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Abstract of the Dissertation

The BPMN standard has a huge uptake in modelling business processes
within the same organisation or involving multiple ones. Its primary goal
is to create a standardised bridge for the gap between process design and
process implementation in order to entirely automate the business process
management lifecycle. In this context, the BPMN lack of a precise seman-
tics represents a big issue, since it can lead to different interpretations, and
hence implementations, of its features. Thus, providing a formal semantics
of the BPMN notation is crucial for shaping IT systems and guaranteeing
that these systems behave as they are supposed to do. On the one hand
a formal semantics allows to overcome misunderstandings due to the use of
natural language in the standard; on the other hand it enables the study
of model properties, paving the way for correctness verification. This is in-
deed a clearly perceived need, as business process models, while primarily
intended for process documentation and communication, are nowadays of-
ten also used as input for developing process-aware information systems and
service-oriented applications. High quality of business process models is im-
portant for all these goals and correctness is an important indicator of it.
Its relevance is also highlighted by the observation that incorrect models can
lead to wrong decisions regarding a process and to unsatisfactory implemen-
tations of information systems.

Tackling the above issues, this thesis contributes to the definition of a
direct BPMN operational semantics, providing a uniform formal framework
to study BPMN models and their main correctness properties. The formal-
isation allows to formally characterise important properties in the business
process modelling domain, namely well-structuredness, safeness and sound-
ness, thus classifying BPMN models according to the properties they satisfy.
This leads to achieve advances in classifying BPMN models, by directly ad-
dressing BPMN models and their specificities. Concerning the formalisation,
first a formal semantics for a core subset of BPMN elements is provided and
then it is extended, by including other elements and business perspectives.
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Specifically, are considered features widely recognised as tricky and challeng-
ing to be formalised such as the OR-Join gateway, the sub-process element
and multiple interacting participants, who exchange messages and data, in
order to check if the obtained results are still valid in an extended framework.
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Chapter 1
Introduction

Modelling activities is recognised as an important phase in the software life
cycle. In particular, modelling business processes in complex organisations
allows a better understanding on organisations work and, at the same time,
it supports the development and the continuous improvement of related IT
systems [69, 34]. A significant challenge is to provide a precise semantics of
the used modelling languages to guarantee that the modelled behaviours do
what they are supposed to do. This permits, not only to overcome misun-
derstanding due to the use of natural language in the modelling languages
specification, but also enables formal reasoning on model properties, so that
diagnostic information can be reported on the diagram in a way that is under-
standable by all process stakeholders. This is especially useful in the case of
organisations involving different participants that need to properly interact.

The main objective of this thesis is to provide a uniform formal frame-
work to characterise business processes and their main correctness properties.
This permits to classify models according to the properties they satisfy, thus
providing systematic methodological advices for modelling business processes
in a correct way. This chapter introduces the motivations and objectives that
have driven this work and describes the thesis structure.

1.1 Motivations

The effective and efficient handling of business processes is a primary goal of
organisations. Business Process Management (BPM) provides methods and
techniques to support these endeavours [109]. Thereby, the main artefacts
are business process models which help to document, analyse, improve, and
automate organisation processes. For conducting a successful business, an
organisation does not act alone, but it is usually involved in collaborations
with other organisations. Therefore, it is interesting to consider collaborative



4 CHAPTER 1. INTRODUCTION

systems where participants can interact and share information and data. To
ensure proper carrying out of such interactions, the participants should be
provided with enough information about the messages they must or may send
in a given context.

In this regard, Business Process Model and Notation (BPMN) [68] collab-
oration diagrams result to be an effective way to represent how multiple par-
ticipants cooperate to reach a shared goal. Even if widely accepted, BPMN
has a major drawback related to the complexity of the semi-formal definition
of its meta-model and the possible misunderstanding of its execution se-
mantics defined by means of natural text description, sometimes containing
misleading information [90]. These issues worsen when taking into account
BPMN elements that have a particularly tricky behaviour and when consid-
ering BPMN supporting tools, such as animators, simulators and enactment
tools, whose implementations of the execution semantics may not be com-
pliant with the standard and be different from each other, thus undermining
models portability and tools effectiveness.

To overcome these issues, several formalisations have been proposed, usu-
ally by means of mapping the BPMN notation to formal languages (e.g. Petri
Nets [29], process calculi [113]). However, on the one hand models resulting
from a mapping inherit constraints given by the target formal language and
so far none of them considers specific and distinctive features of BPMN such
as different abstraction levels (i.e., collaboration, process, and sub-process),
the asynchronous communication model, and the notion of completion due to
different types of end event (i.e., simple, message throwing, and terminate).
On the other hand, less attention has been paid to provide a formal seman-
tics capturing the interplay between control features, message exchanges, and
data. This is a particularly important challenge in the BPM domain, as a
precise semantics does not leave any room for ambiguity and is a prereq-
uisite to ensure the appropriate carrying out, in practice, of processes and
interactions among them. Moreover, a precise characterisation enables to
formal reason on model properties at a level as close as possible to BPMN
diagrams, so that the resulting findings are easily understandable by process
stakeholders, and provide advices for modelling business process models in a
correct way, avoiding errors in execution.

1.2 Research Objectives

The main objective of this thesis is to provide a formal characterisation
of the BPMN semantics specifically given for collaboration models, with the
aim of formally defining a classification of these models according to relevant
properties of the business process domain. The intention is to introduce
a unique formal framework to allow BPMN designers to achieve a better
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understanding of their models, and relative properties. In order to deal with
this objective, a set of sub-objectives has been established.

1. Provide a formal semantics for the core of BPMN elements by means
of an Operational Semantics, specifically and directly given for BPMN,
to enable the application of formal methods.

2. Consolidate the state of the art on business process correctness prop-
erties through their formal definition in a uniform formal framework.

3. Achieve advances with respect to already available classifications of
BPMN models, by directly addressing BPMN collaboration models and
their specificities.

4. Extend the formal framework by considering the OR-Join gateway,
sub-processes, data objects and multiple interacting participants, who
exchange messages and data, in order to show that the obtained results
are still valid in an extended framework.

5. Validate the formal framework, both in terms of the considered BPMN
elements and of the expected semantic behaviour.

1.3 Thesis Structure
The thesis is organized into four parts.

Part I - Introduction and Background is divided into two chapters.
Chapter 1, Introduction, motivates the research work of this thesis,
presenting its target objectives. Chapter 2, Background, provides back-
ground materials for the understanding of the thesis with concepts from
the Business Process Management area, with a focus on relevant prop-
erties of the domain and some notions on formal methods techniques.

Part II - BPMN Formalisation and Correctness Properties is di-
vided into two chapters that exploit a formal characterisation of
the collaborations’ semantics, specifically and directly given for core
BPMN elements, to provide their classification. Chapter 3, Core
BPMN Operational Semantics, presents the syntax and operational
semantics defined for a relevant subset of BPMN elements and
compares the given formalisation with existing approaches present in
the literature. This permits to achieve sub-objective 1. Chapter 4,
BPMN Correctness Properties, provides a rigorous characterisation,
with respect to the introduced BPMN formalisation, of the key
properties studied in this thesis: well-structuredness, safeness and
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(message-relaxed) soundness. This permits to achieve sub-objectives 2
and 3.

Part III - Extended Framework is divided into four chapters that ex-
tend the BPMN formalisation and classification in order to reason on
a more complete set of BPMN elements and validate the proposed se-
mantics. Chapter 5, OR-Join Gateway, provides a global and local
semantics of the OR-Join gateway, proves the correspondence between
them and checks the correctness behaviour of models including the
OR-Join gateway. Chapter 6, Sub-Processes, adds another abstraction
level, the sub-process, and investigates how it can impact on the satis-
faction of the considered properties. Chapter 7, Multiple Instances and
Data, discusses and formalises the interplay between control features,
message exchanges, and data in multi-instance collaborative scenarios.
This allows to classify a wider set of models by taking into account
also the data perspective. The contribution of these chapters permits
to achieve the sub-objective 4. Finally Chapter 8, Formalising BPMN
Patterns, visualises and formalises the workflow patterns expressed in
BPMN, thus validating the provided semantics. This permits to achieve
sub-objective 5.

Part IV - Conclusion and Future Work is formed by Chapter 9, Con-
clusion and Future Work, that summarises the work done and presents
areas and topics that could be investigated in the future.



Chapter 2
Background

Background notions are set for the fully understanding of the dissertation
content. In particular, BPM and BPMN 2.0 are introduced together with an
overview of business process correctness properties. Finally, relevant notions
about formal methods techniques are given, focussing on the process of model
formalisation via an operational semantics.

2.1 Business Process Management

BPM is the set of all activities to support and improve organisation perfor-
mance by managing chains of events, tasks, and decisions that ultimately add
value to the organisation. It includes concepts, methods, and techniques to
support the design, administration, configuration, enactment, and analysis
of business processes [109].

A Business Process is described as “a collection of related and structured
activities undertaken by one or more organisations in order to pursue some
particular goal. Within an organisation a business process results in the pro-
visioning of services or in the production of goods for internal or external
stakeholders. Moreover business processes are often interrelated since the ex-
ecution of a business process often results in the activation of related business
processes within the same or other organisations” [51].

In order to analyse, improve and enact business processes, one has first
to identify business process goals and stakeholders, and design a business
process model, that is a set of activities and execution constraints between
them. This step represents the Design Phase of the business process life cycle
[109, 110, 13]. During this phase the business process model is designed by
a business process designer. Since process models are meant to facilitate
communication between stakeholders they should be easy to understand. To
this aim, modelling languages are used to design business process models, so
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that different stakeholders can efficiently communicate, refine and improve
the models.

In deriving a business process model many different information and per-
spectives of an organisation can be captured [85]. Among the others, the
thesis focuses on: information related to the activities to be performed (func-
tion perspective), who should perform them (organisation perspective), when
they should be performed and how they are organised in a flow (behaviour
perspective) and finally which data are needed and produced (information
perspective). These perspectives are shown in Figure 2.1 (that is a revised
version of the figure in [85, Sec. 2.4]).2.4 Perspectives on a PAIS 21
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support of these perspectives and their integration with executable process models
are needed in order to offer the right business functions at the right time and to the
right users along with the information and the application services needed. In the
following, the different perspectives are presented in detail.

2.4.1 Function Perspective

The function perspective covers the functional building blocks from which activity-
centric process models can be composed; i.e., atomic activities representing ele-
mentary business functions as well as complex activities representing subprocess
models. To be more precise, an atomic activity constitutes the smallest unit of
work, i.e., a description of a business function that forms one logical step within
an executable process model. Usually, atomic activities require human or machine
resources for their execution (cf. Example 2.7). In the former case, the activity
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support of these perspectives and their integration with executable process models
are needed in order to offer the right business functions at the right time and to the
right users along with the information and the application services needed. In the
following, the different perspectives are presented in detail.

2.4.1 Function Perspective

The function perspective covers the functional building blocks from which activity-
centric process models can be composed; i.e., atomic activities representing ele-
mentary business functions as well as complex activities representing subprocess
models. To be more precise, an atomic activity constitutes the smallest unit of
work, i.e., a description of a business function that forms one logical step within
an executable process model. Usually, atomic activities require human or machine
resources for their execution (cf. Example 2.7). In the former case, the activity

organisational units

Behaviour 
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Figure 2.1: Business Process Perspectives [85, Sec. 2.4].

Considering the behaviour perspective, the dynamic behaviour of a process
model comes into play. In this regard, it is necessary to verify that the busi-
ness process model designed in the design phase works seamlessly. Analysis
can be done to detect syntactic, structural and behavioural problems. This
step constitutes the analysis phase in the business process life cycle. One
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of its aim is to ensure correctness of the designed business process model,
because an erroneous behaviour can cause high costs for the involved organi-
sations and damage their reputation. In order to check for model correctness,
the qualities a model has to exhibit have to be clearly defined. This step is
highly recommended, and will be addressed in the thesis, to proceed with
business process analysis and the other phases of the business process life cy-
cle. This latter includes the enactment and execution phase (the execution of
the business process by stakeholders) and the monitoring and improvement
phase (the monitoring of the running business process instances in order to
maintain the business process models updated respect to the reality), that
are out of scope of this thesis.

2.2 Business Process Model and Notation 2.0

Many different languages and graphical notations have been proposed to
represent business process models, differing both in the possibility to express
aspects related to the organisation perspectives and in the level of formality
used to define the elements composing the notation. BPMN 2.0 [68] is cur-
rently acquiring a clear predominance, also thanks to its capability to close
the gap between IT and business teams. It has been standardised by the
Object Management Group (OMG) and it is now widely accepted both in
industry and academia. Its first goal is to provide a notation that is readily
understandable by all business users. This includes the business analysts
that create the initial drafts of the processes to the technical developers re-
sponsible for implementing the technology that will perform those processes.

Business process models are expressed in business process diagrams. Each
diagram consists of a set of modelling elements. These elements are parti-
tioned into a core element set and a complete element set. In particular, the
BPMN notation allows to design different kinds of diagrams: process, collab-
oration, choreography and conversation diagrams. For a complete and de-
tailed description of each BPMN diagram, please refer to the official BPMN
Specification.1 The thesis focuses on process diagrams, which are used to
represent processes within a single organisation, and on collaboration dia-
grams, that model processes of different organisations exchanging messages
and cooperating to reach a shared business goal.

Next sections describe the BPMN elements that will be considered in the
thesis and then introduce a running example used to show the reader how to
employ the BPMN notation and through the work as a running example to
show the thesis results.

1BPMN Specification – https://www.omg.org/spec/BPMN/

https://www.omg.org/spec/BPMN/
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2.2.1 BPMN Notation

This section illustrates the BPMN elements considered in this thesis which
include: pools, activities, events, gateway, connecting edges and data objects.

• Pools (Figure 2.2) are used to represent participants or organisations
involved in the collaboration, and include details on internal process
specifications and related elements. Pools are drawn as rectangles, and
they usually have a name associated with, referring to the name of the
organisation. BPMN allows to assign a multi-instance marker (three
vertical lines) to a pool, representing multiple instances playing the
same role.
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Figure 2.2: BPMN Pools.

• Activities (Figure 2.3) are used to represent a specific work to be
performed within a process. They can be atomic or non-atomic (com-
pound) and are drawn as rectangles with rounded corners. A Task is
an atomic activity which represents work that can not be interrupted.
It can be also used to send (Send Task) and receive (Receive Task)
messages. It can have a multi-instance marker (three vertical or hor-
izontal lines) when several activity instances are needed. This means
that an activity is performed many times with different data sets. A
Sub-Process a self-contained, composite activity that can be broken
down into smaller units of work. A sub-process is collapsed when the
details of the sub-process are not visible in the Diagram. A “plus” sign
in the lower-center of the shape indicates that the activity is a sub-
process and has a lower-level of detail. The sub-process is expanded
when the details (a Process) are visible within its boundary.
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Figure 2.3: Considered BPMN Activities.

• Connecting Edges (Figure 2.4) are used to connect process elements
inside or across different pools. Sequence Edges are solid connectors
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used to specify the internal flow of the process, thus ordering elements
in the same pool, while Message Edges are dashed connectors used to
visualise communication flows between organizations 2.
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Figure 2.4: BPMN Connecting Edges.

• Events (Figure 2.5) are used to represent something that can hap-
pen. An event can be a Start Event representing the point from which
a process starts, an Intermediate Event representing something that
happens during process execution, or an End Event representing the
process termination. Events are drawn as circles. When an event is
source or target of a message edge, it is called Message Event. Accord-
ing to the different kinds of message edge connections, it is possible to
distinguish between the following type of events.

– Start Message Event is a start event with an incoming message
edge; the event element catches a message and starts a process.

– Throw Intermediate Event is an intermediate event with an out-
going message edge; the event element sends a message.

– Catch Intermediate Event is an intermediate event with an incom-
ing message edge; the event element receives a message.

– End Message Event is an end event with an outgoing message
edge; the event element sends a message and ends a process.

There is also a particular type of end event, the Terminate End Event,
displayed by a thick circle with a darkened circle inside; it stops and
aborts the running process - all the ongoing activities are aborted and
the process is abnormally terminated.

2As a matter of terminology, Sequence Edge and Message Edge are referred in the
BPMN specification as Sequence Flow and Message Flow, respectively.
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Figure 2.5: Considered BPMN Events.

• Gateways (Figure 2.6) are used to manage the flow of a process both
for parallel activities and choices. Gateways are drawn as diamonds
and act as either join nodes (merging incoming sequence edges) or split
nodes (forking into outgoing sequence edges). It is possible also to
express gateways with multiple incoming and multiple outgoing edges
in BPMN. These gateways are called mixed gateways. Since two be-
haviours ( split and join) are expressed by a single concept, best practice
is not to use mixed gateways but to use a sequence of two gateways
with the respective split and join behaviour instead. Different types of
gateways are available.
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Figure 2.6: Considered BPMN Gateways.

– An Exclusive Gateway (or XOR gateway) gives the possibility
to describe choices. In particular, a XOR-Split gateway is used
after a decision to fork the flow into branches. When executed, it
activates exactly one outgoing edge. A XOR-Join gateway acts as
a pass-through, meaning that it is activated each time the gateway
is reached. A XOR gateway is drawn with a diamond marked with
the symbol “ˆ”.
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– A Parallel Gateway (or AND gateway) enables parallel execution
flows. An AND-Split gateway is used to model the parallel ex-
ecution of two or more branches, as all outgoing sequence edges
are activated simultaneously. An AND-Join gateway synchronizes
the execution of two or more parallel branches, as it waits for all
incoming sequence edges to complete before triggering the outgo-
ing flow. An AND gateway is drawn with a diamond marked with
the symbol “`” .

– An Inclusive Gateway (or OR gateway) gives the possibility to
select an arbitrary number of (parallel) flows. In fact, an OR-
Split gateway is similar to the XOR-Split one, but its outgoing
branches do not need to be mutually exclusive. An OR-Join gate-
way synchronizes the execution of two or more parallel branches,
as it waits for all active incoming branches to complete before
triggering the outgoing flow. An OR gateway is drawn with a
diamond marked with the symbol “#”.

– An Event-Based gateway is used after a decision to fork the flow
into branches according to external choice. Its outgoing branches
activation depends on taking place of catching events. Basically,
such events are in a race condition, where the first event that
is triggered wins and disables the other ones. An event-based
gateway is drawn with a diamond marked with the symbol “D”
double rounded.

Notably, XOR and OR splitting gateways may have guard condi-
tions in their outgoing sequence edges. The thesis considers both
the case in which the decision on XOR-Split gateways is taken non-
deterministically and the case where conditions are used to decide
which edge to activate according to data values.

• Artefacts (Figure 2.7) are used to show additional information about
a business process that “is not directly relevant for sequence flow or
message flow of the process”, as the standard mentions. Each artefact
can be associated with flow elements. There are different types of
artefacts. Among these, the thesis takes into account data objects and
text annotations.
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Figure 2.7: Considered BPMN Artefacts.



14 CHAPTER 2. BACKGROUND

– Data objects (Figure 2.8) represent information and material flow-
ing in and out of activities. They are depicted as a document with
the upper-right corner folded over, and linked to activities with
a dotted arrow with an open arrowhead (called data association
in BPMN). The direction of the data association is used to es-
tablish whether a data object is an input or output for a given
activity. Paper documents and electronic documents, as well as
information on any type of medium can be represented by data
objects. Sometimes data objects can refer to a state. Indicating
data objects’ states is optional: it can be done by appending the
name of the state between square brackets to a data object’s label.
Different types of Data Objects are available, they are reported in
the following.

∗ (i) The Data Object Collection element refers to multi-
instance Data Objects; using this a designer can express the
involvement of more than one Data Object.

∗ (ii) The Data Input element is used to express (external) input
data, and it can be read by an activity.

∗ (iii) The Data Output element is used to express output data,
and it can be generated by an activity.

∗ (iv) The Data Store element is used to express data that per-
sist after the process instance finishes.

– Text Annotations are depicted as an open-ended rectangle encap-
sulating the text of the annotation, and are linked to a process
modelling element via a dotted line (called association). Text an-
notations do not bear any semantics, thus they do not affect the
flow of tokens through the process model.

Data Object
Collection

Data Input Data Output

Data Store

Data Object
Collection

Data Input Data Output

Figure 2.8: BPMN Types of Data Objects.

Finally, a key concept related to the BPMN process execution refers to the
notion of token. The BPMN standard states that “a token is a theoretical
concept that is used as an aid to define the behaviour of a process that
is being performed” [68, Sec. 7.1.1]. A token is commonly generated by a
start event, traverses the sequence edges of the process and passes through
its elements enabling their execution, and it is consumed by an end event
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when process completes. The distribution of tokens in the process elements is
called marking, therefore the process execution is defined in terms of marking
evolution. In the collaboration, the process execution also triggers message
flows able to generate messages. They will be referred as message flow tokens.

2.2.2 Running Example

The business process diagram in Figure 2.9 shows the reader how to use the
BPMN notation and will be used through the thesis as a running example.
Note, it will be appropriately adapted according to the chapter’s focus.

It concerns the management of a single paper, which is revised by three
reviewers; of course, the management of all papers submitted to the confer-
ence requires to enact the collaboration for each paper. It is modelled in
BPMN as a collaboration whose participants are: Program Committee
(PC) Chair, the organiser of the reviewing activities, whose behaviour is
represented by the process within the PC Chair pool (for the sake of sim-
plicity, it is assumed that the considered conference has only one chair);
Reviewer, a person with knowledge in some of the conference topics who
performs the reviewing activity and, since more than one reviewer takes part
in this, he/she is modelled as a process instance of a multi-instance pool;
Contact Author, who submitted a paper to the conference and acts on
behalf of the other authors (contact author).

The reviewing process is started by the PC Chair. This is reflected by the
start event of the process at the PC Chair pool. The activity enacted first is
the assignment of the paper to each reviewer (via a multi-instance sequential
activity with loop cardinality set to 3 according to the number of involved
reviewers for each paper). The paper is passed to the PC Chair process by
means of a data input. After all reviews are received, and combined in the
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Reviews data object, the chair starts their evaluation. According to the value
of the Evaluation data object, the chair prepares the acceptance/rejection
letter (stored in the Letter data object) or, if the paper requires further
discussion, the decision is postponed. The decision behaviour is rendered via
a data-based XOR-Split gateway. Discussion interactions are here abstracted
and always result in an accept or reject decision. The chair then sends back
a feedback to each reviewer, attaches the reviews to the notification letter,
and sends the result to the contact author, via send tasks.

2.3 Relevant Business Process Properties
Ensuring correctness is crucial in the business process modelling field, because
an erroneous behaviour can cause high costs for the involved organisations.
This is especially important when considering collaboration diagrams, where
many parties need to properly and quickly interact at the base of the models.

To avoid undesired behaviours of BPMN models, modelling guidelines
suggest to use structured building blocks [55]. This insight has triggered a
stream of research on transforming unstructured models into structured ones.
Informally, a process is well-structured if, for every element with multiple
outgoing edges (a split), there is a corresponding node with multiple incoming
edges (a join), such that the fragment of the model between the split and the
join forms a single-entry-single-exit process component [44].

However, in some cases structuredness can only be achieved at the ex-
pense of increased model size [32], or it cannot be applicable at all [74, 73].
When possible, it would anyway limit BPMN expressiveness and designer
freedom [72]. Thus, the thesis considers models with arbitrary topology ; this
is necessary to enable a classification of both structured and unstructured
models.

Regarding the considered properties, the thesis relies on a well-known
class of properties in the domain of business process management, namely
safeness [100] and soundness [104, 99].

A BPMN process model is safe3, if during its execution no more than one
token occurs along the same sequence edge. The notion of safeness is inspired
by the Petri Net formalisation where it means that the Petri Net does not
contain more than one token at each place in all reachable markings [100].

A BPMN process model is sound, if once its execution starts, it is always
possible to reach a marking where either (i) each marked end event is marked
by at most one token and there are no other tokens around, or (ii) all edges
are unmarked. Thus, soundness requires the successful completion of the
process execution. Also soundness is inspired by the BPM literature that

3Notably, the notion of safeness is different from that of safety; safeness is a standard
term in the BPM literature.
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since the mid nineties presents several versions of soundness [100, 104, 99,
36]. The first soundness definition was provided by van der Aalst [96] in
the context of workflow nets. However, this property can be applied to
a wide range of process description languages either by transformation to
workflow nets, if net-based formalisms are available [57], or by considering
the corresponding execution semantics and checking the behaviour according
to the model completion requirements.

There are other alternative notions of soundness described in the litera-
ture, that motivated some results of the thesis. These notions strengthen or
weaken some of the requirements mentioned in the already presented sound-
ness definition, called classical soundness [104].

• k-soundness [104] focuses on the “option to complete” property, which
requires that any running process instance must eventually complete.
It is parametrized with a variable k which indicates the initial number
of tokens in the source place.

• Weak soundness [104] for business processes was developed in the
context of process choreographies. It disallows deadlocks (i.e. a mark-
ing in which no transition is enabled), but it allows certain parts of the
process not to participate in any process instance, that is it permits
“dead activities”.

• Lazy soundness [80] relaxes weak soundness, because it allows ac-
tivities to be executed after the final state has been reached; however,
deadlocks are not permitted before the final state has been reached.
Furthermore, the final node will be executed exactly once, while other
nodes representing activities can still be or become executed. However,
they must not trigger the final node again.

• Relaxed soundness [104] states that all activities of a business pro-
cess participate in it (dead activity freedom) and each transition is
contained in at least one sound firing sequence of the system.

• Easy soundness [104] requires that a final state is reachable from
some initial states.

There are a lot of different properties definitions in the literature, referring
to different process languages and even for the same process language (e.g. for
EPC a soundness definition is given by Mendling [54], and for Workflow Nets
van der Aalst [104] provides two equivalent soundness definitions). To escape
from the jungle of definitions and aiming to capture the BPMN expressibility
the thesis provides a uniform formal framework for BPMN collaboration
diagrams that enables to give a precise formal characterisation of relevant
properties of the domain.
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2.4 Operational Semantics
Providing a formal semantics of informal languages is an essential step to
clearly define the requirements a system has to satisfy. In this regard, process
algebras are mathematically rigorous languages with well defined semantics
that permit describing and verifying properties of concurrent communicating
systems [66].

The basic component of a process algebra is its syntax, that defines what
well-formed models are. Specifically, it is the combination of operators and
more elementary terms. Many different approaches (operational, denota-
tional, algebraic) can be used for describing the meaning of processes, that
is to provide a semantics of the considered operators. However, the opera-
tional approach has become the reference one. By relying on the so called
Structural Operational Semantics (SOS), an operational semantics models a
process as a labelled transition system (LTS), that consists of a set of states,
a set of transition labels and a transition relation. The states of the transi-
tion system are just process algebra terms while the labels of the transitions
between states represent the actions or the interactions that are possible from
a given state and the state that is reached after the action is performed by
means of visible and invisible actions. Formally, an LTS is defined as follows.

Definition 1 (Labelled Transition System). A labelled state transition sys-
tem is a tuple pS,Σ, δq such that

• S is a finite set of states,

• Σ is a finite alphabet (i.e. a finite, non-empty set of symbols which
refer to actions that a system can perform),

• δ Ă S ˆ Σˆ S is a state transition relation.

Inference systems are used to associate LTSs to process terms and are
defined as follows.

• Inference Systems are a set of inference rule of the form

p1, . . . , pn

q

where p1, . . . , pn are the premises and q is the conclusion. Each rule is
interpreted as an implication: if all premises are satisfied then also the
conclusion is inferred.

• Axiom is a rule without premises and it is written as

q
or q
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• Transition Rules represent transitions between states. In the case of
operational semantics the premises and the conclusions will be triples of
the form P

`
ÝÑ Q and thus the rules for each operator op of the process

algebras will be alike the one below, where ti1, . . . , imu Ď t1, . . . , nu
and E 1i “ Ei when i R ti1, . . . , imu.

Ei1
`1
ÝÑ E 1i1 . . . Eim

`m
ÝÑ E 1im

oppE1, . . . , Enq
`
ÝÑ CrE 11, . . . , E

1
ns

In the rule the target term Cr s indicates the new context in which the
new sub terms will be operating after the reduction. Sometimes, these
rules are enriched with side conditions that determine their applicabil-
ity. Therefore, transition rules, given a term representing a state of the
system, permit to determine the enabled actions and the corresponding
reachable states, thus defining an LTS.

• Basic Actions represent the atomic (non-interruptible) step of a com-
putation that is performed by a system to move from one state to the
next. Actions represent various activities of concurrent systems, like
sending or receiving a message, synchronizing with other processes etc.
In process algebras two main types of atomic actions are considered,
namely visible (or external) actions and invisible (or internal actions),
the latter referred by the Greek letter τ .
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Chapter 3
Core BPMN Operational
Semantics

Providing a solid foundation to enable BPMN designers to understand their
models in a consistent way is becoming more and more important. It is
with the objective of reaching this goal that this thesis defines and exploits
a formal characterisation of the collaborations’ semantics, specifically and
directly given for BPMN models, to successively provide their classification.
More specifically, it is provided an operational semantics to BPMN in the
SOS style [71] by relying on the notion of LTS.

Notably, as shown in [64], even if the BPMN specification is quite wide,
only less than 20% of its vocabulary is used regularly in designing business
process models. Indeed, in this part of the thesis, only a core fragment of
BPMN elements will be considered. However, it will be also shown how the
proposed framework can be extended including other constructs (Part III).

In detail, this chapter reports the work regarding the definition of an
Operational Semantics for the core BPMN notation. A running example is
first presented (Section 3.1) to illustrate both the considered elements and
the formal framework (Section 3.2).

Highlights. Distinctive aspects of the proposed semantics are:

1. it is a direct semantics, given in terms of features and constructs of
BPMN, instead of an encoding into other formalisms (e.g. Petri Nets)
as in most proposals in the literature;

2. it is specially given for collaboration diagrams, thus it focuses on ele-
ments used for describing communications between different processes
(e.g. message events, tasks and pools) that are usually not considered
by other formalisations;
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3. it is suitable to model both process and collaboration diagrams;

4. it refers to models involving processes with arbitrary topology, thus
overcoming the well-structuredness limitations.

3.1 Running Example

To introduce the core elements set, the business process model shown in
Figure 3.1 is discussed. This collaboration diagram represents a modified
version of the reviewing process for a scientific conference, which has been
already introduced in Section 2.2.2. Since the goal of this example is to
introduce the core elements, simplifications are in place. Specifically, the
reviewing process usually involves many reviewers and many authors. For
convenience, just one author and one reviewer are considered.
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Figure 3.1: Paper Reviewing Collaboration Model.

The program committee chairperson is the central role in the collabora-
tion; this role is represented by the PC Chair pool. There are two additional
roles involved, namely the Contact Author who submitted the research
paper (the submission is omitted here) and waits for a notification and the
Reviewer who writes a rejection or acceptance review for the submitted pa-
per, according to some requirements. Considering the Reviewer pool, from
left to right we have that in order to decide the score of the paper, novelty
and quality of the paper are checked in parallel, via an AND-Split gateway.
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If the results of both checks are positive, the Reviewer sends an acceptance
review to the PC Chair. If one of the check has a negative result (e.g. the
paper lacks of novelty), the result of the other check is irrelevant, because
the paper will be rejected anyway. Thus, as soon as one check provides a
negative results, the Reviewer sends a rejection review to the PC Chair, com-
pleting its activities by means of a terminate event which stops and aborts
the running process, including the other check. Considering the PC Chair
pool, after assigning the paper to the Reviewer, the PC Chair waits either
for an acceptance review or for a rejection review. This behaviour is ren-
dered by means of an event based gateway. Then, the PC Chair prepares
the notification letter and sends it to the Contact Author, who can read and
process it.

3.2 Formal Framework
This section presents the BPMN formalisation. The proposed direct seman-
tics is inspired by [21], but its technical definition is significantly different
and its presentation is more compact and, hence, suitable for a formal study.
In particular, configuration states are here defined according to a global per-
spective. Specifically, the section first presents the syntax and operational
semantics which have been defined for a relevant subset of BPMN elements.

3.2.1 Syntax

To enable the formal treatment of collaborations’ semantics, a BNF syntax
of their model structure is defined (Figure 3.2). In the proposed grammar,
the non-terminal symbols C and P represent Collaborations Structure and
Processes Structure, respectively. The two syntactic categories directly refer
to the corresponding notions in BPMN. The terminal symbols, denoted by
the sans serif font, are the typical elements of a BPMN model, i.e. pools,
events, tasks and gateways.

It is worth noticing that the syntax is too permissive with respect to the
BPMN notation, as it allows to write collaborations that cannot be expressed

C ::“ poolpp, P q | C ‖C
P ::“ startpeenb, eoq | endpei, ecmpq | startRcvpeenb,m, eoq | endSndpei,m, ecmpq

| terminatepeiq | eventBasedpei, pm1, eo1q, . . . , pmh, eohqq

| andSplitpei, Eoq | xorSplitpei, Eoq | andJoinpEi, eoq | xorJoinpEi, eoq

| taskpei, eoq | taskRcvpei,m, eoq | taskSndpei,m, eoq | emptypei, eoq

| interRcvpei,m, eoq | interSndpei,m, eoq | P1 ‖P2

Figure 3.2: Syntax of BPMN Collaboration Structures.
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in BPMN. Limiting such expressive power would require to extend the syntax
(e.g., by imposing processes having at least one end event), thus complicating
the definition of the formal semantics. However, this is not necessary in this
work, as it is not proposing an alternative modelling notation, but it is only
using a textual representation of BPMN models, which is more manageable
for writing operational rules than the graphical notation. Therefore, the the-
sis analysis only considers terms of the syntax that are derived from BPMN
models.

Intuitively, a BPMN collaboration model is rendered in this syntax as
a collection of pools and each pool contains a process. More formally, a
Collaboration C is a composition, by means of operator ‖ of pools of the
form poolpp, P q, where: p is the name that uniquely identifies the Pool; P is
the Process included in the specific pool, respectively.

Notably, when considering the BPMN core set of elements it is not possi-
ble to distinguish the difference between communicative tasks and interme-
diate events (see Figure 3.3). This difference would be clear when extending
the formal framework with data.

In the following, m P M denotes a message edge, enabling message ex-
changes between pairs of participants in the collaboration, while M P 2M.
Moreover, m denotes names uniquely identifying a message edge. Besides,
e P E denotes a sequence edge, while E P 2E a set of edges; it is required
|E| ą 1 when it is used in joining and splitting gateways. Similarly, an
event-based gateway is required to contain at least two message events, i.e.
h ą 1 in each eventBased term. For the convenience of the reader, ei refers to
the edge incoming in an element and eo to the edge outgoing from an element.
In the edge set E, also spurious edges are included, denoting the enabled sta-
tus of start events and the completed status of end events, named enabling
and completing edges, respectively. In particular, edge eenb, incoming to a
start event, is used to enable the activation of the process, while ecmp is an
edge outgoing from the end events suitable to check the completeness of the
process. It is assumed that a unique sequence (resp. message) edge name is
associated to each sequence (resp. message) flow in the BPMN model.

The correspondence between the syntax used here to represent a Process
Structure and the graphical notation of BPMN is as follows.

• startpeenb, eoq represents a start event that can be activated by means
of the enabling edge eenb and that has an outgoing edge eo.

• endpei, ecmpq represents an end event with an incoming edge ei and a
completing edge ecmp.

• startRcvpeenb,m, eoq represents a start message event that can be acti-
vated by means of the enabling edge eenb as soon as a message m is
received and it has outgoing edge eo.
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• endSndpei,m, ecmpq represents an end message event with incoming edge
ei, a message m to be sent, and a completing edge ecmp.

• terminatepeiq represents a terminate event with incoming edge ei.

• eventBasedpei, pm1, eo1q, . . . , pmh, eohqq represents an event based gate-
way with incoming edge ei and a list of possible (at least two) message
edges, with the related outgoing edges that are enabled by message
reception.

• andSplitpei, Eoq - resp. xorSplitpei, Eoq - represents an AND - resp.
XOR - Split gateway with incoming edge ei and outgoing edges Eo.

• andJoinpEi, eoq - resp. xorJoinpEi, eoq - represents an AND - resp. XOR
- Join gateway with incoming edges Ei and outgoing edge eo.

• taskpei, eoq represents a task with incoming edge ei and outgoing edge
eo; there are also taskRcvpei,m, eoq - resp. taskSndpei,m, eoq - to consider
a task receiving - resp. sending - a message m.

• interRcvpei,m, eoq (resp. interSndpei,m, eoq) represents an intermediate
receiving - resp. sending - event with an incoming edge ei and an
outgoing edge eo that are able to receive - resp. sending - a message m.

• P1‖P2 represents a composition of elements in order to render a process
structure in terms of a collection of elements.

Moreover, to simplify the definition of well-structured processes (given later),
an empty task is included in the syntax. It permits to connect two gateways
with a sequence flow without activities in the middle.

In terms of collaboration, the correspondence between the syntax and the
graphical BPMN notion is as follow.

• poolpp, P q represents a pool element with a pool name p. When acti-
vated, the enclosed P behaves according to the elements it consists of,
including nested process elements.

• C1 ‖C2 represents a composition of elements in order to render a col-
laboration structure in terms of a collection of elements.

To achieve a compositional definition, each sequence (resp. message) edge
of the BPMN model is split in two parts: the part outgoing from the source
element and the part incoming into the target element. The two parts are
correlated since edge names in the BPMN model are unique.

Here in the following some auxiliary functions are defined on the collab-
oration and the process structure. Considering BPMN collaborations they
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may include one or more participants; function participantpCq returns the
process structures included in a given collaboration structure. Formally, it
is defined as follows.

participantpC1 ‖ C2q “ participantpC1q Y participantpC1q

participantppoolpp, P qq “ tP u

To refer to the enabling edges of the start events of the considered process
function startpP q is used.

startpP1 ‖ P2q “ startpP1q Y startpP2q

startpstartpe, e1qq “ teu startpstartRcvpe,m, e1qq “ teu

startpP q “ H for any element P ‰ startpe, e1q or P ‰ startRcvpe,m, e1q

Notably, it is assumed that each process in the collaboration has only one
start event. Function startp¨q applied to C will return as many enabling
edges as the number of involved participants.

startpC1 ‖ C2q “ startpC1q Y startpC2q

startppoolpp, P qq “ startpP q

Similarly functions endpP q and endpCq are defined on the structure of pro-
cesses and collaborations in order to refer to end events in the considered
process.

endpP1 ‖ P2q “ endpP1q Y endpP2q

endpendSndpe,m, e1qq “ te1u endpendpe, e1qq “ te1u

endpP q “ H for any element P ‰ endpe, e1q or P ‰ endSndpe,m, e1q

Function endpCq on the collaboration structure is defined as follow.

endpC1 ‖ C2q “ endpC1q Y endpC2q

endppoolpp, P qq “ endpP q

Function edgespP q refers the edges in the scope of P and edgesElpP q indicates
the edges in the scope of P without considering the spurious edges (the formal
definitions can be found in Appendix B).

Running Example 1. The BPMN model in Figure 3.1 is expressed in the
syntax as the following collaboration structure (at an unspecified step of exe-
cution):

poolpPC Chair, Ppcq ‖ poolpReviewer, Prq ‖ poolpContact Author, Pcaq
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with Ppc, Pr and Pca are expressed as follows, where for simplicity the edges
are identified in progressive order ei (with i “ 0 . . . 26):

Ppc “ startpe0, e1q ‖ taskSndpe1,Review Request, e2q ‖
eventBasedpe2, pAcceptance Received, e3q, pRejection Received, e4qq ‖
xorJoinpte3, e4u, e5q ‖ taskpe5, e6q ‖ taskSndpe6,Notification, e7q ‖
endpe7, e8q

Pr “ startRcvpe8,ReviewRequest, e9q ‖ andSplitpe9, te10, e11uq ‖
taskpe10, e12q ‖ taskpe11, e13q ‖ taskpe5, e6q ‖ xorSplitpe12, te15, e16uq ‖
xorSplitpe13, te14, e17uq ‖ xorJoinpte14, e15u, e18q ‖
taskSndpe18,Rejection, e19q ‖ terminatepe19q ‖ andJoinpte16, e17u, e20q ‖
taskSndpe20,Acceptance, e21q ‖ endpe21, e22q

Pca “ startRcvpe23,Notification, e24q ‖ andSplitpe9, te10, e11uq ‖
taskpe24, e25q ‖ endpe25, e26q

Moreover, considering functions defined on the structure it follows:
participantppoolpPC Chair, Ppcq ‖ poolpReviewer, Prq ‖
poolpContact Author, Pcaqq “ tPpc, Pr, Pcau, startpPpcq “ te0u, and
endpPpcq “ te8u. Finally, edgespPpcq “ te0, ..., e8u, edgesElpPpcq “

te1, ..., e7u. The others are defined in a similar way.

Notice, the one-to-one correspondence between the syntax used here to repre-
sent a BPMN model and the graphical notation of BPMN, that is exemplified
by means of the running example in Figure 3.1, is also reported in detail in
Appendix A.1.

3.2.2 Semantics

The syntax presented so far permits to describe the mere structure of a col-
laboration and a process. To describe their semantics it is necessary to enrich
it with a notion of execution state, defining the current marking of sequence
and message edges. Collaboration configuration and process configuration
indicate these stateful descriptions.

Formally, a collaboration configuration has the form xC, σ, δy, where: C
is a collaboration structure; σ is the part of the execution state at process
level, storing for each sequence edge the current number of tokens marking it
(notice it refers to the edges included in all the processes of the collaboration),
and δ is the part of the execution state at collaboration level, storing for each
message edge the current number of message tokens marking it. Moreover,
a process configuration has the form xP, σy, where: P is a process structure;
and σ is the execution state at process level. Specifically, a state σ : EÑ N
is a function mapping edges to a number of tokens. The state obtained by
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updating in the state σ the number of tokens of the edge e to n, written as
σ ¨ re ÞÑ ns, is defined as follows: pσ ¨ re ÞÑ nsqpe1q returns n if e1 “ e, otherwise
it returns σpe1q. Moreover, a state δ : MÑ N is a function mapping message
edges to a number of message tokens; so that δpmq “ n means that there are
n messages of type m sent by a participant to another that have not been
received yet. Update for δ is defined in a way similar to σ’s definitions.

Given the notion of configuration, a collaboration is in the initial state
when each process it includes is in the initial state, meaning that the start
event of each process must be enabled, i.e. it has a token in its enabling
edge, while all other sequence edges and messages edges must be unmarked.

Definition 2 (Initial state of process). Let xP, σy be a process configura-
tion, then, the process configuration is initial if isInitpP, σq holds. Predicate
isInitpP, σq holds if σpstartpP qq “ 1, and @ e P edgespP qzstartpP q . σpeq “ 0,

Definition 3 (Initial state of collaboration). Let xC, σ, δy be a collaboration
configuration, then, the collaboration configuration is initial if isInitpC, σ, δq
holds. Predicate isInitpC, σ, δq holds if @ P P participantpCq we have that
isInitpP, σq, and @ m PM . δpmq “ 0.

Running Example 2. The initial configuration of the collaboration in Fig-
ure 3.1 is as follows. Given participantpCq “ tPpc, Pr, Pcau, it results that
xPpc, σy, σpe0q “ 1 and σpeiq “ 0 @ei with i “ 1 . . . 8, xPr, σy, σpejq “ 0 @ej
with j “ 9 . . . 23 and xPca, σy, σpekq “ 0 @ek with j “ 24 . . . 28. Moreover,
δpReview Request,Rejection,Acceptance,Notificationq “ 0.

The operational semantics is defined by means of an LTS on collabora-
tion configurations and formalises the execution of message marking evolu-
tion according to the process evolution. Its definition relies on an auxiliary
transition relation on the behaviour of processes.

The auxiliary transition relation is a triple xP ,A,Ñy where: P , ranged
over by xP, σy, is a set of process configurations; A, ranged over by `, is
a set of labels (of transitions that process configurations can perform); and
ÑĎ P ˆAˆP is a transition relation. It will be written xP, σy `

ÝÑ xP, σ1y to
indicate that pxP, σy, `, xP, σ1yq PÑ and say that process configuration xP, σy
performs a transition labelled by ` to become process configuration xP, σ1y.
Since process execution only affects the current states, and not the process
structure, for the sake of readability the structure is omitted from the target
configuration of the transition. Thus, a transition xP, σy `

ÝÑ xP, σ1y is written
as xP, σy `

ÝÑ σ1. The labels used by this transition relation are generated by
the following production rules.

pActionsq ` ::“ τ | !m | ?m pInternal Actionsq τ ::“ ε | kill
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The meaning of labels is as follows. Label τ denotes an action internal to
the process, while !m and ?m denote sending and receiving actions, respec-
tively. The meaning of internal actions is as follows: ε denotes the movement
of a token through the process, while kill denotes the termination action.

The transition relation over process configurations formalises the exe-
cution of a process; it is defined by the rules in Figure 3.3. Before com-
menting on the rules, the auxiliary functions they exploit need to be intro-
duced. Specifically, function inc : S ˆ E Ñ S (resp. dec : S ˆ E Ñ S),
where S is the set of states, allows updating a state by incrementing (resp.
decrementing) by one the number of tokens marking an edge in the state.
Formally, they are defined as follows: incpσ, eq “ σ ¨ re ÞÑ σpeq ` 1s and
decpσ, eq “ σ ¨re ÞÑ σpeq´1s. These functions extend in a natural ways to sets
of edges as follows: incpσ,Hq “ σ and incpσ, teu Y Eqq “ incpincpσ, eq, Eq;
the cases for dec are similar. As usual, the update function for δ are defined
in a way similar to σ’s definitions. Function reset : SˆEÑ S allows updat-
ing a state by setting to zero the number of tokens marking an edge in the
state. Formally, it is defined as follows: resetpσ, eq “ σ ¨ re ÞÑ 0s. Also in
this case the function extends in a natural ways to sets of edges as follows:
resetpσ,Hq “ σ and resetpσ, teu Y Eqq “ resetpresetpσ, eq, Eq.

Finally, the function markedpσ,Eq refers to the set of edges in E with at
least one token, which is defined as follows:

markedpσ, teu Y Eq “

#

teu Ymarkedpσ,Eq if σpeq ą 0;

markedpσ,Eq otherwise.
markedpσ,Hq “ H.

Now the operational rules in Figure 3.3 are described. Rule P -Start starts
the execution of a process when it has been activated (i.e., the enabling edge
e is marked). The effect of the rule is to increment the number of tokens in
the edge outgoing from the start event. Rule P -End is enabled when there
is at least one token in the incoming edge of the end event, which is then
moved to the completing edge. Rule P -StartRcv start the execution of a
process when it is in its initial state. The effect of the rule is to increment
the number of tokens in the edge outgoing from the start event and remove
the token from the enabling edge. A label corresponding to the consumption
of a message is observed. Rule P -EndSnd is enabled when there is at least
a token in the incoming edge of the end event, which is then moved to the
completing edge. At the same time a label corresponding to the production
of a message is observed. Rule P -Terminate starts when there is at least one
token in the incoming edge of the terminate event, which is then removed.
Rule P -EventG is activated when there is a token in the incoming edge and
there is a message mj to be consumed, so that the application of the rule
moves the token from the incoming edge to the outgoing edge corresponding
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to the received message. A label corresponding to the consumption of a
message is observed.

xstartpe, e1q, σy
ε
ÝÑ incpdecpσ, eq, e1q σpeq ą 0 pP -Startq

xendpe, e1q, σy
ε
ÝÑ incpdecpσ, eq, e1q σpeq ą 0 pP -Endq

xstartRcvpe,m, e1q, σy
?m
ÝÝÑ incpdecpσ, eq, e1q σpeq ą 0 pP -StartRcvq

xendSndpe,m, e1q, σy
!m
ÝÑ incpdecpσ, eq, e1q σpeq ą 0 pP -EndSndq

xterminatepeq, σy
kill
ÝÝÑ decpσ, eq σpeq ą 0 pP -Terminateq

xeventBasedpe, pm1, e
1
1q, . . . , pmh, e

1
hqq, σy

?mj
ÝÝÑ

incpdecpσ, eq, e1jq
σpeq ą 0, 1 ď j ď h pP -EventGq

xandSplitpe, Eq, σy
ε
ÝÑ incpdecpσ, eq, Eq σpeq ą 0 pP -AndSplitq

xxorSplitpe, te1u Y Eq, σy
ε
ÝÑ incpdecpσ, eq, e1q σpeq ą 0 pP -XorSplitq

xandJoinpE, eq, σy
ε
ÝÑ incpdecpσ,Eq, eq @e1 P E . σpe1q ą 0 pP -AndJoinq

xxorJoinpteu Y E, e1q, σy
ε
ÝÑ incpdecpσ, eq, e1q σpeq ą 0 pP -XorJoinq

xtaskpe, e1q, σy
ε
ÝÑ incpdecpσ, eq, e1q σpeq ą 0 pP -Taskq

xtaskRcvpe,m, e1q, σy
?m
ÝÝÑ incpdecpσ, eq, e1q σpeq ą 0 pP -TaskRcvq

xtaskSndpe,m, e1q, σy
!m
ÝÑ incpdecpσ, eq, e1q σpeq ą 0 pP -TaskSndq

xinterRcvpe,m, e1q, σy
?m
ÝÝÑ incpdecpσ, eq, e1q σpeq ą 0 pP -InterRcvq

xinterSndpe,m, e1q, σy
!m
ÝÑ incpdecpσ, eq, e1q σpeq ą 0 pP -InterSndq

xemptype, e1q, σy
ε
ÝÑ incpdecpσ, eq, e1q σpeq ą 0 pP -Emptyq

xP1, σy
kill
ÝÝÑ σ1

pP -Kill1 q
xP1 ‖ P2, σy

kill
ÝÝÑ resetpσ1, edgespP1 ‖ P2qq

xP2, σy
kill
ÝÝÑ σ1

pP -Kill2 q
xP1 ‖ P2, σy

kill
ÝÝÑ resetpσ1, edgespP1 ‖ P2qq

xP1, σy
`
ÝÑ σ1 ` ‰ kill

pP -Int1 q
xP1 ‖ P2, σy

`
ÝÑ σ1

xP2, σy
`
ÝÑ σ1 ` ‰ kill

pP -Int2 q
xP1 ‖ P2, σy

`
ÝÑ σ1

Figure 3.3: BPMN Semantics - Process Level.

Rule P -AndSplit is applied when there is at least one token in the in-
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coming edge of an AND-Split gateway; as result of its application the rule
decrements the number of tokens in the incoming edge and increments that
in each outgoing edge. Rule P -XorSplit is applied when a token is available
in the incoming edge of a XOR-Split gateway, the rule decrements the token
in the incoming edge and increments the token in one of the outgoing edges,
non-deterministically chosen. Rule P -AndJoin decrements the tokens in each
incoming edge of the AND-Join gateway and increments the number of tokens
of the outgoing edge, when each incoming edge has at least one token. Rule
P -XorJoin is activated every time there is a token in one of the incoming
edges of the XOR-Join gateway, which is then moved to the outgoing edge.
Rule P -Task deals with simple tasks, acting as a pass through. It is activated
only when there is a token in the incoming edge, which is then moved to the
outgoing edge. Rule P -TaskRcv is activated when there is a token in the
incoming edge and a label corresponding to the consumption of a message is
observed. Similarly, rule P -TaskSnd , instead of consuming, sends a message
before moving the token to the outgoing edge. A label corresponding to the
production of a message is observed. Rule P -InterRcv (resp. P -InterSnd)
follows the same behaviour of rule P -TaskRcv (resp. P -TaskSnd). Rule
P -Empty simply propagates tokens, it acts as a pass through. Rule P -Kill1
and P -Kill2 deal with the propagation of killing action in the scope of P
and rule P -Int1 , P -Int2 deal with interleaving in a standard way for process
elements.

