed by S. Gouézel in [Gol(].

2.3. Application to the periodic billiard in the plane.
Description of the model

We start with a brief description of the billiard flow in the plane with Z2-periodically
distributed obstacles. The flow acts on the set of configurations, where a configuration
is a position in the complementary of the obstacles in R? together with a unitary speed
vector. The flow is defined according to the usual rule: the ball (geometrically reduced
to a point) moves with constant speed in straight line between two obstacles and obeys
the laws of reflection when it hits the edge of an obstacle.

If the obstacles are strictly convex with regular boundary and positive curvature, the flow
has a stochastic behaviour with a rate of diffusion of order v/N at time N. The situa-
tion is quite different when the boundary of the obstacles is piecewise flat. We consider
here the billiard with Z2-periodically distributed rectangular obstacles (sometimes called
rectangular Lorenz gas, cf. [HWS80]). We give below a short description of this model (cf.
[CoGul2]) and show that for special directions the previous results on ergodic sums over
rotations apply.

Let 0 < a,b < 1. For (m,n) € Z?, let Rynn)(a,b) C R? be the a x b rectangle centered
at (m,n) whose sides are parallel to the coordinate axes and let R(a,b) = ABCD be the
rectangle of same size in the unit torus. The associated billiard flow (7");>¢ can be viewed
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as the geodesic flow on the polygonal surface P(a,b) = R?\ Upmnmyeze Bmmy(a;b). It acts

on the set U ]5(@, b) of unit tangent vectors and preserves the Liouville measure p on it.

The quotient surface P(a,b) = P(a,b)/Z?* is the unit torus with a rectangular hole. Tt is
rational and its dihedral group is Ry, the group generated by two orthogonal reflections
with the angle /2 between their axes. The flow (UP(a,b), T, 1) decomposes as a one-
parameter family of directional billiard flows (Z,, Tj;, fin), where n € [0, 7/2].

Let n € (0,7/2) and let X, be the space consisting of unit vectors pointing outward,
whose base points belong to ABC'D and whose directions belong to the set {4n, ™ £+ n}.
A natural Poincaré’s section ()N(n, Ty, Up) of the conservative part of the flow is given by its
restriction to the configurations corresponding to the boundary of the obstacles, at times
of impact with the obstacles. We obtain so the billiard map.

Rational directions and small obstacles

A direction n € [0, /2] is rational if tann € Q. Rational directions 7(p, ¢) = arctan(q/p),
also simply denoted (p, q), correspond to pairs (p, q) € N with relatively prime p, q.

In what follows we fix (p, ¢) and assume that the following "small obstacles condition" is
satisfied: ga + pb < 1.

The inequality above is strict if and only if the directional billiard flow (Z(p,q), T, (tp7 2 fp.g))
has a set of positive measure of orbits that do not encounter obstacles.

We will now investigate the Poincaré map 7, ) : X(p.q) = X(p,q induced by the billiard
map. We identify X, , with 2 copies of the rectangle ABC'D: one copy carries the
outward pointing vectors in the direction n or m 4 7, the other one the outward pointing
vectors in the direction m — 7 or 27 — 7).

One can reduce the model to the case of a direction of flow with angle n = 7/4 and with
the small obstacles condition a + b < 1 (see [CoGul2|). Without loss of generality, we
a

will consider this case. Let o := ——.
a+b

The square of the Poincaré map for the direction 7/4 can then be represented as two
copies of the skew product defined on T' x Z? by (z,z) — (z + «a, 2 + ¥(x)), where the
displacement function W is given by:

_ [ (0,1) for z €]0,5 — §[, (1,0) for z €]5 -, 3],
(38) ) = { (0,-1) for z €]1,1—4[, (—1,0) for z €]1 — ¢, 1].
This vectorial function reads ¥ = (1, 1), with ¢ = p1(. +3 — §) = I a1y —1ligyy,

Py = g = 1[07%_%[ — 1[%71_%[, where 1, 9 are defined in Subsection

The billiard map generates the cocycle S(n, V)(x) = Z;:Ol U(z + ja) (the ergodic sums
of the displacement function over the rotation by «/), which gives the label in the Z2-plane
of the cell containing the ball after 2n reflections on the obstacles.