Now, the labelled transition relation on collaboration configurations for-
malises the execution of message marking evolution according to process
evolution. In the case of collaborations, this is a triple xC,A,Ñy where: C,
ranged over by xC, σ, δy, is a set of collaboration configurations; A, ranged
over by `, is a set of labels (of transitions that collaboration configurations
can perform as well as the process configuration); and ÑĎ C ˆ A ˆ C
is a transition relation. It will be written xC, σ, δy l

ÝÑ xC, σ1, δ1y to indi-
cate that pxC, σ, δy, l, xC, σ1, δ1yq PÑ and say that collaboration configuration
xC, σ, δy performs transition labelled by l to become collaboration configura-
tion xC, σ1, δ1y. Since collaboration execution only affects the current states,
and not the collaboration structure, for the sake of readability the structure
is omitted from the target configuration of the transition. Thus, a transition
xC, σ, δy

l
ÝÑ xC, σ1, δ1y is written as xC, σ, δy l

ÝÑ xσ1, δ1y.
Recall, ` are the following: label τ denotes an action internal to the

process, while !m and ?m denote sending and receiving actions, respectively.
The rules related to the collaboration are defined in Figure 3.4.

The first three rules allow a single pool, representing organisation p, to
evolve according to the evolution of its enclosed process P . In particular, if
P performs an internal action, rule C -Internal, or a receiving/delivery ac-
tion, rule C -Receive/C -Deliver, the pool performs the corresponding action
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xP, σy
τ
ÝÑ σ1

pC -Internalq
xpoolpp, P q, σ, δy

τ
ÝÑ xσ1, δy

xP, σy
?m
ÝÝÑ σ1 δpmq ą 0

pC -Receiveq
xpoolpp, P q, σ, δy

?m
ÝÝÑ xσ1, decpδ,mqy

xP, σy
!m
ÝÑ σ1

pC -Deliverq
xpoolpp, P q, σ, δy

!m
ÝÑ xσ1, incpδ,mqy

xC1, σ, δy
l
ÝÑ xσ1, δ1y

pC -Int1 q
xC1 ‖ C2, σ, δy

l
ÝÑ xσ1, δ1y

xC2, σ, δy
l
ÝÑ xσ1, δ1y

pC -Int2 q
xC1 ‖ C2, σ, δy

l
ÝÑ xσ1, δ1y

Figure 3.4: BPMN Semantics - Collaboration Level.

at collaboration layer. Notably, rule C -Receive can be applied only if there
is at least one message available (premise δpmq ą 0); of course, one token
is consumed by this transition. Recall indeed that at process label ?m just
indicates the willingness of a process to consume a received message, regard-
less the actual presence of messages. Moreover, when a process performs
a sending action, represented by a transition labelled by !m, such message
is delivered to the receiving organization by applying rule C -Deliver. The
resulting transition has the effect of increasing the number of tokens in the
message edge m. Rule C -Int1 , C -Int2 permit to interleave the execution of
actions performed by pools of the same collaboration, so that if a part of a
larger collaboration evolves, the whole collaboration evolves accordingly.

3.3 Comparison with other Approaches
Much effort has been devoted to the formalisation of the BPMN standard. In
the following the most relevant attempts are referred. First the other direct
formalisation approaches available in the literature are considered, then some
mappings from BPMN to well-known formalisms are discussed.

3.3.1 BPMN Direct Formalisations

With regard to direct formalisations, relevant work are those by Van Gorp
and Dijkman [105], Christiansen et al. [18], El-Saber and Boronat [35], and
Borger and Thalheim [14]. Among them, the contribution of this thesis is
mainly inspired by the one presented in [105]. They propose a BPMN 2.0
formalisation based on in-place graph transformation rules; these rules are
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defined to be passed as input to the GrGen.NET tool, and are documented
visually using BPMN syntax. With respect to this thesis, the used formali-
sation techniques are different, since here an operational semantics in terms
of LTS is provided. This allows to apply verification techniques based on
transition labels, as e.g. model checking of properties expressed as formulae
of action-based temporal logic.

Another interesting work is described in [18], where Christiansen et al.
propose a direct formalisation of the BPMN 2.0 Beta 1 Specification using
algorithms based on incrementally updated data structures. The semantics
is given for BPMNinc, that is a minimal subset of BPMN 2.0 containing just
inclusive and exclusive gateways, start and end events, and sequence flows.
This work differs from the one presented here with respect to the formalisa-
tion method, as it proposes a token-based semantics à la Petri Nets, while
here an operational semantics with a compositional approach à la process
calculi is defined. Moreover, the work in [18] also lacks to take into account
BPMN organisational aspects and the flow of messages, whose treatment is
a main contribution of this thesis.

El-Saber and Boronat proposed in [35] a formal characterisation of well-
formed BPMN processes in terms of rewriting logic, using Maude as support-
ing tool. This formalisation refers to a subset of the BPMN specification con-
sidering elements that are used regularly, such as flow nodes, data elements,
connecting flow elements, artefacts, and swimlanes. Interesting it is also
the mechanism given to represent and evaluate guard conditions in decision
gateways. Differently from the other direct formalisations, this approach can
be only applied to well-structured processes. Besides this limitation, there
is another drawback concerning BPMN organisational aspects and messages
flow. In particular, even if it is stated that messages are included in the for-
malisation, their formal treatment is not explained in the paper. Borger and
Thalheim [14] define an extensible semantical framework for business process
modelling notations using Abstract State Machines as method. However, the
proposed formalisation is based on the version 1.0 of BPMN, which does not
include notation meta-model and gives more freedom to the authors in the
interpretation of the language.

3.3.2 BPMN Formalisations via Mapping

The most common formalisations of BPMN 2.0 are given via mappings to
various formalisms, such as Petri Nets [42, 46, 83, 8, 29], YAWL [115, 24]
and process calculi [113, 112, 7, 75, 80, 78]. However, models resulting from
a mapping inherit constraints given by the target formal language and so far
none of them considers BPMN features such as different abstraction levels
(i.e., collaboration, process), the asynchronous communication model, and
the notion of completion due to different types of end event (i.e., simple,
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message throwing, and terminate).
Regarding the mapping from BPMN to Petri Nets, the most relevant

attempt is the one provided by Dijkman et al. [29]. Differently from the
approach proposed in this thesis, even if the mapping deals with messages,
they rendered a message (token) as a (standard) token in a place. More-
over, it does not properly consider multiple organisation scenarios, and does
not provide information to the analysis phase regarding who are the par-
ticipants involved in the exchange of messages. Finally, while for the basic
BPMN modelling elements the encoding in Petri Nets is rather straightfor-
ward, for other elements, such as the terminating events, such a mapping
is quite difficult. This is due to the inherent complexity of managing non-
local propagation of tokens in Petri Nets, which instead is supported by the
proposed semantics.

Other relevant mappings are those from BPMN to YAWL, a language
with a strictly defined execution semantics inspired by Petri Nets. In this
regard, worth mentioning are the ones by Ye and Song [115] and Dumas et.
al. [24]. The former is defined under the well-formedness assumption, which
instead this thesis does not rely on. Moreover, although messages are taken
into account in the mapping, pools and lanes are not considered; thus it
is not possible to identify who is the sender and who is the receiver in the
communication. This results in the lack of capability to introduce verification
at message level considering the involved organisations. The latter mapping,
instead, formalises a very small portion of BPMN elements. In particular,
limitations about pools and messages are similar to the previous approach:
pools are treated as separate business processes, while messages flow is not
covered by the mapping.

Process calculi has been also considered as means for formalising BPMN.
Among the others, Wong and Gibbons presented in [112] a translation from a
subset of BPMN process diagrams, under the assumption of well-formedness,
to a CSP-like language based on Z notation. Even if messages have been
omitted in the formalisation presented in [112], their treatment is discussed
in [113]. Messages are also considered by Arbab et al. in [7], where the main
BPMN modelling primitives are represented by means of the coordination
language Reo. Differently from the other mappings, this one considers a
significantly larger set of BPMN elements. Prandi et al., instead, defined
in [75] a semantics in term of a mapping from BPMN to the process calculus
COWS, which has been specifically devised for modelling service-oriented
systems. Last but not least, also π-calculus was taken as target language of
mapping by Hutchison et al. [80] and Puhlmann [78]. Even if the presented
proposal differs from the above ones, as it is a direct semantics rather than
a mapping, it has drawn inspiration from those based on process calculi for
the use of a compositional approach in the SOS style.



Chapter 4
BPMN Correctness Properties

The formalisation of a relevant subset of BPMN elements presented in the
previous chapter allows to define a classification of BPMN collaboration mod-
els according to important properties of the business process domain. It is
worth noticing that this work aims at providing a classification specific for
BPMN models. This is made possible by a formal semantics directly defined
on BPMN elements. Regarding the considered properties, the classification
relies on a well-known class of properties in the domain of business process
management, namely safeness [100] and soundness [104, 99]. So far, despite
the large body of work on this topic, no formal definition of such proper-
ties directly given on BPMN is provided. The thesis reconciles in a single
framework properties taken into account by different languages, like Petri
Nets [65], Workflow Nets [100], and Elementary Nets [87]. Studying different
properties in the same framework does not leave any room for ambiguity,
and increases the potential for formal reasoning on their relationship.

Thus, this chapter first provides the definition of the studied properties
(Section 4.1) and shows their practical relevance (Section 4.2). Then, it
reports the classification of BPMN models (Section 4.3) and how it has been
obtained (Section 4.4). Finally it presents the study on the compositionality
of safeness and soundness (Section 4.6).

Highlights. The main benefits of the proposed approach are:

1. rather than converting the BPMN model to a Petri or Workflow Net
and studying relevant properties, and their relationships, on the model
resulting from the mapping such properties are directly reported on
BPMN considering its complexity;

2. being close to the BPMN standard, the resulting classification allows
to catch the language peculiarities, such as the asynchronous commu-
nication models, message passing and the completeness notion distin-
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guishing the effect of end event and the terminate event, showing their
impact on soundness;

3. the classification provides a novel contribution by extending the rea-
soning from BPMN processes to BPMN collaborations.

4.1 Properties of BPMN Collaborations
This section provides a rigorous characterisation, with respect to the BPMN
formalisation presented so far, of the key properties studied in this work: well-
structuredness, safeness and soundness. These properties are characterised
both at the process and collaboration levels.

4.1.1 Well-Structured BPMN Collaborations

The standard BPMN allows process models to have almost any topology.
However, it is often desirable that models abide some structural rules. In
this respect, a well-known property of a process model is well-structuredness.
In this thesis the notion of well-structurednes is inspired by the definition of
well-structuredness given by Kiepuszewski et al. [44]. Such a definition was
given on workflow models and it is not expressive enough for BPMN, so it
is here extended to well-structured collaborations including all the elements
defined in the proposed semantics (e.g., event based gateway).

Before providing a formal characterisation of well-structured BPMN pro-
cesses and collaborations, some auxiliary definitions need to be introduced.
In particular, functions inpP q and outpP q are inductively defined. They de-
termine the incoming and outgoing sequence edges of a process element P
(the formal definition is relegated to Appendix B).

Moreover, to simplify the definition of well-structuredness for processes,
the definition of well-structured core is also provided, by means of the boolean
predicate isWSCorep¨q.

Definition 4 (Well-structured processes). A process P is well-structured
(written isWS pP q) if P has one of the following forms:

startpe, e1q ‖ P 1 ‖ endpe2, e3q (4.1)
startpe, e1q ‖ P 1 ‖ terminatepe2q (4.2)
startpe, e1q ‖ P 1 ‖ endSndpe2,m, e3q (4.3)

startRcvpe,m, e1q ‖ P 1 ‖ endpe2, e3q (4.4)
startRcvpe,m, e1q ‖ P 1 ‖ terminatepe2q (4.5)
startRcvpe,m, e1q ‖ P 1 ‖ endSndpe2,m, e3q (4.6)

where inpP 1q “ te1u, outpP 1q “ te2u, and isWSCorepP 1q.
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Predicate isWSCorep¨q is inductively defined on the structure of its argument
as follows:

1. isWSCoreptaskpe, e1qq

2. isWSCoreptaskRcvpe,m, e1qq

3. isWSCoreptaskSndpe,m, e1qq

4. isWSCorepemptype, e1qq

5. isWSCorepinterRcvpe,m, e1qq

6. isWSCorepinterSndpe,m, e1qq

7.
@j P r1..ns isWSCorepPjq, inpPjq Ď E, outpPjq Ď E 1

isWSCorepandSplitpe, Eq ‖ P1 ‖ . . . ‖ Pn ‖ andJoinpE 1, e2qq

8.
@j P r1..ns isWSCorepPjq, inpPjq Ď E, outpPjq Ď E 1

isWSCorepxorSplitpe, Eq ‖ P1 ‖ . . . ‖ Pn ‖ xorJoinpE 1, e2qq

9.
@j P r1..ns isWSCorepPjq, inpPjq “ e1j, outpPjq Ď E

isWSCorepeventBasedpe, tpmj, e
1
jq|j P r1..nsuq‖P1 ‖ . . .‖Pn ‖xorJoinpE, e2qq

10.

isWSCorepP1q, isWSCorepP2q,
inpP1q “ te

1u, outpP1q “ te
ivu, inpP2q “ te

viu, outpP2q “ te
2u

isWSCorepxorJoinpte2, e3u, e1q ‖ P1 ‖ P2 ‖ xorSplitpeiv, tev, eviuqq

12.
isWSCorepP1q, isWSCorepP2q, outpP1q “ inpP2q

isWSCorepP1 ‖ P2q

According to the Definition 4, well-structured processes are given in the
forms (1-6), that is as a (core) process included between any possible combi-
nation of different types of the start and end events included in the semantics.
The following events are allowed: a start event or a start message event and
one simple end event or terminate event or end message event. The (core)
process between the start and end events can be composed by any element
up to the well-structured core definition. Any single task or intermediate
event is a well-structured core (cases 1-6); a composite process starting with
an AND (resp. XOR, resp. Event-based) split and closing with an AND
(resp. XOR, resp. XOR) join is well-structured core if each edge of the split
is connected to a given edge of the join by means of well-structured core
processes (cases 7-9); a loop of sequence edges (e1 Ñ e4 Ñ e6 Ñ e2 Ñ e1)
formed by means of a XOR-Split and a XOR-Join is well-structured core if
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the body of the loop consists of well-structured core processes (case 10). No-
tably, only loops formed by XOR gateways are well-structured. For a better
understanding, cases 7 - 10 are graphically depicted in Figure 4.1. A process
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Figure 4.1: Well-structured Core Elements (cases 7-10).

element collection is well-structured core if its processes are well-structured
and sequentially composed.

Well-structuredness can be also extended to collaborations, by requiring
each process involved in a collaboration to be well-structured.

Definition 5 (Well-structured collaborations). Let C be a collaboration,
isWS pCq is inductively defined as follows:

• isWS ppoolpp, P qq if isWS pP q;

• isWS pC1 ‖ C2q if isWS pC1q and isWS pC2q.

Running Example 3. Considering the running example proposed in the
previous chapter, and according to the above definitions, processes Ppc and Pca
are well-structured, while process Pr is not well-structured, due to the presence
of the unstructured process fragment formed by two XOR-Split and only one
XOR-Join. Thus, the overall collaboration is not well-structured.

4.1.2 Safe BPMN Collaborations

A relevant property in business process domain is safeness, i.e. the occurrence
of no more than one token along the same sequence edge during the process
execution.

Before providing a formal characterisation of safe BPMN processes and
collaborations, the following definition determining the safeness of a process
in a given state needs to be introduced.
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Definition 6 (Current state safe process). A process configuration xP, σy is
current state safe ( cs-safe) if and only if @e P edgesElpP q . σpeq ď 1.

Now the definition of safe processes and collaborations can be given. It
requires that cs-safeness is preserved along the computations. Now, a process
(collaboration) is defined to be safe if it is preserved that the maximum
marking does not exceed one along the process (collaboration) execution. In
the following ÝÑ˚ denotes the reflexive and transitive closure of ÝÑ.

Definition 7 (Safe processes). A process P is safe if and only if, given σ
such that isInitpP, σq, for all σ1 such that xP, σyÝÑ˚σ1 we have that xP, σ1y is
cs-safe.

Definition 8 (Safe collaborations). A collaboration C is safe if and only
if, given σ and δ such that isInitpC, σ, δq, for all σ1 and δ1 such that
xC, σ, δyÝÑ˚xσ1, δ1y we have that @ P P participantpCq, xP, σ1y is cs-safe.

Running Example 4. Considering again the running example depicted in
Figure 3.1, processes Ppc and Pca are safe since there are not process frag-
ments capable of producing more than one token. Process Pr instead is not
safe. In fact, if the paper lacks both quality and novelty two tokens will ar-
rive at the XOR-Join gateway. This will produce more than one token in the
sequence flow connected to the Send Rejection Review task. Thus, also the
resulting collaboration is not safe.

4.1.3 Sound BPMN Collaborations

Another relevant property from the business process modelling domain is
soundness. It is defined here both at the process and collaboration level. In
a process it ensures that, once its execution starts with a token in the start
event, it is always possible to reach one of these scenarios: (i) all marked
end events are marked exactly by a single token and all sequence edges are
unmarked; (ii) no token is observed in the configuration (meaning that a
token has reached a terminate event). The definition extends to collaboration
by considering the combined execution of the included processes and taking
into account that all the messages must be processed during the execution
(i.e. no pending message tokens are observed).

Before providing a formal characterisation of sound BPMN processes and
collaborations, the following definition determining the soundness of a pro-
cess in a given state needs to be introduced.

Definition 9 (Current state sound process). A process configuration xP, σy
is current state sound ( cs-sound) if and only if one of the following holds:
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(i) @ e P markedpσ,endpP qq . σpeq “ 1 and @e P edgespP qzendpP q . σpeq “
0.

(ii) @ e P edgespP q . σpeq “ 0.

Definition 10 (Sound process). A process P is sound if and only if, given
σ such that isInitpP, σq, for all σ1 such that xP, σyÝÑ˚σ1 we have that there
exists σ2 such that xP, σ1yÝÑ˚σ2 and xP, σ2y is cs-sound.

Definition 11 (Sound collaboration). A collaboration C is sound if and
only if, given σ and δ such that isInitpC, σ, δq, for all σ1 and δ1 such
that xC, σ, δ yÝÑ˚xσ1, δ1 y we have that there exist σ2 and δ2 such that
xC, σ1, δ1 yÝÑ˚ xσ2, δ2y, @ P P participantpCq we have that xP, σ2y is cs-sound,
and @m PM . δ2pmq “ 0.

Thanks to the capability of the proposed formalisation to distinguish
sequence tokens from message tokens the soundness property can be relaxed
by defining message-relaxed soundness. It extends the usual soundness notion
by considering sound also those collaborations in which asynchronously sent
messages are not handled by the receiver.

Definition 12 (Message-relaxed sound collaboration). A collaboration C is
message-relaxed sound if and only if, given σ and δ such that isInitpC, σ, δq,
for all σ1 and δ1 such that xC, σ, δyÝÑ˚xσ1, δ1y we have that there exist σ2 and
δ2 such that xC, σ1, δ1yÝÑ˚xσ2, δ2y, and @ P in C we have that xP, σ2y is cs-
sound.

Running Example 5. Considering again the running example of the previ-
ous chapter, it is easy to see that processes Ppc and Pca are sound, since, in
each of them, it is always possible to reach the end event and when reached
there is no token marking the sequence flows. Also process Pr is sound, since
when a token reaches the terminate event, all the other tokens are removed
from the edges by means of the killing effect. However, the resulting collab-
oration is not sound. In fact, if both the results of the checks are negative,
task Send Rejection Review would be executed twice but only one Rejection
message can be handled by the PC Chair. Thus, even if the processes com-
plete, the message lists are not empty. However, the collaboration satisfies
the message-relaxed soundness property.

4.2 Relevance into Practice
To get a clearer idea of the impact of well-structuredness, safeness, and
soundness on the real-world modelling practice, this section reports an anal-
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Size Dataset WS Non-WS Safe MR-Sound Sound
0 - 9 1668 1551(93%) 117(7%) 1647 1077 1133
10 - 19 910 692(76%) 218 (24%) 883 462 487
20 - 29 137 95(69%) 42(31%) 134 51 57
30 - 39 13 4 (27%) 9 (73%) 13 4 4
40 - 49 9 1(14%) 8 (86%) 9 3 3
50 - 59 1 0 (0%) 1 (100%) 1 0 0
60 - 69 0 0 0 0 0 0
70 - 79 2 0 (0%) 2 (100%) 2 0 0
0 - 79 2740 2342 (86%) 398 (14%) 2689 1597 1684

Table 4.1: Classification of the Models in the BPM Academic Initiative
Repository.

ysis of the BPMN 2.0 collaboration models available in a well-known, pub-
lic, well-populated repository provided by the BPM Academic Initiative
(http://bpmai.org). The models have been created by students from
various universities as part of their process modelling education. As such,
they are representative of real modelling practice and show a high hetero-
geneity along various dimensions; indeed empirical insights that are grounded
on them can be assumed to have a high external validity [49]. Thus, the
repository is not representative of good modelling and is not a collection of
validated models, but it is particularly suited to investigate real modelling
practice, modelling styles and the relevance of modelling constructs.

From the raw dataset, to avoid uncompleted models and low quality ones,
only those with 100% of connectedness (i.e., all model elements are con-
nected) have been selected. This results on 2.740 models suitable for the
investigation. To better understand the trend, in Table 4.1 the models are
grouped in terms of number of contained elements. From the technical point
of view, well-structuredness has been checked using the PromniCAT plat-
form1, while safeness and soundness have been checked using the S3 tool2.
These tools have been chosen because they faithfully implement the provided
definitions: PromniCAT is able to verify the well-structuredness definition,
which is a standard one, while S3 has been developed implementing the over-
all formal framework, thus also the safeness and soundness notions.

It results that 86% of models in the repository are well-structured. Any-
way, more interesting is the trend of the number of well-structured models
with respect to their size. It shows that in practice BPMN models starts
to become unstructured when their size grows. This means that, even if
structuredness is good property, it should be regarded as a general guideline;

1https://github.com/tobiashoppe/promnicat
2http://pros.unicam.it/s3/

http://bpmai.org
https://github.com/tobiashoppe/promnicat
http://pros.unicam.it/s3/
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one can deviate from it if necessary, especially in modelling complex sce-
narios. The balancing between the two classes motivates, on the one hand,
the design choice of considering in the formalisation BPMN models with an
arbitrary topology and, on the other hand, the necessity of studying well-
structuredness and the related properties.

Concerning safeness, it results that 2.689 models are safe. The classes
that surely cannot be neglected in our study, as they are suitable to model
realistic scenarios, are those with size 20-29, 30-39 and 40-49 including 156
models, of which only 3 are unsafe. This makes evident that modelling
safe models is part of the practice, and that imposing well-structuredness is
sometimes too restrictive, since there is a huge class of models that are safe
even if with an unstructured topology.

Concerning soundness, it results that there are 1.684 sound models. It
results that modelling in a sound way is a common practice, recognizing
soundness as one of the most important correctness criteria. Moreover, the
data show that there are well-structured models that are not sound, confirm-
ing again the limitation of well-structuredness. Concerning message-relaxed
soundness, it results that the number of models satisfying this property is 87
more than the sound ones. This highlights the relevance of a set of models,
up to now, not considered.

4.3 Classification Results

The formal definition of well-structuredness, safeness and (message-relaxed)
soundness directly on BPMN models allows to provide a precise classification
of those models according to the property they satisfy.

This section shows how the classification advances the state of the art with
respect to other available classifications in the literature. It also discusses
how the formal framework enables a more precise classification of the BPMN
models considering language peculiarities.

4.3.1 Advances with respect to already available classi-
fications

Differently from other classifications reasoning at the process level by means
of Workflow Nets [27, 96] and π-calculus [81], the proposed study directly ad-
dresses BPMN collaboration models. By relying on a uniform formal frame-
work, novel results are achieved. They are synthesized in the Euler diagram
in Figure 4.2. In particular the diagram shows that:

(i) all well-structured collaborations are safe, but the reverse does not hold;
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(ii) there are well-structured collaborations that are neither sound nor
message-relaxed sound;

(iii) there are sound and message-relaxed sound collaborations that are not
safe.

Safe

Sound
Message-Relaxed

Sound Well - Structured

Figure 4.2: Classification of BPMN Collaborations.

Result (i) demonstrates that well-structured collaborations represent a
subclass of safe collaborations. It will be also shown that such relation is
valid at the process level, where the classification relaxes the existing results
on Workflow Nets, stating that a process model to be safe has to be not only
well-structured, but also sound [96].

Result (ii) shows that there are well-structured collaborations that are not
sound. Well-structuredness instead implies soundness at the process level,
confirming results provided on Workflow Nets, [106], but relaxing the one
obtained in Petri Nets [27], where relaxed soundness and well-structuredness
together imply soundness.

Results (i) and (ii) together confirm the limits of well-structuredness as
a correctness criterion. Indeed, considering only well-structuredness is too
strict, as some safe and sound models that are not well-structured result
discarded right from the start.

Result (iii) shows that there are sound and message-relaxed sound collab-
orations that are not safe. This can also be observed at process level resulting
in a novel contribution strictly related to the expressiveness of BPMN and
its differences with respect to other workflow languages. In fact, Van der
Aalst shows that soundness of a Workflow Net is equivalent to liveness and
boundedness of the corresponding short-circuited Petri Net [97]. Similarly, in
workflow graphs and, equivalently, free-choice Petri Nets, soundness can be
characterized in terms of two types of local errors, viz. deadlock and lack of
synchronization: a workflow graph is sound if it contains neither a deadlock
nor a lack of synchronization [38, 76]. Thus, a sound workflow is always safe.
In BPMN instead there are unsafe processes that are sound.

Summing up, result (i) together with results (ii) and (iii) are novel and
influence also the reasoning at process level. This is mainly due to the effects
of the behaviour of the terminate event, impacting on the classification of
the models, both at the process and collaboration level, as shown in the
following.
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4.3.2 Advance in Classifying BPMN Models

The provided formalisation considers as first-class citizens BPMN specifici-
ties such as: different levels of abstraction (collaboration and process levels),
asynchronous communication models between pools and the completeness
notion able to distinguish the effect of an end event from the one of a termi-
nate event.

Considering collaboration models, by means of the proposed formalisation
it can be observed pools that exchange message flow tokens, while in each
pool the execution is rendered by the movements of the sequence flow tokens
in the process. In this setting, there is a clear difference between the notion of
safeness directly defined on BPMN collaborations with respect to that defined
on Petri Nets and applied to the Petri Nets resulting from the translation
of BPMN collaborations. Safeness of a BPMN collaboration only refers to
tokens on the sequence edges of the involved processes, while in its Petri Nets
translation it refers to token both on message and sequence edges. Indeed,
such distinction is not considered in the available mappings [29, 50], because
a message is rendered as a (standard) token in a place. Hence, a safe BPMN
collaboration, where the same message is sent more than once (e.g., via a
loop), is erroneously considered unsafe by relying on the Petri Nets notion
(i.e., 1-boundedness), because enqueued messages are rendered as a place
with more than one token. Therefore, the notion of safeness defined for Petri
Nets cannot be safely applied as it is to collaboration models. Similarly,
regarding the soundness property, it is possible to consider different notions
of soundness according to the requirements imposed on message queues (e.g.,
ignoring or not pending messages). Again, due to lack of distinction between
message and sequence edges, these fine-grained reasoning are precluded using
the current translations from BPMN to Petri Nets.

The study of BPMN models via the Petri Nets based frameworks has
another limitation concerning the management of the terminate event. Most
of the available mappings, such as the ones in [50] and [43], do not consider
the terminate event, while in the one provided in [29], terminate events are
treated as a special type of error events, which however occur mainly on sub-
processes, whose translation assumes safeness. This does not allow reasoning
on most models including the terminate event. Moreover, given the local
nature of Petri Nets transitions, such cancellation patterns are difficult to
handle. This is confirmed in [92], stating that modelling a vacuum cleaner,
(i.e., a construct able to remove all the tokens from a given fragment of a
net) is possible but results in a spaghetti-like model.

The ability of the given formal framework to properly distinguish se-
quence flow tokens and message flow tokens, together with the treatment of
the terminate event without any of the restrictions mentioned above, leads
to provide a more precise classification of the BPMN models as synthesised
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by the Euler diagram in Figure 4.3.

Sound                        Sound-Safe                                          Safe

Terminate
Terminate

 
Message-Relaxed

 Sound 

sub-process sub-process

Sound

sub-process
Figure 4.3: Impact of the Terminate Event on the Classification.

The diagram underlines reasoning that can be done at process level on
soundness. Here it emerges how the terminate event can affect model sound-
ness, as using it in place of an end event may render sound a model that was
unsound.

Task C

Task A

Task B

Figure 4.4: Unsound Process.

Task C

Task A

Task B

Figure 4.5: Sound Process.

An example is the process in Figure 4.4; it is a simple process that first
runs in parallel Task A and Task B, then executes two times Task C. Ac-
cording to the proposed classification the model is unsound. In fact, there is
a marking where the end event has two tokens.

Now, by considering another model (Figure 4.5), obtained from the one in
Figure 4.4 by replacing the end event with a terminate event, it results that
it is sound. This is due to the behaviour of the terminate event that, when
reached, removes all tokens in the process. Notably, although the two models
are quite similar, in terms of the classification they result to be significantly
different.

4.4 Relationships among Properties

This section studies the relationships among the considered properties both
at the process and collaboration level. In particular it investigates the rela-
tionship between (i) well-structuredness and safeness, (ii) well-structuredness
and soundness, and (iii) safeness and soundness. The section includes the
sketches of the proofs, while the complete proofs of the results are reported
in the Appendix C.1.
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4.4.1 Well-structuredness vs. Safeness in BPMN

Considering well-structuredness and safeness it is here demonstrated that all
well-structured models are safe (Theorem 1), and that the reverse does not
hold. To this aim, first it is shown that a process in the initial state is cs-safe
(Lemma 1). Then, it is shown that cs-safeness is preserved by the evolution of
well-structured core process elements (Lemma 2) and processes (Lemma 3).
These latter two lemmas rely on the notion of reachable processes/core el-
ements of processes (that is process elements different from start, end, and
terminate events). In fact, the syntax in Figure 3.2 is too liberal, as it allows
terms that cannot be obtained (by means of transitions) from a process in its
initial state. This last notion, in its own turn, needs the definition of initial
state for a core process element (see Appendix B).

Definition 13 (Reachable processes). A process configuration xP, σy is
reachable if there exists a configuration xP, σ1y such that isInitpP, σ1q and
xP, σ1y ÝÑ*σ.

Definition 14 (Reachable core process element). A process configuration
xP, σy is core reachable if there exists a configuration xP, σ1 y such that
isInitElpP, σ1 q and xP, σ1y ÝÑ*σ.

Lemma 1. Let P be a process, if isInitpP, σq then xP, σy is cs-safe.

Proof (sketch). Trivially, from definition of isInitpP, σq.

Lemma 2. Let isWSCorepP q, and let xP, σy be a core reachable and cs-safe
process configuration, if xP, σy `

ÝÑ σ1 then xP, σ1y is cs-safe.

Proof (sketch). By induction on the structure of well-structured core pro-
cess elements.

Lemma 3. Let isWS pP q, and let xP, σy be a process configuration reachable
and cs-safe, if xP, σy `

ÝÑ σ1 then xP, σ1y is cs-safe.

Proof (sketch). By case analysis on the structure of P , which is a WS
process (see Definition 4).

Theorem 1. Let P be a process, if P is well-structured then P is safe.
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Figure 4.6: Safe BPMN Collaboration not Well-structured

Proof (sketch). Showing that if xP, σy ÝÑ˚ σ1 then xP, σ1y is cs-safe, it
follows by induction on the length n of the sequence of transitions from
xP, σy to xP, σ1y.

The reverse implication of Theorem 1 is not true. In fact there are safe
processes that are not well-structured. The collaboration diagram repre-
sented in Figure. 4.6 is an example. The involved processes are trivially safe,
since there are not fragments capable of generating multiple tokens; however
they are not well-structured.

Now the previous results can be extended to collaborations.

Theorem 2. Let C be a collaboration, if C is well-structured then C is safe.

Proof (sketch). By contradiction.

4.4.2 Well-structuredness vs. Soundness in BPMN

Considering the relationship between well-structuredness and soundness it is
proved that a well-structured process is always sound (Theorem 3), but there
are sound processes that are not well-structured. To this aim, first it is shown
that a reachable well-structured core process element can always complete its
execution (Lemma 4). This latter result is based on the auxiliary definition
of the final state of core elements in a process, given for all elements with
the exception of start and end events (the formal definition is relegated to
Appendix B).

Lemma 4. Let isWSCorepP q and let xP, σy be core reachable, then there
exists σ1 such that xP, σy ÝÑ˚σ1 and isCompleteElpP, σ1q.

Proof (sketch). By induction on the structure of well-structured core pro-
cess.

Theorem 3. Let isWS pP q, then P is sound.
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Proof (sketch). By case analysis.

The reverse implication of Theorem 3 is not true. In fact there are sound
processes that are not well-structured; see for example the process repre-
sented in Figure 4.7. This process is surely unstructured, and it is also
trivially sound, since it is always possible to reach an end event without
leaving tokens marking the sequence flows.

Task D

Task CTask A

Task B

Figure 4.7: Example of Sound Process not Well-Structured.

However, Theorem 3 does not extend to the collaboration level. In fact,
when putting well-structured processes together in a collaboration, this could
be either sound or unsound. This is also valid for message-relaxed soundness.

Theorem 4. Let C be a collaboration, isWS pCq does not imply C is sound.

Proof (sketch). By contradiction.

Theorem 5. Let C be a collaboration, isWS pCq does not imply C is message-
relaxed sound.

Proof (sketch). By contradiction.

4.4.3 Safeness vs. Soundness in BPMN

Considering the relationship between safeness and soundness this section
demonstrates that there are unsafe models that are sound. This is a pecu-
liarity of BPMN, faithfully implemented in the provided semantics, thank to
its capability to support the terminate event.

At process level it results as following.

Theorem 6. Let P be a process, P is unsafe does not imply P is unsound.

Proof (sketch). By contradiction.
Concerning the collaboration level, it results that there are unsafe collab-

orations that could be either sound or unsound, as proved by the following
Theorem.

Theorem 7. Let C be a collaboration, C is unsafe does not imply C is
unsound.
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Proof (sketch). By contradiction.

Running Example 6. Considering the collaboration in the running exam-
ple, PC Chair and Contact Author processes are both safe and sound, while
the process of the Reviewer is unsafe but sound, since the terminate event
permits to reach a marking where all edges are umarked. The collaboration is
unsafe, and it is also unsound but message-relaxed sound, since there could
be messages in the message lists.

4.5 Class of (Sound) Unsafe Models

Soundness of business process models has been proposed as the main correct-
ness criterion verifying different business process formalisations. However,
reasoning directly on BPMN, soundness does not guarantee a model to be
free of errors. In fact, as proved in Section 4.4.1, there are sound BPMN
models that are not safe. Indeed, the lack of safeness may cause issues con-
cerning process execution, related e.g. to erroneous synchronizations among
concurrent control flows. Thus, this section refers to the class of unsafe mod-
els, including models with an arbitrary topology and concurrent behaviour.
Specifically, first a motivating scenario is introduced to clarify the issue to
address (Section 4.5.1), then the approach to resolve such a issue is presented
(Section 4.5.2) and finally, it is shown how the proposed solution works into
practice (Section 4.5.3).

4.5.1 Motivating Scenario

This section refers to process models with an arbitrary topology including
concurrent behaviour, which may lead to the occurrence of erroneous syn-
chronizations. These processes are typically discarded by the modelling ap-
proaches proposed in the literature, as they are over suspected of carrying
bugs. Unfortunately, this attitude significantly limits the use of concurrency
in business process modelling, which is an important feature in modern sys-
tems and organizations. Instead, in these cases the designer could keep the
‘offending’ model and solve the issue by better clarifying the intended be-
haviour. In fact, the problem typically is not in the model itself but it is due
to the underspecification of the BPMN standard in dealing with concurrency
issues within a single process instance.

The relevance of such an issue is pointed out also by studies stating that
an increase in the level of concurrency for BPMN models implies an increase
in modeling error probability [56, 63]. Thus, this section focusses on the
management of concurrent behaviour in a single process instance, with the
aim of achieving synchronization correctness in unstructured processes.
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To better clarify the issues, a simplified version of the running example
presented in Section 2.2.2 is introduced.

It is modelled as the collaboration in Figure 4.8. The participants as
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Figure 4.8: Paper Reviewing Collaboration Model (revisited).

usual are: the PC Chair, the Reviewer, and the Contact Author, whose
role is modelled here as a multi-instance blackbox pool since details on the
author behaviour are not relevant to the current purposes.

The reviewing process is started by the chair, who assigns (via a parallel
multi-instance activity) each submitted paper to a reviewer. Then, the chair
receives the reviews and evaluates them. In particular, as soon as a review
is received, the chair starts its evaluation and is immediately ready to re-
ceive and process another review. This behaviour is rendered in BPMN by
means of a loop, realized via an OR-Split gateway and a XOR-Join gateway,
whose single iteration consists of receiving a paper review and starting its
evaluation. The evaluation of each review is modelled by the process frag-
ment enclosed by the AND-Split gateway and the AND-Join one. Indeed,
the evaluation proceeds along two concurrent control flows: (bottom branch)
the chair checks the quality of the received review and, if necessary, he/she
revises it to improve and (top branch), according to the reviewer decision, the
chair prepares the acceptance/rejection letter or, if the paper requires further
discussion, the decision is postponed. In the last part of the process (after
the AND-Join gateway), the chair attaches the review to the notification
letter, and sends it to the contact author.

Despite its simplicity, the model described so far hides some subtleties
that may affect its correct enactment. For instance, it may happen that
an author of a paper will receive a notification with attached the review of
another paper.

Considering the reception of the review for a paper, say paper1, this event
produces a token that activates the OR-Split; assuming that other reviews
are waited, the OR gateway produces in its own turn two tokens: one is used
to reactivate the receiving message intermediate event, while the other to
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activate the evaluation of paper1’s review. This latter token is split into two
tokens for activating the two evaluation branches described above. Then, a
review for another paper, say paper2, is received and dealt with in a similar
way. The evaluations of the two reviews proceed, hence, along two concurrent
control flows. After some steps, it could arise the current situation: (i)
paper1’s review has been revised by the chair and a corresponding token
reached the AND-Join gateway from the bottom incoming flow, while the
other paper1 token is still marking the Discuss task, as the paper received
a borderline score; (ii) paper2 received a reject score, thus, while the chair
is still checking the review quality, a paper2 token reached the AND-Join
gateway from the top incoming flow.

In this situation, the two incoming flows of the AND-Join carry a token.
Thus, according to the standard semantics of BPMN, the AND gateway
triggers the flow through its outgoing sequence flow. In fact, the semantics
does not distinguish tokens related to the evaluation of the paper1’s review
from those related to the paper2’s one. This erroneous synchronization
of tokens allows the process execution to continue with the notification task,
using the revised review of paper1 and the rejection letter of paper2. Notably,
in order to have the situation described above, during the execution of the
considered process more than one token must concurrently transit along the
same sequence flow. In the reviewing scenario this happens each time a re-
view is assigned as result of the OR-Split behaviour specification. Moreover,
the other condition leading to situations of erroneous synchronization is the
presence of concurrent control flows, where the generated multiple tokens are
split and then have to be synchronized. In the presented scenario, the con-
current control flows correspond to the two evaluation activities performed
by the chair.

In the following it is presented a possible approach to avoid erroneous
synchronizations to take place when the above conditions are met.

4.5.2 Methodology

Different solutions can be proposed in order to overcome the addressed con-
currency issues. With reference to the introduced reviewing scenario, a first
solution proposes to model the PC Chair by means of two processes: one that
assigns papers, collects reviews and instantiates the other (multi-instance)
process, whose instances separately deal with the evaluation of paper re-
views. As no interaction can take place among these instances, erroneous
synchronizations cannot emerge. A second solution is to put in sequence the
various evaluation activities performed by the chair. This avoids concurrent
flows and, hence, the possibility of erroneous synchronizations. However,
the first alternative does not fit well with the reality, as the behaviour of
a single human person is split into two separate processes, one of which is
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multi-instance. The second one, instead, imposes to put in sequence a set
of activities that originally were parallel. Most of all, the two alternative
solutions require an alteration of the original structure, as well as of the se-
mantics, of the designed process. This requires the designer to be expert
enough to identify the concurrency issue in his model and, then, to solve it
by properly restructuring the model.

The approach proposed here provides instead a general solution to the
problem, without altering the structure of the process. It is based on an
advanced use of BPMN text annotations to enrich the model with information
suitable to deal with concurrent execution of control flows. Moreover, this
study contributes by refining the process execution semantics by taking into
account token identities to avoid erroneous synchronizations.

The use of tokens with identity enables the AND-Join gateway in the
motivating scenario to distinguish the two incoming flows, hence avoiding
the erroneous synchronization. In fact, only tokens with the same identity,
i.e. referring to the same paper review, synchronize. When synchronization
cannot take place, the incoming tokens just wait for the arrival of ‘brother’
tokens.

Since token identity can evolve during the process execution, as it can
have different meanings in different parts of a process, the token can be iden-
tified by means of different (unique) identifiers, whose scope can be limited
to the part of interest in the process. This is achieved by enriching BPMN
models with additional information, via specific text annotations on sequence
flows, called check-in and check-out, that enclose the part of process defining
the scope of a token identifier. Such scope is application specific, hence it
must be the designer in charge of explicitly specifying this information on
the process model.

In detail, a Check-in represents a point of the process from where the
identity of the traversing tokens is enriched with a fresh identifier; a Check-
out represents a point of the process where the identifiers created by the
corresponding check-in are no longer needed and, hence, are removed from
the identity of the traversing tokens.

Check-ins and check-outs are identified by their names, ranged over by n.
Each check-out must be correlated with one check-in, i.e. there is a check-in
in the process model with the same name; on the other hand, each check-in is
correlated with zero or more check-outs. Graphically (Figure 4.9) a check-in
(resp. check-out) is a standard BPMN text annotation with the peculiarity
of being attached to a sequence flow and of enclosing a text of the form
Check-in (n) (resp. Check-out (n)).

As already mentioned, a token can have different meanings in the process.
This can be achieved by means of more check-ins. Notably, a check-in can
occur inside a check-in/check-out block. Therefore, the identity of a token
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Check-in (n) Check-out (n)

Figure 4.9: Graphical notation of check-in and check-out annotations.

is defined as a set T of pairs of the form pn, idq, where n is the name of a
check-in traversed by the token and id is an identifier freshly3 generated by
the check-in n. When a token is generated by the activation of a start event,
it is initialized with a default identity represented by the set tpinit, 0qu, where
init is a reserved check-in name and 0 is an identifier. The identity of a token
changes only when it traverses check-in or check-out points, while its flow
during the process execution is regulated by the standard BPMN execution
semantics unless when it meets a synchronization point (i.e., an AND or
an OR join gateway). In detail, when a token traverses a check-in point n,
its identity is not altered if it already contains an identifier generated by n,
otherwise the token identity is enriched with a new identifier pair. Formally,
the token identity evolution determined by a check-in is defined by function
TraverseCheckIn that, given as input a check-in name and the identity set
of an incoming token, returns as output the identity of the outgoing token

TraverseCheckInpn, T q “

#

T if pn, idq P T
T Y tpn, freshpnqqu otherwise

where freshpnq is a function that returns a fresh identifier for the check-in n
(notably, this function can be straightforwardly implemented by relying on
a counter local to each check-in).

Dually, when a token traverses a check-out point n, its identity is not
altered if it does not contain an identifier generated by n, otherwise the
corresponding identitifier pair is removed from the identity set of the token.
Formally, the token identity evolution determined by a check-out is defined
by the following function.

TraverseCheckOutpn, T q “

#

T z pn, idq if pn, idq P T
T otherwise

Notably, the synchronization requires a complete match of identities
among tokens, which means that the identity sets must have the same pairs.
It is also worth noticing that, in case of synchronization of tokens whose
identity is given by the default value tpinit, 0qu, the refined semantics coin-
cides with the one prescribed by the BPMN standard. In other words, the
proposed semantics is conservative with respect to the standard one, i.e., if
no check-in and check-out annotations are introduced in the model then the
two semantics coincide.

3An identifier, generated by a check-in n, is called fresh if it is different from all other
identifiers previously generated by the check-in n.
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Figure 4.10: Paper Reviewing Collaboration Execution with Tokens id.

4.5.3 Approach at Work

This section illustrates how the approach can be applied in practice. Fig-
ure 4.10 shows how check-ins and check-outs are used to specify in which
part of the process, within the PC Chair pool, tokens represent the control
flows of the paper evaluation. For the sake of presentation, three relevant
parts of the process, named A, B and C, are identified. Moreover, to show
the flow of each token, the corresponding path in the process is marked with
token identities (curly brackets and the default identifier are omitted).

At the beginning of the execution, the token placed on the start event
has the default identity, represented by the set tpinit, 0qu. Then, the token
enters into, and hence activates, Part A of the process, which is a token
generator. Thus, for each received review, a new token identity has to be
generated. To this aim, the designer introduced a check-in named n so that,
as soon as a token traverses the check-in, its identity is enriched with the new
identifier pn, 1q, denoting that the token is related to the review of paper1.
The OR-Split gateway then splits the token into two tokens with the same
identity tpinit, 0q, pn, 1qu. One of the generated tokens will go back into the
loop, traversing the check-out point n and hence loosing its paper1 identity.
This shows the usefulness of the check-out annotation: sometimes it is nec-
essary that a token looses its identity as, e.g., it enters in a path where it
is merely used as a control flow signal. In the shown case, the only pur-
pose of the considered token is to activate a new iteration of the loop; in
fact, without loosing its identity the token would fail in doing this. Instead,
the other paper1 token will go into Part B of the process. This token will
cross the AND-Split gateway and the evaluation of the paper1’s review will
start. From this point the execution proceeds, thus a new token with iden-
tity tpinit, 0q, pn, 2qu enters in the game, and the marking represented by the
tokens whose identity is written in bold in Figure 4.10 is reached. Now, the
AND-Join gateway has two incoming tokens, one per each incoming edge,
and thus evaluates their synchronization. Anyway, according to the refined
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semantics, the synchronization does not take place, as the two incoming to-
kens have different identities. Therefore, they remain in the edges waiting for
their brothers. In this way, the appropriate synchronization will take place,
the tokens will go through Part C of the process, and a notification to the
author with attached the review of the corresponding paper will be sent.

Extended explanations about the use of (more than one) check-in and
check-out can be found in [20].

4.6 Compositionality of Safeness and Sound-
ness

This section studies the compositionality of safeness and soundness, i.e. how
the behaviour of processes affects that of the entire resulting collaboration.
In particular, it is shown the interrelationship between the studied properties
at collaboration and at process level.

4.6.1 On Compositionality of Safeness

Here it is shown that safeness is compositional, that is the composition of
safe processes always results in a safe collaboration.

Theorem 8. Let C be a collaboration, if all processes in C are safe then C
is safe.

Proof (sketch). By contradiction (see Appendix C.1).
It can be also shown that the unsafeness of a collaboration cannot be

in general determined by information about the unsafeness of the processes
that compose it. Indeed, putting together an unsafe process with a safe or
unsafe one, the obtained collaboration could be either safe or unsafe, as in
the following examples.

Running Example 7. In the running example of the previous chapter, the
collaboration is composed by two safe processes and an unsafe one. In fact,
focussing on the process of the Reviewer, it is easy to see that it is not safe: if
the results of the two checks are negative, two tokens arrive at the XOR-Join,
producing multiple tokens on its outgoing edge. Now, considering this process
together with the safe processes of the PC Chair and the Contact Author, the
resulting collaboration is not safe. Indeed, the event based gateway, which
waits for a review, forwards only the first token arriving on one of the two
paths. As soon as a review is received, the PC Chair process proceeds and
completes. Thus, due to the lack of safeness, the Reviewer will send another
rejection review, but no more rejection messages arriving from the Reviewer
will be considered by the PC Chair.
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Figure 4.11: Safe Collaboration with Safe and Unsafe Processes.
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Figure 4.12: Safe Collaboration with Unsafe Processes.

Example 1. Another example refers to the case in which a collaboration
composed by a safe process and an unsafe one results in a safe collaboration,
as shown in Figure 4.11. Focussing only on the process in ORG B it is easy
to notice that it is not safe: again the loop given by a XOR-Join and an AND-
Split produces multiple tokens on the same edge. However, considering this
process together with the safe process of ORG A, the resulting collaboration
is safe. In fact, task D receives only one message, producing a token that is
successively split by the AND gateway. No more message arrives from the
send task, so, although there is a token is blocked, there is no problem of
safeness.
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Figure 4.13: Unsafe Collaboration with Unsafe Processes.

Example 2. In Figure 4.12 there are two unsafe processes, since each of
them contains a loop capable of generating an unbounded number of tokens.
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However, considering the collaboration obtained by the combination of these
processes, it turns out to be safe. Indeed, as in the previous example, tasks
C and B are executed only once, as they receive only one message. Thus, the
two loops are blocked and cannot effectively generate multiple tokens.

Example 3. Also the collaboration in Figure 4.13 is composed by two unsafe
processes: process in ORG A contains an AND-Split followed by a XOR-Join
that produces two tokens on the outgoing edge of the XOR gateway; process in
ORG B contains the same loop as in the previous examples. In this case the
collaboration composed by these two processes is unsafe. Indeed, the XOR-
Join in ORG A will effectively produce two tokens since the sending of task
B is not blocking.

4.6.2 On Compositionality of Soundness

As well as for the safeness property, it is shown now that it is not feasible to
detect the soundness of a collaboration by relying only on information about
the soundness of the processes that compose it. However, the unsoundness
of processes implies the unsoundness of the resulting collaboration.

Theorem 9. Let C be a collaboration, if some processes in C are unsound
then C is unsound.

Proof (sketch). By contradiction (see Appendix C.1).
On the other hand, putting together sound processes, the obtained

collaboration could be either sound or unsound, since one has also to
consider messages. It can happen that either a process waits for a message
that will never be received or it receives more than the number of messages
it is able to process. Here are some examples.

Running Example 8. In the running example of the previous chapter, the
collaboration is composed by sound processes. In fact, the PC Chair and
Contact Author processes are well-structured, thus sound. Focussing on the
process of the Reviewer, it is also sound since when it completes the terminate
event aborts all eventually running activities and removes all the tokens still
present. However, the resulting collaboration is not sound, since the message
lists could not be empty.