Let ¥ (z) be the length of the path for the ball starting from x € ABCD (identified with
the circle T) up to its collision with a second obstacle and let X*(z) be the position at
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FIGURE 1. An orbit of the rectangular billiard, angle w/4

G

FIGURE 2. The billiard table, angle 7/4

time t of a ball starting from z. We put

(39) c:/Tw(a:) dz, V° = —c.

The ergodic sum 7,,(x) = 237’:_01 Y (x + ja) is the hitting time of the ball with an obstacle
after 2n collisions. Therefore X7»(*)(z) belongs to the cell S(n, ¥)(x) in the Z*-plane.

A natural question is the existence of a sequence of (deterministic) times along which the
process (X') after normalisation has a limit distribution. For the second part of the next
result, we need the mild assumption on the partial quotients of «:

[Inn]

(40) TL_% Z Aj41 — 0
=1

This condition is satisfied by a.e. «. Indeed, since o« — (al(a))% is integrable, we have for
a.e. « by the ergodicity of the Gauss map, supy N~} ((al(oz))% + ..+ (aN(a))%) < 00,
which implies supy N2 (ay(a) + ... + ay(a)) < oo
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Theorem 2.6. For almost all ratio a/b of the lengths of the sides of the rectangular
obstacles, there is a sequence (Ly,) such that S(L,, V) has asymptotically after normaliza-
tion a non-degenerate 2-dimensional normal distribution (with the uniform measure on
a rectangular obstacle as initial distribution). Moreover under the assumption (@), also

1 . . . .
n=2 X converges in distribution to a non-degenerate normal law.

Proof. The first part of the theorem follows from Theorem [2.5]

For the second part, observe, first, that T,,(x) ~ ¢n by the ergodic theorem, where c¢ is
defined in (39)).

Let us show that the distance between X7t«(®)(x) and X¢I»(x) is small compared with
the norm of the vector S(L,, ¥)(z), which is of order y/n.

Denoting by d the euclidean distance in the plane, the distance d(X7t«(®)(x), X¢In(2))
corresponds to a travel of the ball during a lapse of time |1}, (x) — ¢ L,|.

The (time) difference T}, (x) — ¢ Ly, coincides with ¢} , the ergodic sum of ¥/ at time L,,.
The estimation of the variance along the sequence L, can be applied to the function °
which is centered and belongs to the class C.

We get: [[4? ||3 < Cn. Therefore, for ¢ > 0, there is a constant M = M(e) such that
1Y (x)] < My/n on a set B. of measure > 1 — .

If the ball starts from a point x on the boundary of the obstacle located on some cell
p € Z? and travels during a lapse of time ¢ such that ¢, (z) <t < ¥,,1(z), then the ball
hits 2n or 2n+ 1 obstacles and reaches a cell at a (uniformly) bounded distance of the cell
p+S(n,¥)(x) € Z*. By Ostrowski expansion, cf. , we have ||S(n, ¥)(z)|| < C 3 a;,
if g < n < qo41. By the ergodic theorem, ¢, (x)/n is of order ¢, so n is of order t/c and
less than ¢/ inf,cp ().

If we know only that ¢ < K for some K, then the distance between the starting point and
the final point after time ¢ is < C’ZZH aj+C’, where ¢, < K/c < g,11 and C, C" are the
constants C' = V(¢), C" = sup,r ¢ ().

This shows that, on the set B., the distance between X 7»®)(z) and X¢’»(z) is bounded
by: C 37" a; + C”, where s is such that ¢, < CMy/n/c < gos1.

In view of the (at least) exponential growth of the ¢,’s, s is at most of order C'lnn.
We conclude by that n~2 d(XTen @) (z), X¢In (1)) — 0 in probability. Therefore,
n~2 XTeLn (1) has the same normal limit in distribution as n=2 X7er(®) () = n=2 S(L,, ¥)(z).

O

3. Appendix

3.1. CLT and ASIP for }_ fr(ng.).

In this appendix, we present an extension of a result of Berkes and Philipp [BePh79]
which was used in the proof of Theorem [2.1]

Let (nx) be an increasing lacunary sequence of positive integers and p := infy, "Z:l > 1.
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For a fixed regular function f, the problem of the CLT for the sums Zjvzl f(n;.) has
been studied by several authors (Zygmund, Salem, Kac, Fortet, then Gaposhkin, Berkes,
Berkes and Philipp, ...). Two questions arise: non nullity of the variance, validity of
a CLT when the variance is non zero. The answer to the second question depends on
arithmetic conditions on the sequence (ny), cf. Gaposhkin and Subsection . For the
first question, in general it is difficult to check the non nullity of the asymptotic variance
limy +|| SN f(ne)|I3, if it exists, except for special sequences or when Corollary
below can be used.

For f € L*(T) with Fourier coefficients (c;), we put R(f )=t l¢j|?)z, for t > 0. If
fisin C, we have: R(f,t) = (305, |1? )2 <2K(f)t~

We introduce now several hypotheses.

1. (HI) (reqularity) We say that a sequence F = (fy)i>1 of real functions in L*(T*) with

zero mean satisfies ( if the following conditions hold:
1) (uniform bound for uniform and L?-norms)

(41) M(F) = sgp | filloe < 400, & = O(F) := s%p Il felle < 4005

2) (tail of the Fourier series) there is a finite constant Cr = Cg(F) and a constant
v =(F) > 0 such that the tail of the Fourier series of fi satisfies uniformly in k:

(42) R(fx,t) < R(t), Yk, with R(t) < Crt™".
2. (H3) (lacunarity of a sequence (ny)) There is p > 1 such that
(43) Ngs1/ng > p>1, Vk > 1.

3. (H3) (arithmetic condition) For all integers m > 1, the following holds for {ny}:
Condition (D,,): there is a constant C such that the equation tny + sn, = v, for k > {
and t,s =1,....,m, has at most C' solutions for any integer v > 0.

The CLT for {f(nt.)} under (H2) and (HB) follows from Gaposhkin [Ga70] for a given
sufficiently smooth function f. Results of Berkes |[Be76] and Berkes and Philipp [BePh79]
give an approximation by a Wiener process:

Theorem 3.1. [BePh79| Let f be a 1-periodic Lipschitz centered function. Assume that
(ny) satisfies (HY) and (H3). Assume moreover the condition

1 M+N
(44)  3C >0,Ny > 1 such that / [ Y f(a))?de > CN, VM >0, VN > N,
0 k=M+1
Let Sy = SN, f(ngx). Then the sequence (Sy, N > 1) can be redefined on a new

probability space (without changing its distribution) together with a Wiener process ((t)
such that

SN = C(TN) —FO(Nl/Q_)‘) a.ce.

where A > 0 is an absolute constant and (1) is an increasing sequence of random variables
such that Ty /||Sn |3 — 1 a.s.
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We use the following slightly extended version in which the fixed Lipschitz function f of
Theorem [3.1] is replaced by a family (fx) satisfying a uniform boundedness condition and
a uniform tail condition. Moreover Condition of Theorem can be replaced by a
weaker one.

Theorem 3.2. Let (fi) satisfy (HI|) and let (ny) be a sequence of integers satisfying (H3)
and (I@ Let Sy(x) := Z]kvzl fr(ngz). Suppose that the following condition holds:

1
(45) 3C > 0,Ny > 1 such that / [Sy(x)]*dz > CN, YN > N.
0

Then the process (Sn)n>1 can be redefined on a probability space (without changing its
distribution) together with a Wiener process (((t))t>0 such that for an absolute constant
A > 0 and an increasing sequence of random variables (Ty) satisfying 75 /||Sn |3 — 1 a.e.
we have:

(46) Sy = C(mn) + o(N2) a.e.

By Corollary (3.5 below, for p big enough, reduces to liminfy + Zszl |l fxll3 > 0.