Example 4. In Figure 4.14 there is a collaboration resulting from the com-
position of two sound processes. Focussing only on the processes in ORG A
and ORG B it can be immediately noted that they are sound. However, the
resulting collaboration is not sound. In fact, for instance, if Task A is exe-
cuted, Task C in ORG B will never receive the message and the AND-Join
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Figure 4.14: Example of Unsound Collaboration with Sound Processes.

gateway cannot be activated, thus the process of ORG B cannot complete its
execution.

Example 5. Also the collaboration in Figure 4.15 is trivially composed by
two sound processes. However, in this case also the resulting collaboration is
sound. In fact, Task E will always receive the message by Task B and the
processes of ORG A and ORG B can correctly complete.
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Figure 4.15: Sound Collaboration with Sound Processes.

Remark 1. Well-structuredness and message-relaxed soundness composi-
tionality are not considered. In fact, the compositionaly of well-structuredness
is implied by the property definition, while it is not possible to study the
message-relaxed soundness compositionality since this property cannot be de-
fined at the process level.

4.7 Comparison with other Approaches
This section provides a formal characterisation of well-structured BPMN
models. To do that, the main inspiration is the definition of well-
structuredness given in [44]. Other attempts are also available in the lit-
erature. Van der Aalst et al. [98] state that a workflow net is well-structured
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if the split/join constructions are properly nested. El-Saber and Boronat [35]
propose a formal definition of well-structured processes, in terms of a rewrit-
ing logic, but they do not extend this definition at collaboration level.

Then safeness is considered, showing that this is a significant correctness
property. Dijkman et al. [29] discuss about safeness in Petri Nets result-
ing from the translation of BPMN. In such work, safeness of BPMN terms
means that no activity will ever be enabled or running more than once con-
currently. This definition is given using natural language; this thesis gives
instead a precise characterisation of safeness for both BPMN processes and
collaborations. Other approaches introducing mapping from BPMN to for-
mal languages, such as YAWL [24] and COWS [75], do not consider safeness,
even if it is recognised as an important characteristic [17].

Moreover, soundness is considered as one of the most important correct-
ness criteria. There is a jungle of other different notions of soundness in
the literature, referring to different process languages and even for the same
process language, e.g. for EPC a soundness definition is given by Mendling
in [54], and for Workflow Nets by van der Aalst [104] provides two equivalent
soundness definitions. However, these definitions cannot be used directly for
BPMN because of its peculiarities. In fact, although the BPMN process flow
resembles to some extent the behaviour of Petri Nets, it is not the same.
BPMN 2.0 provides a comprehensive set of elements that go far beyond the
definition of mere place/transition flows and enable modelling at a higher
level of abstraction. Other studies try to characterize inter-organizational
soundness are available. A first attempt was done using a framework based
on Petri Nets [99]. The authors investigate IO-soundness presenting an anal-
ysis technique to verify the correctness of an inter-organizational workflow.
However, the study is restricted to structured models. Soundness regarding
collaborative processes is also given in [86] in the field of the Global Interac-
tion Nets, in order to detect errors in technology-independent collaborative
business processes models. However, this approach does not apply to BPMN,
which is the modelling notation aimed by the presented study. Concerning
message-relaxed soundness, the work has been motivated by Puhlmann and
Weske [79], who define interaction soundness, which in turn is based on lazy
soundness [81]. The use of a mapping into π-calculus, rather than of a direct
semantics, bases the reasoning on constrains given by the target language. In
particular, the authors refer to a synchronous communication model not com-
pliant with the BPMN standard. The provided framework instead natively
implements the BPMN communication model via an asynchronous approach.
Moreover, the interaction soundness assumes structural soundness as a nec-
essary condition that is here relaxed. Thus, the presented investigation of
properties at collaboration level provides novel insights with respect to the
state-of-the-art of BPMN formal studies.
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Chapter 5
OR-Join Gateway

The BPMN lack of a formal semantics may represent a big issue when consid-
ering BPMN elements that have a particularly tricky behaviour, such as the
OR-Join [101]. Indeed, this is a very important feature of BPMN because it
is used to synchronise two or more parallel flows according to a specific (and
non trivial) state on business process execution. An informal description of
its behaviour can lead to different interpretations, and hence implementa-
tions. This can result on process implementations using models that do not
fit with designer expectations.

This chapter aims at formally specifying the OR-Join semantics of BPMN
process models. This paves the way not only to formal reasoning, but also
to driven implementations of process-aware IT systems supporting the be-
haviour of the OR-Join compliant with BPMN 2.0. The focus on the OR-Join
is due not only because of its semantic complexity, but also to its practical
impact, as that is a convenient way to synchronize parallel control flows [33].
Its large use is also confirmed by the number of models containing it (316
out of 7.541 BPMN 2.0 collaborations available in the BPM Academic Initia-
tive public repository [48]). The necessity of a faithful OR-Join semantics is
also confirmed by the difficulty of replacing this construct by means of AND
and XOR gateways. Indeed, there are simple process models with an OR-
Join that cannot be replaced, in the sense that its synchronisation behaviour
cannot be obtained by any combination of other gateways [39].

Tackling the above issues, the chapter is organised as follows: firstly, it
provides a direct global formalisation compliant with the OR-Join seman-
tics reported in the current BPMN 2.0 standard specification (Section 5.3);
then, it also provides a local variant of the semantics, devised to more effi-
ciently determine the OR-Join activation, as it depends only on information
local to the considered OR-Join (Section 5.4). Thus, the global semantics is
introduced as the formal reference, while the local one to be used for imple-
mentations. The soundness of the approach is given by the formal proof of
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their correspondence. The gap between the two semantics is also confirmed
by the comparison between them (Section 5.5). Towards the formalisation,
it also possible to characterise the correctness properties considered in the
thesis in this extended framework (Section 5.6), showing the effects of the
OR-Join gateway on process execution.

Notably, the intricate semantics of the OR-Join has led to consider only
a small subset of BPMN elements, tough able to illustrate certain difficulties
when dealing with the OR-Join gateway. Indeed, this chapter focuses only
on process models and abstracts from information that are not relevant for
the described purpose.

Highlights. Distinctive aspects of the proposed semantics are:

• it provides a direct global formalisation compliant with the OR-Join
semantics reported in the current BPMN 2.0 standard specification;

• it provides a local, more efficient, variant of the semantics;

• it allows a precise classification of BPMN models including OR-Joins,
by clarifying ambiguous OR-Join behaviours.

5.1 Running Example
To better understand the motivation in considering the OR-Join gateway,
this section presents a revised version of the running example presented in
Section 2.2.2. The scenario in Figure 5.1 shows the process fulfilled by the
Contact Author of a paper to finalise and submit an article for a scientific
conference.

Paper
Managment

Read CFP on 
the 

Conference 
Website

Receive CFP 
from PC 

Chair

Finalise 
Paper Check Paper Submit Paper

Submission
Completed

Check for 
update

Figure 5.1: Paper Submission Process.

In order to submit a paper to a conference, firstly the author has to read
the Call For Papers (CFP). He/she may either find the CFP information on
the conference website or receive it by email from the PC Chair, or both.
This is rendered by including related tasks in a block composed of two OR
gateways: an OR-Split, used to fork the flow into two branches after a deci-
sion; and an OR-Join that acts as a synchronisation point. If the information
is retrieved online, the author checks if the website is updated with the fi-
nal version of the CFP. In case only the first version of the CFP is present,



CHAPTER 5. OR-JOIN GATEWAY 67

the author checks for updates until the final version is produced. This is
rendered by means of an XOR-Join and XOR-Split loop. Once submission
information is obtained, the author can finalise the paper. Before submitting
it, he/she checks the manuscript and if necessary, improves it until the final
version is obtained. When the author is satisfied, the paper is submitted and
the process completes.
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Figure 5.2: Paper Submission Process Structure.

In the rest of the chapter and for the purpose of the study tasks are inten-
tionally left out, since they do not affect the OR-Join execution [18]. Con-
sidering the running example, its process structure is depicted in Figure 5.2.
For an easier readability and understandability of how the semantics works,
labels are assigned to each BPMN element.

5.2 Towards the OR-Join Formal Definition

This section discusses in detail the semantics of BPMN 2.0 OR-Join as pro-
vided in the OMG specification and clarifies it by means of some examples.
Then, some preliminary notions are introduced.

5.2.1 From BPMN 2.0 Specification to Process Execu-
tion

The OR-Join semantics is quite complex, both from the definition point of
view and from the computational point of view, in terms of determining
whether an OR-Join is active. In this thesis, the characteristics of the OR-
Join are distilled, from a detailed reading of the BPMN specification which is
reported in Figure 5.3 where, as a matter of terminology, Inclusive Gateway
stands for OR-Join, while Sequence Flow for sequence edge.

From the standard it is clear that the OR-Join has a non-local semantics
and its activation may depend on the marking evolution considering the
whole diagram.

More in detail, given an OR-Join with a token in at least one of its
incoming edges, it has to wait for a token that is in a path ending in a
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The Inclusive Gateway is activated if:

• At least one incoming Sequence Flow has at least one token and

• For every directed path formed by sequence flow that:

(i) starts with a Sequence Flow f of the diagram that has a token,

(ii) ends with an incoming Sequence Flow of the inclusive gateway that has
no token,

(iii) does not visit the Inclusive Gateway.

• There is also a directed path formed by Sequence Flow that:

(iv) starts with f,

(v) ends with an incoming Sequence Flow of the inclusive gateway that has
a token,

(vi) does not visit the Inclusive Gateway.

Figure 5.3: OR-Join Semantics According to the OMG Standard BPMN 2.0
(p. 436).
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Figure 5.4: OR-Join Activation.

empty incoming edge of such OR-Join that does not visit the OR-Join itself.
However, if this token is also in a path ending in a non-empty incoming edge,
the OR-Join is activated and the execution can proceed without waiting for
the synchronization.

Example 6. In order to illustrate how the BPMN OR-Join specification
works into practice, the example in Figure 5.4 (A) is used. In this case ORj1
has an incoming token in e5, but it is not activated because it has to wait for
the token in e4 corresponding to f in the definition in Figure 5.3. Indeed,
there is not another path from e4 to e5. However, if the token in e4 moves to
e6, as in Figure 5.4 (B), the execution of ORj1 resumes, because now there
is no marked path ending in e7. Moreover, moving the token in e4 back to e1,
as in Figure 5.4 (C), quite surprisingly ORj1 is activated, since this token
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can follow the path leading to e5. In this case, the OR-Join behaviour is quite
anomalous; this is due to the fact that the model is unsafe.

Example 7. To illustrate the effects of the condition “does not visit the Inclu-
sive Gateway” in Figure 5.3, a variant of the previous process is considered.
Here ORj1 is enclosed in a cycle in Figure 5.4 (D). Also in this case ORj1
is activated; indeed, although the token in e8 is in a path ending in an empty
edge incoming in ORj1 (i.e., e9), since this path visits ORj1 it is ignored.

5.2.2 Preliminaries

To define the formal semantics of a BPMN model some information needs to
be extracted from the model by means of a pre-processing step. This infor-
mation consists of: (i.) paths from each OR-Join backward to the start event
(and their suffix sub-paths) that do not visit the inclusive gateway; (ii.) se-
quence edges involved in a cycle; and (iii.) dependences between OR-Joins.
Only models with one start event are considered; this is not a limitation as
in this setting each model can be rendered in this form.

For the purpose of the pre-processing, a process model is considered as
a direct graph G “ pV,Aq where: V is a set of vertices, ranged over by v
and consisting of start events, end events, and gateways; and A is a set of
arrows, consisting of triples pv1, e, v2q with v1 ‰ v2 and e P E, where E is the
set of all (sequence) edges in a model. Since edges are uniquely identified in
a BPMN model, it results that for each pv1, e, v2q in A there exists no triple
pv11, e

1, v12q in A with e1 “ e. This allows to write, when convenient, pv1, e, v2q

as e. Moreover, it is assumed that an OR-Join vertex is uniquely identified
by the name of its outgoing edge.

A path in G, denoted by p, is a non-empty sequence of edges in A,
where the third element of a triple is equal to the first of the next triple
in the sequence, if any. A path that ends in its starting vertex is called cy-
cle. For example, in the model in Figure 5.2 there are the following cycles:
pe7, e8q, pe4, e6q. Given a path p of the form pv0, e0, v1q, . . . , pvk´1, ek´1, vkq,
notations firstppq and lastppq indicate the starting edge e0 and the ending
edge ek´1 of p, respectively.

Moreover, P refers to the set of all the paths in G and P : E Ñ 2P is
a function that, given as input an edge e P E returns the set of all paths
ending in the OR-Join uniquely identified by e and starting from all vertices
between the start event and the OR-Join, which do not visit the considered
OR-Join. Notably, this function returns a finite set of paths, because cycles
within paths are not repeated. While computing P , it is possible also to
compute the set C Ď E of edges included in a cycle. Concerning the example
in Figure 5.2, Ppe7q “ tpe5q, pe3q, pe1, e3q, pe1, e2, e4, e5q, pe1, e2, e4, e6, e5qu, and
C “ te4, e6, e7, e8, u.
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Finally, to properly formalise the OR-Join semantics in presence of vicious
circles (i.e., to keep blocked the execution, see discussion above), it is nec-
essary to detect for each OR-Join if there are other OR-Joins from which it
depends. This is expressed as a boolean predicate noDep : EÑ ttrue, falseu,
which taken as input an edge e identifying an OR-Join, it holds if no other
OR-Join mutually depends from the OR-Join uniquely identified by its out-
going edge e.

The pre-processing execution relies on existing graph theory procedures.
Given the graph G “ pV,Aq representing the process model, the proposed
pre-processing generates all possible paths between two nodes by combining
minimal cycles with simple paths. More in detail, a simple path is basi-
cally a list of edges where nodes are visited at most once, while a minimal
cycle is a simple path forming a cycle. Hence, the combination of such el-
ements is done by adding each cycle to each path, if and only if the path
and the cycle have a common node. This procedure is used to determine
all the possible paths through which a token can reach the OR-Join and
the OR-Join dependences. To do that the jGraphT (www.jgrapht.org)
Java library is used since it is able to manage graphs. Thanks to this li-
brary it is possible to capture cycles with a customised implementation of
the Szwarcfiter and Lauer algorithm [91] and paths by using a Dijkstra-
like algorithm [30]. The code of the pre-processing is available at https:
//bitbucket.org/proslabteam/or-joinpreprocessing.

5.3 Formal Framework
According to the OMG standard the semantics of the OR-Join requires global
information about the state of the whole model. Thus, a direct, one-to-one,
formalisation of this description has to be given with a global style, i.e., it is
based on a notion of state storing information about tokens distribution over
the whole model. This section presents the global formalisation. Specifically,
it first presents the syntax and operational semantics.

5.3.1 Syntax

To enable a formal treatment of BPMN models including the OR-Join, a
BNF syntax of the model structure is defined in Figure 5.5. To simplify
the formal treatment, in the proposed grammar only simple start and end
events are considered. Moreover, also the event-based gateway is omitted.
Considering the OR-Join gateway, the correspondence between the textual
notation used here and the graphical notation of BPMN is as follows:

• orSplitpei, Eoq represents an OR-Split gateway with incoming edge ei
and outgoing edges Eo;

www.jgrapht.org
https://bitbucket.org/proslabteam/or-joinpreprocessing
https://bitbucket.org/proslabteam/or-joinpreprocessing
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P ::“ startpeoq | endpei, ecmpq | andSplitpei, Eoq | andJoinpEi, eoq |

xorSplitpei, Eoq | xorJoinpEi, eoq | orSplitpEi, eoq | orJoinpEi, eoq | P1‖P2

Figure 5.5: Syntax of BPMN Process Structures.

xstartpeq, σ0y ÑG incpσ0, eq pG-Startq

xendpe, e1q, σy ÑG incpdecpσ, eq, e1q σpeq ą 0 pG-Endq

xandSplitpe, Eq, σy ÑG incpdecpσ, eq, Eq σpeq ą 0 pG-AndSplitq

xandJoinpE, eq, σy ÑG incpdecpσ,Eq, eq @e1 P E.σpe1q ą 0 pG-AndJoinq

xxorSplitpe, te1u Y Eq, σy ÑG incpdecpσ, eq, e1q σpeq ą 0 pG-XorSplitq

xxorJoinpte1u Y E, eq, σy ÑG incpdecpσ, e1q, eq σpe1q ą 0 pG-XorJoinq

xorSplitpe, E1 \ E2q, σy ÑG incpdecpσ, eq, E1q σpeq ą 0 E1 ‰ H pG-OrSplitq

xorJoinpE1 \ E2, eq, σy ÑG incpdecpσ,E1q, eq @e1 P E1.σpe
1q ą 0 pG-OrJoinq

@e1 P E2.σpe
1q “ 0

E1 ‰ H @p1 P Π .D p2 P Πp1

xP1, σy ÑG σ1

pG-Int1q
xP1 ‖ P2, σy ÑG σ1

xP2, σy ÑG σ1

pG-Int2q
xP1 ‖ P2, σy ÑG σ1

Figure 5.6: BPMN Global Semantics.

• orJoinpEi, eoq represents an OR-Join gateway with incoming edges Ei
and outgoing edge eo.

Notice, the one-to-one correspondence between the syntax used here to
represent an OR gateway and the graphical notation of BPMN is reported
in detail in the Appendix A.2.

5.3.2 Semantics

This section formalises this global perspective of the BPMN semantics. The
proposed operational semantics is given in terms of configurations of the form
xP, σ,Py, where: P is a process structure; σ is the execution state, storing
for each edge the current number of tokens marking it; and P is the function
that associates to each OR-Join gateway all paths that are incoming to it, not
visiting it, and starting from marked edges (it results from pre-processing,
see Section 5.2.2). The inital state, where all edges are unmarked, is denoted
by σ0; formally, σ0peq “ 0 @e P E.

The reduction relation over configurations, written ÑG and defined by
the rules in Figure 5.6, formalises the execution of a process in terms of edge
marking evolution. Since such execution only affects the process state, for
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the sake of presentation, the structure and P are omitted from the target
configuration of the transition. Moreover, since P is exploited only by the
OR-Join rule, it will also be omitted from the source configuration. Thus,
xP, σ,Py ÑG xP, σ

1,Py shall be usually written as xP, σy ÑG σ
1.

The operational rules for the OR-Split and the OR-Join gateway are as
follows. Rule G-OrSplit is activated when there is a token in the incoming
edge of an OR-Split gateway, which is then removed while a token is added in
some outgoing edges (at least one). Notably, the rule makes use of operator
\, denoting the disjoint union of sets, i.e. E1 \ E2 stands for E1 Y E2 if
E1 X E2 “ H, it is undefined otherwise.

Rule G-OrJoin defines the semantics of the OR-Join gateway. The opera-
tor\ is used to split the set of edges incoming in the OR-Join into two disjoint
sets, E1 and E2, such that one contains marked edges (@e1 P E1.σpe

1q ą 0)
and the other one contains unmarked edges (@e1 P E2.σpe

1q “ 0). To
make clear the correspondence with the BPMN 2.0 specification, the BPMN
standard is quoted in the description of the rule. “The Inclusive Gate-
way is activated if ” the conditions for the rule applications are satisfied.
Thus, the requirement “At least one incoming Sequence Flow has at least
one token” is represented by condition E1 ‰ H. The second requirement
“For every directed path formed by Sequence Flow that (i)... (ii)... (iii)...
There is also a directed path formed by Sequence Flow that (iv)... (v)...
(vi)” is represented by the condition @p1 P Π .D p2 P Πp1 , where Π is
the set of paths satisfying piq, piiq and piiiq, while the sets Πp, one for
each path p in Π , contain paths satisfying pivq, pvq and pviq. Formally,
they are defined as Π “ tp P Ppeq |σpfirstppqq ą 0 ^ lastppq P E2u and
Πp “ tp

1 P Ppeq | firstpp1q “ firstppq ^ lastpp1q P E1u. In particular, a path p
in Π is such that: “(i) starts with a Sequence Flow f of the diagram that has
a token” (σpfirstppqq ą 0), “(ii) ends with an incoming Sequence Flow of the
inclusive gateway that has no token” (lastppq P E2), and “(iii) does not visit
the Inclusive Gateway” (ensured by definition of P). Instead, given a path
p in Π , a path p1 in Πp is such that: “(iv) starts with f ” (firstpp1q “ firstppq,
as f is the first edge of p), “(v) ends with an incoming Sequence Flow of the
inclusive gateway that has a token” (lastpp1q P E1), and “(vi) does not visit
the Inclusive Gateway” (ensured again by definition of P).

Running Example 9. The initial configuration of the process in Figure 5.2
is xP, σ0y where:

P “ startpe1q ‖ orSplitpe1, te2, e3uq ‖ xorJoinpte2, e6u, e4q

‖ xorSplitpe4, te5, e6uq ‖ orJoinpte3, e5, e8u, e7q ‖ xorSplitpe7, te8, e9uq

‖ endpe9, e10q

and σ0peiq “ 0 @ i “ 1, . . . , 10.
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(a) Initial configuration.
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(g) Step 6.

Figure 5.7: Running Example.

Given the initial configuration by applying rule G-Start the execution of
the process starts by marking with a token the edge e1 (Figure 5.7a). Rule
G-OrSplit can be then applied; it moves the token from e1 to one (or more)
outgoing edges of the OR-Split, say both (Figure 5.7b). On the top branch
rule G-XorJoin can be applied producing a token on edge e4 (Figure 5.7c).
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Supposing that this token comes back once into the cycle, before reaching
edge e5 (Figure 5.7d, 5.7e, 5.7f), all premises of rule G-OrJoin are satisfied:
E1 “ te3, e5u ‰ H, and the condition based in the universal quantification
trivially holds as Π “ H, since all paths with a token at the beginning and
no token at the end, e.g. pe3, e7, e8q, do visit the OR-Join, thus violating the
requirement piiiq. Therefore, the rule can be applied, the token in e3 and
e5 are synchronised and a new token is produced on e7 (Figure 5.7g). From
there, the execution simply proceeds according to the semantics of the XOR
gateway.

5.4 Local Semantics of BPMN OR-Join

The OR-Join semantics presented in the previous section perfectly fits with
the informal definition given in the BPMN 2.0 specification. However, the
evaluation of the OR-Join gateway activation (formalised by the premises
of rule G-OrJoin) requires a global view of the process marking. From a
practical perspective, this may complicate the implementation of the process
control flow, also considering that the semantics of all other BPMN constructs
is local, i.e. it relies only on the information about the marking of incoming
and outgoing edges. Therefore, this section proposes an alternative, yet
equivalent, semantics of BPMN, including the OR-Join construct, that is
local, devised to more efficiently determine the OR-Join activation.

For the local semantics, only safe models [100] are considered. Recall,
safeness requires a model to not activate an edge more than once at the
same time. This assumption is not too restrictive, since safeness is recog-
nised as one of the most important correctness criteria for business process
models [29]. The lack of this property, in fact, may cause issues concern-
ing process execution, related e.g. to the proper termination of processes
or to erroneous synchronisations among concurrent control flows [20] (see
Section 4.5).

5.4.1 Syntax

To enable local treatment of the BPMN semantics, roughly speaking the
global state information of a process is spread over the edges of its structure,
resulting on a Marked Process. Formally, the syntax of marked processes,
denoted by M , is defined in Figure 5.8. The only difference between the
syntax of a marked process and a process structure is that in the former an
edge is also characterised by a type T , indicating if it is part of a cycle (c)
or not (nc), and by a status Σ, denoting whether a token is marking the
edge (live status denoted by l), or it may still arrive (wait status denoted
by w), or will not arrive (dead status denoted by d). Notably, as explained
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M ::“ startpe.T.Σq | endpe.T.Σ, e1.T.Σq | andSplitpe.T.Σ, Eq |

andJoinpe.T.Σ, Eq | xorSplitpe.T.Σ, Eq | xorJoinpe.T.Σ, Eq |

orSplitpe.T.Σ, Eq | orJoinpe.T.Σ, Eq | M1 ‖M2

T ::“ c | nc Σ ::“ l | w | d

Figure 5.8: BPMN Syntax of Marked Processes.

in Section 5.2.2, edge types are statically determined in the pre-processing.
With abuse of notation, the edge set notation E extends to marked edges.

5.4.2 Semantics

The operational semantics does not need to consider any more configura-
tions with a state, but it is directly given in terms of marked processes.
Formally, the operational semantics is defined by means of a labelled tran-
sition relation M `

Ñ́LM
1, meaning that “the marked process M performs a

transition labelled by ` and becomes M 1 in doing so”. Labels ` are used to
propagate the effect of marking updates, resulting from the evolution of a
subterm of the process, to the other subterms. They are triples of the form
pw : E1, d : E2, l : E3q, indicating the edges whose status must be set to w, d
and l, respectively. For the sake of simplicity, within labels, sets Ej contain
just edge names (without type and status). Moreover, to improve readabil-
ity, a field of the triple is omitted when the associated edge set is empty,
and brackets { and } are removed in case of singleton; for example, the label
pw : H, d : H, l : teuq is written l : e.

To define the labelled transition relation, a few auxiliary functions are
necessary. First, setLivepEq, setDeadpEq and setWaitpEq are exploited to
change the status of gateway edges to l, d and w, respectively. They are
inductively defined on the structure of E as follows.

• setLivepHq “ H and setLivepte.T.Σu Y Eq “ te.T.lu Y setLivepEq

• setDeadpHq “ H and setDeadpte.T.Σu Y Eq “ te.T.du Y setDeadpEq

• setWaitpHq “ H and setWaitpte.T.Σu Y Eq “ te.T.wu Y setWaitpEq

Similarly, to check if the edges in E have live (resp. dead, resp. wait)
status, the boolean function isLivepEq (resp. isDeadpEq, resp. isWaitpEq)
is exploited. It is inductively defined as following on the structure of E.

• isLivepHq “ true

• isLivepte.T.Σu Y Eq “

"

true if Σ “ l^ isLivepEq
false otherwise.

• isDeadpHq “ true



76 CHAPTER 5. OR-JOIN GATEWAY

• isDeadpte.T.Σu Y Eq “

"

true if Σ “ d^ isDeadpEq
false otherwise.

• isWaitpHq “ true

• isWaitpte.T.Σu Y Eq “

"

true if Σ “ w ^ isWaitpEq
false otherwise.

Finally, to distinguish the type of edges in E the boolean functions isC pEq
and isNC pEq are used. They are inductively defined on the structure of E
as following.

• isC pHq “ true

• isC pte.T.Σu Y Eq “

"

true if T “ c^ isC pEq
false otherwise.

• isNC pHq “ true

• isNC pte.T.Σu Y Eq “

"

true if T “ nc^ isNC pEq
false otherwise.

Now, rules defining the evolution of the different types of tokens need
to be introduced. In particular, Figure 5.9 presents rules related the live
token, while in Figure 5.10 rules related the dead token. Notably, the initial
status of a marked process M is identified by means of the boolean predicate
isInitpMq, which holds when all edges of M have status w.

Definition 15 (Initial status of marked processes). Let M be a marked
process, then isInitpMq is inductively defined on the structure of its argument
process as follows:

• isInitpstartpe.T.Σqq if isWaitpe.T.Σq

• isInitpandSplitpe.T.Σ, Eqq if isWaitpte.T.Σu Y Eq

• isInitpandJoinpe.T.Σ, Eqq if isWaitpte.T.Σu Y Eq

• isInitpxorSplitpe.T.Σ, Eqq if isWaitpte.T.Σu Y Eq

• isInitpxorJoinpe.T.Σ, Eqq if isWaitpte.T.Σu Y Eq

• isInitporSplitpe.T.Σ, Eqq if isWaitpte.T.Σu Y Eq

• isInitporJoinpe.T.Σ, Eqq if isWaitpte.T.Σu Y Eq

• isInitpendpe.T.Σ, e1.T.Σqq if isWaitpte.T.Σu Y te1.T.Σuq

• isInitpM1 ‖M2q if isInitpM1q and isInitpM2q
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startpe.nc.wq
l:e
Ñ́L startpe.nc.lq pL-Start-NCq

endpe.nc.l, e1.nc.wq
pd:e,l:e1

q
´́ ÑL endpe.nc.d, e1.nc.lq pL-End -NCq

andSplitpe.nc.l, Eq
pd:e,l:Eq
´́ ´́ ÑL andSplitpe.nc.d, setLivepEqq pL-AndSplit-NCq

andSplitpe.c.l, Eq
pw:e,l:Eq
´́ ´́ Ñ́L andSplitpe.c.w, setLivepEqq pL-AndSplit-Cq

andJoinpE, e.nc.Σq
pd:E,l:eq
´́ ´́ ÑL

andJoinpsetDeadpEq, e.nc.lq
isLivepEq pL-AndJoin-NCq

andJoinpE1 \ E2, e.c.Σq
pw:E1,d:E2,l:eq
´́ ´́ ´́ ´́ ÑL

andJoinpsetWaitpE1q \ setDeadpE2q, e.c.lq

isLivepE1 \ E2q,
isC pE1q,
isNC pE2q

pL-AndJoin-Cq

xorSplitpe.nc.l, te1.nc.Σu \ Eq
pd:teu\E,l:e1

q
´́ ´́ ´́ ´́ÑL

xorSplitpe.nc.d, te1.nc.lu \ setDeadpEqq
pL-XorSplit-NCq

xorSplitpe.c.l, te1.c.Σu \ E1 \ E2q
pw:e,l:e1

q
´́ ´́ ÑL

xorSplitpe.c.w, te1.c.lu \ E1 \ E2q

isC pE1q,
isNC pE2q

pL1-XorSplit-Cq

xorSplitpe.c.l, te1.nc.Σu \ E1 \ E2q
pd:teu\E1\E2,l:e

1
q

´́ ´́ ´́ ´́ ´́ Ñ́L

xorSplitpe.c.d, te1.nc.lu\setDeadpE1q\setDeadpE2qq

isC pE1q,
isNC pE2q

pL2-XorSplit-Cq

xorJoinpte1.nc.lu \ E, e.nc.Σq
pd:te1

u\E,l:eq
´́ ´́ ´́ ´́ÑL

xorJoinpte1.nc.du \ setDeadpEq, e.nc.lq
pL-XorJoin-NCq

xorJoinpte1.c.lu \ E1 \ E2, e.c.Σq
pw:e1,d:E2,l:eq
´́ ´́ ´́ ÑL

xorJoinpte1.c.wu \ E1 \ setDeadpE2q, e.c.lq

isC pE1q,
isNC pE2q

pL1-XorJoin-Cq

xorJoinpte1.nc.lu \ E1 \ E2, e.c.Σq
pd:te1

u\E2,l:eq
´́ ´́ ´́ ´́ ÑL

xorJoinpte1.nc.du \ E1 \ setDeadpE2q, e.c.lq

isC pE1q,
isNC pE2q

pL2-XorJoin-Cq

orSplitpe.nc.l, E1 \ E2q
pd:teu\E2,l:E1q
´́ ´́ ´́ ´́ Ñ́L

orSplitpe.nc.d, setLivepE1q \ setDeadpE2qq
E1 ‰ H pL-OrSplit-NCq

orSplitpe.c.l, E1 \ E2q
pw:e,l:E1q
´́ ´́ Ñ́L

orSplitpe.c.w, setLivepE1q \ E2q

E1 ‰ H, isC pE1q,
isNC pE2q

pL1-OrSplit-Cq

orSplitpe.c.l, E1 \ E2q
pd:teu\E2,l:E1q
´́ ´́ ´́ ´́ Ñ́L

orSplitpe.c.d, setLivepE1q \ setDeadpE2qq

E1 ‰ H, isNC pE1q,
isC pE2q

pL2-OrSplit-Cq

orJoinpE1 \ E2, e.nc.Σq
pd:E1\E2,l:eq
´́ ´́ ´́ ´́ÑL

orJoinpsetDeadpE1 \ E2q, e.nc.lq

E1 ‰ H, isLivepE1q,
isDeadpE2q

pL-OrJoin-NCq

orJoinpE1 \ E2, e.c.Σq
pw:E1,d:E2,l:eq
´́ ´́ ´́ ´́ ÑL

orJoinpsetWaitpE1q \ setDeadpE2q, e.c.lq

E1 ‰ H, isLivepE1q,
isDeadpE2q, isC pE1q,
isNC pE2q, noDeppeq

pL1-OrJoin-Cq

orJoinpE1 \ E2, e.c.Σq
pw:E2,d:E1,l:eq
´́ ´́ ´́ ´́ ÑL

orJoinpsetDeadpE1q \ setWaitpE2q, e.c.lq

E1 ‰ H, isLivepE1q,
isDeadpE2q, isNC pE1q,
isC pE2q, noDeppeq

pL2-OrJoin-Cq

Figure 5.9: BPMN Local Semantics - Evolution of Live Tokens.
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Considering live tokens, the semantics behaves as following. Start and
end events have edges with non-cyclic type, as according to the BPMN stan-
dard a start event cannot have an incoming edge and the end event cannot
have outgoing edges (the completing edge is a spurious edge that cannot be
connected to other elements). In particular, rule L-Start-NC annotates the
edge e outgoing from the start event with l when the process is in the initial
status (in fact, the edge has a w status before the transition), the correspond-
ing label l : e is produced. Rule L-End -NC is activated when the incoming
edge has an l status; it produces a d status on the incoming edge and a l
status on the completing edge. Then, there are two rules for the AND-Split
according to the type of incoming and outgoing edges. In particular, rule
L-AndSplit-NC is applied when there is a live status on the non-cyclic in-
coming edge of an AND-Split (and as a consequence all the outgoing edges
are of type nc). As result of its application, it annotates with d the incoming
edge and with l the outgoing edges. Instead, rule L-AndSplit-C is applied
when the cyclic incoming edge of an AND-Split gateway has the live status.
In this case, of course, some of the outgoing edges are included in a cycle.
As result of its application, the rule annotates with w the incoming edge (to
allow it to be set to live again) and with l the outgoing edges. Similarly,
also the AND-Join gateway has two cases: rule L-AndJoin-NC produces
a live status on the outgoing edge, that is of non-cyclic type, and a dead
status on the non-cyclic incoming edges of the AND-Join, only when all the
incoming edges are labelled with l (isLivepEq). Rule L-AndJoin-C produces
a live status on the cyclic outgoing edge, a dead status on the incoming edges
of type nc (isNC pE2q) and a wait status on the other incoming edges, only
when all the incoming edges are labelled with l (isLivepEq). Moreover, this
rule makes use of the operator \ to distinguish non-cyclic edges from cyclic
ones. For the XOR-Split gateway there are three different cases according
to the type of outgoing edges. In detail, rule L-XorSplit-NC, applied when
there is a live status on the non-cyclic incoming edge, annotates with l one of
the outgoing edges and with d the others. Instead, when at least one of the
outgoing edges of the XOR-Split is of type nc there are two rules, according
to the type of the chosen outgoing edge. In particular, rule L1-XorSplit-C,
applied when a live status is available in the incoming edge, annotates with
l one of the outgoing edges; if that edge is of type c all the other edges are
annotated with w, otherwise rule L2-XorSplit-C is applied, producing a wait
status only on that edges of type c and a dead status on the others. Simi-
larly, there are three rules also for the XOR-Join gateway: they distinguish
the case in which the outgoing edge is of non-cyclic type, from the case in
which it is of type c. More in detail, rule L-XorJoin-C is activated every
time there is a live status on one of the incoming edges, of non-cyclic type,
changing all incoming edges status with d and the outgoing edge status with
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l. Rule L1-XorJoin-C is activated every time there is a live status on one of
the incoming edges of type c changing the outgoing edge status with l and
the status of the incoming edges of type c (resp. nc) with w (resp. d). Rule
L2-XorJoin-C is activated when there is a live status on an incoming edge of
type nc and produces a live status on the outgoing edge, a dead status on all
the incoming edges of type nc, while does not change the wait status of the
incoming edges of cyclic type. Considering the OR-Split gateway there are
three rules L “ L-OrSplit-NC, L1 “ L1-OrSplit-C and L2 “ L2-OrSplit-C,
that differ for the type of the incoming/outgoing edges. In particular, rule L
is activated when there is live status on the non-cyclic incoming edge (and as
a consequence all the outgoing edges are of type nc); its application changes
the status of the incoming edge in d and annotates with l at least one of the
outgoing edges and all the other are setted to d. Rules L1 and L2 differ for
the type of the chosen outgoing edges: both of them are activated when there
is a live status on the incoming edge of type c, but L1 changes this status to
w since the chosen outgoing edges belonging to E1 are of type c. Instead L2

changes the status of the incoming edge to d and annotates with l the chosen
outgoing edges, that in this case are of type nc, and with d all the others.
Similarly, considering the OR-Join there are three rules L1 “ L-OrJoin-NC,
L11 “ L1-OrJoin-C, L12 “ L2-OrJoin-C. In particular, L1 is applied when
the outgoing edge is of non-cyclic type, while L11 and L12 when it is of type
c. In these latter cases, the boolean predicate noDeppeq, defined in Section
5.2.2, is used to ensure that in case of vicious circles (noDeppeq “ false) the
rules cannot be applied, thus enforcing a deadlocked behaviour as prescribed
by the BPMN 2.0 standard. In detail, rule L1 is activated when some of
the incoming edges (isLivepE1q) have a live status, while the others have a
dead status (isDeadpE2q). Its application annotates with l the outgoing edge
and with dead all the incoming edges. Rule L11, instead, is applied when the
incoming edges with live status (isLivepE1q) are of cyclic type (isC pE1q) and
there is no dependence with other OR-Joins. Its application annotates with
l the outgoing edge, with dead the incoming edges of type nc and with wait
the incoming edges of type c. Rule L12 acts in a similar way.

The rules described so far are not enough for properly expressing the OR-
Join behaviour. Other rules are indeed needed to propagate the dead status
information. These rules are shown in Figure 5.10. They are applied when
the incoming edges of a gateway are annotated with d, and simply propa-
gate this information to the outgoing edges. More in detail, regarding the
split gateways, the dead status is propagated to all outgoing edges when the
incoming edge is annotated with d. Considering the join gateways instead,
the dead status is propagated only when all incoming edges are annotated
with d. In particular, concerning the AND-Join gateway, this means that in
case there is a deadlock upstream of an incoming edge, the outgoing edge
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will remain in the wait status forever.

andSplitpe.T.d, Eq
d:E
´́ Ñ́L andSplitpe.T.d, setDeadpEqq pD-AndSplitq

andJoinpe.T.Σ, Eq
d:e
´́ÑL andJoinpe.T.d, Eq isDeadpEq pD-AndJoinq

xorSplitpe.T.d, Eq
d:E
´́ÑL xorSplitpe.T.d, setDeadpEqq pD-XorSplitq

xorJoinpe.T.Σ, Eq
d:e
´́ÑL xorJoinpe.T.d, Eq isDeadpEq pD-XorJoinq

orSplitpe.T.d, Eq
d:E
´́ Ñ́L orSplitpe.T.d, setDeadpEqq pD-OrSplitq

orJoinpe.T.Σ, Eq
d:e
´́ ÑL orJoinpe.T.d, Eq isDeadpEq pD-OrJoinq

Figure 5.10: BPMN Local Semantics - Dead Status Propagation.

Finally, M -StatusUpd1 and M -StatusUpd2 rules allow the interleaving of
the process element evolution.

M1
`
Ñ́LM

1
1

M1 ‖ M2
`
Ñ́LM

1
1 ‖ M2 ‹ `

pM -StatusUpd1 q

M2
`
Ñ́LM

1
2

M1 ‖ M2
`
Ñ́LM1 ‹ ` ‖ M 1

2

pM -StatusUpd2 q

They rely on the status updating function M ‹ `, which returns a process
obtained fromM by updating the status of its edges according to the labelled
sets they belong to in `. Formally, this function is inductively defined on the
structure of process M and, with abuse of notation, extends to terms of the
form e.T.Σ and E as follows:

• H ‹ ` “ H

• e.T.Σ ‹ pw : E1, d : E2, l : E3q “

$

’

’

&

’

’

%

e.T.w if e P E1

e.T.d if e P E2

e.T.l if e P E3

e.T.Σ otherwise.

• pte.T.Σu \ Eq ‹ ` “ te.T.Σ ‹ `u \ pE ‹ `q



CHAPTER 5. OR-JOIN GATEWAY 81

Then, in each base case of the inductive definition of the status updating
function, the function is simply applied to the edges e.T.Σ of process nodes.
The definition cases are reported below:

startpe.T.Σq ‹ ` “ startpe.T.Σ ‹ `q
endpe.T.Σ, e1.T.Σq ‹ ` “ endpe.T.Σ ‹ `, e1.T.Σ ‹ `q
andSplitpe.T.Σ, Eq ‹ ` “ andSplitpe.T.Σ ‹ `, E ‹ `q
andJoinpe.T.Σ, Eq ‹ ` “ andJoinpe.T.Σ ‹ `, E ‹ `q
xorSplitpe.T.Σ, Eq ‹ ` “ xorSplitpe.T.Σ ‹ `, E ‹ `q
xorJoinpe.T.Σ, Eq ‹ ` “ xorJoinpe.T.Σ ‹ `, E ‹ `q
orSplitpe.T.Σ, Eq ‹ ` “ orSplitpe.T.Σ ‹ `, E ‹ `q
orJoinpe.T.Σ, Eq ‹ ` “ orJoinpe.T.Σ ‹ `, E ‹ `q
pM1 ‖ M2q ‹ ` “ M1 ‹ ` ‖ M2 ‹ `

Start End

e1.nr.w

e2.nr.w

e3.nr.w

e4.r.w e5.nr.w

e6.r.w

e7.r.w

e8.r.w

e9.nr.wXORj1

ORs1 ORj2

XORs2
XORs3

(a) Initial configuration.

Start End

e1.nr.l

e2.nr.w

e3.nr.w

e4.r.w e5.nr.w
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Figure 5.11: Running Example.
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(c) Step 2.

Figure 5.12: Example of Vicious Circle.

Now it is shown how the local semantics works on the running example
considering a possible evolution from the initial state.

Running Example 10. Figure 5.11a shows the initial configuration of the
running example introduced in Section 5.2, that is when all edges are an-
notated with w. Then, the application of rule L-Start-NR produces a live
status for edge e1 (Figure 5.11b). Supposing now that the OR-Split gateway
ORs1 produces a live status for e3 and e2 (Figure 5.11c), then the live sta-
tus of e2 triggers the XOR-Join gateway XORj1 that produces a live status
for e4 (Figure 5.11d). Supposing now, that the first time, the XOR-Split
gateway XORs2 annotates with l edge e6 by means of rule L1-XorSplit-C
(Figure 5.11e), then this re-activates the XORj1 (Figure 5.11f) that pro-
duces again a live status for e4. Supposing now that rule L2-XorSplit-C is
applied, annotating with l edge e5 and with dead e4 and e6 (Figure 5.11g),
then the OR-Join gateway ORj2 has two incoming edges annotated with l and
one with w. Since the edge marked with w is of cyclic type and the considered
OR-Join does not depend from other OR-Joins, it can proceed by producing a
live status for e7 (Figure 5.11h). After the synchronisation, if the XOR-Split
XORs3 evaluates as true the condition on e9, producing a live status for that
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edge e9 and a dead status for the other outgoing edge e8 (Figure 5.11i).

To clarify the semantics in presence of vicious circles, another example is
reported below.

Example 8. Figure 5.12a shows the initial configuration of a process model
exhibiting a vicious circle, i.e. two OR-Joins mutually dependent on each
others. Thanks to the behaviour of the AND-Split a live status is produced on
its outgoing edges e2, e3 (Figure 5.12b). Then in Step 2 the OR-Split ORs1
produces a live status on edge e6 and a dead status on edges e7; therefore
both ORj2 and ORj3 has an incoming edge e2 (resp. e6) annotated with
l, while the other incoming edges are in a dead (e7) or wait status (e5, e8)
(Figure 5.12c). In particular, the ones annotated with w are of cyclic type c.
This would allow the OR-Join to execute if there would not be dependencies
with other OR-Joins. However, since for instance noDeppe5q “ false, the
OR-Join ORj2 is not activated, thus the process is blocked.

The section concludes by proving the correspondence between the pro-
vided global and local semantics. In order to do that it is first necessary to
illustrate the correspondence between the syntax used in the global formali-
sation and that used in the local version. The local notation is achieved by
applying σ to the structure P , that is by distributing the token information
included in σ on the edges of P . Notably, considering only safe processes
it follows 0 ď σpeq ď 1. Moreover, auxiliary notations t and nl are used to
denote an undefined type, which can be either c or nc, and a not live status,
which can be either w or d. Formally:

Definition 16 (Syntax correspondence). Let xP, σy be a process config-
uration, then P ¨ σ is inductively defined on the structure of P as follows:

• startpeq ¨ σ “ startpe.t.pe ¨ σqq

• endpe, e1q ¨ σ “ endpe.t.pe ¨ σq, e1.t.pe1 ¨ σqq

• andSplitpe, Eq ¨ σ “ andSplitpe.t.pe ¨ σq, pE ¨ σqq

• andJoinpE, eq ¨ σ “ andJoinppE ¨ σq, e.t.pe ¨ σqq

• xorSplitpe, Eq ¨ σ “ orJoinpe.t.pe ¨ σq, pE ¨ σqq

• xorJoinpE, eq ¨ σ “ orJoinppE ¨ σq, e.t.pe ¨ σqq

• orSplitpe, Eq ¨ σ “ orJoinpe.t.pe ¨ σq, pE ¨ σqq

• orJoinpE, eq ¨ σ “ orJoinppE ¨ σq, e.t.pe ¨ σqq

• pP1 ‖ P2q ¨ σ “ P1 ¨ σ ‖ P2 ¨ σ
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where
e ¨σ “

"

l if σpeq “ 1;
nl otherwise.

H¨σ “ H pteuYEq ¨σ “ te.t.pe ¨σquY pE ¨σq

and for each e.t we have that t “

"

c if e P C;
nc otherwise.

with C be the set of edges included in a cycle in xP, σy (see Section 5.2.2).

According to the above definition, a term P ¨ σ represents a class of
marked processes, i.e. all those processes with the same marking for what
concerns the live status, but possibly different markings for the other two
status (information that indeed is not considered at all in the global seman-
tics). Therefore, to state that marked processes belong to a given class the
relation ” is used. Its meaning is as follows: M ” P ¨ σ means that M is
syntactical equivalent to P ¨ σ, up to an instantiation of nl occurrences in
P ¨ σ.

Finally, the results rely on the notion of reachable configuration/pro-
cesses. In fact, the considered syntaxes are too liberal, as they allow terms
that cannot be obtained (by means of transitions) from a process in its initial
state.

Definition 17 (Reachable process configuration/marked process). A
process configuration xP, σy (resp. marked process M) is reachable if there
exists xP, σ1y (resp. process M 1) such that σ1 “ σ0 (resp. isInitpM 1q) and
xP, σ1y ÑG

*σ (resp. M 1 `
Ñ́L

*M).

Now, the formal results state that each step of the global semantics cor-
responds to one or more steps of the local semantics (Theorem 10) and vice
versa (Theorem 11). Their proofs are given by induction on the derivation
of the transitions and are fully reported in Appendix C.2. Theorem 10 relies
on the following Lemma concerning the evolution of processes up to syntax
correspondence.

Lemma 5. Given a marked process M , if M ” P ¨ σ
`
Ñ́LM

1 ” P ¨ σ1 then,
given M2 ” P 1 ¨ σ for some P , we have that M2 ‹ ` “ P 1 ¨ σ1.

Proof (sketch). By structural induction of P .

Theorem 10. Let xP, σy be a reachable process configuration, if xP, σy ÑG σ
1

then for all reachable marked process M such that M ” P ¨σ, M `
Ñ́L

+M 1 and
M 1 ” P ¨ σ1.
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Proof (sketch). By induction on the derivation of xP, σy ÑG σ
1

Theorem 11. Let M be a reachable marked process, with M ” P ¨ σ, if
M

s
ñLM

1, where s “ `1, . . . , `n is such that @i “ 1, . . . , n ´ 1, `i is of the
form pd : E2q and `n is of the form `n “ pw : E1, d : E2, l : E3q with E3 ‰ H

then xP, σy ÑG σ
1 and M 1 ” P ¨ σ1.

Proof (sketch). By induction on the derivation of M s
ñLM

1

5.5 Global vs. Local Semantics

Proved that the two semantics are equivalent under the safeness assumption
according to Theorems 10 and 11, this section compares the two semantics
by conducting some experiments.

Given a fragment of a process model ending in an OR-Join, that will be
called OR-Join model fragment (Figure 5.13), it can be observed that the
number of applications of the OR-Join rule depends on the number and on
the length of the branches joined by the gateway in this fragment.

p0

p1

p2

pk

Figure 5.13: OR-Join Model
Fragment.

In particular, Figure 5.13 generalised the
dimension of an OR-Join model fragment,
showing a block composed by k ` 1 incom-
ing branches of different lengths, each of
which has a token. More precisely, there is
a path p0 that has a token on the ending
edge (σplastpp0qq “ 1), while the others pi,
i “ 1...k, have a token on the starting edge
(σpfirstppiqq “ 1).

Considering the two semantics applied to
a model with the structure subsumed in the
proposed fragment, due to the presence of a token in the incoming edge
of the OR-Join, it can be observed a different number of invocations of
L-OrJoin-NC and G-OrJoin rules. In particular, the global rule will be
applied every time the other tokens perform a step in the k branches, i.e.
in total

řk
i“1max_lengthppiq where the function max_length provides the

length of the longest path. Instead the local rule will be applied only when
all the other tokens reach the gateway, hence in total k times (one time for
branch).

This may result in a scenario where the number of applications of the
global rule may grows infinitely. It is the case of the proposed running
example, where an OR-Join could wait for a token, stacked inside a loop in
one of the path incoming to the OR-Join.
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Considering the running example, in Figure 5.7, the number of incoming
branches of the OR-join is equal to two. Even if it influences the number
of applications of both global and local semantic rules it is considered as a
constant. Indeed, adding incoming branches to the OR-join, the number of
applications of both the global and the local semantic rules increases alike.

The experiments consider model executions in which both the OR-Join
branches are active. These executions differ for the number of cycles (i is
the cycle number). Each executed model is denoted by the parameter i that
increases form 0 to 100 in step of 10.

Experimental results are showed in Table 5.1. Each row provides the
number of loop repetitions that increases form 0 to 100 in step of 10 (i
column), the number of applications of the global semantics (global calls
column), the total time spent by the global semantics (global time column),
the number of application of the local semantics (local calls column), the
total time spent by the local semantics (local time column). The first row
represents the base case where the model instance does not contain cycles.
In this case, the global rule G-OrJoin is applied four times, while the local
rule L-OrJoin-NC is invoked just twice, like in all the other cases. In this
case, the execution times result quite similar. Differently, considering the
other rows in Table 5.1, the local semantics keeps approximatively the same
execution time, hence a constant progress, while the global semantics time
increases linearly. With i equal to 10, the global semantics lasts two times
and half as long as the local one. While increasing the number of cycles until
100 this gap raises to more than 12 times. This increase is also shown up
clearly on the chart in Figure 5.14, focussing only on time.

i Global Local
calls time calls time

0 4 0,372 2 0,425
10 22 1,18 2 0,477
20 42 1,91 2 0,532
30 62 3,21 2 0,503
40 82 3,45 2 0,503
50 102 3,54 2 0,466
60 122 3,58 2 0,555
70 142 3,92 2 0,519
80 162 4,16 2 0,479
90 182 4,86 2 0,503
100 202 5,60 2 0,462

Table 5.1: Experiment Results.