For the sake of conciseness, we do not reproduce the proof of this extended version which
is an adaptation of the proofs in [Be76] and [BePh79].

Quasi-orthogonality and variance

Lemma 3.3. Let f,g be in L3(T'), Ay > Ay two positive integers. Then

() [ ) gtz del < RS gl

Proof. follows from Parseval relation and

| rowstaa = Y ana. o

k,l: \M1k=MX2/4

Lemma 3.4. Let F = (fi) satisfy (H1). If (ny) is a sequence of integers satisfying

, then we have
1/ N 2 N
/ (Zﬁ(m@) dr = |Ifull3 + NBuy,
0 \k=1 k=1

with By < C®(F)p~", where the constant v is the one given in (, p is the constant
of lacunarity in and C' depends on the constant Cr(F) defined in (@ In particular

1 N 2
/ (Z fk(nkm)> dz = O(N).
0 \k=1
Proof. Putting W), = évz_lk fol fe(nex) forr(nesre) de, we have

1 N 1
/ (filnx) + ... + fy(nyx))’de = Z/ fE(npx)de +2W1 + ... +2Wy 1.
0 ' Jo
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We have —£H! > p > 1and by Lemma, for1 <k < N—1: |W,| < Cr(F)®(F)N p=H.
Ty

-
It follows: |Wi + ...+ Wy 1| < Cr(F) S(F) N -2 O
—p

Corollary 3.5. There is py > 1 and ¢ > 0 depending on ®(F),Cr(F),y(F) such that,
for p = po,

(18) [ ) de = e 3 Il ¥N = No

0 k=1 k=1
A similar proof shows the following lemma.

Lemma 3.6. If F = (f;) satisfies (HI)) and (my,) is a superlacunary sequence of positive
integers (i.e., ngi1/ng — 00), then we have fol (N felnpz))2de = S0 || fell3 + o( V).

3.2. A remark on a result of Gaposhkin.

Let (ng) be a lacunary sequence of integers and f a 1-periodic real function with some
regularity. If the quotients ny,1/ny are integers, the central limit theorem (CLT) holds
for the sums ZZ;S f(ngx). But Erdés and Fortet gave the example of ny = 2¥ — 1 for
which the function fy(z) := cos(2mz) + cos(4mx) does not satisfy the CLT.

Let us recall this counter-example (cf. [AiBe08|, [CoLell]). If f; is as above and Z,(z) =
\/iﬁ Sor i fo(2"z — x), then

t/cosy

(49) u{x:%Zn(x) <1} - % /0 ( /_ 1241 dy.

For the proof, observe that the sum Y [cos(2m(2" — 1)x) + cos(4m(2F — 1)z)] reads
cos(27x) + cos(2m (2" — 2)x) + > 5 [cos(2m (2% — 1)z) + cos(2w(2F — 2)z)]
= cos(27x) + cos(2m (2" — 2)z) + 2 cos(mx) Yy cos(2m(2F — 3/2)x).

The convergence then follows from the CLT in Salem and Zygmund [SaZy48| and from
the following lemma (see for example [CoLell]).

Lemma 3.7. Let (Y,) be a sequence of random variables defined on ([0,1],P) and L a
distribution on R with characteristic function ®. The following conditions are equivalent:
a) for every probability density 1, the sequence (Y,,) converges in distribution to L under
the measure YP;

b) for every interval I, ﬁu{x €l :Y,(x)<t)—= L(]—o0,t]), Vt € R;

c) for every Riemann integrable function p, the sequence (¢Y,) converges in distribution to
a limit with characteristic function fol O(p(y)t) dy. In particular, if L= N(0,1), the se-

quence (¢Y,) converges in distribution to a limit with characteristic function fol e~z WE dy,
a muxture of Gaussian distributions.
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Description of a result of Gaposhkin

Gaposhkin has introduced an arithmetical condition on (ny) so that the CLT should be
true. Actually, he has given an answer to a slightly different problem. For simplicity, we
consider only trigonometric polynomials.

Let (Apg, 1 < k < M,M > 1) be an array of non negative numbers. We say that
Property (P) holds if for every M, S_20, M = 1 and limy, maxy, [[Aazx|| = 0.