10 20 30 40 50 60 70 80 90 100
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i

timepmsecq

Global
Local

Figure 5.14: Experiment Trend.

Notably, looking at the execution of a single model, the difference in terms
of time is not very significant, due to the fact that each additional invocation
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of the global semantics lasts less than a millisecond. Anyway, shifting the
attention on business processes execution engines in which several executions
of the same model as well as different models are running at the same time,
the gap between the semantics becomes more and more revealing.

From the experiment, it turns out that having a global semantics means
that a process is busy waiting for a condition to be satisfied. This can be
avoided by putting a process to sleep and waking it up when the appropriate
execution state is reached, that is by means of a local semantics.

This semantics fosters a compositional, hence more scalable, approach
for enacting processes with OR-Joins. Indeed, the global semantics has been
introduced as the formal reference, while the local one to be used for imple-
mentations.

5.6 Properties of BPMN Processes
This section provides a rigorous characterisation, with respect to the BPMN
formalisation presented so far, of the key properties studied in this work:
well-structuredness, safeness and soundness. Notably, having demonstrated
the correspondence between the global and the local semantics (Theorems 10
and 11), the considered properties are defined only with respect to the global
formalisation.

5.6.1 Well-Structured BPMN Processes

Advantages of structuring BPMN models have been discussed for years. Hav-
ing structured models can be a benefit in a framework considering BPMN
models including the OR-Join gateway. In fact, in well-structured models
one can have a priori knowledge of the number of tokens the OR-Join has to
wait for by looking at the number of tokens produced by the corresponding
OR-Split gateway.

The formal characterisation of well-structured BPMN processes relies on
the usual functions inpP q and outpP q, which determine the incoming and
outgoing sequence edges of a process element P (their full definition is rel-
egated to Appendix B). Since the definition of well-structuredness extends
the one given in Section 4.1.1 only the new cases are reported.

Definition 18 (Well-structured processes). A process P is well-structured
(written isWS pP q) if P has the following form:

startpeq ‖ P 1 ‖ endpe2, e3q

where inpP 1q “ teu, outpP 1q “ te2u, and isWSCorepP 1q.
isWSCorep¨q is defined on the structure of its argument as follows:
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1. isWSCoreporSplitpe, Eq ‖ orJoinpE 1, e2qqwhereE “ E 1

2.
@j P r1..ns isWSCorepPjq, inpPjq Ď E, outpPjq Ď E 1

isWSCoreporSplitpe, Eq ‖ P1 ‖ . . . ‖ Pn ‖ orJoinpE 1, e2qq

According to Definition 18, case 1 means that a process fragment starting
with an OR-Split and closing with an OR-Join is well-structured. Case 2
means that a composite process starting with an OR-Split and closing with
an OR-Join is well-structured core if each edge of the split is connected to a
given edge of the join by means of well-structured core processes.

Running Example 11. Considering the running example in Figure 5.1
and according to the above definitions, the process is not well-structured, due
to the presence of the XOR split gateway not combined with a XOR join
gateway.

5.6.2 Safe BPMN Processes

Among the considered properties, safeness plays an important role in the
business process domain. This is particularly evident when considering pro-
cesses including the OR join gateway, whose behaviour is quite anomalous
in presence of an unsafe model. In fact, the local semantics is defined under
the safeness assumption.

Before providing a formal characterisation of safe BPMN processes, the
following definition determining the safeness of a process in a given state
needs to be introduced.

Definition 19 (Current state safe process). A process configuration xP, σy
is current state safe ( cs-safe) if and only if @e P edgesElpP q . σpeq ď 1.

The definition of safe processes requires that cs-safeness is preserved along
the computations. ÑG

˚ is used to denote the reflexive and transitive closure
of ÑG.

Definition 20 (Safe processes). A process P is safe if and only if, given
σ0, such that the process configuration is in the initial state xP, σ0y, for all σ1
such that xP, σ0yÑG

˚σ1 we have that xP, σ1y is cs-safe.

Running Example 12. Considering again the running example, it is easily
to see that the process is safe, since there is no process fragment capable of
producing more than one token.
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5.6.3 Sound BPMN Processes

The tricky informal semantics of the OR-Join gateway can lead to differ-
ent interpretation of its behaviour, affecting also the classification of models
including the OR-Join with respect to some correctness properties, such as
soundness. Thus, providing a formal OR-Join semantics and soundness def-
inition is crucial to allow a correct classification of BPMN models including
the OR-Join gateway.

The definition of sound processes relies on the notion of current
state sound process. It, in turns, relies on the definition of function
markedpσ,endpP qq, which refers to the set of completing edges (endpP q)
with at least one token.

Definition 21 (Current state sound process). A process configura-
tion xP, σy is current state sound ( cs-sound) if and only if @ e P

markedpσ,endpP qq . σpeq “ 1 and @e P edgespP qzendpP q . σpeq “ 0.

Definition 22 (Sound process). A process P is sound if and only if, given
σ0, such that the process configuration is in the initial state xP, σ0y, for all σ1
such that xP, σ0yÑG

˚σ1 we have that there exists σ2 such that xP, σ1yÑG
˚σ2,

and xP, σ2y is cs-sound.

Running Example 13. The process in the running example in Figure 5.1
is sound. In fact, the OR-Join is not blocked, thus the process can reach a
marking where only the end event is marked with one token.

5.7 Classification Results

The extension of the formal framework with the introduction of the OR-
Join gateway does not change the classification results obtained for the core
BPMN elements (Section 4.3). Nevertheless, a formalisation of this element,
faithfully compliant with the standard, is crucial also to provide a precise
classification of BPMN models. In fact, the tricky behaviour of the OR-Join
gateway, without a precise semantics, can lead to different interpretations,
affecting also the violation of general correctness criteria, such as soundness.
It may happen that the same model can either belong to the class of sound
models or to the class of unsound model according to the different interpre-
tations of the OR-Join behaviour. In particular, these differences regard the
treatment of mutually dependent OR-Joins (the so-called “vicious circles”)
and of deadlock upstream an OR-Join. As already proved, from a faithful
translation of the standard, it results that in these cases the OR-Joins are
blocked, resulting in unsound processes.
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5.8 Comparison with other Approaches

The particular behaviour defined for the OR-Join in BPMN 2.0 has triggered
a stream of research on providing a formal semantics for this construct. In-
deed, a precise semantics enables to overcome misunderstandings and allows
to reason on model properties by means of formal methods techniques. This
section reports the most relevant work in this direction. Specifically, first
available OR-Join formalisations are discussed and then an investigation on
correctness properties of models including the OR-Join is reported.

5.8.1 OR-Join Formalisations

Most of the previous attempts to formalise the semantics of the OR-Join
[107, 31, 93, 18, 37] are based on earlier versions of the BPMN standard,
which provide different semantics for the OR-Join and do not fit with the
current 2.0 standard. Moreover, also when the current version of the stan-
dard is considered, different interpretations of the OR-Join behaviour, not
always faithful to the specification, have been given. In particular, these dif-
ferences regard the treatment of mutually dependent OR-Joins (the so-called
‘vicious circles’) and of deadlock upstream an OR-Join. In fact, from a faith-
ful translation of the standard, it results that mutually dependent OR-Joins
are blocked, since an OR-Join is not able to recognise a deadlock on a path
leading to it, thus it will wait forever.

This section discusses the most significant related works. In Table 5.2
a comparison among the state-of-the-art approaches resolving the OR-Join
issue is summarised. It compares them with respect to: (i) the BPMN
version used for process specification, (ii) the language used to give the OR-
Join semantics, (iii) the approach used to give the semantics (local or globally
specified), (iv) the type of marking (the distinction is between the base case
with a simple token, from those approaches where the token is enriched with
more structural information such as boolean information, colours or token
set). When available the table summarises also: (v) the safeness or soundness
assumption proposed by each approach, (vi) how each approach threats the
vicious circle (the distinction is between the cases in which the mutually
dependent OR-Joins wait for each other reporting the term blocked, from the
case in which the OR-Joins can fire using the term unlocked), and (vi) how
it manages the deadlock upstream an OR-Join (the distinction is between
the cases in which the deadlock is detected and resolved using the term
unlocked from the case the deadlock is not resolved by the semantics using
the term blocked) The symbol (-) is used when no information regarding the
considered aspect is provided.

Dumas et al. [31] base their work on BPMN 1.0 and on the definition
of the Synchronisation Merge pattern to which the specification refers to.
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They provide a local semantics given throughout an algorithm with simple
token representing the state of the execution. The approach does not im-
pose any restriction and it is able to unlock mutually dependent OR-Joins
and to detect deadlocks upstream. Thalheim et al. [93] refer to the BPMN
1.0 specification and make use of Abstract State Machines to introduce the
global semantics of the OR-Join. Adopting a token-based view of workflow
semantics, to threat the OR-Join they introduce sets of tokens, which are
viewed as a coherent group when a join fires. Völzer [107] proposes a non-
local semantics for the OR-Join in the BPMN 1.0 specification (2006) using
workflow graphs. The semantics is given via simple tokens working under
the safeness restriction. In case of vicious circles he argues that the intended
meaning is not clear and hence they should be sort out by static analysis.
Nevertheless, there are cases where mutually dependent OR-Joins create a
deadlock in his semantics. This approach is then improved in [108], which
quotes the 2010 version of the specification. Under the same assumptions of
the previous work, the new approach presents an implemenatation that re-
quires only constant time to decide whether an OR-Join is enabled in a given
state. However, the cost grows linearly with the number of present OR-
Joins. Carbone et al. [18] refer to BPMN 2.0 - Beta 1, providing a global
semantics directly in terms of a subset of BPMN. The approach does not
imposes any restriction and in particular, concerning the vicious circle, they
argue that, since informally BPMN specification does not include the reso-
lution strategy and their work is a faithful translation, they do not consider
it. Fahland and Völzer [37] study dynamic versions of the classical flexibility
constructs skip and block and define a formal semantics for them. This study
gives rise to a simple and fully local semantics for inclusive gateways, based
on the 2010 BPMN version. It makes use of coloured tokens and requires
a model to be sound. They do not consider the vicious circle; moreover
there can be scenarios where the OR-Join semantics could lead to deadlocks.
The above approaches rely on past versions of the BPMN standard, which
provide different semantics for the OR-Join with respect to the current 2.0
version. Thus, they cannot be applied as they are to the standard BPMN
2.0. Moreover, concerning vicious circles and deadlock upstream considered
by some of those works, this thesis checkes how they are dealt with the cur-
rent specification and, to be completely faithful with it, it simply applies the
same solution. Indeed, in the current description of the OR-Join semantics
in Figure 5.3, it does not seem to be any ambiguity about these two issues.
The OR-Join is able to detect neither a vicious circle nor a deadlock up-
stream, thus in both cases its execution is blocked forever. An example is
shown in the situation depicted in Figure 5.15, where ANDj1 is deadlocked
because no token will never arrive in e5 to synchronise with the one in e4.
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Figure 5.15: OR-Join with Deadlock
Upstream.

The OR-Join activation con-
dition “At least one incom-
ing Sequence Flow has at
least one token” is satisfied,
as there is a token in e2.
Regarding the other condi-
tion, the sequence edge f can
only be e4; now, for the path
formed by e4 and e6 there is
no other path starting with e4 and ending with a marked edge incoming to
the OR-Join (like e2). Thus, the OR-Join is not activated and will never be,
as the waited token in e4 will never move. The situation is similar in case of
vicious circles.

Only few works rely on the current version of BPMN. However, they are
not fully compliant with the OMG standard.

Prinz et al. [53] propose a formalisation of the OR-Join semantics referred
to the current version of the standard. However, they limit the work on
sound workflow graphs, which identify a quite restricted class of BPMN
processes [114]. In this regard, they propose a soundness definition in models
including the OR-Join gateway. However, the proposed semantics does not
fit with the standard as, for instance, it avoids vicious circles by determining
which OR-Join in a circle has to wait and which one has to proceed. Thus,
also soundness verification is affected.

Summing up, differently from previous attempts to formalise the OR-Join
semantics the provided semantics results from a faithful and direct translation
of the current version of the standard. This permits to resolve OR-Join
issues without leaving room for ambiguity and to define correctness properties
fitting with the standard.

As just seen, in formalising the OR-Join se-
mantics different interpretations have been given.

Figure 5.16: Signavio Simulation Error.

The same has happened also
for what concerns its implemen-
tation. In fact, studying the
implementation of the OR-Join
used by some popular BPMN
management tools it can be ob-
served that most of them re-
lax, simplify or even avoid it.
In particular, this work checked:
Camunda [16], Flowable [1],
Stadust [4], jBPM [84], Process
Maker [2], Sydle [5] and Signavio [3]. These BPMN tools provide their own
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interpretation of the BPMN standard, typically relaxing the OR-Join se-
mantics. More specifically, Camunda and Flowable take advantage from the
Activiti OR-Join implementation that in some cases keeps blocked a waiting
token differently from what prescribed in the specification. A similar be-
haviour is followed by Stadust. Differently, jBPM, Process Maker and Sydle
handle only relaxed process structures in which the OR-Join merges branches
created by an OR-Split, and then enforce a simplified behaviour. Last but
not least, Signavio, and in particular its simulation feature, does not support
the OR gateway neither in split nor in join as shown in Figure 5.16.

5.8.2 Reasoning on Correctness Properties

The common way for reasoning about correctness of BPMN models is to
define a formal semantics of the modelling language. Afterwards, formal
reasoning methods can be applied on the obtained formal model. Usually
BPMN formalisations rely on mappings into well-founded formalism, such as
Petri nets [29, 50, 83, 8]. None of the available mappings considers the OR-
Join in processes with arbitrary topology. Kunze and Weske [50], propose a
mapping of the OR-Join in well-structured processes. However, concerning
well-structuredness, none of the proposed definitions [44, 35, 98] formally
defines well-structured processes considering the case in which OR-Split and
OR-Join gateways are properly nested.

Among the available formalisations including the OR-Join gateway, most
of them works under the safeness or soundness assumption [107, 53]. Specifi-
cally, Völzer [107] considers unsoundness as a modelling error, since the lack
of synchronisation (namely unsafeness) can cause undesired race conditions
for the OR-join enabledness in their semantics. Prinz et al. [53] describe
a general definition for soundness of processes guaranteeing the absence of
deadlocks and no lack of synchronisation for each possible OR-join semantics.
In both cases, the OR-Join semantics is given in operation of the property
definitions. Differently, here first a semantics compliant with the BPMN
standard is provided, and then, based on that semantics, correctness prop-
erties are properly defined. A relevant work in this direction is the one by
Wynn et al. [114] that propose new verification techniques to determine
the correctness of business processes with cancellation and OR-joins. They
present these techniques in the context of the workflow language YAWL but
they argue that the results also apply to other languages, such as BPMN.
However, also the proposed approach relies on the use of mapping from a
business model to a reset net, thus inheriting the constraints of the target
language.



Chapter 6
Sub-Processes

Modelling inter-organisational informative systems generally requires to pro-
vide descriptions of the system at different levels of abstraction. On the one
hand, the model designer can better manage the complexity he/she has to
handle going from abstract descriptions of the system towards more detailed
ones, so to focus from time to time on specific aspects of the system or parts
of it. On the other hand, going from a detailed description to an abstract
one permits to have models less crowded and more understandable to the
interested readers, thus keeping the information flow in line with general
comprehension capabilities [19].

The formalisation provided for the BPMN core elements is able to capture
both the process and the collaboration level. In addition, within a process,
the sub-process element can be used to represent a compound activity that
can be expanded or collapsed at designer convenience, in order to regulate
the abstraction level of the model. However, the combined usage of messages
and sub-processes in a collaboration model can lead to intricate and cumber-
some behaviours, which may hide undesired situations not easily identifiable
by the designer. In the business process modelling domain such undesirable
behaviours are typically related to the violation of general correctness crite-
ria, such as safeness and soundness. Notably, a sub-process is not syntactic
sugar that can be removed via a sort of macro expansion, i.e. via simply sub-
stituting the sub-process element by its internal content. Moreover, due to
its behaviour the sub-process can impact on the classification of the models,
both at the process and collaboration level.

Thus, this chapter extends the semantics already given for the core sub-
set of BPMN elements by considering sub-processes. To illustrate the sub-
process effects on the classification first a modified version of the running
example is presented (Section 6.1), then the formal framework is extended
taking into account distinctive characteristics introduced by sub-process el-
ements (Section 6.2), finally business process properties are defined on this
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framework (Section 6.3) and it is shown the sub-process impact on the BPMN
classification (Section 6.4).

Highlights. Distinctive aspects of this chapter are:

• it defines a formal framework for rigorously characterising the semantics
of BPMN models including sub-processes, thus adding a new level of
abstraction;

• on top of the defined semantics it formally characterised the considered
correctness properties, underling the impact of sub-processes on the
classification results;

• the resulting classification represents an advance in classifying BPMN
models, as it is derived from a faithful formalisation of the sub-process
behaviour, as reported in the current standard specification.

6.1 Running Example
According to the BPMN standard a sub-process element is “an activity that
encapsulates a process that is in turn modelled by activities, gateways, events,
and sequence flows” [68, Sec. 13.2.4, pp.430]. Once activated, a sub-process
instance remains in the execution state as long as the encapsulated process
is running. Then, only when none of its internal activity is active the sub-
process completes [68, pp. 431], and as a result the control is passed to the
sequence edge outgoing from the sub-process element. A good effect of the
standard definition refers to the possibility to check the quality of a model
at different levels of abstraction when it includes sub-processes, which, when
collapsed, can be considered as a “normal” task consuming an incoming token
when it starts, and then it will produces an outgoing token when it ends.

To illustrate the behaviour of the sub-process elements Figure 6.1 reports
two exemplificative models concerning the reviewing process for a scientific
conference. As in Section 3.1 simplification are in place. In particular, the
two collaboration diagrams combine the activities of a single PC Chair,
a single Reviewer and the Contact Author. In the process specified in
Figure 6.1 (A) the reviewing phase, including the checks on the paper and
the writing of the review, is embedded into a sub-process, while Figure 6.1
(B) shows the same process where the sub-process has been flattened into
the main process.

Notably, differently from what could be expected, according to the def-
inition provided by the standard the two processes lead to different process
completion. In particular, in the process in Figure 6.1 (A) only one token
is propagated after the execution of the sub-process, thus only one token
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Figure 6.1: Paper Reviewing Collaboration Model

reaches the end event of the including process. A different result can be ob-
served for the flattened process model in Figure 6.1 (B). In this case the two
tokens generated by the AND-Split gateway will both reach the end event.

6.2 Formal Framework

This section extends the formalisation already defined in Section 3.2 by in-
cluding the sub-process element, which was overlooked in the previous seman-
tics definition. Specifically, it presents the syntax and operational semantics.

6.2.1 Syntax

Form the syntactic point of view, syntax of processes in Section 3.2.1 needs to
be extended with a specific construct representing the sub-process element:
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P ::“ . . . | subProcpei, P, eoq

where subProcpei, P, eoq represents a sub-process element with incoming edge
ei and outgoing edge eo. When activated, the enclosed sub-process P behaves
according to the elements it consists of, including nested sub-process elements
(used to describe collaborations with a hierarchical structure).

Here in the following the auxiliary functions already defined in Sec-
tion 3.2.1 are used. In particular, since this section considers process includ-
ing nested sub-processes, to refer to the enabling edges of the start events
of the current level it resorts to function startpP q. Recall, it is assumed
that each process/sub-process in the collaboration has only one start event.
Function startp¨q applied to C will return as many enabling edges as the
number of involved participants. Similarly functions endpP q and endpCq are
defined on the structure of processes and collaborations in order to refer to
end events in the current layer.

Running Example 14. The BPMN model in Figure 6.1(A) is expressed in
the syntax as the following collaboration structure (at an unspecified step of
execution):

poolpPC Chair, Ppcq ‖ poolpReviewer, Prq ‖ poolpContact Author, Pcaq

with Pr, Ppc and Pca expressed as follows, where for simplicity the edges are
identified in progressive order ei (with i “ 0 . . . 25):

Pr “ startpe0, e1q ‖ taskRcvpe1,Review Request, e2q ‖ subProcpe2, P, e13q ‖
taskSndpe12,Review, e13q ‖ endpe13, e14q

P “ startpe3, e4q ‖ andSplitpe4, te5, e6uq ‖ taskpe5, e7q ‖
taskpe6, e8q ‖ andJoinpte7, e8u, e9q ‖ taskpe9, e10q ‖ endpe10, e11q

Ppc “ startpe15, e16q ‖ taskSndpe16,Review Request, e17q ‖
taskRcvpe17,Review, e18q ‖
taskpe18, e19q ‖ taskSndpe19,Notification, e20q ‖ endpe20, e21q

Pca “ startRcvpe22,Notification, e23q ‖ taskpe23, e24q ‖ endpe24, e25q

Moreover, considering the functions defined on the structure it follows:
participantppoolpPC Chair, Ppcq ‖ poolpReviewer, Prq ‖
poolpContact Author, Pcaqq “ tPpc, Pr, Pcau, startpPrq “ te0u, startpP q “ te3u

and endpP q “ te11u endpPrq “ te14u. Finally, edgespPrq “ te0, ..., e14u and
edgespP q “ te3, ..., e11u, edgesElpPrq “ te1, ..., e13u, edgesElpP q “ te4, ..., e10u

The others are defined in a similar way.
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The one-to-one correspondence between the syntax used here to represent
a sub-process and the graphical notation of BPMN, that is exemplified by
means of the running example in Figure 6.1(A), is also reported in detail in
the Appendix A.3.

6.2.2 Semantics

The syntax presented so far permits to describe the mere structure of a col-
laboration and a process. To describe the semantics of collaboration models,
the structural information needs to be enriched with a notion of execution
state, defining the current marking of sequence and message edges. As previ-
ously, the operational semantics is directly defined on BPMN in terms of LTS,
whose definition relies on an auxiliary LTS on the behaviour of processes.

Now, to formalise the behaviour of the sub-process element it is only
sufficient to include in process and collaboration configurations information
about the completion of the sub-process. To check it the boolean predicate
completedpP, σq is exploited. It is defined according to the prescriptions of
the BPMN standard, which states that “a sub-process instance completes
when there are no more tokens in the Sub-Process and none of its Activities
is still active” [68, pp. 426, 431]. Thus, the sub-process completion can be
formalised as follows.

Definition 23. Let P be a process included in the sub-process the predicate
completedpP, σq holds if one of the following conditions is satisfied:

• D e P endpP q . e P markedpσ,endpP qq ^ @e P edgespP qzendpP q . σpeq “
0.

• @e P edgespP qzendpP q.σpeq “ 0.

Notably, the completion of a sub-process does not depend on the ex-
changed messages, and it is defined considering the arbitrary topology of the
model, which hence may have one or more end events with possibly more
than one token in the completing edges.

Rules for the sub-process element are reported in Figure 6.2. Rule
P -SubProcStart is activated only when there is a token in the incoming edge
of the sub-process, which is then moved to the enabling edge of the start event
in the sub-process body. Then, the sub-process behaves according to the be-
haviour of the elements it contains according to the rule P -SubProcEvolution.
When the sub-process completes rule P -SubProcEnd is activated. It removes
all the tokens from the sequence edges of the sub-process body1, and adds
a token to the outgoing edge of the sub-process. Rule P -SubProcKill deals

1Actually, due to the completion definition, only the completing edges of the end events
within the sub-process body need to be set to zero.
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xsubProcpe, P, e1q, σy
ε
ÝÑ

incpdecpσ, eq, startpP qq

σpeq ą 0,
completedpP, σq

pP -SubProcStartq

xP, σy
`
ÝÑ σ1

pP -SubProcEvolutionq
xsubProcpe, P, e1q, σy

`
ÝÑ σ1

xsubProcpe, P, e1q, σy
ε
ÝÑ

incpresetpσ, endpP qq, e1q
completedpP, σq pP -SubProcEndq

xP, σy
kill
ÝÝÑ σ1

pP -SubProcKillq
xsubProcpe, P, e1q, σy

kill
ÝÝÑ incpresetpσ1, edgespP qq, e1q

Figure 6.2: BPMN Sub-Process Semantics.

with a sub-process element observing a killing action in its behaviour due to
an occurrence of a terminate event. This rule is activated only when there
is a token in the incoming edge of termination event. Then, the sub-process
stops its internal behaviours and passes the control to the upper layer, indeed
the rule removes all the tokens in the sub-process and adds a token to the
outgoing edge of the sub-process.

6.3 Properties of BPMN Collaborations

This section provides a rigorous characterisation of the key properties studied
in this work, i.e. well-structuredness, safeness and soundness, in BPMN
models including the sub-process element. These properties are characterised
both at the process and collaboration level.

6.3.1 Well-Structured BPMN Collaborations

To be able to consider both structured and unstructured models this section
provides a formal definition of well-structured BPMN models including the
sub-process element. This definition naturally extends the one already given
in Section 4.1.1, which relies on the auxiliary functions inpP q and outpP q
(their definition is relegated to Appendix B) and on the definition of well-
structured core, given via the boolean predicate isWSCorep¨q.

Recall, a process P is well-structured (written isWS pP q) if P is expressed
as a (core) process included between any possible combination of different
types of the considered start and end events. Moreover, it is required that the
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core process satisfies the predicate isWSCorep¨q, which is defined as follows
(only the new cases are here reported).

Definition 24 (Well-structured core processes). Predicate isWSCorep¨q is
inductively defined on the structure of its argument as follows:

isWSCorepP 11q, inpP
1
1q “ te

2
u, outpP 11q “ te

3
u

1paq. isWSCorepsubProcpe, startpe1, e2q ‖ P 11 ‖ endpe3, eivq, evqq
1pbq. isWSCorepsubProcpe, startpe1, e2q ‖ P 11 ‖ terminatepe3q, eivqq
1pcq. isWSCorepsubProcpe, startpe1, e2q ‖ P 11 ‖ endSndpe3,m, eivq, evqq
1pdq. isWSCorepsubProcpe, startRcvpm, e2q ‖ P 11 ‖ endpe3, eivq, evqq
1peq. isWSCorepsubProcpe, startRcvpm, e2q ‖ P 11 ‖ terminatepe3q, eivqq
1pfq. isWSCorepsubProcpe, startRcvpm, e2q ‖ P 11 ‖ endSndpe3,m, eivq, evqq

According to Definition 24 a sub-process is a well structured core if it
includes a well-structured core process.

Well-structuredness naturally extends to collaborations, by requiring each
process involved in a collaboration to be well-structured.

Running Example 15. Considering the proposed running example in Fig-
ure 6.1 (A) and according to the above definitions, processes Ppc and Pca are
well-structured, while process Pr is not well-structured, due to the presence of
the unstructured process fragment formed by two AND-Split and XOR-Join.
Thus, the overall collaboration is not well-structured.

6.3.2 Safe BPMN Collaborations

The other relevant property considered in the thesis is safeness. In the new
formal framework, including the sub-process element, the formal definition
of safe BPMN processes and collaborations presented in Section 4.1.2 is still
valid. Recall, it is based on definition determining the safeness of a process
in a given state (cs-safeness), and requires that cs-safeness is preserved along
the computations.

Running Example 16. Considering again the running example depicted in
Figure 6.1 (A), processes Ppc and Pca are safe since there are not process
fragments capable of producing more than one token. Process Pr instead is
not safe. In fact, when the sub-process is started, it first runs in parallel
tasks Check Paper Quality and Check Paper Novelty, then executes two
times task Write Review. Thus, the whole process is not safe. Moreover,
also the resulting collaboration is not safe.
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6.3.3 Sound BPMN Collaborations

The use of sub-processes can affect the satisfaction of the soundness prop-
erty, due to the BPMN notion of sub-process completion. In fact, affecting
the completion of the whole process, the sub-process element impacts on the
soundness property. However, the definition of sound processes and collabo-
rations given in Section 4.1.3 are still valid in the new extended framework.
Recall, it is based on definition determining the soundness of a process in a
given state (cs-sound), and requires that this property is preserved along the
computations. Also message-relaxed soundness naturally extends to the new
framework.

Running Example 17. Considering the running example in Figure 6.1 (A).
It is easily to see that the collaboration in Figure 6.1 (B) is both unsound and
message-relaxed unsound since in process Ppc, due to the fragment formed by
the AND-Split and XOR-Join gateway, there will be a configuration with two
tokens on the end event and a pending message. Now, considering the model
in Figure 6.1 (A) obtained by Figure 6.1 (B) enclosing within a sub-process
the part of the model generating multiple tokens, it can be observed a positive
effect on the soundness of the model: the collaboration is both sound and
message-relaxed sound.

6.4 Classification Results

The ability of the proposed formal framework to properly treat sub-processes
without any restrictions enables to provide a more precise classification of
the BPMN models as synthesised by the Euler diagrams in Figure 6.3(a) and
Figure 6.3(b).

Sound                        Sound-Safe                                          Safe

sub-process

 
Message-Relaxed

 Sound 

sub-process sub-process

Sound

sub-process

Sound                        Sound-Safe                                          Safe

sub-process

 
Message-Relaxed

 Sound 
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Figure 6.3: Reasoning at Process (a) and Collaboration (b) Level.

In particular, Figure 6.3(a) underlines reasoning that can be done at
process level on soundness. Here it emerges how the sub-process element can
affect model soundness, as properly using it, it may render sound a model
that was unsound, as shown in Figure 6.1 (A) of the running example.
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Also the use of sub-processes can impact on the satisfaction of the sound-
ness property. Figure 6.5 shows a simple process model where the unsound
process in Figure 6.4 is included in the sub-process.

Notice, this reasoning is not affected by safeness and, in particular, it
cannot be extended to collaborations. In fact, as discussed in Section 4.6,
when composing two sound processes the resulting collaboration could be
either sound or unsound.

Interesting situations also arise when focussing on the collaboration level,
as highlighted in Figure 6.3(b). Worth to notice is the possibility to trans-
form, with a small change, an unsound collaboration into a sound one.

Figure 6.6, Figure 6.7 and Figure 6.8 report a simple example showing
the impact of sub-processes. Also in this case the models are rather similar,
but according to the classification the result is completely different. The
collaboration model in Figure 6.6 is both unsound and message-relaxed un-
sound since when ORG A there is a configuration with two tokens on the
end event and a pending message. Now, considering the model obtained by
Figure 6.6 introducing a sub-process the resulting collaboration in Figure 6.7
is unsound and message-relaxed sound, since the use of the sub-process mit-
igates the causes of message-relaxed unsoundness. In fact there will be only
the issue of a pending message, since Task C sends two messages and only
one will be consumed by Task D. Differently, Figure 6.8 shows that enclosing
within a sub-process only the part of the model generating multiple tokens
results in a positive effect on the soundness of the model. The collaboration
is both sound and message-relaxed sound.

6.5 Relationships among Properties

This section studies how the introduction of the sub-process elements im-
pacts on the relationships among the considered properties. In particular
it investigates the relationship between (i) well-structuredness and safeness,
(ii) well-structuredness and soundness, and (iii) safeness and soundness. The
proofs of these results are reported in the Appendix C.3.
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6.5.1 Well-structuredness vs. Safeness in BPMN

Considering well-structuredness and safeness Section 4.4.1 proved that all
well-structured models are safe (Theorem 1), and that the reverse does not
hold. This results is still valid when introducing the sub-process element.
To show that, first it is proved that a process in the initial state is cs-safe
(Lemma 1). Then, it is shown that cs-safeness is preserved by the evolution of
well-structured core process elements (Lemma 6) and processes (Lemma 3).
These latter two lemmas rely on the notion of reachable processes/core el-
ements of processes (that is process elements different from start, end, and
terminate events). This last notion, in its own turn, needs the definition of
initial state for a core process element (see Appendix B). The proof follows
the one already provided for the core set of BPMN elements with the excep-
tion of including the sub-process element. The new relevant cases regard the
following Lemma and are shown in Appendix C.3.

Lemma 6. Let isWSCorepP q, and let xP, σy be a core reachable and cs-safe
process configuration, if xP, σy `

ÝÑ σ1 then xP, σ1y is cs-safe.

Proof (sketch). By induction on the structure of well-structured core pro-
cess elements.
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6.5.2 Well-structuredness vs. Soundness in BPMN

Considering the relationship between well-structuredness and soundness Sec-
tion 4.4.1 proved that a well-structured process is always sound (Theorem 3),
but there are sound processes that are not well-structured. To show that this
result is still valid in the new framework, first it is demostrated that a reach-
able well-structured core process element can always complete its execution
(Lemma 7). This latter Lemma is based on the auxiliary definition of the
final state of core elements in a process, given for all elements with the ex-
ception of start and end events. The proof is equal to the one reported in
Section 7.4.2, with the exception of the following Lemma.

Lemma 7. Let isWSCorepP q and let xP, σy be core reachable, then there
exists σ1 such that xP, σy ÝÑ˚σ1 and isCompleteElpP, σ1q.

Proof (sketch). By induction on the structure of well-structured core pro-
cess.

6.5.3 Safeness vs. Soundness in BPMN

Considering the relationship between safeness and soundness it results that
there are unsafe models that are sound. This is a peculiarity of BPMN, thank
to its capability to support also (unsafe) sub-processes.

Reasoning at the process level, the following Theorem holds.

Theorem 12. Let P be a process, P is unsafe does not imply P is unsound.

Proof (sketch). By contradiction.

Considering now the collaboration level, it results that there are unsafe
collaborations that could be either sound or unsound, as proved by the fol-
lowing Theorem.

Theorem 13. Let C be a collaboration, C is unsafe does not imply C is
unsound.

Proof (sketch). By contradiction.

Running Example 18. In the collaboration in the running example (Fig-
ure 6.1 (A)), process Ppc are safe (and sound) and Pca while process Pr is
not safe but sound. In fact, the sub-process completes only when all the gen-
erated tokens arrive at its end event, and only one token is moved to the
including process. Thus, the collaboration is not safe but it is both sound and
message-relaxed sound.
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6.6 Compositionality of Safeness and Sound-
ness

This section studies safeness and soundness compositionality at process level,
by considering the compositionality of sub-processes. Specifically, it investi-
gates how the sub-processes behaviour impacts on the safeness and soundness
of processes including them.

6.6.1 On Compositionality of Safeness

In the following it is shown that the composition of unsafe sub-processes
always results in un-safe processes, but the vice versa does not hold. There
are also un-safe processes including safe sub-processes when the unsafeness
does not depend from the behaviour of the sub-process.

Theorem 14. Let P be a process including a sub-process subProcpei, P1, eoq,
if P1 is unsafe then P is unsafe.

Proof (sketch). By contradiction (see Appendix C.3).

Running Example 19. The running example in Figure 6.1 (A) includes a
sub-process. As shown in Section 6.3.2 processes Ppc and Pca are safe while
process Pr is not safe. Thus, the unsafeness of the sub-process impacts on
the safeness of the including process.

6.6.2 On Compositionality of Soundness

Considering soundness in a multi-layer structure, it results that the compo-
sition of unsound sub-processes does not result in un-sound processes. There
are also sound processes including unsound sub-processes. In fact, when
putting unsound sub-processes together in a process, this could be either
sound or unsound.

Theorem 15. Let P be a process including a sub-process subProcpei, P1, eoq,
if P1 is unsound does not imply P is unsound.

Proof (sketch). By contradiction (see Appendix C.3).

6.7 Comparison with other Approaches
Much effort has been devoted to formalise the BPMN standard. However,
less attention has been paid to provide a direct formalisation taking into
account message exchange and sub-process behaviour, as well their impact
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on collaborations. This section discusses the most relevant related work.
First the available formalisations are discussed and then an investigation on
correctness properties is reported.

6.7.1 Sub-Processes Formalisations

Regarding the formalisation of BPMN models, the notion of sub-process
has not been extensively studied yet. Among the others, Borger and Thal-
heim [14], Christiansen et al. [18], El-Saber and Boronat [35], and Kossak et
al. [47] provide a direct formalisation for a core subset of BPMN elements.
However, none of them is able to reason on collaborations including at the
same time sub-processes, messages and their interplay. Differently, in [47]
the authors present a sub-process semantics. However, differently from what
prescribed by the BPMN standard, when an end event of the sub-process is
reached the flow immediately moves back up to the higher-level parent pro-
cess. Moreover, the paper skips the problems derived by the combined usage
of messages and sub-processes, by saying that the “semantics, however, does
not change with the graphical depiction, that is, a collapsed sub-process must
have the same semantics as when it is expanded ”.

Others contributions provide a mapping toward well known formal for-
malism (e.g., process algebras and Petri Nets). All these approaches suffer
from issues related to encodings. In fact, the semantics given by transla-
tion is based on the low-level details of the encoding without considering the
actual features and constructs of BPMN. This may make the formalisation
inaccurate, since translations usually rely on assumptions and language ab-
stractions. In particular, Dijkman et al. [29] propose a mapping from BPMN
to Petri Nets. The paper introduces also sub-processes saying that its be-
haviour is not clear in the BPMN specification. Hence, they restrict the
mapping to sub-processes with a single start event and a single end event
only. Moreover, such a mapping does not work properly if there are one or
more activities within the sub-process which may be executed multiple times.
Hence they consider only safe sub-processes, while in the given approach no
restrictions are made.

6.7.2 Reasoning on Correctness Properties

Concerning verification, different properties have been defined in the context
of Petri Nets, mainly focussing on the verification of correctness properties
related to the control flow of the business process, without considering com-
munication aspects [29, 26, 104, 80, 100]. Among the others, Dijkman et
al. [29] provide a mapping from BPMN to Petri Nets. In such work, safe-
ness for a BPMN models means that any activity will ever be enabled or
executed more than once concurrently. Safeness is discussed in relation to
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sub-processes as a restriction of the considered models. However, definitions
are just given using natural language. Moreover, the mapping does not per-
mit to distinguish sequence and message edges. Correspondingly analysis
activities based on such encoding are not able to differentiate issues con-
cerning the control flow from those concerning the message flow. In this
direction a relevant work is the one by Puhlmann and Weske [81]. The au-
thors propose a classification of BPMN models based on different notions of
soundness. Their formalisation is also able to represent the sub-process ele-
ment as a node that references another process graph. However, they argue
that such composed process graphs can always be flattened, thus, they con-
sider only flat process graphs. Among the direct formalisations, El-Saber and
Boronat [35] provide a formal characterisation of well-structured processes.
Their formal framework includes also the sub-process element. However, re-
stricting only to well-structured processes, other relevant properties are not
taken into account.



Chapter 7
Multiple Instances and Data

Clearly understanding of interactions and data exchanges is particularly im-
portant, especially when multiple instances of interacting participants are
involved. In this regard, BPMN collaboration diagrams result to be an effec-
tive way to reflect how multiple participants cooperate to reach a shared goal.
Also in this context, the BPMN lack of formal semantics becomes a prominent
issue. To overcome this problem, several formalisations have been proposed,
mainly focussing on the control flow perspective (e.g., [29, 24, 112, 14, 105]).
Less attention has been paid to provide a formal semantics capturing the
interplay between control features, message exchanges, and data. These per-
spectives are strongly related, especially when a participant interacts with
multi-instance participants. In fact, to achieve successful collaboration inter-
actions, it is required to deliver the messages arriving at the receiver side to
the appropriate instances. As messages are used to exchange data between
participants, the BPMN standard fosters the use of the content of the mes-
sages themselves to correlate them with the corresponding instances. Thus,
the data perspective plays a crucial role when considering multi-instance col-
laborations. Despite this, no formal semantics that considers all together
these key aspects of BPMN collaboration models has been yet proposed in
the literature.

This chapter defines a formal semantics for BPMN collaborations consid-
ering control flow elements, multi-instance pools, data objects and data-based
decision gateways (Section 7.2). The movement from a pure control-flow per-
spective to more complex models where also data and decisions are explicitly
considered has also called for methods and techniques able to guarantee the
correctness of such models. Therefore, also correctness properties are defined
in multi-instance collaborative scenarios (Section 7.3), to check if the classifi-
cation results obtained for the core subset of BPMN elements are still valid in
this extended framework. Finally, an animator tool faithfully implementing
the proposed formal semantics is presented (Section 7.6).
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Figure 7.1: Paper Reviewing Collaboration Model.

Highlights. The main contributions of this chapter are:

• it defines a direct formal semantics for BPMN collaborations consider-
ing control flow elements, multi-instance pools, data objects and data-
based decision gateways, thus providing a precise understanding of am-
biguous and loose points of the standard;

• it defines the correctness properties in this data-aware setting, confirm-
ing the obtained classification results.

7.1 Running Example
To precisely deal with multiple instances in BPMN collaboration models, it is
necessary to take into account the data flow. Indeed, the creation of process
instances can be triggered by the arrival of messages, which contain data.
Within a process instance, data is stored in data objects, used to drive the
instance execution. Values of data objects can be used to fill the content of
outgoing messages, and vice versa, the content of incoming messages can be
stored in data objects. To clarify the interplay between such concepts the
reviewing process presented in Section 2.2.2 is considered. The example con-
cerns the management of a single paper, which is revised by three reviewers;
of course, the management of all papers submitted to the conference requires
to enact the collaboration for each paper.

In this scenario, data support is crucial to precisely render the message
exchanges between participants, especially because multiple instances of the
Reviewer process are created. In fact, messages coming into this pool might
start a new process instance, or be routed to existing instances already un-
derway. Messages and process instances must contain enough information
to determine, when a message arrives at a pool, if a new process instance is



CHAPTER 7. MULTIPLE INSTANCES AND DATA 111

needed or, if not, which existing instance will handle it. To this aim, BPMN
makes use of the concept of correlation: it is up to each single message
to provide the information that permits to associate the message with the
appropriate (possibly new) instance. This is achieved by embedding values,
called correlation data, in the content of the message itself. Pattern-matching
is used to associate a message to a distinct receiving task or event. In the
considered example, every time the chair sends back a feedback to a reviewer,
the message must contain information (in the presented case reviewer name
and paper title) to be correlated to the correct process instance of Reviewer.

According to the BPMN standard, data objects do not have any direct
effect on the sequence flow or message flow of processes, since tokens do not
flow along data associations [68, p. 221]. However, this statement is ques-
tionable. Indeed, on the one hand, the information stored in data objects can
be used to drive the execution of process instances, as they can be referred in
the conditional expressions of XOR gateways to take decisions about which
branch should be taken. On the other hand, data objects can be connected
in input to tasks. In particular, the standard states that “the Data Objects
as inputs into the Tasks act as an additional constraint for the performance
of those Tasks. The performers [...] cannot start the Task without the ap-
propriate input” [68, p. 183]. In both cases, a data object has an implicit
indirect effect on the execution, since it can drive the decision taken by a
XOR gateway or act as a guard condition on a task. For instance, in the
running example, according to the value of the Evaluation data object, the
conditional expression What is the decision? is evaluated and a branch of
the XOR-Split gateway is chosen. As another example, the task Send Re-
sults can be executed only if an acceptance or rejection letter is stored in the
Letter data object.

Concerning the content of data objects, the standard left underspecified
its structure, in order to keep the notation independent from the kind of
data structure required from time to time. Here a generic record structure is
considered, assuming that a data object is just a list of fields, characterised
by a name and the corresponding value. Of course, a field can be used to
represent the state of a data object. More complex XML-like structures,
which are out of the scope of the thesis, can be anyway rendered resorting
to nesting. The structure in terms of fields of the data objects used in
the running example is specified in Figure 7.2(a). Messages are structured
as well; the structure of the messages specified in the example is shown in
Figure 7.2(b). Values can be manipulated and inserted into data object fields
via assignments performed by tasks.

Guards, assignments, and structure of data objects and messages are not
explicitly reported in the graphical representation of the BPMN model, but
are defined as attributes of the involved BPMN elements. Information on
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(a) Paper ttitle, contact, authors, bodyu Reviews ttitle, reviewers, scores, bodiesu

Evaluation ttitle, decisionu Letter ttitle, evaluationu PaperReview ttitle, score,bodyu

(b) ReviewRequest ttitle, bodyu Notification ttitle, contact, authors, evaluation, scores, bodiesu

Review treviewerName, title, score, bodyu Feedback treviewerName, title, evaluationu

Figure 7.2: Structures of Data Objects (a) and Messages (b) of the Paper
Reviewing Example.

their definition and functioning are provided in Section 7.2.

7.2 Formal Framework
This section formalises the semantics of BPMN collaborations supporting
multiple instances. The formalisation focuses on those BPMN elements, in-
formally presented in the previous section, that are strictly needed to deal
with multiple instantiation of collaborations, namely multi-instance pools,
message exchange events and tasks, and data objects; additionally, in or-
der to define meaningful collaborations, also some core BPMN elements are
considered, whose formalisation has been given in Section 3.2

7.2.1 Syntax

Figure 7.3 reports the BNF syntax defining the textual notation of BPMN
collaboration models. This syntax only describes the structure of models,
without taking into account all those aspects that come into play to describe
the model semantics, such as token distribution and messages. In the pro-
posed grammar, the non-terminal symbols C, P and A represent Collabora-
tion Structures, Process Structures and Data Assignments, respectively. The
first two syntactic categories directly refer to the corresponding notions in

C ::“ poolpp, P q | miPoolpp, P q | C1 ‖ C2

P ::“ startpeenb, eoq | startRcvpm : t̃, eoq | endpei, ecmpq

| endSndpei,m : ˜exp, ecmpq | terminatepeiq | andSplitpei, Eoq

| xorSplitpei, Gq | andJoinpEi, eoq | xorJoinpEi, eoq

| eventBasedpei, pm1 : t̃1, eo1q, . . . , pmh : t̃h, eohqq

| taskpei, exp, A, eoq | taskRcvpei, exp, A,m : t̃, eoq

| taskSndpei, exp, A,m : ˜exp, eoq | emptypei, eoq

| interRcvpei,m : t̃, eoq | interSndpei,m : ˜exp, eoq | P1 ‖ P2

A ::“ ε | d.f ::“ exp, A

Figure 7.3: BNF Syntax of BPMN Collaboration Structures.
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BPMN, while the latter refers to list of assignments used to specify updating
of data objects. The terminal symbols, denoted by the sans serif font, are the
typical elements of a BPMN model, i.e. pools, events, tasks and gateways.

There is no direct syntactic representation of Data Objects. The evolution
of their state during the model execution is a semantic concern (described
later in this section). Thus, syntactically, only the connections between data
objects and the other elements are relevant. They are rendered by references
to data objects within expressions, used to check when a task is ready to
start (graphically, the task has a connection incoming from the data object),
to update the values stored in a data object (graphically, the task has a
connection outgoing to the data object), and to drive the decision of a XOR-
Split gateway. The standard is quite loose in specifying what is the actual
structure of data objects; a generic record structure is considered, assuming
that the data object is just a list of fields, characterised by a name and the
corresponding value. Specifically, the field f of the data object named d is
accessed via the usual notation d.f. It is assumed that different pools use
data objects with different names (this can be easily achieved by prefixing a
data object name with the name of the enclosing pool).

Intuitively, a BPMN collaboration model is rendered in this syntax as a
collection of (single-instance and multi-instance) pools, each one specifying
a process. Formally, a collaboration C is a composition, by means of the ‖
operator, of pools either of the form poolpp, P q (for single-instance pools) or
miPoolpp, P q (for multi-instance pools), where p is the name that uniquely
identifies the pool, and P is the enclosed process. At process level, as usual,
e P E uniquely denotes a sequence edge, while E P 2E a set of edges. Notably,
|E| ą 1 when E is used in joining and splitting gateways; similarly, an
event-based gateway contains at least two message events, i.e. h ą 1 in each
eventBased term. For the convenience of the reader, ei refers to the edge
incoming in an element, eo to the outgoing edge, eenb to the (spurious) edge
denoting the enabled status of a start event and ecmp to the (spurious) edge
denoting the completed status of end events. Function edgespP q will be used
to get the set of all edges used in the process P .

In the considered data-based setting, messages may carry values. There-
fore, a sending action specifies a list of expressions whose evaluation will
return a tuple of values to be sent, while a receiving action specifies a tem-
plate to select matching messages and possibly assign values to data object
fields. Formally, a message is a pair m : ṽ, where m P M is the (unique)
message name (i.e., the label of the message edge), and ṽ is a tuple of values,
with v P V and ˜̈ denoting tuples (i.e., ṽ stands for xv1, . . . , vny). Sending
actions have as argument a pair of the form m : ˜exp. The precise syntax of
expressions is deliberately not specified, it is just assumed that they con-
tain, at least, values v and data object fields d.f. Receiving actions have
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as argument a pair of the form m : t̃, where t̃ denotes a template, that is a
sequence of expressions and formal fields used as pattern to select messages
received by the pool. Formal fields are data object fields identified by the
?-tag (e.g., ?d.f) and are used to bind fields to values. In order to store the
received values and allow their reuse, each message in the receiving process
is associated a data object, whose name coincides with the message name.
Data objects are associated to a task by means of a conditional expression,
which is a guard enabling the task execution, and a list of assignments A,
each of which assigns the value of an expression to a data field. When there
is no data object as input to a task, the guard is simply true, while if there
is no data object in output to a task the list of assignments is empty (ε).

The XOR-Split gateway specifies guard conditions in its outgoing edges,
used to decide which edge to activate according to the values of data objects.
This is formally rendered as a function G : EÑ EXP mapping edges to con-
ditional expressions, where EXP is the set of all expressions that includes the
distinguished expression default referring to the default sequence edge outgo-
ing from the gateway (it is assigned to at most one edge). When convenient,
function G will be considered as a set of pairs pe, exp).

The correspondence between the syntax used here to represent multi-
instance collaborations and the graphical notation of BPMN is exemplified by
means of the running example in Figure 7.4 and Figure 7.5, while the detailed
one-to-one correspondence 1 is available in Appendix A.4. Notably, in the
textual notation there is no direct representation of the sequential multi-
instance task, which is anyway simply rendered as a macro where the task is
enclosed in a for loop (expressed by means of a pair of XOR join and split
gateways, and an additional data object ci for the loop counter). Moreover, to
properly manage lists of reviewers, scores and review bodies in the PC Chair
process, fields with vector-like data structure are used, equipped with the
typical addpq and nextpq functionalities. It is assumed an evaluatepq expression
to combine review scores in a decision. Finally, to simplify the definition of
well-structured processes (given later), as usual, an empty task is included
in the syntax.

It is worth noticing that the following assumptions are in place. First,
when a process is instantiated by means of a message start event, then this
is the only starting event in the process. Second, processes of multi-instance
pools can be instantiated only by a message start event.

1Notably, in the textual representation there is some information (messages content,
receiving templates, data object assignments, etc.) that is not reported in the graphical
notation. In fact, for the sake of understandability, according to the BPMN standard
these technical details of collaborations are not part of the graphical representation, but
they are part of the low-level XML representation. This information is explicitly reported
in the textual representation as it is needed to properly define the execution semantics of
the collaboration models.
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Overall paper reviewing collaboration scenario:
poolpPC Chair, Ppcq ‖ miPoolpReviewer, Prq ‖ poolpContact Author, Pcaq

Reviewer process :
Pr “ startRcvpReviewRequest : t̃2, e15q ‖ taskpe15, true,A6, e16q ‖

taskSndpe16, exp7, ε,Review : ˜exp8, e17q ‖
taskRcvpe17, true, ε,Feedback : t̃3, e18q ‖ endpe18, ecmpq

Templates, expressions, assignments :
t̃2 “ x?ReviewRequest.title, ?ReviewRequest.bodyy
A6 “ PaperReview.title :“ ReviewRequest.title,

PaperReview.score :“ assignscorepReviewRequest.bodyq,
PaperReview.body :“ writeReviewpReviewRequest.bodyq

exp7 “ PaperReview.score ‰ null and PaperReview.body ‰ null
˜exp8 “ xmyNamepq,PaperReview.title,PaperReview.score,PaperReview.bodyy
t̃3 “ xmyNamepq,ReviewRequest.title, ?Feedback.evaluationy

PC Chair process :
Ppc “ startpeenb, e1q ‖ xorJoinpte1, e

3
1 u, e

1
1q ‖

taskSndpe11, c1.c ‰ null, c1.c :“ c1.c` 1,ReviewRequest : ˜exp1, e
2
1q ‖

xorSplitpe21, tpe
3
1 , c1.c ď 3q, pe2, defaultquq ‖ xorJoinpte2, e

3
2 u, e

1
2q ‖

taskpe6, true,A3, e9q ‖ taskpe7, true,A4, e10q ‖
taskpe8, true,A5, e11q ‖ xorJoinpte9, e10u, e12q ‖ xorJoinpte12, e

3
12u, e

1
12q ‖

taskSndpe112, exp3, c3.c :“ c3.c` 1,Feedback : ˜exp4, e
2
12q ‖

xorSplitpe212, tpe
3
12, c3.c ď 3q, pe13, defaultquq ‖

taskSndpe13, exp5, ε,Notification : ˜exp6, e14q ‖
endpe14, ecmpq

Templates, expressions, assignments :
˜exp1 “ xPaper.title,Paper.bodyy
A1 “ Reviews.title :“ Paper.title,

Reviews.reviewers :“ addpReviews.reviewers,Review.reviewerNameq,
Reviews.scores :“ addpReviews.scores,Review.scoreq,
Reviews.bodies :“ addpReviews.bodies,Review.bodyq

t̃1 “ x?Review.reviewerName,Paper.title, ?Review.score, ?Review.bodyy
exp2 “ Reviews.scores ‰ null and

Reviews.bodies ‰ null and Reviews.reviewers ‰ null
A2 “ Evaluation.title :“ Paper.title,

Evaluation.decision “ evaluatepReviews.scoresq
A3 “ Letter.title :“ Paper.title, Letter.evaluation :“ accept
A4 “ Letter.title :“ Paper.title, Letter.evaluation :“ reject
A5 “ Evaluation.title :“ Paper.title,

Evaluation.decision :“ evaluatepReviews.scoresq
exp3 “ Reviews.reviewers ‰ null and Evaluation.decision ‰ null and c3.c ‰ null

˜exp4 “ xnextpReviews.reviewersq,Paper.title,Evaluation.decisiony
exp5 “ Reviews.scores ‰ null and Reviews.bodies ‰ null and Letter.title ‰ null

and Letter.evaluation “ Evalution.score
˜exp6 “ xPaper.title,Paper.contact, . . . ,Reviews.bodiesy

Figure 7.4: Textual Representation of the Running Example (Part I).
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Reviewer process :
Pca “ startRcvpNotification : t̃4, e19q ‖ taskpe19, true, ε, e20q ‖ endpe20, ecmpq

Templates, expressions, assignments :
t̃4 “ x?Notification.title, ?Notification.contact, . . . , ?Notification.bodiesy

Figure 7.5: Textual Representation of the Running Example (Part II).

The messages received by this event will carry the input data for the new
instances, i.e. no data input element is used in multi-instance pools.

7.2.2 Semantics

The syntax presented so far represents the mere structure of processes and
collaborations. To describe their semantics, sequence edges are marked by
means of tokens [68, p. 27]. In particular, the structural information is en-
riched with a notion of execution state, defined by the state of each process
instance (given by the marking of sequence edges and the values of data
object fields) and the store of the exchanged messages. These stateful de-
scriptions are called process configurations and collaboration configurations.

Formally, a process configuration has the form xP, σ, αy, where: P is a
process structure; σ : E Ñ N is a sequence edge state function specifying,
for each sequence edge, the current number of tokens marking it (N is the
set of natural numbers); and α : F Ñ V is the data state function assigning
values (possibly null) to data object fields (F is the set of data fields and V
the set of values). σ0 (resp. α0) denotes the edge (resp. data) state where
all edges are unmarked (resp. all fields are set to null), formally, σ0peq “ 0
@e P E and α0pd.fq “ null @d.f P F. The state obtained by updating in σ
the number of tokens of the edge e to n, written as σ ¨ re ÞÑ ns, is defined as
follows: pσ ¨ re ÞÑ nsqpe1q returns n if e1 “ e, otherwise it returns σpe1q. The
update of data state α is similarly defined. To simplify the definition of the
operational rules, some auxiliary functions to update states are introduced.
Function inc : Sσ ˆEÑ Sσ (resp. dec : Sσ ˆEÑ Sσ), where Sσ is the set of
edge states, updates a state by incrementing (resp. decrementing) by one the
number of tokens marking an edge in the state. As usual, they are defined as
incpσ, eq “ σ¨re ÞÑ σpeq`1s and decpσ, eq “ σ¨re ÞÑ σpeq´1s. These functions
extend in a natural way to sets E of edges as follows: incpσ,Hq “ σ and
incpσ, teu Y Eqq “ incpincpσ, eq, Eq; the cases for dec are similar. Function
reset : SσˆEÑ Sσ, instead, is used to update an edge state by setting to zero
the number of tokens marking an edge in the state: resetpσ, eq “ σ ¨ re ÞÑ 0s.
Also in this case the function extends in a natural way to sets of edges as
follows: resetpσ,Hq “ σ and resetpσ, teu Y Eqq “ resetpresetpσ, eq, Eq. The
evaluation relation eval Ď EXP ˆ Sα ˆ V is used to evaluate an expression
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over a data state. This is a relation, not a function, because an expression
may contain non-deterministic operators and, in such a case, its evaluation
results in one of the possible values for that expression with respect to the
given data state. Notation evalpexp, α, vq states that v is one of the possible
values resulting from the evaluation of the expression exp on the data state
α. This relation is not explicitly defined, since the syntax of expressions is
deliberately not specified; it is only assumed that evalpdefault, α, vq implies
v “ false for any α. The relation extends to tuples component-wise. Finally,
relation upd Ď SαˆAnˆSα, where Sα is the set of data states and A is the set
of assignments, is used to update data object values. Notation updpα,A, α1q
states that α1 is one of the possible states resulting from the update of α
with assignment A. The relation is inductively defined as follows: for any α,
updpα, ε, αq; updpα, d.f :“ exp, α ¨ rd.f ÞÑ vsq with v such that evalpexp, α, vq;
and updpα, pA1, A2q, α

2q with α2 such that updpα1, A2, α
2q and α1 such that

updpα,A1, α
1q.

A collaboration configuration has the form xC, ι, δy, where: C is a collab-
oration structure; ι : PÑ 2SσˆSα is the instance state function mapping each
pool name (P is the set of pool names) to a multiset of instance states (ranged
over by I and containing pairs of the form xσ, αy); and δ : MÑ 2Vn is a mes-
sage state function specifying, for each message name m, a multiset of value
tuples representing the messages received along the message edge labelled by
m. Function δ can be updated in a way similar to σ, enabling the defini-
tion of the following auxiliary functions. Function add : Sδ ˆM ˆ Vn Ñ Sδ
(resp. rm : Sδ ˆMˆVn Ñ Sδ), where Sδ is the set of message states, allows
updating a message state by adding (resp. removing) a value tuple for a
given message name in the state: addpδ,m, ṽq “ δ ¨ rm ÞÑ δpmq ` tṽus and
rmpδ,m, ṽq “ δ¨rm ÞÑ δpmq´tṽus, where ` and ´ are the union and substrac-
tion operations on multisets. The instance state function ι can be updated
in two ways: by adding a newly created instance or by modifying an existing
one: newI pι, p, σ, αq “ ι ¨ rp ÞÑ ιppq ` txσ, αyus and updI pι, p, Iq “ ι ¨ rp ÞÑ Is.

Finally, a collaboration is in the initial state when there exists a process
in the collaboration whose start event is enabled, i.e. it has a token in its
enabling edge, while all other sequence edges and messages edges must be
unmarked and no instance of multi-instance pools has been created yet.

Definition 25 (Initial state of a process). Let xP, σ, αy be a process con-
figuration. Predicate isInitpP, σ, αq holds if σpstartpP qq “ 1 and @ e P

edgespP qzstartpP q . σpeq “ 0.

Definition 26 (Initial state of a collaboration). Let xC, ι, δy be a collabo-
ration configuration. Predicate isInitpC, ι, δq holds if @ m P M . δpmq “ 0
and

• @ poolpp, P q in C, we have that isInitpP, σ, αq holds for ιppq “ txσ, αyu;
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• @miPoolpp, P q in C, we have that ιppq “ H.

Running Example 20. The scenario in the running example in its initial
state is rendered as the collaboration configuration xppoolpPC Chair, Ppcq ‖
miPoolpReviewer, Prq ‖ poolpContact Author, Pcaqq, ι, δy where: ιpPC Chairq “
txσ, αyu with σ “ σ0 ¨ reenb ÞÑ 1s and α “ α0 ¨ rPaper.title, . . . ,Paper.body ÞÑ
title, . . . , texts; and ιpReviewerq “ ιpContact Authorq “ H. The α function of
the ppc instance is initialised with the content of the Paper data input.

The operational semantics is defined by means of a LTS, whose defini-
tion relies on an auxiliary LTS on the behaviour of processes. The latter
is a triple xP ,L,Ñy where: P , ranged over by xP, σ, αy, is a set of process
configurations; L, ranged over by `, is a set of labels ; and ÑĎ P ˆ L ˆ P
is a transition relation. It will be written xP, σ, αy `

ÝÑ xP, σ1, α1y to indicate
that pxP, σ, αy, `, xP, σ1, α1yq PÑ, and say that ‘the process in the configu-
ration xP, σ, αy can do a transition labelled by ` and become the process
configuration xP, σ1, α1y in doing so’.

Since process execution only affects the current states, and not the process
structure, for the sake of readability the structure is omitted from the target
configuration of the transition. Similarly, to further improve readability, α
is omitted when it is not affected by the transition. Thus, for example, a
transition xP, σ, αy `

ÝÑ xP, σ1, αy can be written as xP, σ, αy `
ÝÑ σ1.

The labels used by the process transition relation are generated by the
following production rules:

` ::“ τ | !m : ṽ | ?m : ẽt, A | new m : ẽt τ ::“ ε | kill

The meaning of labels is as follows. Label τ denotes an action internal to
the process, while !m : ṽ and ?m : ẽt, A denote sending and receiving actions,
respectively. Notation ẽt denotes an evaluated template, that is a sequence
of values and formal fields. Notably, the receiving label carries information
about the data assignments A to be executed, at collaboration level, after
the message m is actually received. Label new m : ẽt denotes taking place of a
receiving action that instantiates a new process instance (i.e., it corresponds
to the occurrence of a start message event in a multi-instance pool). The
meaning of internal actions is as follows: ε denotes an internal computation
concerning the movement of tokens, while kill denotes taking place of the
termination event.

The operational rules defining the transition relation of the processes
semantics are given in Figure 7.6 and Figure 7.7. Now the rules are briefly
described.
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xstartpe, e1q, σ, αy
ε
ÝÑ incpresetpσ, eq, e1q σpeq ą 0 pP -Startq

xendpe, e1q, σ, αy
ε
ÝÑ incpdecpσ, eq, e1q σpeq ą 0 pP -Endq

xterminatepeq, σ, αy
kill
ÝÝÑ decpσ, eq σpeq ą 0 pP -Terminateq

xstartRcvpm : t̃, eq, σ, αy
new m : ẽt
ÝÝÝÝÝÝÑ incpσ, eq eval p̃t, α, ẽtq pP -StartRcvq

xendSndpe,m : ˜exp, e1q, σ, αy
!m : ṽ
ÝÝÝÑ incpdecpσ, eq, e1q σpeq ą 0

evalp ˜exp, α, ṽq
pP -EndSndq

xandSplitpe, Eq, σ, αy
ε
ÝÑ incpdecpσ, eq, Eq σpeq ą 0 pP -AndSplitq

xxorSplitpe, tpe1, expqu YGq, σ, αy
ε
ÝÑ incpdecpσ, eq, e1q

σpeq ą 0,
evalpexp, α, trueq

pP -XorSplit1 q

xxorSplitpe, tpe1, defaultqu YGq, σ, αy
ε
ÝÑ incpdecpσ, eq, e1q

σpeq ą 0,
@pej , expjq P G .

evalpexpj , α, falseq
pP -XorSplit2 q

xandJoinpE, eq, σ, αy
ε
ÝÑ incpdecpσ,Eq, eq @e1 P E . σpe1q ą 0 pP -AndJoinq

xxorJoinpteu Y E, e1q, σ, αy
ε
ÝÑ incpdecpσ, eq, e1q σpeq ą 0 pP -XorJoinq

xeventBasedpe, pm1 : t̃1, e
1
1q, . . . , pmh : t̃h, e

1
hqq, σ, αy

?mj : ẽtj,ε
ÝÝÝÝÝÝÑ incpdecpσ, eq, e1jq

σpeq ą 0, 1 ď j ď h
evalp t̃j , α, ẽtj q

pP -EventGq

xtaskpe, exp, A, e1q, σ, αy
ε
ÝÑ xincpdecpσ, eq, e1q, α1y

σpeq ą 0,
evalpexp, α, trueq,
updpα,A, α1q

pP -Taskq

xtaskRcvpe, exp, A,m : t̃, e1q, σ, αy
?m : ẽt,A
ÝÝÝÝÝÑ incpdecpσ, eq, e1q

σpeq ą 0,
evalpexp, α, trueq,
evalp t̃ , α, ẽt q

pP -TaskRcvq

xtaskSndpe, exp1, A,m : ˜exp, e1q, σ, αy
!m : ṽ
ÝÝÝÑ xincpdecpσ, eq, e1q, α1y

σpeq ą 0,
evalpexp1, α, trueq,
updpα,A, α1q,
evalp ˜exp, α, ṽq

pP -TaskSndq

xemptype, e1q, σ, αy
ε
ÝÑ incpdecpσ, eq, e1q σpeq ą 0 pP -Emptyq

xinterRcvpe,m : t̃, e1q, σ, αy
?m : ẽt,ε
ÝÝÝÝÝÑ incpdecpσ, eq, e1q σpeq ą 0

evalp t̃ , α, ẽt q
pP -InterRcvq

xinterSndpe,m : ˜exp, e1q, σ, αy
!m : ṽ
ÝÝÝÑ incpdecpσ, eq, e1q σpeq ą 0

evalp ˜exp, α, ṽq
pP -InterSndq

Figure 7.6: BPMN Process Semantics (Part I).
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xP1, σ, αy
kill
ÝÝÑ xσ1, α1y

pP -Kill1 q
xP1 ‖ P2, σ, αy

kill
ÝÝÑ xresetpσ1, edgespP1 ‖ P2qq, α

1y

xP2, σ, αy
kill
ÝÝÑ xσ1, α1y

pP -Kill2 q
xP1 ‖ P2, σ, αy

kill
ÝÝÑ xresetpσ1, edgespP1 ‖ P2qq, α

1y

xP1, σ, αy
`
ÝÑ xσ1, α1y ` ‰ kill

pP -Int1 q
xP1 ‖ P2, σ, αy

`
ÝÑ xσ1, α1y

xP2, σ, αy
`
ÝÑ xσ1, α1y ` ‰ kill

pP -Int2 q
xP1 ‖ P2, σ, αy

`
ÝÑ xσ1, α1y

Figure 7.7: BPMN Process Semantics (Part II).

Rule P -Start starts the execution of a (single-instance) process when it
has been activated (i.e., the enabling edge eenb is marked). The effect of
the rule is to increment the number of tokens in the edge outgoing from the
start event and to reset the marking of the enabling edge. Rule P -End in-
stead is enabled when there is at least one token in the incoming edge of the
end event, which is then moved to the completing edge. Rule P -Terminate
is similar, but it produces a kill label used to force the termination of the
process instance. Rule P -StartRcv starts the execution of a process by pro-
ducing a label denoting the creation of a new instance and containing the
information for consuming a received message at the collaboration layer (see
rule C -CreateMi in Figure 7.8). Rule P -EndSnd is enabled when there is
at least a token in the incoming edge of the end event, which is then moved
to the completing edge. Moreover, a send label is produced in order to de-
liver the produced message at the collaboration layer (see rules C -Deliver
and C -DeliverMi in Figure 7.8). Rule P -AndSplit is applied when there is
at least one token in the incoming edge of an AND-Split gateway; as result
of its application the rule decrements the number of tokens in the incoming
edge and increments that in each outgoing edge. Rule P -XorSplit1 is applied
when a token is available in the incoming edge of a XOR-Split gateway and
a conditional expression of one of its outgoing edges is evaluated to true; the
rule decrements the token in the incoming edge and increments the token in
the selected outgoing edge. Notably, if more edges have their guards satis-
fied, one of them is non-deterministically chosen. Rule P -XorSplit2 is applied
when all guard expressions are evaluated to false; in this case the default edge
is marked. Rule P -AndJoin decrements the tokens in each incoming edge and



CHAPTER 7. MULTIPLE INSTANCES AND DATA 121

increments the number of tokens of the outgoing edge, when each incoming
edge has at least one token. Rule P -XorJoin is activated every time there is
a token in one of the incoming edges, which is then moved to the outgoing
edge. Rule P -EventG is activated when there is a token in the incoming edge
and there is a message mj to be consumed, so that the application of the rule
moves the token from the incoming edge to the outgoing edge corresponding
to the received message. A label corresponding to the consumption of a mes-
sage is observed. Rule P -Task deals with tasks, possibly equipped with data
objects. It is activated only when the guard expression is satisfied and there
is a token in the incoming edge, which is then moved to the outgoing edge.
The rule also updates the values of the data objects connected in output to
the task. Rule P -TaskRcv is similar, but it produces a label corresponding
to the consumption of a message. In this case, however, the data updates are
not executed, because they must be done only after the message is actually
received; therefore, the assignment are passed by means of the label to the
collaboration layer (see rule C -ReceiveMi in Figure 7.8). Rule P -TaskSnd
sends a message, updates the data object and moves the incoming token to
the outgoing edge. The produced send label is used to deliver the message
at the collaboration layer (see rule C -DeliverMi in Figure 7.8). Notably,
here only tasks with atomic execution are considered; as shown later this
requirement can be relaxed. Rules P -Kill1 and P -Kill2 deal with the prop-
agation of killing action on the scope of the process instance, thus resetting
the marking of the instance edges. Finally, Rules P -Int1 and P -Int2 deal
with interleaving in a standard way for process elements.

Now, the labelled transition relation on collaboration configurations for-
malises the message exchange and the data update according to the process
evolution. The LTS is a triple xC,Lc,Ñcy where: C, ranged over by xC, ι, δy,
is a set of collaboration configurations; Lc, ranged over by l, is a set of labels ;
and ÑcĎ C ˆ Lc ˆ C is a transition relation. The same readability sim-
plifications used for process configuration transitions is applied. The labels
used by the collaboration transition relation are generated by the following
production rules:

l ::“ τ | !m : ṽ | ?m : ṽ | new m : ṽ

Notably, at collaboration level the receiving label just keeps track of the
received message. To define the collaboration semantics, an additional auxil-
iary function is needed: matchpẽt, ṽq is a partial function performing pattern-
matching on structured data (like in [77]), thus determining if an evaluated
template ẽt matches a tuple of values ṽ. A successful matching returns a list
of assignments A, updating the formal fields in the template; otherwise, the
function is undefined. The rules defining the match function are as follows:

• matchpv, vq “ ε;
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• matchp?d.f, vq “ pd.f ::“ vq

• matchppet1, ẽtq, pv1, ṽqq “ matchpet1, v1q,matchpẽt, ṽq

The meaning of the rules is straightforward: an evaluated template matches
against a value tuple if both have the same number of fields and corresponding
fields do match; two values match only if they are identical, while a formal
field matches any value.

The operational rules defining the transition relation of the collaboration
semantics are given in Figure 7.8.

The first two rules deal with instance creation. In the single instance
case (rule C -Create), an instance is created only if no instance exists for
the considered pool, and there is a matching message. As result, the assign-
ments for the received data are performed, and the message is consumed.
In the multi-instance case (rule C -CreateMi), the created instance is simply
added to the multiset of existing instances of the pool. The next six rules
allow a single pool, representing organisation p, to evolve according to the
evolution of one of its process instances xP, σ, αy. In particular, if the pro-
cess instance performs an internal action (rules C -Internal or C -InternalMi)
or a receiving/delivery action (rules C -Receive, C -ReceiveMi, C -Deliver or
C -DeliverMi), the pool performs the corresponding action at collaboration
layer.

As for instance creation, rules C -Receive and C -ReceiveMi can be applied
only if there is at least one message action. Recall indeed that at process
level the receiving labels just indicate the willingness of a process instance to
consume a received message, regardless the actual presence of messages. The
delivering of messages is based on the correlation mechanism: the correlation
data are identified by the template fields that are not formal (i.e., those fields
requiring specific matching values). Moreover, when a process performs a
sending action, the message state function is updated in order to deliver the
sent message to the receiving participant. Finally, Rules C -Int1 and C -Int2

permit to interleave the execution of actions performed by pools of the same
collaboration, so that if a part of a larger collaboration evolves, the whole
collaboration evolves accordingly.

It is worth noticing that the semantics has been defined according to a
global perspective. Indeed, the overall state of a collaboration is collected
by functions ι and δ of its configuration. On the other hand, the global
semantics of a collaboration configuration is determined, in a compositional
way, by the local semantics of the involved processes, which evolve indepen-
dently from each other. The use of a global perspective simplifies (i) the
technicalities required by the formal definition of the semantics, and (ii) the
implementation of the animation of the overall collaboration execution. The
compositional definition of the semantics, anyway, would allow to easily pass
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ιppq “ H xP, σ0, α0y
new m : ẽt
ÝÝÝÝÝÝÑ xσ1, α1y

ṽ P δpmq matchpẽt, ṽq “ A updpα1, A, α2q
pC -Createq

xpoolpp, P q, ι, δy
new m : ṽ
ÝÝÝÝÝÑ xnewI pι, p, σ1, α2q, rmpδ,m, ṽqy

xP, σ0, α0y
new m : ẽt
ÝÝÝÝÝÑxσ1, α1y

ṽ Pδpmq matchpẽt, ṽq“A updpα1, A, α2q
pC -CreateMiq

xmiPoolpp, P q, ι, δy
new m : ṽ
ÝÝÝÝÝÑ xnewI pι, p, σ1, α2q, rmpδ,m, ṽqy

ιppq “ txσ, αyu xP, σ, αy
τ
ÝÑ xσ1, α1y

pC -Internalq
xpoolpp, P q, ι, δy

τ
ÝÑ xupdI pι, p, txσ1, α1yuq, δy

ιppq “ txσ, αyu ` I xP, σ, αy
τ
ÝÑ xσ1, α1y

pC -InternalMiq
xmiPoolpp, P q, ι, δy

τ
ÝÑ xupdI pι, p, txσ1, α1yu ` Iq, δy

ιppq “ txσ, αyu xP, σ, αy
?m : ẽt,A
ÝÝÝÝÝÑ xσ1, α1y

ṽ P δpmq matchpẽt, ṽq “ A1 updpα1, pA1, Aq, α2q
pC -Receiveq

xpoolpp, P q, ι, δy
?m : ṽ
ÝÝÝÑ xupdI pι, p, txσ1, α2yuq, rmpδ,m, ṽqy

ιppq “ txσ, αyu ` I xP, σ, αy
?m : ẽt,A
ÝÝÝÝÝÑ xσ1, α1y

ṽ P δpmq matchpẽt, ṽq “ A1 updpα1, pA1, Aq, α2q
pC -ReceiveMiq

xmiPoolpp, P q, ι, δy
?m : ṽ
ÝÝÝÑ xupdI pι, p, txσ1, α2yu ` Iq, rmpδ,m, ṽqy

ιppq “ txσ, αyu xP, σ, αy
!m : ṽ
ÝÝÝÑ xσ1, α1y

pC -Deliverq
xpoolpp, P q, ι, δy

!m : ṽ
ÝÝÝÑ xupdI pι, p, txσ1, α1yuq, addpδ,m, ṽqy

ιppq “ txσ, αyu ` I xP, σ, αy
!m : ṽ
ÝÝÝÑ xσ1, α1y

pC -DeliverMiq
xmiPoolpp, P q, ι, δy

!m : ṽ
ÝÝÝÑ xupdI pι, p, txσ1, α1yu ` Iq, addpδ,m, ṽqy

xC1, ι, δy
l
ÝÑ xι1, δ1y

pC -Int1 q
xC1 ‖ C2, ι, δy

l
ÝÑ xι1, δ1y

xC2, ι, δy
l
ÝÑ xι1, δ1y

pC -Int2 q
xC1 ‖ C2, ι, δy

l
ÝÑ xι1, δ1y

Figure 7.8: BPMN Collaboration Semantics.

to a purely local perspective, where state functions are kept separate for each
process.
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7.3 Properties of BPMN Collaborations
In a data-aware setting, control flow needs to follow data flow, since other-
wise the process would come to halt. Moreover, data flow is strongly related
to message flow, especially in scenarios including multiple interacting par-
ticipants. This section provides the definitions of the correctness properties
considered in this thesis, by taking into account multi-instance data aware
collaboration diagrams.

7.3.1 Well-Structured BPMN Collaborations

To classify BPMN models in multi-instance scenarios it is first necessary to
extend the definition of well-structuredness to multi-instance collaborations
including all the elements defined in the given semantics.

The formal characterisation of well-structured BPMN processes and col-
laborations relies on the usual functions inpP q and outpP q, which deter-
mine the incoming and outgoing sequence edges of a process element P (the
full definition is relegated to Appendix B). Moreover, the definition of well-
structurendess already provided in the previous chapters naturally extends,
by considering the syntactic representation the BPMN elements have in the
new framework.

Definition 27 (Well-structured processes). A process P is well-structured
(written isWS pP q) if P has one of the following forms:

startpe, e1q ‖ P 1 ‖ endpe2, e3q (7.1)
startpe, e1q ‖ P 1 ‖ terminatepe2q (7.2)
startpe, e1q ‖ P 1 ‖ endSndpe2,m : ˜exp, e3q (7.3)

startRcvpm : t̃, e1q ‖ P 1 ‖ endpe2, e3q (7.4)
startRcvpm : t̃, e1q ‖ P 1 ‖ terminatepe2q (7.5)
startRcvpm : t̃, e1q ‖ P 1 ‖ endSndpe2,m : ˜exp, e3q (7.6)

where inpP 1q “ te1u, outpP 1q “ te2u, and isWSCorepP 1q.
Predicate isWSCorep¨q is inductively defined on the structure of its argument
as follows:

1. isWSCoreptaskpe, exp, A, e1qq;
2. isWSCoreptaskRcvpe, exp, A,m : t̃, e1qq;
3. isWSCoreptaskSndpe, exp, A,m : ˜exp, e1qq;
4. isWSCorepemptype, e1qq;
5. isWSCorepinterRcvpe,m : t̃, e1qq;
6. isWSCorepinterSndpe,m : ˜exp, e1qq;
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7.
@j P r1..ns isWSCorepPjq, inpPjq Ď E, outpPjq Ď E 1

isWSCorepandSplitpe, Eq ‖ P1 ‖ . . . ‖ Pn ‖ andJoinpE 1, e2qq

8.
@j P r1..ns isWSCorepPjq, inpPjq Ď G, outpPjq Ď E

isWSCorepxorSplitpe, Gq ‖ P1 ‖ . . . ‖ Pn ‖ xorJoinpE, e2qq

9.
@j P r1..ns isWSCorepPjq, inpPjq “ e1j, outpPjq Ď E

isWSCorepeventBasedpe, tpmj : t̃j, e
1
jq|j P r1..nsuq ‖ P1 ‖ . . .‖Pn ‖xorJoinpE, e2qq

10.

isWSCorepP1q, isWSCorepP2q,
inpP1q “ te

1u, outpP1q “ te
ivu, inpP2q “ te

viu, outpP2q “ te
2u

isWSCorepxorJoinpte2, e3u, e1q‖P1 ‖P2 ‖xorSplitpeiv, tpev, exp1q, pe
vi, exp2quqq

12.
isWSCorepP1q, isWSCorepP2q, outpP1q “ inpP2q

isWSCorepP1 ‖ P2q

Well-structuredness can be also extended to collaborations, by requiring
each process involved in a collaboration to be well-structured.

Definition 28 (Well-structured collaborations). Let C be a collaboration,
isWS pCq is inductively defined as follows:

• isWS ppoolpp, P qq if P is well-structured;

• isWS pmiPoolpp, P qq if P is well-structured;

• isWS pC1 ‖ C2q if isWS pC1q and isWS pC2q.

Running Example 21. Considering the proposed running example and ac-
cording to the above definitions, processes Pr and Pca are well-structured,
while process Ppc is not well-structured, due to the presence of two XOR-
Joins and only one XOR-Split. Thus, the overall collaboration is not well-
structured.

7.3.2 Safe BPMN Collaborations

One of the relevant properties considered in the thesis is safeness. Also
safeness can be defined in multi-instance collaborations scenario by requiring
that each process instance is safe. Before providing a formal characterisation
of safe BPMN processes and multi-instance collaborations, it is necessary to
introduce the following definition determining the safeness of a process in a
given state.
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Definition 29 (Current state safe process). A process configuration xP, σ, αy
is current state safe ( cs-safe) if and only if @e P edgesElpP q . σpeq ď 1.

The definition of safe processes and multi-instance collaborations requires
that cs-safeness is preserved along the computations. As usual, ÝÑ˚ denotes
the reflexive and transitive closure of ÝÑ.

Definition 30 (Safe processes). A process P is safe if and only if, given
σ, α such that isInitpP, σ, αq, for all σ1 such that xP, σ, αyÝÑ˚xσ1, α1y we have
that xP, σ1, α1y is cs-safe.

Definition 31 (Safe collaborations). A collaboration C is safe if and only
if, given ι and δ such that isInitpC, ι, δq, for all for all ι1 and δ1 such that
xC, ι, δyÝÑ˚xι1, δ1y

• @ poolpp, P q in C, given ι1ppq “ txσ, αyu, we have that xP, σ, αy is cs-
safe;

• @miPoolpp, P q in C, given txσ, αyu P ι1ppq, we have that xP, σ, αy is
cs-safe.

Running Example 22. Considering again the running example depicted
in Figure 7.1, all processes are safe since there are no fragment capable of
generating multiple tokens. Also the overall collaboration is safe, since each
of its process instances is safe.

7.3.3 Sound BPMN Collaborations

Regarding the soundness notion, the definition provided in Chapter 4 is re-
ferred. According to that definition, soundness informally means that if a
process starts its execution with a token in the start event, it can always
complete successfully. This latter requires that either there is a marking
where all marked end events are marked exactly by a single token (and no
token is around) or that no token is observed in the configuration. Thus,
this definition is adapted here to the new framework, by requiring that each
process instance is sound.

Definition 32 (Current state sound process). A process configuration
xP, σ, αy is current state sound ( cs-sound) if and only if one of the following
hold:

(i) @ e P markedpσ,endpP qq . σpeq “ 1 and @e P edgespP qzendpP q . σpeq “
0.

(ii) @ e P edgespP q . σpeq “ 0.
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Recall, function markedpσ,Eq refers to the set of edges in E with at least
one token; edgespP q refers to the edges in the scope of P and function endpP q
refers to end events in the considered process.

Definition 33 (Sound process). A process P is sound if and only if, given σ
α such that isInitpP, σ, αq, for all σ1 such that xP, σ, αyÝÑ˚xσ1, α1y we have that
there exist σ2, α2 such that xP, σ1, α1yÝÑ˚xσ2α2y, and xP, σ2, α2y is cs-sound.

Definition 34 (Sound collaboration). A collaboration C is sound if and
only if, given ι and δ such that isInitpC, ι, δq, for all ι1 and δ1 such that
xC, ι, δyÝÑ˚xι1, δ1y we have that there exist ι2 and δ2 such that xC, ι1, δ1yÝÑ˚xι2,

δ2y and

• @ poolpp, P q in C, given ι2ppq “ txσ, αyu, we have that xP, σ, αy is cs-
sound;

• @miPoolpp, P q in C, given txσ, αyu P ι2ppq, we have that xP, σ, αy is
cs-sound.

and @m PM . δ2pmq “ 0.

Now, the soundness notion can be relaxed by defining message-relaxed
soundness, where no conditions are imposed on messages.

Definition 35 (Message-relaxed sound collaboration). A collaboration C is
message-relaxed sound if and only if, given ι and δ such that isInitpC, ι, δq,
for all ι1 and δ1 such that xC, ι, δyÝÑ˚xι1, δ1y we have that there exist ι2 and δ2

such that xC, ι1, δ1yÝÑ˚xι2, δ2y and

• @ poolpp, P q in C, given ι2ppq “ txσ, αyu, we have that xP, σ, αy is cs-
sound;

• @miPoolpp, P q in C, given txσ, αyu P ι2ppq we have that xP, σ, αy is
cs-sound.

Running Example 23. Considering the running example in Figure 7.1,
according to the above definitions, all processes are sound. Also the overall
collaboration is sound, since each of its process instances is sound.

7.4 Classification Results
Traditionally correctness verification considered only the control flow per-
spective, thus only considering the ordering relations among the activities
present in the model. The capability of the proposed framework to character-
ize the interplay between control features, message exchanges and data allows
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to formally define correctness properties in this extended complex framework.
This permits to study the relationships between the studied properties. It
results that the classification results obtained for the core subset of BPMN
elements are still valid in the extended framework.

7.4.1 Well-structuredness vs. Safeness in BPMN

Considering well-structuredness and safeness it holds that all well-structured
models are safe (Theorem 16), and that the reverse does not hold. To this
aim, first it is shown that a process in the initial state is cs-safe (Lemma 8).
Then, it is shown that cs-safeness is preserved by the evolution of well-
structured core process elements (Lemma 9) and processes (Lemma 10).
These latter two lemmas rely on the notion of reachable processes/core el-
ements of processes (that is process elements different from start, end, and
terminate events). This last notion, in its own turn, needs the definition of
initial state for a core process element (see Appendix B).

Definition 36 (Reachable processes). A process configuration xP, σ, αy is
reachable if there exists a configuration xP, σ1, α1y such that isInitpP, σ1, α1q

and xP, σ1, α1y ÝÑ*xσ, αy.

Definition 37 (Reachable core process element). A process configuration
xP, σ, αy is core reachable if there exists a configuration xP, σ1, α1y such that
isInitElpP, σ1, α1q and xP, σ1, α1y ÝÑ*xσ, αy.

Lemma 8. Let P be a process, if isInitpP, σ, αq then xP, σ, αy is cs-safe.

Proof (sketch). Trivially, from definition of isInitpP, σ, αq.

Lemma 9. Let isWSCorepP q, and let xP, σ, αy be a core reachable and cs-
safe process configuration, if xP, σ, αy `

ÝÑ xσ1, α1y then xP, σ1, α1y is cs-safe.

Proof (sketch). By induction on the structure of well-structured core pro-
cess elements.

Lemma 10. Let isWS pP q and let xP, σ, αy be a process configuration reach-
able and cs-safe, if xP, σ, αy `

ÝÑ xσ1, α1y then xP, σ1, α1y is cs-safe.

Proof (sketch). By case analysis on the structure of P , which is a WS
process.

Theorem 16. Let P be a process, if P is well-structured then P is safe.
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Proof (sketch). Showing that if xP, σ, αy ÝÑ˚xσ1, α1y then xP, σ1, α1y is cs-
safe, by induction on the length n of the sequence of transitions from xP, σ, αy
to xP, σ1, α1y.

The reverse implication of Theorem 16 is still not true. In fact there are
safe processes that are not well-structured. To prove this, it is sufficient to
consider the PC Chair process in the running example.

Now the previous results can be extended to collaborations.

Theorem 17. Let C be a collaboration, if C is well-structured then C is
safe.

Proof (sketch). By contradiction.

7.4.2 Well-structuredness vs. Soundness in BPMN

Considering the relationship between well-structuredness and soundness it
results that a well-structured process is always sound (Theorem 18), but
there are sound processes that are not well-structured. To prove that, first
it is shown that a reachable well-structured core process element can always
complete its execution (Lemma 11). This latter Lemma is based on the
auxiliary definition of the final state of core elements in a process, given for
all elements with the exception of start and end events (the definition is
relegated to Appendix B).

Lemma 11. Let isWSCorepP q and let xP, σ, αy be core reachable, then there
exist σ1, α1 such that xP, σ, αy ÝÑ˚xσ1, α1y and isCompleteElpP, σ1, α1q.

Proof (sketch). By induction on the structure of well-structured core pro-
cess.

Theorem 18. Let isWS pP q, then P is sound.

Proof (sketch). By case analysis.

The reverse implication of Theorem 18 is not true. In fact there are sound
processes that are not well-structured. Moreover, it does not extend to the
collaboration level. In fact, putting well-structured processes together in a
collaboration, this could be either sound or unsound. This is also valid for
message-relaxed soundness.

Theorem 19. Let C be a collaboration, isWS pCq does not imply C is sound.
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Proof (sketch). By contradiction.

Theorem 20. Let C be a collaboration, isWS pCq does not imply C is
message-relaxed sound.

Proof (sketch). By contradiction.

7.4.3 Safeness vs. Soundness in BPMN

Considering the relationship between safeness and soundness it results that
there are unsafe models that are sound. Considering the process level the
following Theorem holds.

Theorem 21. Let P be a process, P is unsafe does not imply P is unsound.

Proof (sketch). By contradiction.

There are also unsafe collaborations that could be either sound or un-
sound, as proved by the following Theorem.

Theorem 22. Let C be a collaboration, C is unsafe does not imply C is
unsound.

Proof (sketch). By contradiction.

7.5 Compositionality of Safeness and Sound-
ness

This section studies the compositionality of safeness and soundness, i.e. how
the behaviour of processes affects that of the entire resulting collaboration.
It comes out that the compositionality results obtained for the core subset
of BPMN elements are still valid in the extended framework.

7.5.1 On Compositionality of Safeness

Here it is shown that safeness is compositional, that is the composition of
safe processes always results in a safe collaboration.

Theorem 23. Let C be a collaboration, if all processes in C are safe then C
is safe.
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Proof (sketch). By contradiction (see Appendix C.4).
Considering the same examples shown in Section 4.6.1 it results that the

unsafeness of a collaboration cannot be in general determined by information
about the unsafeness of the processes that compose it. Indeed, putting to-
gether an unsafe process with a safe or unsafe one, the obtained collaboration
could be either safe or unsafe.

7.5.2 On Compositionality of Soundness

As well as for the safeness property, it is shown now that it is not feasible to
detect the soundness of a collaboration by relying only on information about
the soundness of the processes that compose it. However, the unsoundness of
processes implies the unsoundness of the resulting collaboration. This result
confirms the study already done for the core BPMN elements (Section 4.6.2).

Theorem 24. Let C be a collaboration, if some processes in C are unsound
then C is unsound.

Proof (sketch). By contradiction (see Appendix C.4).
On the other hand, as already shown for the core BPMN elements, putting

together sound processes, the obtained collaboration could be either sound
or unsound, since one has also to consider messages.

7.6 MIDA Animator

Besides being useful per se, as it provides a precise understanding of the
ambiguous and loose points of the standard, a main benefit of the provided
formalisation is that it paves the way for the development of tools supporting
model debugging. In fact, designers are currently not assisted in figuring out
the (possibly complex) behaviour of multi-instance collaborations, and just
looking at their static descriptions is in general an error-prone task. This
issue is clarified by resorting to the multi-instance collaboration model pre-
sented in Section 7.1. To model correctly this collaboration, the diagram
must contain enough information to correlate each message with the appro-
priate instance. For example, if messages are not properly delivered, the
feedback messages could not be properly delivered to the right Reviewer.

To fill this gap, a novel animator tool called MIDA (Multiple Instances
and Data Animator) is here presented. It faithfully implements the pro-
posed formal semantics and visualises the execution of multi-instance col-
laborations. Model animation plays an important role to address the issues
that may arise when modelling multi-instance collaborations, such as the
intricate management of the correlation mechanism or the handling of data
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Figure 7.9: MIDA Web Interface.

and messages. Animation can enhance the understanding of business pro-
cesses behaviour [41, 28], especially in presence of a faithful correspondence
with a precise semantics [12]. Visualisation of model execution via an ani-
mator allows to understand the collaboration history, its current state (also
in terms of data-object values) and possible future executions [61]. In the
literature, few relevant contributions have been proposed: the animator by
Allweyer and Schweitzer [6], and those developed by Signavio and Visual
Paradigm. However, these tools do not support the interplay between multi-
ple instances, messages and data, hence they do not allow designers to deal
with the mentioned issues.

MIDA supports designers in achieving a more precise understanding of
the behaviour of a collaboration by means of the visualisation of the model
execution, also in terms of the values evolution of data objects and mes-
sages. MIDA animation features result helpful both in educational contexts,
for explaining the behaviour of BPMN elements, and in practical modelling
activities, for debugging errors that can easily arise in multi-instance collab-
orations.

MIDA is a web application written in JavaScript, realised by extending
the Camunda bpmn.io token simulation plug-in [70]. As shown in Figure 7.9,
the graphical interface of the tool consists of four main parts: (i) the canvas,
where BPMN elements are composed to form a collaboration diagram; (ii)
the palette, to insert elements in the diagram; (iii) the property panel, to
specify attributes of the BPMN elements of the diagram; and (iv) the data
panel, to visualise data object values. MIDA permits to locally save models
in the standard format .bpmn and, hence, to load models previously designed.

The property panel plays a key role when modelling collaborations with
MIDA, as it permits exploiting .bpmn XML attributes to model and save
information about multi-instance characteristics, data objects and related
fields, and messages. This information is written using the JavaScript syntax.
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Figure 7.10: MIDA Animation.

Both pools and activities can be set as multi-instance. In the former
case, a double click on the pool element opens a pop-up window that allows
to specify the pool as multi-instance and to constrain the number of instances
that will be executed for that pool. In the latter case, multi-instance activities
are defined by selecting the corresponding marker ( ppp or ”) in the element
context pad and by filling the loopCardinality attribute with the number of
activity instances to execute.

Data objects are structured in terms of fields, which are rendered in
MIDA as JavaScript variables that can be initialised or left undefined. Ac-
cording to the BPMN standard, the access to data is represented by asso-
ciations between data objects and activities. These associations can define
preconditions for the execution of an activity, expressed in MIDA as an ac-
tivity guard. The effects on data objects of an activity execution is instead
specified by means of a list of assignments. In case of send tasks, assignments
can be used also to fill message fields while, in case of receive tasks, guards
also specifies correlation conditions.

The key characteristic of MIDA is the animation of collaboration mod-
els, supporting in particular the visualisation of data evolution and multiple
instances execution. At any time, the animation can be paused by the user
to check the distribution of tokens and the current state of data. From a
practical point of view, this allows designers to debug their collaboration
models. They can indeed detect undesired executions, where e.g. a control
flow is blocked, and deduce the cause beyond them by possibly checking the
values of the involved data. These debugging facilities are particularly useful
in case of multi-instance collaborations, where data values are used to reg-
ulate the correlation of messages with instances. Anyway, like in software
code debugging, the identification and fixing of bugs are still in charge of the
human user.

By selecting the Animation Mode in the MIDA interface, a play button
will appear over each fireable start event. Once this button is clicked, one
or more instances of the desired process are activated, depending on the
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multi-instance information specified in the model. This creates a new token
labelled by a fresh instance identifier. Then, as shown in Figure 7.10, the
token starts to cross the model according to the operational rules induced by
the formal semantics.

The animation terminates once

Figure 7.11: Guard Violation.

all tokens cannot move forward. In
case a token remains blocked due to
a data handling issue, e.g. a wrong
correlation or a guard condition vi-
olation, MIDA highlights it in red
as in Figure 7.11. Another exam-
ple is the following: supposing that
the Discuss task in PC Chair would not be in a loop, but it would have
its outgoing edge directly connected to the XOR-Join in its right hand side,
then after the execution of the Discuss task, the task Send Feedback would
be performed, and the task Send Results would be activated. However, the
guard of the latter task would not be satisfied, because the Letter data object
would not be properly instantiated. This would cause a deadlock, which can
be found out by using MIDA.

Finally, in the context of multi-instance collaborations, the choice of cor-
relation data is an error-prone task that is a burden on the shoulders of the
designers. By resorting to the example in Figure 7.1 it is possible to see
how issues related to instance correlation can be detected. Considering the
Reviewer participant in the running scenario if the template within the task
for receiving the feedback would not properly specify the correlation data
(e.g., t̃3 “ x?Feedback.reviewerName, ?Feedback.title, ?Feedback.evaluationy),
the feedback messages could not be properly delivered. Indeed, each Re-
viewer instance would be able to match any feedback message, regardless
the reviewer name and the paper title specified in the message. Thus, the
feedback messages could be mixed up. Fortunately, MIDA allows to detect,
and hence solve, this correlation issue. Like in code debugging, the iden-
tification of the bug is still in charge of the human user. Similarly, MIDA
helps designers to detect issues concerning the exchange of messages. In fact,
malformed or unexpected messages may introduce deadlocks in the execu-
tion flow, which can be easily identified by looking for blocked tokens in the
animation. For instance, in the running example a feedback message with-
out the evaluation field would be never consumed by a receiving task of the
Reviewer instances.

The MIDA tool, as well as its source code, examples, user guide and
screencast, are available at http://pros.unicam.it/mida/. In par-
ticular, the screencast shows a typical scenario where the user requires to
model, animate, and debug a BPMN model. MIDA can be redistributed

http://pros.unicam.it/mida/
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and/or modified under the terms of the MIT License.

7.7 Comparison with other Approaches

Recently many approaches have been proposed to formalise and verify data-
aware processes. In the following these works are compared to the contribu-
tion of the thesis. In particular, first the available formalisations are discussed
and then an investigation on correctness properties is reported.

7.7.1 Multiple Instances and Data Formalisations

This section discusses the most relevant attempts in formalising multiple
instances and data for BPMN models.

Many works in the literature attempted to formalise the core features
of BPMN. However, most of them (see, e.g., [29, 24, 112, 14, 105]) do not
consider multiple instances and data. Considering these features in BPMN
collaborations, relevant works are [59, 60, 43, 36]. Meyer et al. in [59] focus
on process models where data objects are shared entities and the correla-
tion mechanism is used to distinguish and refer data object instances. Use
of data objects local to (multiple) instances, exchange of messages between
participants, and correlation of messages are instead the focus of this the-
sis. In [60], the authors describe a model-driven approach for BPMN to
include the data perspective. Differently from the propsed approach, they
do not provide a formal semantics for BPMN multiple instances. More-
over, they do not use data in decision gateways. Moreover, Kheldoun et
al. propose in [43] a formal semantics of BPMN covering features such as
message-exchange, cancellation, multiple instantiation of sub-processes and
exception handling, while taking into account data flow aspects. However,
they do not consider multi-instance pools and do not address the correlation
issue. Semantics of data objects and their use in decision gateways is instead
proposed by El-Saber and Boronat in [36]. Differently from this thesis work,
this formal treatment does not include collaborations and, hence, exchange
of messages and multiple instances. Considering other modelling languages,
YAWL [111] and high-level Petri nets [103] provide direct support for the
multiple instance patterns. However, they lack support for handling data.
In both cases, process instances are characterised by their identities, rather
than by the values of their data, which are however necessary to correlate
messages to running instances. Regarding choreographies, relevant works are
[52, 45, 40]. López et al. [52] study the choreography problem derived from
the synchronisation of multiple instances necessary for the management of
data dependencies. Knuplesch et al. [45] introduces a data-aware collabora-
tion approach including formal correctness criteria. However, they define the
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data perspective using data-aware interaction nets, a proprietary notation,
instead of the wider accepted BPMN. Improving data-awareness and data-
related capabilities for choreographies is the goal of Hahn et al. [40]. They
propose a way to unify the data flow across participants with the data flow
inside a participant. The scope of data objects is global to the overall chore-
ography, while here data objects have scope local to participant instances,
as prescribed by the BPMN standard. Apart from the specific differences
mentioned above, this work differs from the others for the focus on collabo-
ration diagrams, rather than on choreographies. This allows to specifically
deal with multiple process instantiation and messages correlation.

Finally, concerning the correlation mechanism, the BPMN standard and,
hence, the thesis have been mainly inspired by works in the area of service-
oriented computing (see the relationship between BPMN and WS-BPEL [67]
in [68, Sec. 14.1.2]). In fact, when a service engages in multiple interactions, it
is generally required to create an instance to concurrently serve each request,
and correlate subsequent incoming messages to the created instances. Among
the others, the COWS [77] formalism captures the basic aspects of SOC
systems, and in particular service instantiation and message correlation à la
WS-BPEL. From the formal point of view, correlation is realised by means
of a pattern-matching function similar to that used in the provided formal
semantics.

7.7.2 Reasoning on Correctness Properties

Many approaches have been proposed to formalise and verify data-aware
processes, also considering data-aware extensions of soundness [62]. Con-
cerning data-aware soundness, relevant work are [89, 11]. Sidorova et al. [89]
present classical workflow nets extended with data operations as a concep-
tual workflow model. They develop a technique to verify may and must
soundness, namely that either at least one or any refinement of a concep-
tual workflow model is sound. Soundness is defined according to the clas-
sical definition given for workflow nets [104], thus not considering BPMN
peculiarities. Decision-aware soundness is formally defined by Batoulis and
Weske in [11], where BPMN is integrated with the Decision Model and No-
tation (DMN). However, the contribution of decisions in the verification of
soundness is local, i.e. it is limited to the interaction between decisions and
their immediate outgoing sequence flows. Moreover, only the process level is
taken into account. Differently, Knuplesch et al. [45] introduce a data-aware
collaboration approach including formal correctness criteria. However, they
define the data perspective using data-aware interaction nets, a proprietary
notation, instead of the wider accepted BPMN. In particular, they focus on
interaction models, that in BPMN correspond to choreography diagrams.
The flow of message exchanges is specified without having any knowledge
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about the partner processes, thus data exchanged via messages cannot be
used within processes by decision gateways. This does not allow to capture
some incorrect behaviour due to the effects of messages on data and to the
correlation mechanism. Data issues are instead considered in [82, 58]. Rachdi
et al. [82] propose a formal data-flow analysis of BPMN models based on
Data Record concept. Their approach allows to detect the anti-patterns rep-
resenting data-flow anomalies, explaining to the designer the origin of the
anomaly so he/she can fix it easily in remodelling phase. However, they
focus only on data, without considering other relevant properties that are
instead connected to the data perspective.