Theorem 3.8. ( Gaposhkin) Let (ng) be a lacunary sequence satisfying the arithmetic
condition (H3) (i.e., (D,,) for every m). Then the following strong version of the CLT
holds for every trzgonometmc polynomial f: if (Ayg) is an array with property (P),
for every measurable subset E of [0,1] with positive measure, we have, with A\y(f)* =

E (( 20:1 /\M,kf(nk'))2)7

(50) ﬁﬁ”(m €E : Au(f)™ D Auaf () < y) —n50c \/%_77 /y e 2 dy.
k —oo

A possible choice for (A ) is as in the "classical" version of the CLT:

1
if 1 <k< M, =0 otherwise.
M

Gaposhkin also has shown that if (D,,) is not satisfied for every m > 1, one can find a
trigonometric polynomial f for which the above strong version of the result is not true
anymore. But this does not mean that classical CLT is not true, as we will see.

For an integer a > 1, let us consider the following subset of N*: I, = U,>1{k e N/ k €
[n% n% +n]}. Let (ng) be the sequence ny, = 28 if k ¢ I,, npy =28 —1if k € I,.

This sequence does not satisfy the condition ( It is easy to find a family Apsy for
which the conclusion of the preceding theorem is not true. It suffices to consider the
family Ay =01if k ¢ I, Ayp = \/LM if k is one of the first M elements of I,,.

Following Kac, Fortet, for this choice of Ay and for fy, the central limit theorem is not
satisfied (this is what Gaposhkin did to show that his condition is necessary). For M =

w, A is either 0 or (W)_% The quantity (X&+L N+1 )z S )\N(N+1) & ()
= (m)% ZkNaJrN )\N(N+1) 1/ (ngx) reads after Computatlon: Zjvzl COS(27T(29 —1)x) +
Z;.V:l cos(2m (27" I+ — 2) ) + cos(mx) ZJ I(ijrﬁ“ cos(2m(2F — 2)x)). The first sums

have N terms, the third one N+

By the CLT in [SaZy4§], (W)—% S oE j;furl cos(2m (2% —3/2)x)] converges toward

7=1
a gaussian variable. Lemma [3.7] - then implies that

34y

(M)_% cos(mx) Z [ Z cos(2m(2F — 3/2)2)]

2 , ,
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converges toward a distribution similar to the one appearing in . The same is true for

o A f(ng) as (F) 72 S0 (cos(2m (2" — 1)) + cos(2m(2° ! — 2)a))

converges to 0. One easily shows that >~ A f(n42) has the same limit when M — oco.

We now consider another choice for A, the classical choice Ay = 1/ VM if k =
1,..., M, 0 otherwise. Let us begin by a simple remark. Let f be a trigonometric
polynomial and (ny) and (g;) two sequences such that #{k € {1,....,n} : ny # q¢.} =
o(y/n). Suppose that n=Y/23"" | f(ng-) converges in law toward a random variable Y.

Then, n=Y/2 37| f(g}-) also converges toward Y, as > p_, f(ng:) — > p_, f(dh) = o(v/n).
Let us take, for (ng) the sequence (2%)>1, and for (¢},) : ¢, = 2¥if k ¢ I,, ¢, = 2F—1ifk €
1,. Then

#hkef{l,....n}: i #q=#{1,....n}N1) =0 (n"").

From this, we deduce that for a > 5 and f a trigonometric polynomial not of the form
Y(-) — ¥(2-), both sums n= /237 f(ny+) and n= Y237 f(q,-) converge to the same
non-degenerate Gaussian law (recall that CLT is satisfied for the sequence (2¥);>1).

In other words the necessary and sufficient condition of Gaposhkin is only necessary
for the strong result, i.e., Theorem [3.8] The classical version can be true for examples
without this condition holding. This is not a surprise: the above remark shows that a
sufficiently rare modification of the sequence (ny) can not be seen anymore at infinity
after normalisation by y/n. The arithmetic condition ( is much more rigid.
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