Chapter 8
Formalising BPMN Patterns

The effective and efficient handling of business processes is a primary goal
of organisations. For conducting a successful business, an organisation does
not act alone, but it is usually involved in collaborations with other or-
ganisations. Thus, choreography modelling languages have emerged in the
past years as a means for capturing and managing collaborative processes,
and different evaluations of the expressive power of these languages have
been made [94, 15]. In this regard, since its introduction, the Workflow
Patterns (www.workflowpatterns.com) framework was specifically tai-
lored for the purpose of process language analysis. This framework consists
of patterns spanning the control-flow, the data and the resource perspective,
and was gradually developed to incorporate also interactions among differ-
ent participants. The importance of interactions has been underlined by
many authors [102, 25, 9] and a lot of effort has been done to identify the
most common interaction scenarios from a business perspective, which have
been called Service Interaction Patterns [10]. Inter-organisational business
relationships are considered as a first-class citizen in BPMN collaboration
diagrams, where multiple participants interact via messages. This motivated
the use of BPMN to model service interaction patterns [109], initially defined
only in terms of textual descriptions. This effort provided a graphical, more
intuitive, description of the patterns and allowed to assess the suitability
of BPMN to express common interaction scenarios. This BPMN evaluation
has also been integrated with the analysis of BPMN in terms of control-flow,
resource and data patterns [94]. However, a severe issue in these studies,
is that the precise behaviour of the BPMN models corresponding to some
patterns may result unclear, in particular when multiple instances of the in-
teracting participants are involved. This problem is mainly due to the fact
that the BPMN standard comes without a formal semantics, which is needed
in presence of tricky features. Thus, a direct formal characterisation of these
patterns is crucial, as it does not leave any room for ambiguity, and increases

www.workflowpatterns.com
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the potential for formal reasoning.
This chapter focuses on the workflow patterns supported by BPMN, tak-

ing as reference the BPMN evaluation results in [94], and on the BPMN ser-
vice interaction patterns [15], motivated by the BPMN capability to model
collaboration diagrams.

The patterns are visualised in BPMN models and formalised by means
of the provided direct formal semantics for BPMN. The formalisation allows
to validate the semantics, both in terms of the considered BPMN elements
and of the expected semantic behaviour. In particular, it results that the
extension of the semantics allows an incremental support of the considered
patterns.

Specifically, first those patterns that can be modelled only by means of
the core BPMN elements are considered (Section 8.1). Then, they are ex-
tended by including patterns with OR gateways (Section 8.2), sub-processes
(Section 8.3) and multiple instances (Section 8.4). Finally, the results of this
semantics validation are presented (Section 8.5).

Each pattern will be presented according to the following structure:

Informal Description consists of a natural language description, and a
graphical representation in terms of a BPMN (collaboration) fragment.

Textual Specification provides the textual notation of the BPMN (collab-
oration) model.

Formal Semantics describes the operational rules applied to perform each
execution step, and shows the results in terms of the execution state
functions evolution.

Highlights. The main contributions of this chapter are:

• it provides a comprehensive formalisation of BPMN patterns by means
of the provided direct formal semantics for BPMN models;

• It validates the semantics.

8.1 Core BPMN Patterns
This section presents and formalises the workflow patterns that can be mod-
elled with the core BPMN elements considered in Chapter 3. These patterns
include most of the Control-flow Patterns [95] and Resource Patterns [88],
and many of the Service Interaction Patterns [10]. The patterns are pre-
sented in the following order: first those patterns concerning the control-flow
and resource perspective and then the interaction patterns.
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Sequence Pattern.

Informal Description. An activity in a process is enabled after the com-
pletion of a preceding activity in the same process.

This pattern can be modelled in BPMN as a sequence flow between two
activities as shown in Figure 8.1.

p Task 1 Task 2
e1 e2 e3

Figure 8.1: Sequence.

Textual Specification. The core
BPMN formal framework supports
this patterns that in the textual no-
tation is rendered as follows:

P “ taskpe1, e2q ‖ taskpe2, e3q ‖ P 1

Formal Semantics. According to the form of process P , and the current
state σ, the process can evolve as follows:

• Process P moves by executing Task 1. This execution step takes place
by applying rule P -Task , which requires the incoming edge e1 of the
task be marked by at least one token (σpe1q ą 0) The effects of the
task execution are as follows: an internal action ε is performed, and
the marking σ of the process instance is updated with the movement of
one token from e1 to e2, that is σ1 “ incpdecpσ, e1q, e2q. Therefore, the
application of rule P -Task produces the transition xtaskpe1, e2q, σy

ε
ÝÑ

incpdecpσ, e1q, e2q Hence, the overall process P can evolve according
to the interleaving rule P -Int1 , that is xP, σy `

ÝÑ σ1. Now, Task 2 can
evolve in the same way.

• Process P moves by executing an (unspecified) activity of P 1. Thus,
we have a transition xP 1, σy `

ÝÑ σ1, from which P can evolve by means
of the symmetric rule of P -Int1 . This execution step, anyway, is not
relevant for the pattern semantics, and hence is not discussed in more
detail.

Parallel Split Pattern.

Informal Description. The divergence of a branch into two or more par-
allel branches each of which execute concurrently.

This pattern is captured in BPMN by an AND-Split gateway (Figure 8.2).
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Figure 8.2: Parallel Split.

Textual Specification. In the
textual notation the pattern is ren-
dered as follows:

P “ andSplitpe1, te2, e3uq ‖ P 1

Formal Semantics. Assuming
that the AND-Split gateway is en-
abled by a token in e1, the process P
can evolve, that is the transition xandSplitpe, Eq, σy

ε
ÝÑ incpdecpσ, e1q, te2, e3uq

is produced by applying rule P -AndSplit . Then, the process P evolves by
means of the interleaving rule P -Int1 .

Synchronisation Pattern.

Informal Description. The convergence of two or more branches into a
single subsequent branch such that the thread of control is passed to the
subsequent branch when all input branches have been enabled.

This pattern is captured in BPMN by an AND-Join gateway (Figure 8.3).

p
p

P

P

e0

e0

m

ei

ei

m

ei

e1

e2

e3

e1
query

e2

e3

e4

v1

v2

e1

e2

e3

e1

e2

e3

e4

e1

e2

e3

e4

m2

m3

m4

e1 e2

d1 d2 d3

p

p

m

Figure 8.3: Synchronisation.

Textual Specification. In the
textual notation this pattern is ren-
dered as follows:

P “ andJoinpte1, e2u, e3q ‖ P 1

Formal Semantics. Similar to
the previous pattern, the formal se-
mantics of this pattern is determined
by the application of rule for AND-Join gateway as described in Section 3.2.2.

Exclusive Choice Pattern.

Informal Description. The divergence of a branch into two or more
branches, where one of the several branches is chosen.
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Figure 8.4: Exclusive Choice.

This pattern is captured in
BPMN by an XOR-Split gateway
(Figure 8.4).

Textual Specification. In the
textual notation the process frag-
ment in Figure 8.4 is as follows:

P “ xorSplitpe1, te2, e3uq ‖ P 1
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Formal Semantics. The formal semantics of this pattern is determined
by the application of the rule P -XorSplit .

Simple Merge Pattern.

Informal Description. The convergence of two or more branches into a
single subsequent branch without synchronization.
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Figure 8.5: Simple Merge.

This pattern is captured in
BPMN by an XOR-Join gateway
(Figure 8.5), that expresses also the
similar Multiple Merge pattern [94].

Textual Specification. This pat-
tern can be represented using the
textual notation given for the core
BPMN elements as follows:

P “ xorJoinpte1, e2u, e3q ‖ P 1

Formal Semantics. Again, the formal semantics of this pattern is deter-
mined by the application of rule for XOR-Join gateway already described in
Section 3.2.2.

Arbitrary Cycles Pattern.

Informal Description. The ability to represent cycles in a process model
that have more than one entry or exit point.

Since the proposed BPMN formalisation does not impose any restriction
on cyclic models, this pattern is fully supported by the given semantics.
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Figure 8.6: Deferred Choice.

Deferred Choice Pattern.

Informal Description. A diver-
gence point in a process where one
of several possible branches should
be activated. The actual decision on
which branch is activated is made by
the environment and is deferred to
the latest possible moment.

This pattern can be captured
in BPMN through the Event-based
gateway (Figure 8.6).
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Textual Specification. The given pattern can be represented using the
core BPMN textual representation as follows:

P “ eventBasedpe1, pm2, e2q, pm3, e3qq ‖ P 1

Formal Semantics. The execution steps of this pattern are determined
by the application of rule for Event-based gateway already described in Sec-
tion 3.2.2.

Cancel Case Pattern.

Informal Description. The cancellation of an entire process instance (i.e.
all activities relating to the process instance).

A way to capture the cancel case pattern in BPMN is through the termi-
nate event as shown in Figure 8.7.
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Figure 8.7: Cancel Case.

Textual Specification. This pat-
tern is expressed in the textual no-
tation as follows:

P “ terminatepenq ‖ P 1

Formal Semantics. The seman-
tics of this pattern is simply realised by applying the rule for the termi-
nate event presented in Section 3.2.2. In detail, assuming that there is a
token in the incoming edge of the terminate event σpenq ą 0, the applica-
tion rule P -Terminate produces the following transition xterminatepeq, σy

kill
ÝÝÑ

decpσ, eq. Then, the overall process P can evolve according to the killing rule
P -Kill1 that propagates the killing action in the scope of P .

Direct Allocation Pattern.
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Figure 8.8: Direct Allocation.

Informal Description. The abil-
ity to specify at design time the
identity of the resource to which in-
stances of a task will be distributed
at runtime.

This pattern is supported by
BPMN through the notion of pool,
as it can be used to denote a spe-
cific business entity, as shown in Fig-
ure 8.8.
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Textual Specification. This pattern is expressed in the textual notation
as follows:

poolpp, P q

Formal Semantics. The semantics of the pattern is simply given in terms
of the semantics of the process P included in the pool.

Role-Based Allocation Pattern.

Informal Description. The ability to specify at design-time one or more
roles to which instances of a task will be distributed at runtime.

Also this pattern is supported by BPMN through the notion of pool.

Automatic Execution Pattern. The ability for an instance of a task to
execute without needing to utilise the services of a resource.

Since the resource allocation for the different activities is not necessarily
done during design time, this pattern can be rendered by a simple BPMN
process, without a partitioning of the process into pools.

Commencement on Creation Pattern.

Informal Description. The ability for a resource to commence execution
on a work item as soon as it is created.

This pattern can be modelled as a BPMN task, as shown in Figure 8.9.
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Figure 8.9: Commencement on
Creation.

Textual Specification. The
BPMN process fragment in Fig-
ure 8.9 is expressed in the textual
notation as follows:

P “ taskpe1, e2q ‖ P 1

Formal Semantics. The semantics of the patterns is realised by applying
the rule for the task execution, P -Task , that, as prescribed by the pattern
description, requires that the incoming edge e1 of the task is marked by at
least one token (σpe1q ą 0).

Chained Execution Pattern. The ability to automatically start the next
work item once the previous one has completed.

Also this pattern can be modelled in BPMN via a task and is fully sup-
ported by the core BPMN semantics. In fact, once a task execution is com-
pleted, subsequent activity(ies) receive a sequence token and are triggered
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immediately when the specified condition on the required number of tokens
is reached.

Send Pattern.

Informal Description. A party sends a message to another party.
This pattern can be modelled as the BPMN collaboration fragment shown

in Figure 8.10. Notably, this is only a way to model it: the send task could
in fact be replaced by an intermediate send event or by a message end event.
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Figure 8.10: Send.

However, up to some technicalities,
all cases behave in the same way,
thus here only one of them is re-
ported

Textual Specification. The col-
laboration fragment in Figure 8.10 is
represented in the textual notation
as

C “ poolpp, P q ‖ poolpq, Qq

with
P “ taskSndpe1,m, e2q ‖ P 1

where p is the sender and q a generic receiver (represented by a black-box
pool in the graphical notation, whose process Q is left unspecified in the
textual one).

Formal Semantics. According to the form of process P , and the current
state xσ, δy of pool p’s instance, the collaboration can evolve as follows:

• Process P moves by executing Task 1. This execution step takes place
by applying rule P -TaskSnd , which requires the incoming edge e1 of
the task be marked by at least one token (σpe1q ą 0). The effects
of the task execution are as follows: the message action !m is pro-
duced, and the marking σ of the process instance is updated with the
movement of one token from e1 to e2, that is σ1 “ incpdecpσ, e1q, e2q.
Therefore, the application of rule P -TaskSnd produces the transition
xtaskSndpe1,m, e2q, σy

!m
ÝÑ σ1. Hence, the overall process P can evolve

according to the interleaving rule P -Int1 , that is xP, σy !m
ÝÑ σ1. Simi-

larly, by applying the rule C -Deliver , and then the interleaving rule at
collaboration level, the execution step of the overall collaboration C is
represented by the transition xC, δy !m

ÝÑ xσ1, incpδ,mqy. Its effects are:
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updating the message state function (incpδ,mq) by adding a message
to the m’s message list, in order to be subsequently consumed by the
receiving participant q.

• Process P moves by executing an (unspecified) activity of P 1. Thus,
there is a transition xP 1, σy `

ÝÑ σ1, from which P can evolve by means
of the symmetric rule of P -Int1 , and the overall collaboration can then
evolve accordingly. This execution step, anyway, is not relevant for the
pattern semantics, and hence is not discussed in more detail.

• Process Q moves by executing an (unspecified) activity. Again this
execution step is not relevant for the pattern semantics.

Relying on asynchronous communication, it is possible to formalise an
unreliable and non-guaranteed delivery. The sending action in fact just up-
dates the message state function by adding a message, without requiring this
to be received.

Receive Pattern.
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Figure 8.11: Receive.

Informal Description. A party
receives a message from another
party.

This pattern can be modelled as
the BPMN collaboration fragment
shown in Figure 8.11. Also here the
intermediate receive event could be
replaced, in this case by a receive
task or by a receiving start event.

Textual Specification. The textual representation of the collaboration
fragment in Figure 8.11 has again the form C of the previous pattern, with

Q “ interRcvpe1,m, e2q ‖ Q1

Formal Semantics. Assuming that the intermediate receive event is en-
abled by a token in e1, the process Q can perform a receiving action, that
is the transition xinterRcvpe1,m, e2q, σy

?m
ÝÑ incpdecpσ, e1q, e2q is produced by

applying rule P -InterRcv . Then, the process Q evolves by means of the in-
terleaving rule P -Int1 . The produced label ?m indicates the willingness of
process Q to consume a message of type m. If present, the message is actually
consumed by rule C-Receive at collaboration level. Indeed, this rule requires
that there is a message in the m’s message queue (m P δpmq), that is then
removed.
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Send/Receive Pattern.

Informal Description. Two parties, p and q, engage in two causally re-
lated interactions. In the first interaction, p sends a message (the request)
to q, while in the second one p receives a message (the response) from q.

This pattern can be modelled by combining the Send and the Receive
patterns, as shown in Figure 8.12.

Textual Specification. The textual representation of the collaboration
fragment in Figure 8.12 has again the form C of the previous patterns, with

P “ taskSndpe1,m1, e2q ‖ interRcvpe2,m2, e3q ‖ P 1

Q “ interRcvpe4,m1, e5q ‖ taskSndpe5,m2, e6q ‖ Q1
p
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Figure 8.12: Send/Receive.

Formal Semantics. The exe-
cution steps of this pattern are
realised by combining the se-
mantic rules for the Send and
Receive patterns. In detail: let
us suppose that there is a to-
ken in the incoming edge of
Task 1 (σpe1q ą 0); by applying
rule P -TaskSnd it follows that
xtaskSndpe1,m1, e2q, σy

!m
ÝÑ incpdecpσ, e1q, e2q. Then, P evolves by perform-

ing a sending action, by means of the interleaving rule P -Int1 , that is
xP, σ, αy

!m
ÝÑ σ1. At the collaboration layer, by applying rule C -Deliver,

the message m1 is delivered to q. Now, on the receiving party, assuming that
there is a token on e4, by applying rules P -InterRcv and P -Int1 , it results
that xQ, σ2y

?m
ÝÑ incpdecpσ2, e4q, e5q. The observed label indicates the will-

ingness to receive a message of type m1. Thus, at collaboration level, rule
C -Receive can be applied to allow process Q to actually consume the sent
request message. Now, Task 3 is enabled and, by proceeding in a specular
way, Q can send the response message m2 and P can consume it.

Racing Incoming Messages Pattern.

Informal Description. A party expects to receive one among a set of
messages. These messages may be structurally different (i.e. different types)
and may come from different categories of partners. The way a message is
processed depends on its type and/or the category of partner from which it
comes.



CHAPTER 8. FORMALISING BPMN PATTERNS 149

Q
k

Q
1

P

Pp
Task 1

Task 2

q
e1

e2

e3

e4

e5

e6

e7

e8

m1 m2

Task 1

m

e1 e2
P

Q

RTask A B
e1 e2 e3 e4

e5

e6

e7

m1 m2

A N

 

 

e2e1 e(n-1) en

e4 e5

e(k-1) ek

m1

m

q

Figure 8.13: Racing Incoming
Messages (a).

Q
k

Q
1

P

pP

A

B

Q

e1

e2

e3

e4

e5

e6

e7

e8

m1 m2

Task 1

m

e1 e2

q e6

e7

e8

m1 m2

A N
e2e1 e(n-1) en

m1

m

p r

q
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Messages (b).

This pattern can be modelled in BPMN by using in the receiving partici-
pant an event-based gateway connected to receiving events. Messages can be
expected from one participant (Figure 8.13) or they can arrive from different
participants (Figure 8.14).

Textual Specification. Considering first the case in which messages arrive
from one participant (Figure 8.13), in the textual notation the diagram is
rendered as the collaboration of the usual form C, with

P “ xorSplitpe1, te2, e3uq ‖ taskSndpe2,m1, e4q ‖
taskSndpe3,m2, e5q ‖ P 1

Q “ eventBasedpe6, pm1, e7q, pm2, e8qq ‖ Q1

The case in which messages arrive from two different participants (Fig-
ure 8.14) is rendered in the textual notation as C “ poolpp, P 2q ‖ poolpr, Rq ‖
poolpq, Qq, where process Q is as the above one, while P 2 and R are left un-
specified (because they are included in black-box pools).

Formal Semantics. Considering the case in which messages arrive from
a single participant, and assuming that a token is available in the incoming
edge of the XOR-Split gateway of P (σpe1q ą 0), then rule P -XorSplit can be
applied and the token is moved to the edge e2, hence enabling Task 1. For-
mally, this step corresponds to the transition xP, σy ε

ÝÑ xincpdecpσ, e1q, e2qy,
where label ε denotes the movement of the token internally to the process.
The next step corresponds to the execution of Task 1, which is as in the
case of the Send pattern. Once the message m1 has been sent, and assum-
ing that there is a token in e6 (σpe6q ą 0), the event-based gateway can
evolve by applying the corresponding rule. This corresponds to the transi-
tion xeventBasedpe6, pm1, e7q, pm2, e8qq, σ

1y
?m1
ÝÝÑ incpdecpσ1, e6q, e7q. The rule

moves the token from the incoming edge to the outgoing edge corresponding
to the received message. The produced label enables the application of rule
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C-Receive at collaboration level, which consumes message m1 in δ. The case
where message m2 is selected to be sent is similar.

In the scenario shown in Figure 8.14, even if the transitions produced by
the collaboration have the same labels, the pattern semantics is quite differ-
ent. In fact, in the previous case the organisation p internally decides which
message will be sent and only one message will be delivered and consumed,
while in this case the organisations p and r act independently from each other
and it may occur that both m1 and m2 are sent to q. In such a case, one of
the two messages will be consumed, depending on their arrival time, and the
other message will be pending forever.

Multi-Responses Pattern.

Informal Description. A party p sends a request to another party q.
Then, p receives any number of responses from q. The interaction may be
stopped either by p, if a temporal condition is met, or by q, based on a
message content.

This pattern can be rendered as the collaboration fragment in Figure 8.15.

Textual Specification. To simplify the formal treatment, a macro is used
for the intermediate timer event. It is abstracted via a non-deterministic
choice, by resorting to a race condition. In detail, the sending party p will
send a message to a specific pool t and will get, via an event based gateway, at
certain point a time-out message from it. In the textual notation the pattern
is rendered as follows: C “ poolpp, P q ‖ poolpq, Qq ‖ poolpt, T q, where:
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P “ taskSndpe1,m1, e2q ‖ xorJoinpte2, e7u, e
1q ‖ taskSndpe1,mstartTimer , e3q ‖

eventBasedpe3, pm2, e6q, pmtimeout , e5q,m3, e4qq ‖ xorSplitpe6, te7, e8uq ‖
xorJoinpte8, e5u, e9q ‖ P 1

Q “ interRcvpe10,m1, e11q, ‖ xorJoinpte11, e14u, e12q ‖ taskSndpe12,m2, e13q ‖
xorSplitpe13, te14, e15uq ‖ taskSndpe15,m3, e16q ‖ Q1

T “ startRcvpe2,mstartTimer , e17q ‖ taskSndpe17,mtimeout , e18q ‖
endpe18, e

3q

Formal Semantics. The first execution steps of this pattern are re-
alised by combining the semantic rules for the Send and Receive pat-
terns. In detail: supposing that there is a token in the incom-
ing edge of Task 1 (σpe1q ą 0), by applying rule P -TaskSnd it follows
xtaskSndpe1,m1, e2q, σy

!m1
ÝÝÑ incpdecpσ, e1q, e2q. Then, P evolves by per-

forming a sending action, by means of the interleaving rule P -Int1 , that
is xP, σy !m

ÝÑ σ1. At the collaboration layer, by applying rule C -Deliver,
the message m1 is delivered to q. Now, on the receiving party, assum-
ing that there is a token on e10, by applying rules P -InterRcv and P -Int1 ,
xQ, σ2y

?m1
ÝÝÑ incpdecpσ2, e10q, e11q. The observed label indicates the willing-

ness to receive a message of type m1. Thus, at collaboration level, rule
C -Receive can be applied to allow process Q to actually consume the sent
request message. Now, the XOR-Join gateway in q is enabled and, by apply-
ing rule P -XorJoin a token is moved from e11 to e12 enabling Task 2. Now,
proceeding in a specular way, Q can send the first response message m2 and
P can consume it. The execution of Task 2 enables the activation of the
XOR-Split gateway and starts the looping behaviour obtained by repeatedly
applying the semantic rules of the XOR gateways and the send task. On the
other side, the reception of messages is regulated by event based gateway. In
detail, after executing Task 1 process P sends a message mstartTimer to pro-
cess T , that is delivered as in the previous case. Now, process P can either
receive messages from process Q or stop waiting for them as the timeout
occurs, that is message mtimeout is delivered or receive a message m3 from
process Q saying that no further responses will arrive.

Request with Referral Pattern.

Informal Description. A party p sends a request to another party q in-
dicating that any follow-up should be sent to another party r.

An example of a BPMN collaboration involving the request with referral
pattern is shown in Figure 8.16.



152 CHAPTER 8. FORMALISING BPMN PATTERNS

r
q

p Task 1

Task 3 Task 4

Task 5

e1 e2 e3 e4 e5

e6 e7 e8 e9

e10 e11

m1 m2 m3

m4

m5

Task 2

Figure 8.16: Request with Referral.

Textual Specification. In the textual specification C “ poolpp, P q ‖
poolpq, Qq ‖ poolpr, Rq, where:

P “ startpe0, e1q ‖ taskSndpe1,m1, e2q ‖ interRcvpe2,m2, e3q ‖
taskSndpe3,m3, e4q ‖ interRcvpe4,m4, e5q ‖ endpe5, e

1q

and Q and R are defined in a similar way.

Formal Semantics. The execution steps and their results are simply re-
alised by applying the semantic rules for the different BPMN elements, as
already shown for the previous patterns. It is up to the message sent by pool
p to pool r to specify in its content the reference to pool q, whose process
waits for the routed message.

Relayed Request Pattern.

Informal Description. A party p makes a request to party q, which del-
egates the request processing to another party r. This latter party interacts
with party p while party q observes a view of the interactions.

This pattern can be rendered as the collaboration fragment in Figure 8.17.

Textual Specification. In the textual notation the pattern is rendered as
follows: C “ poolpp, P q ‖ poolpq, Qq ‖ poolpr, Rq, where:

R “ startRcvpe1,m2, e7q ‖ andSplitpe7, te8, e9uq ‖
taskSndpe8,m4, e10q ‖ taskSndpe9,m3, e11q ‖ R1

while P and Q are defined in a similar way.
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Figure 8.17: Example of Relayed Request.

Formal Semantics. Similar to the previous pattern, the formal semantics
of this pattern is determined by the application of rules for sending and
receiving message already described, except for the AND-Split gateway that
simply consumes a token in e7 and, simultaneously, produces one token in e8

and one token in e9.

8.2 BPMN Patterns with OR Gateways

This section shows how the extension of the semantics with the OR gateway
allows to visualise and formalise a series of patterns which characterise more
complex branching and merging concepts which arise in business processes.

Multiple Choice Pattern.

Informal Description. The ability to depict the divergence of a branch
into two or more branches. When the incoming branch is enabled, the thread
of control is passed to one or more of the outgoing branches.
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Figure 8.18: Multiple Choice.

This pattern can be captured in
BPMN through the OR-Split gate-
way as shown in Figure 8.18.

Textual Specification. The pro-
cess fragment in Figure 8.18 is rep-
resented in the textual notation as
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follows:
P “ orSplitpe1, te2, e3uq ‖ P 1

Formal Semantics. The formal semantics of this pattern is determined
by the application of rule for OR-Split gateway as described in Section 5.3.
In particular, assuming that the OR-Split gateway is enabled by a token
in e1, then the process P can evolve by means of rule G-OrSplit . As-
suming that only one branch is selected, for instance e2, then the applica-
tion of the rule produces the following transition xorSplitpe1, te2, e3uq, σy ÑG

incpdecpσ, e1q, e2q. Then, the process P evolves by means of the interleaving
rule G-Int1 .

Synchronising Merge Pattern.

Informal Description. The ability to depict the convergence of two or
more branches into a single subsequent branch where the thread of control is
passed to the subsequent branch when each active incoming branch has been
enabled.

This pattern can be captured in BPMN through the OR-Join gateway as
shown in Figure 8.19.
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Figure 8.19: Synchronising Merge.

Textual Specification. In the
textual notation the pattern is as fol-
lows:

P “ orJoinpte1, e2u, e3q ‖ P 1

Formal Semantics. Similar to
the previous case, the formal seman-
tics of this pattern is determined by
the application of rule for OR-Join gateway already described in Section 5.3.
Morevoer, differently from what argue in [94], the provided semantics, com-
pliant with the current BPMN 2.0 OR-Join specification, allows to fully
support this pattern also when dealing with unstructured processes.

8.3 BPMN Patterns with Sub-Processes
This section shows how the BPMN definition of sub-process completion, fully
supported by the semantics provided in Section 6.2, allows to characterise a
particular type of termination.
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Implicit Termination Pattern.

Informal Description. The notion that a given sub-process should be
terminated when there are no remaining activities to be completed.
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Figure 8.20: Implicit Termination.

This pattern is rendered in
BPMN by using a sub-process. An
example is shown in Figure 8.20.

Textual Specification. In the
textual notation the process frag-
ment in Figure 8.20 is as follows:

P “ subProcpe0, P1, e7q ‖ P 1

where P1 is as follows:

P1 “ startpe1, e1q, andSplitpe1, te2, e3uq ‖ taskpe2, e4q ‖ taskpe3, e5q

‖ xorJoinpte4, e5u, e6q ‖ endpe6, e
2q ‖ P 1

Formal Semantics. This pattern is fully supported by the semantics pro-
vided for BPMN models including sub-processes (Section 6.2). In fact, ac-
cording to the BPMN notion of sub-process completion, fully translated by
the provided semantics, a sub-process instance completes when there are no
more tokens in the sub-process and none of its activities is still active. In the
example in Figure 8.20, assuming that there is a token in the incoming edge
of the sub-process (σpe0q ą 0), rule P -SubProcStart can be applied, moving
the token to the enabling edge of the start event in the sub-process body e1.
Now, the sub-process behaves according to the behaviour of the elements it
contains according to the rule P -SubProcEvolution. In the depicted case, rule
P -AndSplit can be applied producing two tokens on the outgoing edges of
the AND-Split gateway e2, e3. These tokens enable the interleaved execution
of Task 1 and Task 2. After both the tasks are performed, the two tokens are
merged by the XOR-Join gateway. Thus, in a certain state of the execution
two tokens may occur on e6. Only when both the tokens reach the end-event
of the sub-process, the sub-process execution can complete, according to rule
P -SubProcEnd .

8.4 BPMN Patterns with Multiple Instances

Among the workflow patterns, many of the service interaction patterns are
supported by BPMN thanks to its capability to model multiple instances.
However, the BPMN notation has some limitations and cannot completely
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support all their features. For instance, while the informal and general de-
scription of these patterns leaves it open if in an interaction the counter-party
is known at design-time or not, in BPMN it is expected to have a priori
knowledge of the interacting partners, i.e. the target pool of a message edge
cannot be dynamically selected. On the other hand, in case a message is
directed to a multi-instance pool, BPMN supports a form of runtime binding
of the message with the correct process instance by means of the correlation
mechanism [68, Section 8.3.2]. Moreover, it is also possible to dynamically
specify other model features, such as the number of involved participants and
exchanged messages.

This section visualises and formalises those patterns modelled via BPMN
multi-instance features.

One-To-Many Send Pattern.

Informal Description. A party sends messages to several parties. All
messages have the same type (although their contents may be different).
The number of parties to whom the message is sent may or may not be
known at design time.

In BPMN, this pattern can be modelled as the collaboration fragment in
Figure 8.21, where each party is represented as an instance of a multi-instance
pool and a message is sent to each process instance via a sequential multi-
instance send task. From now on, when a message is sent/received to/by
several parties, these parties will be modelled as a multiple instance pool.
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Figure 8.21: One-To-Many-Send.

This is the most interesting among
various interpretations which are not
considered in this work (e.g., repre-
senting multiple receiving parties as
different single-instance pools). It
can happen that the number of sent
messages is either known at design
time (by setting the LoopCardinal-
ity attribute of the send task) or it
is read from a data object during the
process execution.

Textual Specification. Here, to keep the pattern formalisation more man-
ageable, the sequential multi-instance task is rendered as a macro. The macro
encloses the task in a FOR-loop expressed by means of a pair of XOR join
and split gateways, and an additional data object c1 for the loop counter. In
the textual notation we have C “ poolpp, P q ‖ miPoolpq, Qq, where process
Q is left unspecified and in P the attribute LoopCardinality is set to n:
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P “ xorJoinpte1, e
3
1 u, e

1
1q‖ taskSndpe11, c1.c ‰ null, c1.c :“ c1.c` 1,m : ˜exp1, e

2
1q

‖ xorSplitpe21, tpe
3
1 , c1.c ď nq, pe2, defaultquq ‖ P 1

Formal semantics. The execution steps are realised as in the previous
cases, by repeatedly applying the semantic rules of the XOR gateway and the
send task. It is worth noticing that at each application of rule P -TaskSnd the
field c of the data object c1 is updated with the assignment c1.c :“ c1.c` 1.
At the end of the pattern execution, the message list δpmq contains n sent
messages.

One-From-Many Receive Pattern.

Informal Description. A party receives several logically re-
lated messages arising from autonomous events occurring at
different parties. The arrival of messages must be timely
so that they can be correlated as a single logical request.

P
1

q

Q

P

Q

P A

B

e1 e2

e3 e4 e5 e6

e7

e8

m

A B

C

m1 m2

e1 e2 e3

e4 e5

data

Task 1
e1

e3

e2 e4

m

Q

B K

P
n N

A
e1 e2

e(n-1) en

e3

e5

e4 e6

e(k+1)

e(k-1) ek e(k+2)

m

m1

p

Figure 8.22:
One-From-Many-Receive.

The interaction may complete suc-
cessfully or not depending on the
messages gathered. In this pattern
the receiver does not know the num-
ber of messages that will arrive, and
stops waiting as soon as a certain
number of messages have arrived or
a timeout occurs.

This pattern can be modelled as
the collaboration fragment shown in
Figure 8.22.

Textual Specification. Also in this case, to simplify the formal treat-
ment, a macro is used to render the multi-instance receive task with a
timer. In particular, the multi-instance behaviour is represented by en-
closing the receive task in a FOR-loop (as for the sequential multi-instance
task). The timer attached to the receive task is instead abstracted via a
non-deterministic choice, by resorting to a race condition. In detail, the
receiving party q will get, via an event-based gateway, either a message
from a sending party (i.e., an instance of p) or a time-out message from
a specific pool t representing the timer. In the textual notation we have
C “ miPoolpp, P q ‖ poolpq, Qq ‖ poolpt, T q, where
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Q “ taskSndpe1, exp1, ε,mstartTimer : ˜exp2, e
1q ‖ xorJoinpte1, evu, e2q ‖

eventBasedpe2, pm : t̃1, e
3q, pmtimeout : t̃2, e3qq ‖

taskpe3, c1.c ‰ null, c1.c :“ c1.c` 1, eivq ‖
xorSplitpeiv, tpev, c1.c ď nq, pe2, defaultquq ‖ xorJoinpte2, e3u, e4q ‖ Q1

T “ startRcvpmstartTimer : t̃3, e5q ‖ taskSndpe5, exp3, ε,mtimeout : ˜exp4, e6q ‖
endpe6, e7q

Formal Semantics. Once a token arrives at e1 in the process Q, a
mstartTimer message is sent to the pool t by means of the send task, in order
to activate an instance of the timer process T . This instance will perform
a send task, delivering a message mtimeout , to signal that the timeout is ex-
pired, and then it terminates. As effect of the execution of the send task
in Q, a token is moved in e1, which enables the looping behaviour regulated
by the XOR gateways. At each iteration, the event-based gateway consumes
either a message m or mtimeout ; in the former case the non-communicating
task increments the loop counter and the execution of another interaction is
evaluated (by means of the XOR-Split conditions), while in the latter case
the edge e3 is followed and the pattern execution completes.

One-To-Many Send/Receive Pattern.

Informal Description. A party sends a request to several other parties.
Responses are expected within a given time-frame. However, some responses
may not arrive within the time-frame and some parties may even not respond
at all.

This pattern can be rendered as the collaboration fragment in Figure 8.23.
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Figure 8.23: One-To-Many Send/Receive.

Textual Specification. This
pattern relies on a multi-
instance sub-process with a
specific form, i.e. it is charac-
terised by a sequence of a send
task and a receive task, pro-
ceeded and followed by a start
and an end event, respectively.
As usual, to simplify the formal
treatment a macro is used. In
this case, it consists of a sequential send task followed by a multi-instance
receive task with a timer. Thus, C “ poolpp, P q ‖ miPoolpq, Qq, where
process P is rendered in terms of macros as already shown in the previous
patterns (hence, for the sake of presentation, its specification is omitted),
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while process Q is as follows:

Q “ interRcvpe7,m1 : t̃1, e8q ‖ taskSndpe8, exp, A,m2 : ˜exp, e9q ‖ Q1

Formal Semantics. In this pattern process P sends out, by means of rule
P -TaskSnd , several messages of type m1 that need to be properly corre-
lated with the correct process instance of Q. The content of the messages
themselves provides the correlation information. For example, let us as-
sume that two messages of type m1 are sent to q, and that consist of three
fields, say x“foo”, 5, 1234y and x“foo”, 7, 9876y. Also, let us consider the
case where there are two receiving instances, i.e. ιpqq “ txσ1, α1y, xσ2, α2yu,
and that template t̃1 of the intermediate receiving event is defined as
xd.f, d.id, ?d.codey, meaning that the fields f and id of the data object d
identify correlation data while code is a formal field. Now, the correlation
takes place according to the data states, which are assumed to be as fol-
lows: α1pd.fq “ α2pd.fq “ “foo”, α1pd.idq “ 7, and α2pd.idq “ 5. Therefore,
the first message is delivered to the second instance, updating α2 with the
assignment d.code “9876, while the second message is delivered to the first
instance, updating α1 with the assignment d.code “1234.

Contingent Requests Pattern.

Informal Description. A party p makes a request to another party q. If
p does not receive a response within a certain time-frame, it sends a request
to another party r, and so on.
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Figure 8.24: Contingent Requests.

This pattern can be ren-
dered as the collaboration
fragment in Figure 8.24.

Textual Specification.
In the scenario in Fig-
ure 8.24, requests are made
to a multi-instance pool
q. To simplify the formal treatment, as usual, macro is used for the
multi-instance receive task with a timer. In the textual notation the pattern
is rendered as follows: C “ poolpp, P q ‖ miPoolpq, Qq ‖ poolpt, T q, where Q
is left unspecified while P and T are as follow:

P “ xorJoinpte1, e5u, e2q ‖ taskSndpe2, exp1, ε,m1 : ˜exp2, e
1q ‖

taskSndpe1, exp3, ε,mstartTimer : ˜exp4, e3q ‖
eventBasedpe3, pm2 : t̃1, e4q, pmtimeout : t̃3, e5qq ‖ P 1

T “ startRcvpmstartTimer : t̃4, e6q ‖ taskSndpe6, exp5, ε,mtimeout : ˜exp6, e7q ‖
endpe7, e

3q
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Formal Semantics. The execution steps of this pattern are realised by
repeatedly applying the semantic rules of the Send/Receive pattern while
taking into account the timer condition and the correlation mechanism. Each
time a response does not arrive within the time condition a new request is
sent to a new instance of pool q.

8.5 Semantics Validation

The workflow pattens provide an analysis framework for modelling languages.
They have been also used to evaluate BPMN expressive power [94]. Inves-
tigating the possibility of expressing every BPMN pattern in a selected se-
mantics builds up a comprehensive picture of the suitability of this semantics
to cover the patterns expressed in BPMN, thus providing a validation of the
formal semantics.

This section reports in Table 8.1 the results of the semantics evaluation.
The evaluation is done with respect to the BPMN service interaction patterns
as described in [15], and to the workflow patterns fully supported by BPMN,
as specified in [94]. Even if these latter represent a subset of the whole
workflow patterns, they result to be a reference framework as they consist of
generic, recurring concepts and constructs relevant in the context of business
processes.

The evaluation does not directly take into account the data perspec-
tive. In fact, although the data perspective is addressed in the semantics for
multi-instance collaborations, data patterns are mostly specified through the
attributes of the BPMN elements, that are part of the low-level XML repre-
sentation. Moreover, since BPMN is not specifically tailored to the needs of
service-oriented interaction patterns, the notation cannot completely support
all the interaction patterns [15]. Thus, those patterns realised by means of
different workarounds (e.g., atomic multicast notification) are not considered.

The table reports only the patterns supported by at least one of the
provided semantics. For each of the considered pattern it is shown if each
semantics is able to formalise it (+) or not (-).

Specifically, Table 8.1 shows that the core BPMN semantics covers the
basic patterns. It supports the 60% of the BPMN service interaction patterns
and workflow patterns [94]. Increasing the pattern complexity, new elements
are required to model them and the semantics needs to be extended. How-
ever, the provided BPMN semantics including OR-Joins is still restricted to a
limited number of elements, due to the intricate OR-Join behaviour, support-
ing only the 30,3% of the patterns. Instead, the semantics of BPMN models
including sub-processes enlarges the number of covered patterns, by sup-
porting the 62,8% of them. It is with the semantics of BPMN multi-instance
collaborations that there is the highest number of supported patterns. This
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Pattern Core BPMN with BPMN with BPMN with
BPMN OR-Joins Sub-Processes Multiple Instances

Sequence + + + +
Parallel Split + + + +
Synchronisation + + + +
Exclusive Choice + + + +
Simple Merge + + + +
Multiple Choice - + - -
Synchronising Merge - + - -
Multiple Merge + + + +
Arbitrary Cycles + + + +
Implicit Termination - - + -
Deferred Choice + - + +
Cancel Case + - + +
Direct Allocation + - + +
Role-Based + - + +
Allocation
Automatic Execution + + + +
Commencement + - + +
on Creation
Chained Execution + - + +
Send + - + +
Receive + - + +
Send/Receive + - + +
Racing Incoming + - + +
Messages
Multi-Responses + - + +
Contingent Requests - - - +
One-To-Many - - - +
Send
One-From-Many - - - +
Receive
One-To-Many - - - +
Send/Receive
Request with + - + +
Referral
Relay + - + +
Request

Table 8.1: Semantics Validation Results.

semantics is able to formalise the 71,4% of the patterns.
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Chapter 9
Conclusions and Future Work

The research presented in this thesis is centred around the topic of providing
a uniform formal framework to characterise BPMN models, with the aim to
classify them according to relevant properties of the business process domain.
Chapter 1 reports an introduction to business process modelling languages,
with a focus on BPMN, and on business process model properties. It con-
cludes by showing the objectives and research questions of the thesis with
a summary description of the thesis structure. Chapter 2 provides prelim-
inary notions used along the thesis. Specifically, it introduces concepts of
BPM, with an insight to the BPMN notation, and relevant properties of the
business process domain. It concludes with an overview of formal methods
techniques. Targeting the main research question of this thesis on the formal-
isation and classification of BPMN models, several sub-research questions are
identified, defining the scope of the thesis. In particular, Chapter 3 defines
a direct formal semantics in the SOS style for a core subset of BPMN ele-
ments. Being close to the BPMN standard the semantics enables to catch the
language peculiarities such as the asynchronous communication models, and
the completeness notion distinguishing the effect of end event and the termi-
nate event. Towards this formalisation, it is possible to formally define some
important correctness properties, namely well-structuredness, safeness, and
soundness, both at the process and collaboration level and to demonstrate
the relationships among them. Specifically, it is shown that well-structured
collaborations represent a subclass of safe ones. In fact, there is a class of
collaborations that are safe, even if with an unstructured topology. It is
proved that there are well-structured collaborations that are neither sound
nor message-relaxed sound. Finally, it is demonstrated there are sound and
message-relaxed sound collaborations that are not safe. These models are
typically discarded by the modelling approaches in the literature, as they
are over suspected of carrying bugs. However, as shown, this attitude sig-
nificantly limits the use of concurrency in business process modelling, which
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is an important feature in modern systems and organisations practice. To
continue to effectively reason on the whole set of BPMN elements included in
a collaboration, the formal semantics is extended by including other BPMN
constructs. Specifically, Chapter 5 presents a global and local direct for-
malisation of BPMN process models compliant with the OR-Join semantics
reported in the BPMN 2.0 standard. The two semantics are proven to be in
formal correspondence. However, while the global semantics provides a refer-
ence point, the local semantics fosters a compositional, and hence more scal-
able, approach to practically enact business processes involving OR-Joins.
The precise semantics allows to properly classify BPMN models including
the OR-Join. Chapter 6 enriches the semantics with the sub-process ele-
ment, thus adding another level of abstraction and considering the effects of
the sub-process completion on the provided classification. Chapter 7 extends
the semantics by taking into account the data perspective. This is strongly
related to message exchanges and control features, especially in scenario in-
volving multi-interacting participants. It is shown that in such complex
models the classification results are still valid. Moreover, the formalisation
enables to develop an animator tool, called MIDA, supporting model debug-
ging. Finally, Chapter 8 validates the different proposed semantics as it is
shown they are suitable to cover the Workflow Patterns expressed in BPMN.

This section concludes by discussing results of the thesis, and the assump-
tions and limitations of the given approach, also touching upon directions for
future work.

Results. The thesis contributes to the definition of a direct BPMN oper-
ational semantics, providing a uniform formal framework to study BPMN
models and their main correctness properties (well-structuredness, safeness
and soundness), thus classifying BPMN models according to the properties
they satisfy.

First only a subset of BPMN elements is considered. Indeed, such sub-
set of BPMN elements has been selected by following a pragmatic approach
and only by retaining the features mostly used in practice. Therefore, even
if it focusses on a restricted number of elements, such design choice cannot
be considered a major limitation. However, if necessary, the framework can
be extended to cover further elements, thus enabling the classification of a
major number of BPMN models. The considered BPMN features (OR-Join,
sub-processes and multiple instances and data) are rather orthogonal; indeed
it could be expected that the different variants can be integrated each other.
This is quite evident when considering the semantics of BPMN with sub-
processes, which has been obtained from the one of the BPMN core elements
by simply adding a new construct to the formal framework. Differently, some
challenges could arise when considering the OR-Join gateway, due to its quite
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articulated behaviour. Indeed, the presented semantics with OR gateways
considers only the process level. Adding other level of abstractions (collab-
orations and sub-processes) would add complexity to the formal treatment,
as explained later in the section. Finally, the semantics for multi-instance
collaborations naturally extends the one given for the core BPMN elements,
although it adds new information in order to deal with data and instance cor-
relations. However, also in this case, the sub-process level is not considered,
as discussed later in the section.

The possibility to combine the different semantics is supported by the
classification and compositionality results, that are preserved through the
various frameworks. These results are summed up in Table 9.1. The table
presents, for each of the considered framework, the results obtained in terms
of classification of BPMN models (both at the process and collaboration
level) and of compositionality. In particular, the terms (Terminate) and
(Terminate + Sub-Process) indicate the impact of these elements on the
relationship between properties, while a gray column indicates those aspects
that have not been considered in a specific framework.

Assumptions and Limitations. The provided formal semantics focusses
on the communication mechanisms of collaborative systems, where (multi-
ple) participants cooperate and share information. Thus, this thesis has left
out those features of BPMN whose formal treatment is orthogonal to the
addressed problem, such as timed events and error handling. To keep the
formalisations more manageable other simplifications are in place. They are
discussed below.

Concerning the formalisation of models including OR-Join gateways, the
thesis considers only the process level. Extending the formal framework to
collaboration diagrams would add complexity to the formal treatment. In
fact, in collaborative scenarios the conditions enabling the OR-Join should
take into account also the possible arrival of message tokens.

Regarding the extension of the semantics with multiple instances and
data, multi-instance parallel tasks, sub-processes and data stores are left out,
despite they can be relevant for multi-instance collaborations. The impact of
their addition to the presented work is as follows. Considering multi-instance
tasks, the sequential instances case, as shown in the formalisation of the run-
ning example, can be simply dealt with as a macro; indeed, it corresponds to
a task enclosed within a ‘for’ loop. The parallel case, instead, is more tricky.
It is a common practice to consider it as a macro as well, which can be re-
placed by tasks between AND split and join gateways [29, 111], assuming to
know at design time the number of instances to be generated. However, this
replacement is no longer admissible when this kind of element is used within
multi-instance pools [23], thus requiring a direct definition of the formal se-
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Table 9.1: Results



CHAPTER 9. CONCLUSIONS AND FUTURE WORK 169

mantics of multi-instance parallel tasks. Similar reasoning can be done for
sub-processes, which again are not mere macros. In fact, in general, simply
flattening a process by replacing its sub-process elements by their expanded
processes results in a model with different behaviour. This because a sub-
process, for example, delimits the scope of the enclosed data objects and
confines the effect of termination events. Therefore, it would be necessary to
explicitly deal with the resulting multi-layer perspective, which adds com-
plexity to the formal treatment. The formalisation would become even more
complex when considering multi-instance sub-processes, which would require
an extension of the correlation mechanism. Moreover, BPMN data stores are
not considered. Providing a formalisation for data stores would require to
extend collaboration configurations with a further state function, dedicated
to data stores. In addition, the treatment of data assignments would be-
come more intricate, as it would be necessary to distinguish updates of data
objects from those of data stores, which affect different data state functions
in the configuration. Finally, values of data objects can be somehow “con-
strained” by assignments. Indeed, assignment expressions can restrict the
set of possible values that can be assigned to a data object field. Moreover,
guard expressions of tasks or XOR-Split gateways can check if data object
values respect given conditions. However, such constraints imposed on data
object values are currently “hidden” in the expressions and, hence, in their
evaluation. Assignments could be extended with an explicit definition of
constraints in order to ease their specification and make more evident the
effects of assignments on data values.

Future Work. As a future direction it is planned to continue the pro-
gramme to effectively support modelling of BPMN collaborations, by over-
coming the above limitations. More practically, the formal framework could
be extended, in order to have a comprehensive classification of BPMN mod-
els. Moreover, it is planned to formally study other properties, especially
related to the data perspective (e.g., missing data, lost data updates).

Beyond this, other aspects could be studied, such as other possibilities
for validating the semantics and verification frameworks for BPMN.

Regarding the semantics validation, the formalisation of the Workflow
Patterns expressed in BPMN, presented in Chapter 8, allows to validate
the semantics, both in terms of the considered BPMN elements and of the
expected semantic behaviour. However, ensuring that the provided formal
semantics is exactly the semantics of BPMN, as described in the standard is
another, recurrent issue. This could be faced in different and complementary
ways:

• Comparing the provided semantics with respect to implemented se-
mantics of BPMN. Even if the comparison is not exhaustive, it can be
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used to verify that one BPMN diagram, whose execution is formally
specified, is consistent with an implemented one;

• Comparing the semantics with well-established formalisations, such
mapping into other formalisms, e.g. Petri Nets;

• Making clear the correspondence between the semantic choices done
in the thesis and the BPMN standard, by quoting this latter in the
description of each rule (as already done for the OR-Join rule in Sec-
tion 5.3).

Concerning verification, the proposed formalisation provides a composi-
tional approach based on LTS, which paves the way for the use of consolidated
analysis techniques and related software tools. Indeed, it allows one to ver-
ify properties on the model using consolidated formal reasoning techniques
based on LTS, as e.g. model checking of properties expressed as formulae
of action-based temporal logic (as, for instance, has been done for the core
BPMN in [22]). In this regard, a study on the complexity of verification
problems could be done. This should be analysed according to the consid-
ered class of business processes and to the used verification techniques. Some
results can be expected from studies already done in the field of WF-Nets.
Specifically, in [104] it is argued that for simple models (independent of the
language used) any form of soundness is decidable while for models using no-
tions such as priorities, cancellation, etc. no form of soundness is decidable,
while in [96] it is proved that in case of well-structured WF-Nets soundness
can be verified very efficiently. To sum up, there is the intention to exploit an
extended formal semantics, and its implementation, to enable the verification
of properties using, e.g., model checking techniques.
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Appendix A
Appendix: Notation
Correspondence

A.1 Core BPMN

This appendix reports the complete correspondence between the BPMN graphical
notation and the syntax presented in Section 3.2. For the sake of presentation, join
and split gateways include only three incoming/outgoing branching respectively.
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e3

e4

m2

m3

m4

e1 e2

d1 d2 d3

endSndpei,m, ecmpq

p P

p P

e0

e0

m

ei

ei

m

ei

e1

e2

e3

e4

e1
query

e2

e3

e4

v1

v2

v3

e1

e2

e3

e4

e1

e2

e3

e4

e1

e2

e3

e4

m2

m3

m4

e1 e2

d1 d2 d3

terminatepeiq

p P

p P

e0

e0

m

ei

ei

m

ei

e1

e2

e3

e4

e1
query

e2

e3

e4

v1

v2

v3

e1

e2

e3

e4

e1

e2

e3

e4

e1

e2

e3

e4

m2

m3

m4

e1 e2

d1 d2 d3

andSplitpe1, te2, e3, e4uq

p P

eo

m

ei

m

e1

e2

e3

e4

e1

e2

e3

e4

e1

e2

e3

e4

e1

e2

e3

e4

ei

eo1

eo2

e4

m2

m3

m4

m

m

eo

ei

ei

ei

ei

ei

eo

eo

eo

m

ei eo

m

ei eoP

xorSplitpe1, te2, pe3, e4uq

p P

p P

e0

e0

m

ei

ei

m

ei

e1

e2

e3

e4

e1
query

e2

e3

e4

v1

v2

v3

e1

e2

e3

e4

e1

e2

e3

e4

e1

e2

e3

e4

m2

m3

m4

e1 e2

d1 d2 d3

andJoinpte1, e2, e3u, e4q

p P

p P

e0

e0

m

ei

ei

m

ei

e1

e2

e3

e4

e1
query

e2

e3

e4

v1

v2

v3

e1

e2

e3

e4

e1

e2

e3

e4

e1

e2

e3

e4

m2

m3

m4

e1 e2

d1 d2 d3

xorJoinpte1, e2, e3u, e4q

p P

p P

e0

e0

m

ei

ei

m

ei

e1

e2

e3

e4

e1
query

e2

e3

e4

v1

v2

v3

e1

e2

e3

e4

e1

e2

e3

e4

e1

e2

e3

e4

m2

m3

m4

e1 e2

d1 d2 d3

eventBasedpe1, pm2, e2q, pm3, e3q, pm4, e4qq
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Graphical Textual
Notation Notation

P

P

e0

e0

m

ei

ei

m

ei

e1

e2

e3

e4

e1
query

e2

e3

e4

v1

v2

e1

e2

e3

e4

e1

e2

e3

e4

e1

e2

e3

e4

m2

m3

m4

e1 e2

p

p

taskpe1, e2q

P

P

e0

e0

m

ei

ei

m

ei

e1

e2

e3

e4

e1
query

e2

e3

e4

v1

v2

e1

e2

e3

e4

e1

e2

e3

e4

e1

e2

e3

e4

m2

m3

m4

e1 e2

p

p

m

taskRcvpe1,m, e2q

P

P

e0

e0

m

ei

ei

m

ei

e1

e2

e3

e4

e1
query

e2

e3

e4

v1

v2

e1

e2

e3

e4

e1

e2

e3

e4

e1

e2

e3

e4

m2

m3

m4

e1 e2

p

p

m

taskSndpe1,m, e2q

P

P

e0

e1

m

ei

m

ei

e1

e2

e3

e4

e1
query

e2

e3

e4

v1

v2

e1

e2

e3

e4

e1

e2

e3

e4

e1

e2

e3

e4

m2

m3

m4

e1 e2

p

p

e2

e1 e2

interRcvpe1,m, e2q

P

P

e0

e1

m

ei

m

ei

e1

e2

e3

e4

e1
query

e2

e3

e4

v1

v2

e1

e2

e3

e4

e1

e2

e3

e4

e1

e2

e3

e4

m2

m3

m4

e1 e2

p

p

e2

e1 e2
interSndpe1,m, e2q

A.2 OR-Join

This appendix reports the correspondence between the BPMN graphical notation
for the OR gateways and the syntax presented in Section 5.3.

Graphical Textual
Notation Notation

P

P

e0

e0

m

ei

ei

m

ei

e1

e2

e3

e4

e1
query

e2

e3

e4

v1

v2

e1

e2

e3

e4

e1

e2

e3

e4

e1

e2

e3

e4

m2

m3

m4

e1 e2

d1 d2 d3

p

p

m

orSplitpe1, te2, pe3, e4uq

P

P

e0

e0

m

ei

ei

m

ei

e1

e2

e3

e4

e1
query

e2

e3

e4

v1

v2

e1

e2

e3

e4

e1

e2

e3

e4

e1

e2

e3

e4

m2

m3

m4

e1 e2

d1 d2 d3

p

p

m

orJoinpte1, e2, e3u, e4q
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A.3 Sub-Processes
This appendix reports the correspondence between the BPMN graphical notation
for the sub-process element and the syntax presented in Section 6.2.

Graphical Textual
Notation Notation

P

P

e0

e1

m

ei

m

ei

e1

e2

e3

e4

e1
query

e2

e3

e4

v1

v2

e1

e2

e3

e4

e1

e2

e3

e4

e1

e2

e3

e4

m2

m3

m4

e1 e2

p

p

e2

e1 e2

e2e1 subProcpe1, P, e2q

A.4 Multiple Instances and Data
This appendix reports the complete correspondence between the BPMN graphical
notation and the syntax presented in Section 7.2.

Graphical Notation Textual Notation

P

P

e0

e0

m

ei

ei

m

ei

e1

e2

e3

e4

e1
query

e2

e3

e4

v1

v2

v3

e1

e2

e3

e4

e1

e2

e3

e4

e1

e2

e3

e4

m2

m3

m4

e1 e2

d1 d2 d3

p

p

poolpp, P qP

P

e0

e0

m

ei

ei

m

ei

e1

e2

e3

e4

e1
query

e2

e3

e4

v1

v2

v3

e1

e2

e3

e4

e1

e2

e3

e4

e1

e2

e3

e4

m2

m3

m4

e1 e2

d1 d2 d3

p

p miPoolpp, P q

p P

p P

e0

e0

m

ei

ei

m

ei

e1

e2

e3

e4

e1
query

e2

e3

e4

v1

v2

v3

e1

e2

e3

e4

e1

e2

e3

e4

e1

e2

e3

e4

m2

m3

m4

e1 e2

d1 d2 d3

startpeenb, e0q

p P

p P

e0

e0

m

ei

ei

m

ei

e1

e2

e3

e4

e1
query

e2

e3

e4

v1

v2

v3

e1

e2

e3

e4

e1

e2

e3

e4

e1

e2

e3

e4

m2

m3

m4

e1 e2

d1 d2 d3

startRcvpm : t̃, e0q
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Graphical Textual
Notation Notation

p P

p P

e0

e0

m

ei

ei

m

ei

e1

e2

e3

e4

e1
query

e2

e3

e4

v1

v2

v3

e1

e2

e3

e4

e1

e2

e3

e4

e1

e2

e3

e4

m2

m3

m4

e1 e2

d1 d2 d3

endpei, ecmpq

p P

p P

e0

e0

m

ei

ei

m

ei

e1

e2

e3

e4

e1
query

e2

e3

e4

v1

v2

v3

e1

e2

e3

e4

e1

e2

e3

e4

e1

e2

e3

e4

m2

m3

m4

e1 e2

d1 d2 d3

endSndpei,m : ˜exp, ecmpq

p P

p P

e0

e0

m

ei

ei

m

ei

e1

e2

e3

e4

e1
query

e2

e3

e4

v1

v2

v3

e1

e2

e3

e4

e1

e2

e3

e4

e1

e2

e3

e4

m2

m3

m4

e1 e2

d1 d2 d3

terminatepeiq

p P

p P

e0

e0

m

ei

ei

m

ei

e1

e2

e3

e4

e1
query

e2

e3

e4

v1

v2

v3

e1

e2

e3

e4

e1

e2

e3

e4

e1

e2

e3

e4

m2

m3

m4

e1 e2

d1 d2 d3

andSplitpe1, te2, e3, e4uq

P

P

e0

e0

m

ei

ei

m

ei

e1

e2

e3

e4

e1
query

e2

e3

e4

v1

v2

e1

e2

e3

e4

e1

e2

e3

e4

e1

e2

e3

e4

m2

m3

m4

e1 e2

d1 d2 d3

p

p

xorSplitpe1, tpe2, query “ v1q, pe3, query “ v2q, pe4, defaultquq

p P

p P

e0

e0

m

ei

ei

m

ei

e1

e2

e3

e4

e1
query

e2

e3

e4

v1

v2

v3

e1

e2

e3

e4

e1

e2

e3

e4

e1

e2

e3

e4

m2

m3

m4

e1 e2

d1 d2 d3

andJoinpte1, e2, e3u, e4q

p P

p P

e0

e0

m

ei

ei

m

ei

e1

e2

e3

e4

e1
query

e2

e3

e4

v1

v2

v3

e1

e2

e3

e4

e1

e2

e3

e4

e1

e2

e3

e4

m2

m3

m4

e1 e2

d1 d2 d3

xorJoinpte1, e2, e3u, e4q

p P

p P

e0

e0

m

ei

ei

m

ei

e1

e2

e3

e4

e1
query

e2

e3

e4

v1

v2

v3

e1

e2

e3

e4

e1

e2

e3

e4

e1

e2

e3

e4

m2

m3

m4

e1 e2

d1 d2 d3

eventBasedpe1, pm2 : t̃2, e2q, pm3 : t̃3, e3q, pm4 : t̃4, e4qq
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Graphical Textual
Notation Notation

p P

p P

e0

e0

m

ei

ei

m

ei

e1

e2

e3

e4

e1
query

e2

e3

e4

v1

v2

v3

e1

e2

e3

e4

e1

e2

e3

e4

e1

e2

e3

e4

m2

m3

m4

e1 e2

d1 d2 d3

taskpe1, exppd1, d2qqpd3.f1 :“ exp1, . . . , d3.fn :“ expnq,e2q

P

P

e0

e0

m

ei

ei

m

ei

e1

e2

e3

e4

e1
query

e2

e3

e4

v1

v2

e1

e2

e3

e4

e1

e2

e3

e4

e1

e2

e3

e4

m2

m3

m4

e1 e2

d1 d2 d3

p

p

m

taskRcvpe1, exppd1, d2q, pd3.f1 :“ exp1, . . . , d3.fn :“ expnq,m : t̃, e2q

P

P

e0

e0

m

ei

ei

m

ei

e1

e2

e3

e4

e1
query

e2

e3

e4

v1

v2

e1

e2

e3

e4

e1

e2

e3

e4

e1

e2

e3

e4

m2

m3

m4

e1 e2

d1 d2 d3

p

p

m

taskSndpe1, exppd1, d2q, pd3.f1 :“ exp1, . . . , d3.fn :“ expnq,m : ˜exp, e2q

P

P

e0

e1

m

ei

m

ei

e1

e2

e3

e4

e1
query

e2

e3

e4

v1

v2

e1

e2

e3

e4

e1

e2

e3

e4

e1

e2

e3

e4

m2

m3

m4

e1 e2

p

p

e2

e1 e2

interRcvpe1,m : t̃, e2q

P

P

e0

e1

m

ei

m

ei

e1

e2

e3

e4

e1
query

e2

e3

e4

v1

v2

e1

e2

e3

e4

e1

e2

e3

e4

e1

e2

e3

e4

m2

m3

m4

e1 e2

p

p

e2

e1 e2
interSndpe1,m : ˜exp, e2q



Appendix B
Appendix: Definitions

This appendix reports the complete definitions of some auxiliary notions used in
the thesis. The various notions are here defined for the core set of BPMN elements.
However, all the definitions extend naturally to the other frameworks.

Function edgespP q refers to the edges in the scope of P and edgesElpP q to
indicate the edges in the scope of P without considering the spurious edges.

edgespP1 ‖ P2q “ edgespP1q Y edgespP2q

edgespstartpe, e1qq “ te, e1u

edgespendpe, e1qq “ te, e1u

edgespstartRcvpm, e1qq “ te, e1u

edgespendSndpe,m, e1qq “ te, e1u

edgespterminatepeqq “ teu

edgespeventBasedpe, pm1, e
1
1q, . . . , pmh, e

1
hqqq “ te, e

1
1, . . . , e

1
hu

edgespandSplitpe, e11, . . . , e
1
hqq “ te, e

1
1, . . . , e

1
hu

edgespxorSplitpe, e11, . . . , e
1
hqq “ te, e

1
1, . . . , e

1
hu

edgespandJoinpe1, . . . , eh, e
1qq “ te1, . . . , eh, e

1u

edgespxorJoinpe1, . . . , eh, e
1qq “ te1, . . . , eh, e

1u

edgesptaskpe, e1qq “ te, e1u

edgesptaskRcvpe,m, e1qq “ te, e1u

edgesptaskSndpe,m, e1qq “ te, e1u

edgespemptype, e1qq “ te, e1u

edgespinterRcvpe, e1,mqq “ te, e1u

edgespinterSndpe, e1,mqq “ te, e1u
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edgesElpP1 ‖ P2q “ edgesElpP1q Y edgesElpP2q

edgesElpstartpe, e1qq “ te1u

edgesElpendpe, e1qq “ teu

edgesElpstartRcvpm, e1qq “ te, e1u

edgesElpendSndpe,m, e1qq “ te, e1u

edgesElpterminatepeqq “ teu

edgesElpeventBasedpe, pm1, e
1
1q, . . . , pmh, e

1
hqqq “ te, e

1
1, . . . , e

1
hu

edgesElpandSplitpe, e11, . . . , e
1
hqq “ te, e

1
1, . . . , e

1
hu

edgesElpxorSplitpe, e11, . . . , e
1
hqq “ te, e

1
1, . . . , e

1
hu

edgesElpandJoinpe1, . . . , eh, e
1qq “ te1, . . . , eh, e

1u

edgesElpxorJoinpe1, . . . , eh, e
1qq “ te1, . . . , eh, e

1u

edgesElptaskpe, e1qq “ te, e1u

edgesElptaskRcvpe,m, e1qq “ te, e1u

edgesElptaskSndpe,m, e1qq “ te, e1u

edgesElpemptype, e1qq “ te, e1u

edgesElpinterRcvpe, e1,mqq “ te, e1u

edgesElpinterSndpe, e1,mqq “ te, e1u
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Functions inpP q and outpP q are inductively defined. They are used to deter-
mine the incoming and outgoing sequence edges of a process element P .

inpstartpe, e1qq “ H outpstartpe, e1qq “ te1u
inpendpe, e1qq “ teu outpendpe, e1qq “ H
inpstartRcvpm, e1qq “ H outpstartRcvpm, e1qq “ te1u
inpendSndpe,m, e1qq “ teu outpendSndpe,m, e1qq “ H
inpterminatepeqq “ teu outpterminatepeqq “ H
inpandSplitpe, Eqq “ teu outpandSplitpe, Eqq “ E
inpxorSplitpe, Eqq “ teu outpxorSplitpe, Eqq “ E
inpandJoinpE, e1qq “ E outpandJoinpE, e1qq “ te1u
inpxorJoinpE, e1qq “ E outpxorJoinpE, e1qq “ te1u
inpeventBasedpe, pm1, e

1
1q, . . . , pmh, e

1
hqqq outpeventBasedpe, pm1, e

1
1q, . . . , pmh, e

1
hqqq

“ teu “ te1ju with 1 ă j ă h

inptaskpe, eqq “ teu outptaskpe, e1qq “ te1u
inptaskRcvpe,m, e1qq “ teu outptaskRcvpe,m, e1qq “ te1u
inptaskSndpe,m, eqq “ teu outptaskSndpe,m, e1qq “ te1u
inpemptype, e1qq “ teu outpemptype, e1qq “ te1u
inpinterRcvpe, e1,mqq “ teu outpinterRcvpe, e1,mqq “ te1u
inpinterSndpe, e1,mqq “ teu outpinterSndpe, e1,mqq “ te1u
inpP1 ‖ P2q “ pinpP1q Y inpP2qq outpP1 ‖ P2q “ poutpP1q Y outpP2qq

z poutpP1q Y outpP2qq z pinpP1q Y inpP2qq

Definition 38 (Initial state of core elements in P ). Let P be a process, then
isInitElpP, σq is inductively defined on the structure of process P as follows:

isInitElptaskpe, e1q, σq if σpeq “ 1 and σpe1q “ 0
isInitElptaskRcvpe,m, e1q, σq if σpeq “ 1 and σpe1q “ 0
isInitElptaskSndpe,m, e1q, σq if σpeq “ 1 and σpe1q “ 0
isInitElpemptype, e1q, σq if σpeq “ 1 and σpe1q “ 0
isInitElpinterRcvpe, e1,mq, σq if σpeq “ 1 and σpe1q “ 0
isInitElpinterSndpe, e1,mq, σq if σpeq “ 1 and σpe1q “ 0
isInitElpandSplitpe, Eq, σq if σpeq “ 1 and @e1 P E . σpe1q “ 0
isInitElpxorSplitpe, Eq, σq if σpeq “ 1 and @e1 P E . σpe1q “ 0
isInitElpandJoinpE, eq, σq if @e1 P E . σpe1q “ 1 and σpeq “ 0
isInitElpxorJoinpE, eq, σq if De1 P E . σpe1q “ 1 and σpeq “ 0
isInitElpeventBasedpe, pm1, eo1q, . . . , pmk, eokqq, σq if σpeq “ 1

and @e1 P teo1, . . . , eoku . σpe
1q “ 0

isInitElpP1‖P2, σq if @e P inpP1 ‖ P2q : isInitElpgetInElpe, P1 ‖ P2qq

and @e P pedgespP1 ‖ P2qzinpP1 ‖ P2qq : σpeq “ 0
where getInElpe, P q returns the element in P with incoming edge e:

• getInElpe, taskpe1, e2qq “

"

taskpe1, e2q if e “ e1

ε otherwise
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• getInElpe, taskRcvpe1,m, e2qq “

"

taskRcvpe1,m, e2q if e “ e1

ε otherwise

• getInElpe, taskSndpe1,m, e2qq “

"

taskSndpe1,m, e2q if e “ e1

ε otherwise

• getInElpe, emptype1, e2qq “

"

emptype1, e2q if e “ e1

ε otherwise

• getInElpe, interRcvpe1, e2,mqq “

"

interRcvpe1, e2,mq if e “ e1

ε otherwise

• getInElpe, interSndpe1, e2,mqq “

"

interSndpe1, e2,mq if e “ e1

ε otherwise

• getInElpe, andSplitpe1, Eqq “

"

andSplitpe1, Eq if e “ e1

ε otherwise

• getInElpe, andJoinpE, e1qq “

"

andJoinpE, e1q if e P E
ε otherwise

• getInElpe, xorSplitpe1, Eqq “

"

xorSplitpe1, Eq if e “ e1

ε otherwise

• getInElpe, xorJoinpE, e1qq “

"

xorJoinpE, e1q if e P E
ε otherwise

• getInElpe, eventBasedpe1, pm1, e
2
1q, . . . , pmk, e

2
kqqq “

"

eventBasedpe1, pm1, e
2
1q, . . . , pmk, e

2
kqq if e “ e1

ε otherwise

• getInElpe, P1 ‖ P2q “ getInElpe, P1q, getInElpe, P2q
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Definition 39 (Final state of core elements in P ). Let P be a process, then
isCompleteElpP, σq is inductively defined on the structure of process P as follows:

isCompleteElptaskpe, e1q, σq if σpeq “ 0 and σpe1q “ 1
isCompleteElptaskRcvpe,m, e1q, σq if σpeq “ 0 and σpe1q “ 1
isCompleteElptaskSndpe,m, e1q, σq if σpeq “ 0 and σpe1q “ 1
isCompleteElpemptype, e1q, σq if σpeq “ 0 and σpe1q “ 1
isCompleteElpinterRcvpe, e1,mq, σq if σpeq “ 0 and σpe1q “ 1
isCompleteElpinterSndpe, e1,mq, σq if σpeq “ 0 and σpe1q “ 1
isCompleteElpandSplitpe, Eq, σq if σpeq “ 0 and @e1 P E . σpe1q “ 1
isCompleteElpxorSplitpe, Eq, σq if σpeq “ 0 and De1 P E . σpe1q “ 1

and @e2 P Eze1 . σpe2q “ 0
isCompleteElpandJoinpE, eq, σq if @e1 P E . σpe1q “ 0 and σpeq “ 1
isCompleteElpxorJoinpE, eq, σq if @e1 P E . σpe1q “ 0 and σpeq “ 1
isCompleteElpeventBasedpe, pm1, eo1q, . . . , pmk, eokqq, σq if σpeq “ 0

and De1 P teo1, . . . , eoku . σpe
1q “ 1

and @e2 P teo1, . . . , eokuze
1 . σpe2q “ 0

isCompleteElpP1‖P2, σq if @e P outpP1 ‖ P2q : isCompleteElpgetOutElpe, P1 ‖ P2qq

and @e P pedgespP1 ‖ P2qzoutpP1 ‖ P2qq : σpeq “ 0

where getOutElpe, P q returns the element in P with outgoing edge e:

• getOutElpe, taskpe1, e2qq “

"

taskpe1, e2q if e “ e2

ε otherwise

• getOutElpe, taskRcvpe1,m, e2qq “

"

taskRcvpe1,m, e2q if e “ e2

ε otherwise

• getOutElpe, taskSndpe1,m, e2qq “

"

taskSndpe1,m, e2q if e “ e2

ε otherwise

• getOutElpe, emptype1, e2qq “

"

emptype1, e2q if e “ e2

ε otherwise

• getOutElpe, interRcvpe1, e2,mqq “

"

interRcvpe1, e2,mq if e “ e2

ε otherwise

• getOutElpe, interSndpe1, e2,mqq “

"

interSndpe1, e2,mq if e “ e2

ε otherwise

• getOutElpe, andSplitpe1, Eqq “

"

andSplitpe1, Eq if e P E
ε otherwise

• getOutElpe, andJoinpE, e1qq “

"

andJoinpE, e1q if e “ e1

ε otherwise



194 APPENDIX B. APPENDIX: DEFINITIONS

• getOutElpe, xorSplitpe1, Eqq “

"

xorSplitpe1, Eq if e P E
ε otherwise

• getOutElpe, xorJoinpE, e1qq “

"

xorJoinpE, e1q if e “ e1

ε otherwise

• getOutElpe, eventBasedpe1, pm1, e
2
1q, . . . , pmk, e

2
kqqq “

"

eventBasedpe1, pm1, e
2
1q, . . . , pmk, e

2
kqq if e P te21, . . . , e

2
ku

ε otherwise

• getOutElpe, P1 ‖ P2q “ getOutElpe, P1q, getOutElpe, P2q
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Appendix: Proofs

C.1 Core BPMN
This appendix reports the proofs of the results presented in Chapter 4.

Lemma 1. Let P be a process, if isInitpP, σq then xP, σy is cs-safe.

Proof. Trivially, from definition of isInitpP, σq. By definition of isInitpP, σq, it
follows that σpeq “ 1 where e P startpP q and @ e1 P edgespP qzstartpP q . σpe1q “ 0,
i.e. only the start event has a marking and all the other edges are unmarked.
Hence, it follows that @e P edgesElpP q . σpeq ď 1, which allows to conclude.

Lemma 2. Let isWSCorepP q, and let xP, σy be a core reachable and cs-safe process
configuration, if xP, σy `

ÝÑ σ1 then xP, σ1y is cs-safe.

Proof. By induction on the structure of WSCore process elements.
Base cases: since by hypothesis isWSCorepP q, it can only be either a task or an
intermediate event.

• P “ taskpe, e1q. By hypothesis xP, σy is cs-safe, then edgesElpP q “
edgesElptaskpe, e1qq “ te, e1u is such that σpeq ď 1 and σpe1q ď 1. The only
rule that can be applied to infer the transition xP, σy `

ÝÑ σ1 is P -Task . In
order to apply the rule there must be σpeq ą 0; hence 0 ă σpeq ď 1 ,
i.e. σpeq “ 1. It can be exploited the fact that xP, σy is a core reachable
configuration to prove that σpe1q “ 0. The application of the rule produces
σ1 “ xincpdecpσ, eq, e1qy, i.e. σ1peq “ 0 and σ1pe1q “ 1. Thus, σ1peq “ 0 and
σ1pe1q “ 1. Hence, it follows that @e3 P edgesElpP q . σ1pe3q ď 1, which
allows to conclude.

• P “ taskRcvpe,m, e1q. By hypothesis xP, σy is cs-safe, then edgesElpP q “
edgesElptaskRcvpe,m, e1qq “ te, e1u is such that σpeq ď 1 and σpe1q ď 1. The
only rule that can be applied to infer the transition xP, σy `

ÝÑ σ1 is P -TaskRcv .
In order to apply the rule there must be σpeq ą 0; hence 0 ă σpeq ď 1 ,
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i.e. σpeq “ 1. It can be exploited the fact that xP, σy is a core reachable
configuration to prove that σpe1q “ 0. The application of the rule produces
σ1 “ xincpdecpσ, eq, e1qy, i.e. σ1peq “ 0 and σ1pe1q “ 1. Thus, σ1peq “ 0 and
σ1pe1q “ 1. Hence, it follows that @e3 P edgesElpP q . σ1pe3q ď 1, which
allows to conclude.

• P “ taskSndpe,m, e1q. By hypothesis xP, σy is cs-safe, then edgesElpP q “
edgesElptaskSndpe,m, e1qq “ te, e1u is such that σpeq ď 1 and σpe1q ď 1. The
only rule that can be applied to infer the transition xP, σy `

ÝÑ σ1 is P -TaskSnd .
In order to apply the rule there must be σpeq ą 0; hence 0 ă σpeq ď 1 ,
i.e. σpeq “ 1. It can be exploited the fact that xP, σy is a core reachable
configuration to prove that σpe1q “ 0. The application of the rule produces
σ1 “ xincpdecpσ, eq, e1qy, i.e. σ1peq “ 0 and σ1pe1q “ 1. Thus, σ1peq “ 0 and
σ1pe1q “ 1. Hence, it follows that @e3 P edgesElpP q . σ1pe3q ď 1, which
allows to conclude.

• P “ interRcvpe, e1,mq. By hypothesis xP, σy is cs-safe, then edgesElpP q “
edgesElpinterRcvpe, e1,mqq “ te, e1u is such that σpeq ď 1 and σpe1q ď 1.
The only rule that can be applied to infer the transition xP, σy `

ÝÑ σ1 is
P -InterRcv . In order to apply the rule there must be σpeq ą 0; hence
0 ă σpeq ď 1 , i.e. σpeq “ 1. It can be exploited the fact that xP, σy is a
core reachable configuration to prove that σpe1q “ 0. The application of the
rule produces σ1 “ xincpdecpσ, eq, e1qy, i.e. σ1peq “ 0 and σ1pe1q “ 1. Thus,
σ1peq “ 0 and σ1pe1q “ 1. Hence, it follows that @e3 P edgesElpP q . σ1pe3q ď
1, which allows to conclude.

• P “ interSndpe, e1,mq. By hypothesis xP, σy is cs-safe, then edgesElpP q “
edgesElpinterSndpe, e1,mqq “ te, e1u is such that σpeq ď 1 and σpe1q ď 1.
The only rule that can be applied to infer the transition xP, σy `

ÝÑ σ1 is
P -InterSnd . In order to apply the rule there must be σpeq ą 0; hence
0 ă σpeq ď 1 , i.e. σpeq “ 1. It can be exploited the fact that xP, σy is a
core reachable configuration to prove that σpe1q “ 0. The application of the
rule produces σ1 “ xincpdecpσ, eq, e1qy, i.e. σ1peq “ 0 and σ1pe1q “ 1. Thus,
σ1peq “ 0 and σ1pe1q “ 1. Hence, it follows that @e3 P edgesElpP q . σ1pe3q ď
1, which allows to conclude.

• P “ emptype, e1q. By hypothesis xP, σ y is cs-safe, then edgesElpP q “
edgesElpemptype, e1qq “ te, e1u is such that σpeq ď 1 and σpe1q ď 1. The
only rule that can be applied to infer the transition xP, σy `

ÝÑ σ1 is P -Empty .
In order to apply the rule there must be σpeq ą 0; hence 0 ă σpeq ď 1 ,
i.e. σpeq “ 1. It can be exploited the fact that xP, σy is a core reachable
configuration to prove that σpe1q “ 0. The application of the rule produces
σ1 “ xincpdecpσ, eq, e1qy, i.e. σ1peq “ 0 and σ1pe1q “ 1. Thus, σ1peq “ 0 and
σ1pe1q “ 1. Hence, it follows that @e3 P edgesElpP q . σ1pe3q ď 1, which
allows to conclude.

Inductive cases:
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• xandSplitpe, Eq ‖ P1 ‖ . . . ‖ Pn ‖ andJoinpE1, e1q, σy, with @j P

r1..ns isWSCorepPjq, inpPjq Ď E, outpPjq Ď E1. There are the following
possibilities:

– xandSplitpe, Eq, σy evolves by means of rule P -AndSplit . It can be
exploited the fact that this is a core reachable well-structured con-
figuration to prove that σpeq “ 1 and @e2 P E .σpe2q “ 0. Thus,
xandSplitpe, Eq, σy

ε
ÝÑ σ1 with σ1 “ incpdecpσ, eq, Eq. Hence, @e3 P

edgesElpandSplitpe, Eqq . σpe3q ď 1. By hypothesis xandSplitpe, Eq ‖
P1 ‖ . . . ‖ Pn ‖ andJoinpE1, e1q, σy is cs-safe, i.e. if @e2 P E .σ1pe2q “ 1,
that is there is a token on the outgoing edges of the AND-Split in
the state xandSplitpe, Eq, σ1y, then all the other edges are unmarked.
This means that cs-safeness is not affected. Therefore, the overall term
xandSplitpE, eq ‖ P1 ‖ . . . ‖ Pn ‖ andJoinpE1, e1q, σ1y is cs-safe.

– Node P1 ‖ . . . ‖ Pn evolves without affecting the split and join gateways.
In this case it easily follows by inductive hypothesis.

– Node P1 ‖ . . . ‖ Pn evolves and affects the split and/or join gateways.
In this case one can reason like in the first case, by relying on inductive
hypothesis.

– xandJoinpE1, e1q, σy evolves by means of rule P -AndJoin. It can be
exploited the fact that this is a core reachable well-structured con-
figuration to prove that @e2 P E1 .σpe2q “ 1 and σpe1q “ 0. Thus,
xandJoinpE1, e1q, σy

ε
ÝÑ σ1 with σ1 “ incpdecpσ,E1q, e1q. Hence, @e3 P

edgesElpandJoinpE1, e1qq . σpe3q ď 1. By hypothesis xandSplitpE, eq ‖
P1 ‖ . . . ‖ Pn ‖ andJoinpE1, e1q, σy is cs-safe, i.e. if there is a token on
the outgoing edge of the AND-Join in the state xandJoinpE1, e1q, σ1y all
the other edges do not have tokens. This means that cs-safeness is not
affected. Therefore, the overall term xandSplitpE, eq ‖ P1 ‖ . . . ‖ Pn ‖
andJoinpE1, e1q, σ1y is cs-safe.

• xxorSplitpe, Eq ‖ P1 ‖ . . . ‖ Pn ‖ xorJoinpE1, e2q, σy, with @j P

r1..ns isWSCorepPjq, inpPjq Ď E, outpPjq Ď E1. There are the following
possibilities:

– xxorSplitpe, Eq, σy evolves by means of rule P -XorSplit . It can be ex-
ploited the fact that this is a core reachable well-structured config-
uration to prove that σpeq “ 1 and @e2 P E .σpe2q “ 0. Thus,
xorSplitpe, te1uYEq, σy

ε
ÝÑ σ1, with σ1 “ incpdecpσ, eq, e1q. Hence, @e3 P

edgesElpxorSplitpe, Eqq . σpe3q ď 1. By hypothesis xxorSplitpe, Eq ‖
P1 ‖ . . . ‖ Pn ‖ xorJoinpE1, e2q, σy is cs-safe, i.e. if σ1pe1q “ 1, that
is there is a token on one of the outgoing edges of the XOR-Split in
the state xxorSplitpe, Eq, σ1y, then all the other edges are unmarked.
This means that cs-safeness is not affected. Therefore, the overall term
xxorSplitpe, Eq ‖ P1 ‖ . . . ‖ Pn ‖ xorJoinpE1, e2q, σ1y is cs-safe.

– Node P1 ‖ . . . ‖ Pn evolves without affecting the split and join gateways.
In this case it easily follows by inductive hypothesis.
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– Node P1 ‖ . . . ‖ Pn evolves and affects the split and/or join gateways.
In this case one can reason like in the first case, by relying on inductive
hypothesis.

– xxorJoinpteu Y E, e1q, σy evolves by means of rule P -XorJoin. It can
be exploited the fact that this is a core reachable well-structured con-
figuration to prove that σpeq “ 1, @e2 P E1 .σpe2q “ 0 and σpe1q “ 0.
Thus xxorJoinpteuYE, e1q, σy

ε
ÝÑ σ1, with σ1 “ incpdecpσ, eq, e1q. Hence,

@e3 P edgesElpxorJoinpteu Y E, e1qq . σpe3q ď 1. By hypothesis
xxorSplitpe, Eq ‖ P1 ‖ . . . ‖ Pn ‖ xorJoinpE1, e2q, σy is cs-safe, i.e. if
there is a token on the outgoing edge of the XOR-Join in the state
xxorJoinpteu Y E, e1q, σ1y all the other edges do not have tokens. This
means that cs-safeness is not affected. Therefore, the overall term
xxorSplitpe, Eq ‖ P1 ‖ . . . ‖ Pn ‖ xorJoinpE1, e2q, σ1y is cs-safe.

• eventBasedpe, tpmj , e
1
jq|j P r1..nsuq ‖ P1 ‖ . . . ‖ Pn ‖ xorJoinpE, e2q, with @j P

r1..ns isWSCorepPjq, inpPjq “ e1j , outpPjq Ď E. There are the following
possibilities:

– xeventBasedpe, tpmj , e
1
jq|j P r1..nsuq, σy evolves by means of rule P -

EventG . It can be exploited the fact that this is a core reachable
well-structured configuration to prove that σpeq “ 1 and @e1j | j P

r1..ns.σpe1jq “ 0. Thus, xeventBasedpe, tpmj , e
1
jq|j P r1..nsuq, σy

?mj
ÝÝÑ σ1,

with σ1 “ incpdecpσ, eq, e1jq. @e3 P edgesElpeventBasedpe, tpmj , e
1
j |j P

r1..nsuqq. σpe3q ď 1. By hypothesis xeventBasedpe, tpmj , e
1
jq|j P

r1..nsuq, σy is cs-safe, i.e. if σ1pe1jq “ 1, that is there is a to-
ken on one of the outgoing edges of the Event Based in the state
xeventBasedpe, tpmj , e

1
jq|j P r1..nsuq, σ

1y, then all the other edges are
unmarked. This means that cs-safeness is not affected.
Therefore, the overall term xeventBasedpe, tpmj , e

1
jq|j P r1..nsuq ‖ P1 ‖

. . . | Pn ‖ xorJoinpE, e2q, σ1y is cs-safe.
– Node P1 ‖ . . . ‖ Pn evolves without affecting the split and join gateways.

In this case it easily follows by inductive hypothesis.
– Node P1 ‖ . . . ‖ Pn evolves and affects the split and/or join gateways.

In this case one can reason like in the first case, by relying on inductive
hypothesis.

– xxorJoinpteuYE, e2q, σy evolves by means of rule P -XorJoin. It can be
exploited the fact that this is a core reachable well-structured configu-
ration to prove that σpeq “ 1, @e2 P E .σpe2q “ 0 and σpe1q “ 0. Thus
xxorJoinpteu Y E, e2q, σy

ε
ÝÑ σ1, with σ1 “ incpdecpσ, eq, e2q. Hence,

@e3 P edgesElpxorJoinpteu Y E, e2qq . σpe3q ď 1. By hypothesis
xxorSplitpe, Eq ‖ P1 ‖ . . . ‖ Pn ‖ xorJoinpE, e2q, σy is cs-safe, i.e. if
there is a token on the outgoing edge of the XOR-Join in the state
xxorJoinpteu Y E, e2q, σ1y all the other edges do not have tokens. This
means that cs-safeness is not affected. Therefore, the overall term
xxorSplitpe, Eq ‖ P1 ‖ . . . ‖ Pn ‖ xorJoinpE, e2q, σ1y is cs-safe.
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• xorJoinpte2, e3u, e1q ‖ P1 ‖ P2 ‖ xorSplitpeiv, tev, eviuq with inpP1q “ te1u,
outpP1q “ teivu, inpP2q “ teviu, outpP2q “ te2u. There are the following
possibilities:

– xxorJoinpte2, e3u, e1q, σy evolves by means of rule P -XorJoin. It can be
exploited the fact that this is a core reachable well-structured con-
figuration to prove that the term is marked σpe1q “ 0 and either
σpe2q “ 1 or σpe3q “ 1; assuming that the marking is σpe3q “ 1
(since the other case is similar), then xxorJoinpte2, e3u, e1q, σy

ε
ÝÑ σ1

with σ1 “ incpdecpσ, e3q, e1q. Hence, edgesElpxorJoinpte2, e3u, e1qq “
te2, e3, e1u and σ1pe1q “ 1, σ1pe3q “ 0 and σ1pe2q “ 0, that is
@e P edgesElpxorJoinpte2, e3u, e1qq . σ1peq ď 1.
By hypothesis xxorJoinpte2, e3u, e1q ‖ P1 ‖ P2 ‖ xorSplitpeiv, tev, eviuq, σy
is cs-safe, i.e. if there is a token on e1 in the state
xxorJoinpte2, e3u, e1q, σ1y all the other edges do not have token. This
means that cs-safeness is not affected. Therefore, the overall term
xxorJoinpte2, e3u, e1q ‖ P1 ‖ P2 ‖ xorSplitpeiv, tev, eviuq, σ1y is cs-safe.

– Node P1 ‖ P2 evolves without affecting the split and join gateways. In
this case it easily follows by inductive hypothesis.

– Node P1 ‖ P2 evolves and affects the xor join and xor split gateways.
In this case one can reason like in the first case, by relying on inductive
hypothesis.

– xxorSplitpeiv, tev, eviuq, σy evolves by means of rule P -XorSplit . It
can be exploited the fact that this is a core reachable well-
structured configuration to prove that the term is marked as
σpeivq “ 1. Hence, it evolves in a cs-safe term; in fact as-
suming that it evolves in this way xxorSplitpeiv, tev, eviuq, σy

ε
ÝÑ σ1

with σ1 “ incpdecpσ, eivq, evq, hence, edgesElpxorSplitpeiv, tev, eviuqq “
teiv, ev, eviu and σ1peivq “ 0, σ1pevq “ 1, σ1peviq “ 0, that is
@e P edgesElpxorSplitpeiv, tev, eviuqq . σ1peq ď 1. By hypothesis
xxorJoinpte2, e3u, e1q ‖ P1 ‖ P2 ‖ xorSplitpeiv, tev, eviuq, σy is cs-safe, i.e.
if there is a token on ev in the state xxorSplitpeiv, tev, eviuq, σ1y all the
other edges do not have token. This means that cs-safeness is not af-
fected. Therefore, the overall term xxorJoinpte2, e3u, e1q ‖ P1 ‖ P2 ‖
xorSplitpeiv, tev, eviuq, σ1y is cs-safe.

• Be xP, σy “ xP1 ‖ P2, σy. The relevant case for cs-safeness is when
P evolves by applying P -Int1 . It results that xP1 ‖ P2, σy

`
ÝÑ σ1

with xP1, σy
`
ÝÑ σ1. By definition of edgesElp¨q function it follows that

edgesElpP q “ edgesElpP1q Y edgesElpP2q. By inductive hypothesis it follows
that @e P edgesElpP1q . σpeq ď 1 which is cs-safe. Since P2 is well structured
and cs-safe, then also xP2, σ

1y is cs-safe, which permits to conclude.
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Lemma 3. Let isWS pP q, and let xP, σy be a process configuration reachable and
cs-safe, if xP, σy `

ÝÑ σ1 then xP, σ1y is cs-safe.

Proof. According to Definition 4, P can have 6 different forms. The proof is given
by case analysis on the parallel component of xP, σy that causes the transition
xP, σy

`
ÝÑ σ1.

It will be considered now the case P“ startpe, e1q ‖ P 1 ‖ endpe2, e3q.

• startpe, e1q evolves by means of the rule P -Start . In order to apply the rule
there must be σpeq ą 0, hence, by cs-safeness, σpeq “ 1. It can be exploited
the fact that this is a reachable well-structured configuration to prove that
σpe1q “ 0. The rule produces the following transition xstartpe, e1q, σy

ε
ÝÑ σ11

with σ11 “ incpdecpσ, eq, e1q where σ11peq “ 0 and σ11pe1q “ 1. Now, xP, σ11y “
xstartpe, e1q ‖ P 1 ‖ endpe2, e3q, σ11y can evolve only through the application
of P -Int1 producing xP, σ1y with σ1pinpP 1qq “ 1. By hypothesis xP, σy is
cs-safe, thus σpe2q ď 1, σpe3q ď 1 and @ev P edgesElpP 1q . σpevq ď 1. Now
@ev P edgesElpP 1q . σpevq ď 1 and @ev P edgesElpP 1q . σ1pevq ď 1. Therefore
edgesElpP q “ te1, e2uY edgesElpP 1q are such that σ1pe1q “ 1, σ1pinpP 1qq ď 1,
σ1poutpP 1qq ď 1, σ1pe2q ď 1. Thus, xP, σ1y is cs-safe.

• endpe2, e3q evolves by means of the rule P -End . It can be exploited the fact
that this is a reachable well-structured configuration to prove that the term
is marked as σpe2q “ 1 and σpe3q “ 0. The rule produces the following
transition xendpe2, e3q, σy

ε
ÝÑ σ11 with σ11 “ incpdecpσ, e2q, e3q. Now, xP, σ11y

can only evolve by applying P -Int1 producing xP, σ1y. By hypothesis xP, σy is
cs-safe, then σpe2q ď 1, σpe3q ď 1 and P 1 is cs-safe. Reasoning as previously
it can be concluded that xP, σ1y is cs-safe.

• P 1 moves, that is xP 1, σy `
ÝÑ σ1. By Lemma 2 xP 1, σ1y is safe, thus

@e P edgesElpP 1q . σ1peq ď 1. By hypothesis, P is cs-safe, hence
edgesElpstartpe, e1qq “ te1u is such that σ1pe1q ď 1 and edgesElpendpe2, e3qq “
te2u is such that σ1pe2q ď 1. Thus, it can be concluded that xP, σ1y is safe.

It is considered now the case P“ startpe, e1q ‖ P 1 ‖ terminatepe2q.

• The start event evolves: like the previous case.

• The end terminate event evolves: the only transition it can be applied is
P -Terminate. It can be exploited the fact that this is a reachable well-
structured configuration to prove that the term is marked as σpe2q “ 1.
By applying the rule I have xterminatepe2q, σy

kill
ÝÝÑ σ11 with σ11 “ decpσ, e2q.

Now, xP, σ11y can only evolve by applying P -Kill1 producing xP, σ1y where
σ1 is completed unmarked; therefore it is cs-safe.

• P 1 moves: similar to the previous case.

Now it is considered the case P“ startpe, e1q ‖ P 1 ‖ endSndpe2,m, e3q.
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• The start event evolves: like the previous case.

• The end message event evolves: the only transition that can be applied
is P -EndSnd . It can be exploited the fact that this is a reachable well-
structured configuration to prove that the term is marked as σpe2q “ 1 and
σpe3q “ 0. By applying the rule it follows that xendSndpe2,m, e3q, σy

!m
ÝÑ σ11

with σ11 “ incpdecpσ, e2q, e3q Now, xP, σ11y can only evolve by applying P -Int1
producing xP, σ1y. By hypothesis xP, σy is cs-safe, then σpe2q ď 1, σpe3q ď 1
and P 1 is cs-safe. Reasoning as previously it can be concluded that xP, σ1y
is cs-safe.

• P 1 moves: similar to the previous cases.

Now it is considered the case P“ startRcvpm, e1q ‖ P 1 ‖ endpe2, e3q.

• startRcvpm, e1q evolves by means of the rule P -StartRcv . In order to ap-
ply the rule there must be σpeq ą 0, hence, by cs-safeness, σpeq “ 1. It
can be exploited the fact that this is a reachable well-structured configu-
ration to prove that σpe1q “ 0. The rule produces the following transition
xstartRcvpm, e1q, σy

?m
ÝÝÑ σ11 with σ11 “ incpdecpσ, eq, e1q where σ11peq “ 0 and

σ11pe
1q “ 1. Now, xP, σ11y “ startRcvpm, e1q ‖ P 1 ‖ endpe2, e3q, σ11y can evolve

only through the application of P -Int1 producing xP, σ1y with σ1pinpP 1qq “ 1.

By hypothesis xP, σy is cs-safe, thus σpe2q ď 1, σpe3q ď 1 and @ev P
edgesElpP 1q . σpevq ď 1. Now @ev P edgesElpP 1q . σpevq ď 1 and
@ev P edgesElpP 1q . σ1pevq ď 1. Therefore edgesElpP q “ te1, e2uYedgesElpP 1q
are such that σ1pe1q “ 1, σ1pinpP 1qq ď 1, σ1poutpP 1qq ď 1, σ1pe2q ď 1. Thus,
xP, σ1y is cs-safe.

• endpe2, e3q evolves by means of the rule P -End . It follows as in the first case.

• P 1 moves, that is xP 1, σy
`
ÝÑ σ1. By Lemma 2 xP 1, σ1y is safe,

thus @e P edgesElpP 1q . σ1peq ď 1. By hypothesis P is cs-safe,
thus edgesElpstartRcvpm, e1qq “ te1u is such that σ1pe1q ď 1 and
edgesElpendpe2, e3qq “ te2u is such that σ1pe2q ď 1. It can be concluded
that xP, σ1y is safe.

Now it is considered the case P“ startRcvpm, e1q ‖ P 1 ‖ terminatepe2q.

• startRcvpm, e1q evolves by means of the rule P -StartRcv : like in the previous
case.

• The end terminate event evolves: the only transition it can be applied is
P -Terminate: like in the case P“ startpe, e1q ‖ P 1 ‖ terminatepe2q.

• P 1 moves, that is xP 1, σy
`
ÝÑ σ1. By Lemma 2 xP 1, σ1y is safe,

thus @e P edgesElpP 1q . σ1peq ď 1. By hypothesis, P is cs-safe
thus edgesElpstartRcvpm, e1qq “ te1u is such that σ1pe1q ď 1 and
edgesElpterminatepe2qq “ te2u is such that σ1pe2q ď 1. It follows that xP, σ1y
is safe.
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Now it is considered the case P“ startRcvpm, e1q ‖ P 1 ‖ endSndpe2,m, e3q.

• startRcvpm, e1q evolves by means of the rule P -StartRcv : like in the previous
case.

• endSndpe2,m, e3q evolves by means of P -EndSnd : like in the case P“
startpe, e1q ‖ P 1 ‖ endSndpe2,m, e3q.

• P 1 moves, that is xP 1, σy
`
ÝÑ σ1. By Lemma 2 xP 1, σ1y is safe,

thus @e P edgesElpP 1q . σ1peq ď 1. By hypothesis, P is cs-safe
thus edgesElpstartRcvpm, e1qq “ te1u is such that σ1pe1q ď 1 and
edgesElpendSndpe2,m, e3qq “ te2u is such that σ1pe2q ď 1. It follows that
xP, σ1y is safe.

Theorem 1. Let P be a process, if P is well-structured then P is safe.

Proof. It has to be shown that if xP, σy ÝÑ˚ σ1 then xP, σ1y is cs-safe. It proceeds
by induction on the length n of the sequence of transitions from xP, σy to xP, σ1y.
Base Case (n “ 0): In this case σ “ σ1, then isInitpP, σ1q is satisfied. By Lemma 1
it can be concluded xP, σ1y is cs-safe.
Inductive Case: In this case xP, σy ÝÑ˚ xP, σ2y

`
ÝÑ xP, σ1y for some process xP, σ2y.

By induction, xP, σ2y is cs-safe. By applying Lemma 3 to xP, σ2y `
ÝÑ xP, σ1y, it can

be concluded that xP, σ1y is cs-safe.

Theorem 2. Let C be a collaboration, if C is well-structured then C is safe.

Proof. By contradiction, let C be well-structured and C be unsafe. By Definition 8,
given σ and δ such that isInitpC, σ, δq there exists a collaboration configuration
xC, σ1, δ1y such that xC, σ, δy ÝÑ˚ xC, σ1, δ1y and DP P participantpCq, xP, σ1y not
cs-safe. From hypothesis isInitpC, σ, δq, it follows isInitpP, σq. Thus, also xP, σ1y is
reachable. From hypothesis C is well-structured, it follows that P is WS. Therefore,
by Theorem 1, P is safe. By Definition 7, xP, σ1y is cs-safe, which is a contradiction.

Lemma 4. Let isWSCorepP q and let xP, σy be core reachable, then there exists σ1

such that xP, σy ÝÑ˚σ1 and isCompleteElpP, σ1q.

Proof. It follows by induction on the structure of isWSCorepP q. Base cases: by
definition of isWSCorepq, P can only be either a task or an intermediate event.

• P “ taskpe, e1q. The only rule it can be applied is P -Task . In order to
apply the rule there must be σpeq ą 0. Since isWSCorepP q, xP, σy is safe,
hence σpeq “ 1. Since the process configuration is core reachable it follows
that σpe1q “ 0. The application of the rule produces xtaskpe, e1q, σy

ε
ÝÑ σ1

with σ1 “ incpdecpσ, eq, e1q. Thus, it follows σ1peq “ 0 and σ1pe1q “ 1, which
permits to conclude.
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• P “ taskRcvpe,m, e1q. The only rule that can be applied is P -TaskRcv . In
order to apply it there must be σpeq ą 0. Since isWSCorepP q, xP, σy is safe,
hence σpeq “ 1. Since the process configuration is core reachable it follows
σpe1q “ 0. The application of the rule produces xtaskRcvpe,m, e1q, σy

?m
ÝÝÑ σ1

with σ1 “ incpdecpσ, eq, e1q. Thus, it follows σ1peq “ 0 and σ1pe1q “ 1, which
permits to conclude.

• P “ taskSndpe,m, e1q. The only rule that can be applied is P -TaskSnd .
In order to apply the rule there must be σpeq ą 0. Since isWSCorepP q,
xP, σy is safe, hence σpeq “ 1. Since the process configuration is core
reachable it follows σpe1q “ 0. The application of the rule produces
xtaskSndpe,m, e1q, σy

!m
ÝÑ σ1 with σ1 “ incpdecpσ, eq, e1q. Thus, it follows

σ1peq “ 0 and σ1pe1q “ 1, which permits to conclude.

• P “ interRcvpe, e1,mq. The only rule that can be applied is P -InterRcv . In
order to apply it there must be σpeq ą 0. Since isWSCorepP q, xP, σy is safe,
hence σpeq “ 1. Since the process configuration is core reachable it follows
σpe1q “ 0. The application of the rule produces xinterRcvpe, e1,mq, σy

ε
ÝÑ σ1

with σ1 “ incpdecpσ, eq, e1q. Thus, it follows σ1peq “ 0 and σ1pe1q “ 1, which
permits to conclude.

• P “ interSndpe, e1,mq,. The only rule that can be applied is P -InterSnd . In
order to apply it there must be σpeq ą 0. Since isWSCorepP q, xP, σy is safe,
hence σpeq “ 1. Since the process configuration is core reachable it follows
σpe1q “ 0. The application of the rule produces xinterSndpe, e1,mq, σy

!m
ÝÑ σ1

with σ1 “ incpdecpσ, eq, e1q. Thus, it follows σ1peq “ 0 and σ1pe1q “ 1, which
permits to conclude.

• P “ emptype, e1q,. The only rule that can be applied is P -Empty . In order
to apply the rule there must be σpeq ą 0. Since isWSCorepP q, xP, σy is safe,
hence σpeq “ 1. Since the process configuration is core reachable it follows
σpe1q “ 0. The application of the rule produces xemptype, e1q, σy

ε
ÝÑ σ1 with

σ1 “ incpdecpσ, eq, e1q. Thus, it follows σ1peq “ 0 and σ1pe1q “ 1, which
permits to conclude.

Inductive cases:

• P “ xandSplitpe, Eq ‖ P1 ‖ . . . ‖ Pn ‖ andJoinpE1, e2q, σy. There are the
following possibilities:

– xandSplitpe, Eq, σy evolves by means of rule P -AndSplit . It can be
exploited the fact that this is a core reachable well-structured con-
figuration to prove that σpeq “ 1 and @e2 P E .σpe2q “ 0. Thus,
xandSplitpe, Eq, σy

ε
ÝÑ σ11 with σ11 “ incpdecpσ, eq, Eq. Now, P can

evolve only through the application of P -Int1 producing xP, σ12y with
σ12pinpP1qq “ . . . “ σ12pinpPnqq “ 1. By inductive hypothesis there
exists a state σ13 such that isCompleteElpP1 ‖ . . . ‖ Pn, σ

1
3q. Now,
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P can only evolve by applying rule P -Int1 , producing xP, σ14y where
@e3 P E1 . σ14pe

3q “ 1. Now, xandJoinpE1, e2q, σ14y can evolve by
means of rule P -AndJoin. The application of the rule produces
xandJoinpE1, e2q, σ14y

ε
ÝÑ σ1 with σ1 “ incpdecpσ14, E

1q, e2q, i.e. σ1pe2q “ 1
and @e3 P E1 . σ1pe3q “ 0. This permits to conclude.

– P1 ‖ . . . ‖ Pn evolves without affecting the split and join gateways. In
this case it easily follows by inductive hypothesis.

– P1 ‖ . . . ‖ Pn evolves and affects the split and/or join gateways. In this
case one can reason like in the first case.

• P “ xxorSplitpe, Eq ‖ P1 ‖ . . . ‖ Pn ‖ xorJoinpE1, e2q, σy. There are the
following possibilities:

– xxorSplitpe, Eq, σy evolves by means of rule P -XorSplit . It can be ex-
ploited the fact that this is a core reachable well-structured config-
uration to prove that σpeq “ 1 and @e2 P E .σpe2q “ 0. Thus,
xxorSplitpe, te1uYEq, σy

ε
ÝÑ σ11 with σ11 “ incpdecpσ, eq, e1q. Now, P can

evolve only through the application of P -Int1 producing xP, σ12y with
σ12pinpP1qq “ . . . “ σ12pinpPnqq “ 1. By inductive hypothesis there
exists a state σ13 such that isCompleteElpP1 ‖ . . . ‖ Pn, σ13q. Now, P
can only evolve by applying rule P -Int1 , producing xP, σ14y where De3 P
E1 . σ14pe

3q “ 1, let us say σ14peivq “ 1. Now, xxorJoinpteivuYE1, e1q, σ14y
can evolve by means of rule P -XorJoin. The application of the rule
produces xxorJoinpteivu YE1, e1q, σ14y

ε
ÝÑ σ1 with σ1 “ incpdecpσ, eivq, e1q,

i.e. σ1pe1q “ 1 and @e3 P E1 . σ1pe3q “ 0. This permits to conclude.
– P1 ‖ . . . ‖ Pn evolves without affecting the split and join gateways. In

this case if easily follows by inductive hypothesis.
– P1 ‖ . . . ‖ Pn evolves and affects the split and/or join gateways. In this

case one can reason like in the first case.

• P “ eventBasedpe, tpmj , e
1
jq|j P r1..nsuq ‖ P1 ‖ . . . | Pn ‖ xorJoinpE, e2q.

There are the following possibilities:

– xeventBasedpe, tpmj , e
1
jq|j P r1..nsuq, σy evolves by means of rule

P -EventG . It can be exploited the fact that this is a core reach-
able well-structured configuration to prove that σpeq “ 1 and @e1j |j P

r1..ns.σpe1jq “ 0. Thus, xeventBasedpe, tpmj , e
1
jq|j P r1..nsuq, σy

?mj
ÝÝÑ σ11

with σ11 “ incpdecpσ, eq, e1jq. Now, P can evolve only through the
application of P -Int1 producing xP, σ12y with σ12pinpP1qq “ . . . “
σ12pinpPnqq “ 1. By inductive hypothesis there exists a state σ13 such
that isCompleteElpP1 ‖ . . . ‖ Pn, σ13q. Now, P can only evolve by ap-
plying rule P -Int1 , producing xP, σ14y where De3 P E1 . σ14pe

3q “ 1,
let us say σ14pe

ivq “ 1. Now, xxorJoinpteivu Y E, e1q, σ14y can evolve
by means of rule P -XorJoin. The application of the rule produces
xxorJoinpteivu Y E, e1q, σ14y

ε
ÝÑ σ1 with σ1 “ incpdecpσ, eivq, e1q, i.e.

σ1pe1q “ 1 and @e3 P E . σ1pe3q “ 0. This permits to conclude.
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– P1 ‖ . . . ‖ Pn evolves without affecting the split and join gateways. In
this case it easily follows by inductive hypothesis.

– P1 ‖ . . . ‖ Pn evolves and affects the split and/or join gateways. In this
case one can reason like in the first case.

• xorJoinpte2, e3u, e1q ‖ P1 ‖ P2 ‖ xorSplitpeiv, tev, eviuq with inpP1q “ te1u,
outpP1q “ teivu, inpP2q “ teviu, outpP2q “ te2u. There are the following
possibilities:

– xxorJoinpte2, e3u, e1q, σy evolves by means of rule P -XorJoin. It can be
exploited the fact that this is a core reachable well-structured configu-
ration to prove that the term is marked σpe1q “ 0 and either σpe2q “ 1
or σpe3q “ 1; assuming that the marking is σpe3q “ 1 (since the
other case is similar), then xxorJoinpte2, e3u, e1q, σy

ε
ÝÑ σ11 with σ11 “

incpdecpσ, e3q, e1q. Now, P can evolve only through the application of
P -Int1 producing xP, σ12y with σ12pinpP1qq “ σ12pinpP2qq “ 1. By in-
ductive hypothesis there exists a state σ13 such that isCompleteElpP1 ‖
P2, σ

1
3q. Now, P can only evolve by applying rule P -Int1 , produc-

ing xP, σ14y with, σ14peivq “ 1. Now, xxorSplitpeiv, tev, eviuq, σ14y can
evolve by means of rule P -XorSplit . The application of the rule pro-
duces xxorSplitpeiv, tev, eviuq, σ1y

ε
ÝÑ σ1 with σ1 “ incpdecpσ14, e

ivq, evq, i.e.
σ1pevq “ 1 and σ1peivq “ σ1peviq “ 0. This permits to conclude.

– P1 ‖ P2 evolves without affecting the split and join gateways. In this
case it easily follows by inductive hypothesis.

– P1 ‖ P2 evolves and affects the split and/or join gateways. In this case
onecan reason like in the first case.

• Be xP, σy “ xP1 ‖ P2, σy, with isWSCorepP1q, isWSCorepP2q, outpP1q “

inpP2q. The relevant case for cs-safeness is when P evolves by applying
P -Int1 . It follows that xP1 ‖ P2, σy

`
ÝÑ σ11 with xP1, σy

`
ÝÑ σ11. By inductive

hypothesis it follows that there exists σ1 such that isCompleteElpP1, σ
1q. By

hypothesis outpP1q “ inpP2q thus, isCompleteElpgetOutElpe, P1 ‖ P2q, σ
1q

“ isCompleteElpgetOutElpe, P1q, σ
1q, that holds by inductive hypothesis. By

hypothesis P2 is well structured and core reachable, then it follows that
edgespP2qzoutpP2qq : σ1peq “ 0 By definition of isCompleteElpP1, ‖ P2, σ

1q

one can conclude.

Theorem 3. Let isWS pP q, then P is sound.

Proof. According to Definition 4, P can have 6 different forms. It is considered
now the case P“ startpe, e1q ‖ P 1 ‖ endpe2, e3q.

Assuming that isInitpP, σq, then σpstartpP qq “ 1, and @ eiv P

edgespP qzstartpP q . σpeivq “ 0. Therefore the only parallel component of P that
can infer a transition is the start event. In this case it can be applied only the
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rule P -Start . The rule produces the following transition, xstartpe, e1q, σy
ε
ÝÑ σ1

with σ1 “ incpdecpσ, eq, e1q where σ1peq “ 0 and σ1pe1q “ 1. Now xP, σ1y can evolve
through the application of rule P -Int1 producing xP, σ11y, with σ11pinpP 1qq “ 1. Now
P 1 moves. By hypothesis isWSCorepP 1q, thus by Lemma 4 there exists a process
configuration xP 1, σ12y such that xP 1, σ11y ÝÑ˚σ12 and isCompleteElpP 1, σ12q. The pro-
cess can now evolve thorough rule P -Int1 . By hypothesis the process is WS, thus,
after the application of the rule it follows that xstartpe, e1q ‖ P 1 ‖ endpe2, e3q, σ13y,
where σ13pe2q “ 1 and @ev P edgespP 1q . σ13pe

vq “ 0. Now it can be applied the rule
P -End that decrements the token in e2 and produces a token in e3, which permits
to conclude.

Theorem 4. Let C be a collaboration, isWS pCq does not imply C is sound.

Proof. Let C be a WS collaboration. Supposing that C is sound, then, it is suf-
ficient to show a counter example, i.e. a WS collaboration that is not sound. It
can be considered, for instance, the collaboration in Figure C.1. By Definition,
the collaboration is WS. The soundness of the collaboration instead depends on
the evaluation of the condition of the XOR-Split gateway in ORG A. If a token is
produced on the upper flow and Task A is executed then Task C in ORG B will
never receive the message and the AND-Join gateway can not be activated, thus
the process of ORG B can not reach a marking where the end event has a token.

O
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G
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G
 B

Task A

Task B

Task D

Task C

Figure C.1: Example of Unsound Collaboration with Sound WS Processes.

Theorem 5. Let C be a collaboration, isWS pCq does not imply C is message-
relaxed sound.

Proof. Let C be a WS collaboration. Supposing that C is message-relaxed sound,
then, it is sufficient to show a counter example, i.e. a WS collaboration that is not
message-relaxed sound. One can consider again the collaboration in Figure C.1.
By reasoning as previously, the message-relaxed soundness of the collaboration
depends on the evaluation of the condition of the XOR-Split gateway in ORG A.
This permits to conclude.

Theorem 6. Let P be a collaboration, P is unsafe does not imply P is unsound.
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Proof. Let P be a unsafe collaboration. Supposing that P is unsound, then, it is
sufficient to show a counter example, i.e. a unsafe collaboration that is sound. One
can consider the process in Figure C.2. It is unsafe since the AND-Split gateway
creates two tokens that are then merged by the XOR-Join gateway producing two
tokens on the outgoing edge of the XOR-Join. However, after Task C is executed
and one token enables the terminate end event, the kill label is produced and the
second token in the sequence flow is removed (rule P -Terminate), rendering the
process sound.

Task A

Task B

Task C

Figure C.2: Example of Unsafe but Sound Process.

Theorem 7. Let C be a collaboration, C is unsafe does not imply C is unsound.

Proof. Let C be a unsafe collaboration. Supposing that C is unsound, then, it is
sufficient to show a counter example, i.e. a unsafe collaboration that is sound. One
can consider the collaboration in Figure C.3. Process in ORG A and ORG B are
trivially unsafe, since the AND-Split gateway generates two tokens that are then
merged by the XOR-Join gateway producing two tokens on the outgoing edge of
the XOR-Join. By definition of safeness collaboration the considered collaboration
is unsafe. Concerning soundness, processes of ORG B and ORG A are sound.
In fact, in each process, after one token enables the terminate end event, the
kill label is produced and the second token in the sequence flow is removed (rule
P-Terminate), resulting in a marking where all edges are unmarked. Thus, the
resulting collaboration is sound.
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Task A

Task B

Figure C.3: Example of Unsafe but Sound Collaboration.

Theorem 8. Let C be a collaboration, if all processes in C are safe then C is safe.

Proof. By contradiction let C be unsafe, i.e. there exists a collaboration xC, σ1, δ1y
such that xC, σ, δyÝÑ˚xσ1, δ1y with P P participantpCq and xP, σ1y not cs-safe. By
hypothesis all processes of C are safe, hence it is safe the process, say P , of organ-
isation p. As xC, σ1, δ1y results from the evolution of xC, σ, δy, the process xP, σ1y



208 APPENDIX C. APPENDIX: PROOFS

must derive from xP, σy as well, that is xP, σyÝÑ˚σ1. By safeness of P , it follows
that xP, σ1y is cs-safe, which is a contradiction.

Theorem 9. Let C be a collaboration, if some processes in C are unsound then C
is unsound.

Proof. Let P1 and P2 be two processes such that P1 is unsound, and let C
be the collaboration obtained putting together P1 and P2. By contradiction
let C be sound, i.e., given σ and δ such that isInitpC, σ, δq, for all σ1 and
δ1 such that xC, σ, δyÝÑ˚xσ1, δ1y it follows that there exist σ2 and δ2 such that
xC, σ1, δ1yÝÑ˚xσ2, δ2y, and @ P P participantpCq it follows that xP, σ2y is cs-sound
and @m P M . δ2pmq “ 0. Since P1 is unsound, it follows that, given σ11, such
that isInitpP1, σ

1
1q, for all σ12 such that xP1, σyÝÑ

˚σ12 it follows that does not exist
σ13 such that xP1, σ

1
2yÝÑ

˚σ13, and xP1, σ
1
3y is cs-sound. Choosing xC, σ1, δ1y such that

P1 P participantpCq, by unsoundness of P1 it follows that there exists a process in
C that is not cs-sound, which is a contradiction.

C.2 OR-Join
This appendix reports the proofs of the results presented in Chapter 5.

Lemma 5. Given a marked process M , if M ” P ¨ σ
`
Ñ́LM

1 ” P ¨ σ1 then, given
M2 ” P 1 ¨ σ for some P , we have that M2 ‹ ` “ P 1 ¨ σ1.

Proof. It follows by structural induction of P . Since the Lemma deals with marked
process, the safeness assumption is made. Base cases (only the most interesting
cases are shown, since the other are similar):

• Start : M “ startpe.nc.wq ” startpeq ¨ σ, ` “ l : e. M 1 “ startpe.nc.lq “
startpeq ¨σ1 where σpeq “ 0, σ1peq “ 1. GivenM2 ” P 1 ¨σ, M2 ‹ l : e “ P 1 ¨σ2,
since l : e affects only the value of e, σ2 is identically to σ except for the
value of e, in particular σ2peq “ 1. Thus, σ2 “ σ1.

• End : M “ endpe.nc.l, e1.nc.wq ” endpe, e1q ¨ σ, ` “ pd : e, l : e1q. M 1 “

endpe.nc.d, e1.nc.lq ” endpe, e1q ¨ σ1, where σpeq “ 1, σpe1q “ 0, σ1peq “ 0 and
σ1pe1q “ 1. Given M2 “ P 1 ¨ σ, M2 ‹ pd : e, l : e1q ” P 1 ¨ σ2. Since σ2 is
identically to σ except for the value of edge e and e1, in particular σ2peq “ 0
and σ2pe1q “ 1, thus σ2 “ σ1.

• OrSplit : only one case is considered, since the other are similar, that isM “

orSplitpe.nc.Σ, E1\E2q ” orSplitpe, E1\E2q¨σ, with ` “ pd : teu\E2, l : E1q.
M 1 “ orSplitpe.nc.d, setLivepE1q \ setDeadpE2qq “ orSplitpe, E1 \ E2q ¨ σ

1

where σ1peq “ 0, @e1 P E2.σ
1pe1q “ 0 and @e1 P E1.σ

1pe1q “ 1. Given M2 ”

P 1 ¨ σ, M2 ‹ pd : teu \ E2, l : E1q ” P 1 ¨ σ2, it follows that σ2 is identically
equivalent to σ except for the value of e and e1 @e1 P E1 \ E2. However, by
syntax correspondence σ2peq “ 0, @e1 P E2.σ

2peq “ 0 and @e1 P E1.σ
2peq “ 1.

Thus, σ2 “ σ1.
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• OrJoin: only one case is considered, that is M “ orJoinpE1 \ E2, e.nc.Σq “
orJoinpE1 \ E2, eq ¨ σ, ` “ pd : E1 \ E2, l : eq. M 1 “ orJoinpsetDeadpE1 \

E2q, e.nc.lq “ orJoinpE1\E2, eq ¨σ
1 where σ1peq “ 1, @e1 P E1\E2.σpe

1q “ 0.
Given M2 ” P 1 ¨ σ, M2 ‹ pd : E1 \ E2, l : eq ” P 1 ¨ σ2. σ2 is identically
equivalent to σ except for the value of e and e1 @e1 P E1 \ E2. However,
by syntax correspondence @e1 P E1 \ E2.σ

2peq “ 0 and σ2peq “ 1. Thus,
σ2 “ σ1.

Inductive case:

• Given M “ M1 ‖ M2 ” P1 ‖ P2 ¨ σ “ P ¨ σ ‖ P2 ¨ σ, M 1 “ M 1
1 ‖ M 1

2 ” P1 ‖
P2 ¨ σ

1 “ P1 ¨ σ
1 ‖ P2 ¨ σ

1. Given M2 “ P 1 ¨ σ “ M2
1 ‖ M2

2 ” P 11 ‖ P 12 ¨ σ.
M2 ‹ ` “ M1 ‹ ` ‖ M2 ‹ ` ” P 11 ¨ σ

2 ‖ P 12 ¨ σ2 “ P 11 ‖ P 12 ¨ σ2. By inductive
hypothesis P 11 ¨ σ2 and P 12 ¨ σ2 are such that σ2 “ σ1.

Theorem 10. Let xP, σy be a reachable process configuration, if xP, σy ÑG σ1

then for all reachable marked process M such that M ” P ¨ σ, M `
Ñ́L

+M 1 and
M 1 ” P ¨ σ1.

Proof. By induction on the derivation of xP, σy ÑG σ
1. Base cases:

• (G-Startq: By hypothesis xP, σy is a reachable process configuration, thus it
follows that xP, σy “ xstartpeq, σ0y, σ1 “ incpσ0, eq. By definition of σ0, it
results σ0peq “ 0 and, by definition of inc function, σ1peq “ 1. By definition
of syntax correspondence P ¨ σ “ startpeq ¨ σ0 “ startpe.t.nlq and P ¨ σ1 “
startpe.t.lq. According to the process structure, it follows that t “ nc. For
any M ” startpe.nc.nlq, by definition of initial status of a marked process,
the only possible value of nl is w. Thus, it follows that there is only one M
such that M ” P ¨ σ, that is M “ startpe.nc.wq. By applying rule L-Start-
NC, M l:e

Ñ́L startpe.nc.lq. Thus, it results startpe.nc.lq “M 1. This permits to
conclude, as M 1 ” P ¨ σ1.

• (G-Endq: By hypothesis xP, σy is a reachable process configuration, thus
it follows that xP, σy “ xendpe, e1q, σy, σ1 “ incpdecpσ, eq, e1q, with σpeq ą 0
(that under the safeness assumption means σpeq “ 1) . By definition of func-
tions dec and inc σ1peq “ 0, σ1pe1q “ 1. By definition of syntax correspon-
dence P ¨ σ “ endpe, e1q ¨ σ “ endpe.t.l, e1.t.wq and P ¨ σ1 “ endpe.t.nl, e1.t.lq.
According to the process structure, it can only be t “ nc. Thus, by the
syntax correspondence, it follows that there exist only one M such that
M ” P ¨ σ, that is M “ endpe.nc.l, e1.nc.wq. By applying rule L-End -NC,

M
pd:e,l:e1q
´́ ÑL endpe.nc.d, e1.nc.lq. So it follows that endpe.nc.d, e1.nc.lq “ M 1. It

can be concluded as M 1 ” P ¨σ1 by instantiating in endpe.t.nl, e1.nc.lq nl with
d.

• (G-AndSplitq: By hypothesis xP, σy is a reachable process configuration,
thus it follows that xP, σy “ xandSplitpe, Eq, σy, σ1 “ incpdecpσ, eq, Eq, with
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σpeq ą 0 (that by safeness assumption means σpeq “ 1). By definition of
functions inc and dec it follows that σ1peq “ 0 and @e1 P E.σ1pe1q “ 1. By def-
inition of syntax correspondence P ¨σ “ andSplitpe, Eq¨σ “ andSplitpe.t.l, pE ¨
σqq and P ¨ σ1 “ andSplitpe.t.nl, pE ¨ σ1qq, where isLivepE ¨ σ1q. Since M is a
reachable marked process it follows isWaitpE ¨σq. Indeed, in order to have an
edge in E¨σ annotated by d, one would have applied rule (D-AndSplitq, which
however cannot be applied because it requires edge e to be annotated by d,
that is a contradiction as it is annotated by l. Thus, it followsM ” P ¨σ and
we have two cases, according to instantiation of t: M1 “ andSplitpe.nc.l, Eq
and M2 “ andSplitpe.c.l, Eq. It follows by case analysis:

– Given M1, by applying rule L-AndSplit-NC,

M1
pd:e,l:Eq
´́ ÑL andSplitpe.nc.d, setLivepEqq. Thus, it follows

andSplitpe.nc.d, setLivepEqq “ M 1
1. One can conclude as M 1

1 ” P ¨ σ1

up to the instantiation of nl occurrences in andSplitpe.t.nl, pE ¨ σ1qq
with d.

– Given M2, by applying rule L-AndSplit-C,

M2
pw:e,l:Eq
´́ Ñ́L andSplitpe.c.w, setLivepEqq. Thus, it follows

andSplitpe.c.w, setLivepEqq “ M 1
2. It can be concluded as M 1

1 ” P ¨ σ1

by instantiating nl occurrences in andSplitpe.t.nl, pE ¨ σ1qq with w.

• pG-AndJoinq: By hypothesis xP, σy is a reachable process configuration, thus
it follows that xP, σy “ xandJoinpE, eq, σy, σ1 “ incpdecpσ,Eq, eq, with @e1 P
E.σpe1q ą 0, that by safeness assumption means σpe1q “ 1. By definition
of functions inc and dec, it follows σ1peq “ 1 and @e1 P E.σ1pe1q “ 0. By
definition of syntax correspondence P ¨ σ “ andJoinpE, eq ¨ σ “ andJoinppE ¨
σq, e.t.nlq where E ¨ σ is such that isLivepE ¨ σq and P ¨ σ1 “ andJoinppE ¨
σ1q, e.t.lq, where E ¨ σ1 is such that either isWaitpE ¨ σ1q or isDeadpE ¨ σ1q.
Indeed, in order to have an edge e in P ¨ σ annotated by d, one would
have applied rule (D-AndJoinq, which however cannot be applied because it
requires isDeadpE ¨ σq, that is a contradiction as isLivepE ¨ σq. Thus, there
are only two cases to consider, according to the process structure, M1 “

andJoinpE, e.nc.Σq and M2 “ andJoinpE1 \ E2, e.c.Σq, where E “ E1 \ E2.
By case analysis:

– Given M1, by applying rule pL-AndJoin-NCq,

M1
pd:E,l:eq
´́ ÑL andJoinpsetDeadpEq, e.nc.lq. It follows

andJoinpsetDeadpEq, e.nc.lq “ M 1
1. One can conclude as M 1

1 ” P ¨ σ1

by instantiating nl occurrences in andJoinppE ¨ σ1q, e.t.lq with d.

– Given M2, by applying rule pL-AndJoin-Cq,

M2
pw:E1,d:E2,l:eq
´́ ´́ ´́ Ñ́L andJoinpsetWaitpE1q \ setDeadpE2q, e.c.lq. Thus,

It follows andJoinpsetWaitpE1q \ setDeadpE2q, e.c.lq “ M 1
2. One

can conclude as M 1
2 ” P ¨ σ1 by instantiating nl occurrences in

andJoinppE ¨ σ1q, e.t.lq such that isWaitpE1 ¨ σ
1q, isDeadpE2 ¨ σ

1q.
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• pG-XorSplitq: By hypothesis xP, σy is a reachable process configuration,
thus it follows that xP, σy “ xxorSplitpe, te1u Y Eq, σy, σ1 “ incpdecpσ, eq, e1q,
with σpeq “ 1 and @e2 ‰ e1 P E.σ1pe2q “ 0 (by definition of reachable
process and safeness assumption). By definition of functions inc and dec,
σ1peq “ 0 and σ1pe1q “ 1. By definition of syntax correspondence P ¨ σ “
xorSplitpe, te1uYEq¨σ “ xorSplitpe.t.l, te1.t.nlu\pE¨σqq, where E¨σ is such that
either isWaitpE ¨σq or isDeadpE ¨σq. Indeed, in order to have an edge in E ¨σ
annotated by d, one would have applied rule (D-XorSplitq, which however
cannot be applied because it requires edge e to be annotated by d, that is
a contradiction as it is annotated by l. Moreover, P ¨ σ1 “ xorSplitpe, te1u Y
Eq ¨ σ1 “ xorSplitpe.t.nl, te1.t.lu \ pE ¨ σ1qq, where E ¨ σ1 is such that either
isWaitpE ¨ σ1q or isDeadpE ¨ σ1q. Thus, it follows M ” P ¨ σ and there three
cases, according to the instantiation of t based on the process structure:
M1 “ xorSplitpe.nc.l, te1.nc.Σ1u\Eq, M2 “ xorSplitpe.c.l, te1.c.Σ1u\E1\E2q,
M3 “ xorSplitpe.c.l, te1.nc.Σ1u \ E1 \ E2q.

By case analysis:

– Given M1, by applying rule pL-XorSplit-NCq it follows

M1
pw:e,l:e1q
´́ Ñ́L xorSplitpe.nc.d, te1.nc.lu \ setDeadpEqq. Thus,

xorSplitpe.nc.d, te1.nc.lu \ setDeadpEqq “ M 1
1. One can con-

clude as M 1
1 ” P ¨ σ1 by instantiating nl occurrences in

xorSplitpe.t.nl, te1.t.lu \ pE ¨ σ1qq with d.

– Given M2, by applying rule pL1-XorSplit-Cq then

M2
pw:e,l:e1q
´́ Ñ́L xorSplitpe.c.w, te1.c.lu \ E1 \ E2q. Thus, it follows

xorSplitpe.c.w, te1.c.lu\E1\E2q “M 1
2. One can conclude asM 1

2 ” P ¨σ1

by instantiating nl occurrences in xorSplitpe.t.nl, te1.t.lu \ pE ¨ σ1qq with
w.

– Given M3, by applying rule pL2-XorSplit-Cq it results

M3
pd:teu\E1\E2,l:e1q
´́ ´́ ´́ ´́ ´́ Ñ́L xorSplitpe.c.d, te1.nc.lu \ setDeadpE1q \

setDeadpE2qq. Thus, xorSplitpe.c.d, te1.nc.lu \ setDeadpE1q \

setDeadpE2qq “M 1
3. One can conclude as M 1

3 ” P ¨σ1 by instantiating
nl occurrences in xorSplitpe.t.nl, te1.t.lu \ pE ¨ σ1qq with d

• pG-XorJoinq: By hypothesis xP, σy is a reachable process configuration, thus
it follows that xP, σy “ xxorJoinpte1u \ E, eq, σy, σ1 “ incpdecpσ, e1q, eq, with
σpe1q “ 1 (under safeness assumption). By definition of functions inc and
dec, σ1peq “ 1 and σ1pe1q “ 0. By definition of syntax correspondence P ¨σ “
xorJoinpte1u YE, eq ¨ σ “ xorJoinpte1.t.lu \ pE ¨ σq, e.t.nlq, where E ¨ σ is such
that either isWaitpE ¨ σq or isDeadpE ¨ σq. Indeed, xP, σy is a safe reachable
process configuration, therefore it should be @e2 ‰ e1 P E.σ1pe2q “ 0. P ¨σ1 “
xorJoinpte1uYE, eq ¨ σ1 “ xorJoinpte1.t.nlu\ pE ¨ σ1q, e.t.lq where E ¨ σ1 is such
that either isWaitpE ¨σ1q or isDeadpE ¨σ1q. Thus, it followsM ” P ¨σ such as
M “ xorJoinpte1.t.lu\E, e.t.Σq and there are three cases according to the type
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t given by the preprocessing step: M1 “ xorJoinpte1.nc.lu\E, e.nc.Σq, M2 “

xorJoinpte1.c.lu \ E1 \ E2, e.c.Σq, M3 “ xorJoinpte1.nc.lu \ E1 \ E2, e.c.Σq.

By case analysis:

– Given M1, by applying rule pL-XorJoin-NCq it follows

M1
pd:te1u\E,l:eq
´́ ´́ ´́ ÑL xorJoinpte1.nc.du \ setDeadpEq, e.nc.lq. Thus,

xorJoinpte1.nc.du \ setDeadpEq, e.nc.lq “ M 1
1. One can con-

clude as M 1
1 ” P ¨ σ1 by instantiating nl occurrences in

xorJoinpte1.t.nlu \ pE ¨ σ1q, e.t.lq with d.

– Given M2, by applying rule pL1-XorJoin-Cq it follows

M2
pw:e1,d:E2,l:eq
´́ ´́ ´́ ÑL xorJoinpte1.c.wu \ E1 \ setDeadpE2q, e.c.lq. Thus,

xorJoinpte1.c.wu \ E1 \ setDeadpE2q, e.c.lq “ M 1
2. One can con-

clude as M 1
2 ” P ¨ σ1 up to the instantiation of nl occurrences in

xorJoinpte1.t.nlu \ pE ¨ σ1q, e.t.lq such that e1.t.w, isWaitpE1 ¨ σ
1q and

isDeadpE2 ¨ σ
1q.

– Given M3, by applying rule pL2-XorJoin-Cq it follows

M3
pd:te1u\E2,l:eq
´́ ´́ ´́ ´́ ÑL xorJoinpte1.nc.du \ E1 \ setDeadpE2q, e.c.lq. Thus,

xorJoinpte1.nc.du \ E1 \ setDeadpE2q, e.c.lq “ M 1
3. One can con-

clude as M 1
2 ” P ¨ σ1 up to instantiation of nl occurrences in

xorJoinpte1.t.nlu \ pE ¨ σ1q, e.t.lq such that e1 is annotated by d,
isWaitpE1 ¨ σ

1q, isDeadpE2 ¨ σ
1q.

• (G-OrSplitq: By hypothesis xP, σy is a reachable process configuration, thus
it follows xP, σy “ xorSplitpe, E1 \ E2q, σy, σ1 “ incpdecpσ, eq, E1q, with
σpeq “ 1 (by safeness assumption) and E1 ‰ H. Moreover, @e1 P E.σpe1q “ 0.
Indeed, if a token marks an edge in E1 after the transition more than one to-
ken would mark this edge violating the safeness assumption. Moreover, since
xP, σy is reachable also edges of E2 are unmarked. By definition of functions
inc and dec σ1peq “ 0 and @e1 P E1.σ

1pe1q “ 1. Since the transition does not
affect E2 it follows @e2 P E2.σ

1pe2q “ 0. By definition of syntax correspon-
dence P ¨ σ “ orSplitpe, E1 \E2q ¨ σ “ orSplitpe.t.l, pE1 ¨ σq \ pE2 ¨ σqq where
E1 ¨σ (equivalently E2 ¨σ) is such that either isWaitpE1 ¨σq or isDeadpE1 ¨σq
( equivalently isWaitpE2 ¨ σq or isDeadpE2 ¨ σq). In particular, reasoning as
in the previous cases one can prove that it can only be isWaitpE1 ¨ σq and
isWaitpE2 ¨ σq. P ¨ σ1 “ orSplitpe.t.nl, pE1 ¨ σ

1q \ pE2 ¨ σ
1qq where E1 ¨ σ

1 is
such that isLivepE1 ¨ σ

1q while E2 ¨ σ
1 is such that either isWaitpE2 ¨ σ

1q or
isDeadpE2 ¨σ

1q. Thus, for all reachable marked processM , M ” P ¨σ is such
that M “ orSplitpe.t.l, E1 \E2q and there are two cases according to the in-
stantiation of t: M1 “ orSplitpe.nc.l, E1\E2q andM2 “ orSplitpe.c.l, E1\E2q.

By case analysis:

– Given M1, by applying rule L-OrSplit-NC,

M1
pd:teu\E2,l:E1q
´́ ´́ ´́ Ñ́L orSplitpe.nc.d, setLivepE1q \ setDeadpE2qq. Thus,

orSplitpe.nc.d, setLivepE1q \ setDeadpE2qq “ M 1
1. One can
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conclude as M 1
1 ” P ¨ σ1 by instantiating nl occurrences in

orSplitpe.t.nl, pE1 ¨ σ
1q \ pE2 ¨ σ

1qq, with d.

– Given M2 two rules can be applied L1 -OrSplit-C or L2-OrSplit-C.

∗ L1 -OrSplit-C : it follows M2
pw:e,l:E1q
´́ Ñ́L orSplitpe.c.w, setLivepE1q \

E2q. It follows orSplitpe.c.w, setLivepE1q \ E2q “ M 1
2. One can

conclude as M 1
2 ” P ¨ σ1 up to the instantiation of nl occurrences

in orSplitpe.t.nl, pE1 ¨ σ
1q \ pE2 ¨ σ

1qq of with w.

∗ L2-OrSplit-C: it followsM2
pd:teu\E2,l:E1q
´́ ´́ ´́ ´́ Ñ́L orSplitpe.c.d, setLivepE1q\

setDeadpE2qq.
Thus, orSplitpe.c.d, setLivepE1q \ setDeadpE2qq “ M 1

2. One can
conclude as M 1

2 ” P ¨ σ1 up to the instantiation of nl occurrences
in orSplitpe.t.nl, pE1 ¨ σ

1q \ pE2 ¨ σ
1qq of with d.

• pG-OrJoinq: By hypothesis xP, σy is a reachable process configuration, thus
it follows xP, σy “ xorJoinpE1\E2, eq, σy, σ1 “ incpdecpσ,E1q, eq, with E1 ‰

H, @e1 P E1.σpe
1q ą 0. By the safeness of the collaboration σpeq “ 0 (other-

wise edge e would be marked by more than one token after the transition, vi-
olating the safeness assumption); similarly @e1 P E1.σpe

1q “ 1. By definition
of functions inc and dec σ1peq “ 1 and @e1 P E1.σ

1pe1q “ 0. Since the transi-
tion does not affect E2 it follows @e2 P E2.σ

1pe2q “ 0. By definition of syntax
correspondence P ¨σ “ orJoinpE1\E2, eq¨σ “ orJoinppE1 ¨σq\pE2 ¨σq, e.t.nlq
where edge e is annotated by w and E1 ¨ σ is such that isLivepE1 ¨ σq while
E2 ¨σ is such that either isWaitpE2 ¨σq or isDeadpE2 ¨σq. Indeed in order to
have edge e annotated by d, one would have applied rule (D-OrJoinq, which
however cannot be applied because it requires all edges of E to be annotated
by d, that is a contradiction as isLivepE1 ¨ σq. Moreover, if isWaitpE2 ¨ σq,
by repetitively applying rules for dead status propagation it results that
there exists M 1 such that M `

Ñ́L
+M 1, with M 1 “ orJoinpE1 \ E2, e.nc.Σq

and isDeadpE2q. In fact, by hypothesis it follows @p1 P Π .D p2 P Πp1 . By
safeness assumption this condition holds only if Ep1 P Π . Otherwise there
would be more than one token arriving in a E1, thus after the transition more
than one token would mark the same sequence flow, violating the safeness
assumption. This means that Ep P Ppeq | isLivepfirstppq ¨σq ^ lastppq ¨σ P E2.
Thus, either isDeadpfirstppq ¨ σq or isWaitpfirstppq ¨ σq. If isDeadpfirstppq ¨ σq,
by applying rules for the propagation of the dead status it follows that
isDeadplastppq¨σq P E2. If isWaitpfirstppq¨σq a token may arrive on firstppq¨σ
violating the condition for the application of pG-OrJoinq, that is a contradic-
tion. If isDeadpE2 ¨ σq It can be applied pL-OrJoin-NCq or pL1-OrJoin-Cq
or pL2-OrJoin-Cq. Moreover, P ¨ σ1 “ orJoinppE1 ¨ σq \ pE2 ¨ σq, e.t.lq where
E1 ¨ σ

1 ( E2 ¨ σ
1 resp.) is such that either isWaitpE1 ¨ σ

1q or isDeadpE1 ¨ σ
1q

(isWaitpE2 ¨ σ
1q or isDeadpE2 ¨ σ

1q resp.). Thus, it follows that there exists
only a reachable marked process M such that M ” P ¨ σ and there are two
options, according to the instantiation of t, M1 “ orJoinpE1 \ E2, e.nc.Σq
and M2 “ orJoinpE1 \ E2, e.c.Σq.
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By case analysis:

– Given M1 by applying rule pL-OrJoin-NCq,

M1
pd:E1\E2,l:eq
´́ ´́ ´́ ÑL orJoinpsetDeadpE1 \ E2q, e.nc.lq, I have

orJoinpsetDeadpE1\E2q, e.nc.lq “M 1
1. One can conclude asM 1

1 ” P ¨σ1

by instantiating nl occurrences in orJoinppE1 ¨ σq \ pE2 ¨ σq, e.t.lq with
d.

– Given M2 two rules can be applied, pL1-OrJoin-Cq or pL2-OrJoin-Cq.

∗ pL1-OrJoin-Cq: it follows M2
pw:E1,d:E2,l:eq
´́ ´́ ´́ Ñ́L orJoinpsetWaitpE1q \

setDeadpE2q, e.c.lq. Thus, orJoinpsetWaitpE1q \

setDeadpE2q, e.c.lq “ M 1
2. One can conclude as M 1

2 ” P ¨ σ1 up to
the instantiation of nl occurrences in orJoinppE1 ¨σq\pE2 ¨σq, e.t.lq
such that isWaitpE1 ¨ σ

1q and isDeadpE2 ¨ σ
1q.

∗ L2 -OrJoin-C : it follows M2
pw:E2,d:E1,l:eq
´́ ´́ ´́ ´́ ÑL orJoinpsetDeadpE1q \

setWaitpE2q, e.c.lq. Thus, orJoinpsetDeadpE1q \

setWaitpE2q, e.c.lq “ M 1
2. One can conclude as M 1

2 ” P ¨ σ1 up to
the instantiation of nl occurrences in orJoinppE1 ¨σq\pE2 ¨σq, e.t.lq
such that isDeadpE1 ¨ σ

1q and isWaitpE2 ¨ σ
1q.

Inductive case:

• pG-Int1 q: it results P “ P1 ‖ P2. By inductive hypothesis there ex-
ists M1 such that M1 ” P1 ¨ σ, M1

`
Ñ́L

+M 1
1 and M 1

1 ” P1 ¨ σ
1. Now,

by definition of syntax correspondence pP1 ‖ P2q ¨ σ “ P1 ¨ σ ‖ P2 ¨ σ.
Considering M “ M1 ‖ M2 ” P1 ¨ σ ‖ P2 ¨ σ., then, by definition of
the transitive closure of the labelled transition relation, M1

`
Ñ́L

+M 1
1 means

M1
`1
Ñ́LM

1 `2
Ñ́LM

2 . . .
`n
Ñ́LM

n “ M 1
1, for some `i and M i. By repeti-

tively applying rule M -StatusUpd1 , M1 ‖ M2
`1
Ñ́LM

1 ‖ M2 ‹ `1
`2
Ñ́LM

2 ‖
M2 ‹ `1 ‹ `2 . . .

`n
Ñ́LM

n ‖ M2 ‹ `1 ‹ `2 . . . ‹ `n “ M 1. To conclude it must be
shown thatM 1 ” P ¨σ1 “ P1 ¨σ

1 ‖ P2 ¨σ
1. Since by inductive hypothesis it re-

sults thatM 1
1 ” P1 ¨σ

1, it must just be shown thatM2‹`1‹`2 . . .‹`n ” P2 ¨σ
1.

This holds by applying Theorem 5.

Theorem 11. Let M be a reachable marked process, with M ” P ¨σ, if M
s
ñLM

1,
where s “ `1, . . . , `n is such that @i “ 1, . . . , n ´ 1, `i is of the form pd : E2q and
`n is of the form `n “ pw : E1, d : E2, l : E3q with E3 ‰ H then xP, σy ÑG σ1 and
M 1 ” P ¨ σ1.

Proof. By induction on the derivation of M s
ñLM

1. In particular, it is sufficient
to consider only the last action that has produced the transition. In fact when
the local semantics produces a propagation of only dead status no transition is
produced by the global semantics. Base cases (only the most interesting cases are
shown here, since the others are similar):
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• (L-Start-NC ): By hypothesisM is a reachable marked process, thus it follows
that M “ startpe.nc.wq and M 1 “ startpe.nc.lq, with s “ `n “ pl : eq. By the
syntax correspondence we get M ” P ¨ σ “ startpe.t.nlq “ startpeq ¨ σ with
σpeq “ 0 and M 1 ” P ¨ σ2 “ startpe.t.lq “ startpeq ¨ σ2, with σ2peq “ 1. We
consider only the case xP, σy “ xstartpeq, σ0y. By definition of σ0, σ0peq “ 0.
It can be applied rule G-Start producing xP, σy ÑG σ

1 with σ1 “ incpσ0, eq.
It must be shown that P ¨ σ2 “ P ¨ σ1. One can conclude as, by definition of
function inc, σ1peq “ 1.

• (L-End -NC ): By hypothesisM is a reachable marked process, thus it follows
that M “ endpe.nc.l, e1.nc.wq, M 1 “ endpe.nc.d, e1.nc.lq, with s “ `n “ ppd :
e, l : e1qq. By the syntax correspondence M ” P ¨ σ “ endpe.t.l, e1.t.nlq “
endpe, e1q ¨ σ with σpeq “ 1, σpe1q “ 0 and M 1 ” P ¨ σ2 “ endpe.t.nl, e1.t.lq “
endpe, e1q ¨ σ2, with σ2peq “ 0, σ2pe1q “ 1. Thus, considering xP, σy “
xendpe, e1q, σy, with σpeq “ 1, by applying rule G-End it results xP, σy ÑG σ

1

with σ1 “ incpdecpσ, eq, e1q. It must be shown that P ¨ σ2 “ P ¨ σ1. One can
conclude as, by definition the functions dec and inc it follows that σ1peq “ 0
and σ1pe1q “ 1.

• there are two live rules for the AND-Split gateway: L-AndSplit-NC and
L-AndSplit-C.

– (L-AndSplit-NC ): By hypothesis M is a reachable marked pro-
cess, thus it follows that M “ andSplitpe.nc.l, Eq, M 1 “

andSplitpe.nc.d, setLivepEqq, with pd : e, l : Eq. By definition of syntax
correspondence M ” P ¨ σ “ andSplitpe.t.l, pE ¨ σqq “ andSplitpe, Eq ¨ σ,
where E ¨ σ is such that @e1.t.pe1 ¨ σ1q P E, e1.t.nl P E, and M 1 ”

P ¨σ1 “ andSplitpe.t.nl, pE¨σ2qq “ andSplitpe, Eq¨σ2, where @e1.t.pe1¨σ1q P
E, e1.t.l P E. This means σpeq “ 1, @e1 P Eσpe1q “ 0 and σ2peq “ 0,
@e1 P E σ2pe1q “ 1. Thus, considering xP, σy “ xandSplitpe, Eq, σy with
σpeq “ 1, by applying rule G-AndSplit , it follows xP, σy ÑG σ1 with
σ1 “ incpdecpσ, eq, Eq. It must be shown that P ¨ σ2 “ P ¨ σ1. One can
conclude as by definition of functions inc and dec it follows σ1peq “ 0,
@e1 P E σ1pe1q “ 1.

– pL-AndSplit-Cq: By hypothesis M is a reachable marked pro-
cess, thus it follows M “ andSplitpe.c.l, E1 \ E2q, M 1 “

andSplitpe.c.w, setLivepEqq, with pw : e, l : Eq. By definition of the
syntax correspondence, proceeding as in the previous case, it follows
σpeq “ 1 and σ2peq “ 0, @e1 P E σ2pe1q “ 1. Thus, consider-
ing xP, σy “ xandSplitpe, Eq, σy, with σpeq “ 1, by applying rule G-
AndSplit , and by definition of inc and dec it follows that σ1peq “ 0 and
@e1 P E σ1pe1q “ 1, that permits to conclude.

• For the AND-Join gateway there are two rules, L-AndJoin-NC,
L-AndJoin-C.
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– pL-AndJoin-NCq: By hypothesis M is a reachable marked pro-
cess, thus it follows M “ andJoinpE, e.nc.Σq with isLivepEq, M 1 “

andJoinpsetDeadpEq, e.nc.lq. By definition of syntax correspondence
it follows M ” P ¨ σ “ andJoinppE ¨ σq, e.t.nlq “ andJoinpE, eq ¨ σ,
where E ¨ σ is such that @e1.t.pe1 ¨ σ1q P E e1.t.l P E, and M 1 ”

P ¨σ2 “ andJoinppE ¨σ2q, e.t.lq “ andJoinpE, eq¨σ2, where @e1.t.pe1 ¨σ2q P
Ee1.t.nl P E. Thus, by syntax correspondence, @e1 P E σpe1q “ 1 and
σ2peq “ 1, @e1 P E σ2pe1q “ 0. Considering the process configura-
tion xP, σy “ xandJoinpE, eq, σy, with @e1 P E.σpe1q “ 1, by applying
rule G-AndJoin, xP, σy ÑG σ1 with σ1 “ incpdecpσ,Eq, eq. It must
be shown that P ¨ σ2 “ P ¨ σ1. One can conclude as by definition of
functions inc and dec it results σ1peq “ 1 and @e1 P E σ1pe1q “ 0.

– pL-AndJoin-Cq: it follows M “ andJoinpE1 \ E2, e.c.Σq, M 1 “

andJoinpE1 \ setDeadpE2q, e.c.lq, with isLivepEq, isC pE1q, isNC pE2q.
One can reason as in the previous case up to different instantiation of
nl and t.

• For the OR-Join gateway there are three rules.

– pL-OrJoin-NCq: it follows that M “ orJoinpE1 \ E2, e.nc.Σq, M 1 “

orJoinpsetDeadpEq, e.nc.lq, with E1 ‰ H, isLivepE1q, isDeadpE2q.
By definition of syntax correspondence it follows M ” P ¨ σ “

orJoinppE1 ¨ σq \ pE2 ¨ σq, e.t.nlq “ orJoinpE1 \ E2, eq ¨ σ where E1 ¨ σ
is such that @e1.t.pe1 ¨ σq P E1 e1.t.l P E1 and E2 ¨ σ is such that
@e1.t.pe1 ¨ σq P E2 e1.t.nl P E2. Thus, by syntax correspondence, it
follows @e1 P E1.σpe

1q “ 1 and @e2 P E2.σpe
2q “ 0. The tran-

sition produces M 1 ” P ¨ σ2 “ orJoinppE1 ¨ σ
2q \ pE2 ¨ σ

2q, e.t.lq
where E1 ¨ σ

2 and E2 ¨ σ
2 are such that @e1.t.pe1 ¨ σ2q P E1 \ E2 then

e1.t.nl P E1\E2. Thus, σ2peq “ 1 and @e1 P E1\E2.σ
2pe1q “ 0. Consid-

ering xP, σy “ xorJoinpE1\E2e, , qσy with E1 ‰ H, @e1 P E1.σpe
1q “ 1,

by applying rule pG-OrJoinq it follows σ1 “ incpdecpσ,E1q, eq. It must
only be shown that P ¨ σ2 “ P ¨ σ1. One can conclude as by definition
of functions inc and dec it follows σ1peq “ 1 and @e1 P E1.E2 σ

1pe1q “ 0.

– pL1-OrJoin-Cq: it follows M “ orJoinpE1 \ E2, e.c.Σq,
M 1 “ orJoinpE1 \ setDeadpE2q, e.c.lq, with E1 ‰

H, isLivepE1q, isDeadpE2q, isC pE1q, isNC pE2q, Deppeq “ H. One
can reason as in the previous case.

– pL2-OrJoin-Cq: it follows M “ orJoinpE1 \ E2, e.c.Σq, M 1 “

orJoinpsetDeadpE1q \ E2, e.c.lq with E1 ‰ H, isLivepE1q,
isDeadpE2q, isNC pE1q, isC pE2q, Deppeq “ H. One can proceed as in
the previous case.

Inductive case:

• pM -StatusUpd1 q: M “ pM1 ‖M2q and M 1 “ pM 1
1 ‖M 1

2q, with M ” P ¨ σ “

P1 ¨ σ ‖ P2 ¨ σ. By inductive hypothesis, M1
s
ñLM

1
1, implies xP1, σy ÑG σ1
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and M 1
1 ” P1 ¨ σ

1. By applying pG-Int1 q, xP1 ‖ P2, σy ÑG σ1. By the
definition of syntax correspondence, xP1 ‖ P2, σy ÑG σ1 ” pP1 ‖ P2q ¨ σ

1 “

P1 ¨ σ
1 ‖ P2 ¨ σ

1 “ M 1
1 ‖ M2

2 . Since by inductive hypothesis M 1
1 ” P1 ¨ σ

1

it must be only shown that M 1
2 “ M2

2 . Since M 1
2 differs from M only for

the annotations marking the edges in `, by applying Theorem 5 one can
conclude.

C.3 Sub-Processes
This appendix reports the proofs of the results presented in Chapter 6.

Lemma 6. Let isWSCorepP q, and let xP, σy be a core reachable and cs-safe process
configuration, if xP, σy `

ÝÑ σ1 then xP, σ1y is cs-safe.

Proof. It follows by induction on the structure of WSCore process elements. The
proof is equal to the one reported in Appendix C.1, with the exception of consid-
ering the sub-process element. Thus, here only the inductive case including the
sub-process is shown, that is subProcpe, startpe1, e2q‖P 11 ‖ endpe3, eivq, evq.

By hypothesis this is a cs-safe process configuration, then
edgesElpsubProcpe, startpe1, e2q‖P 11 ‖ endpe3, eivq, evqq “ te, e2, e3, evu Y edgesElpP 11q
are such that @evi P edgesElpsubProcpe, startpe1, e2q‖P 11 ‖ endpe3, eivq, evqq . σpeviq ď
1. There are the following possibilities:

• xsubProcpe, P1, e
vq, σy evolves by means of rule P -SubProcStart . In order to

apply the rule it should be σpeq ą 0; hence, by cs-safeness, 0 ă σpeq ď 1,
i.e. σpeq “ 1. It can be exploited the fact that this is a reachable pro-
cess configuration to prove that σpevq “ 0 and σpedgespP1qq “ 0. Thus,
xsubProcpe, P1, e

vq, σy
ε
ÝÑ σ1 with σ1 “ incpdecpσ, eq, startpP1qq. Hence,

@evi P edgesElpsubProcpe, startpe1, e2q ‖P 11 ‖ endpe3, eivq, evqq . σ1peviq ď 1.
By hypothesis xsubProcpe, P1, e

vq, σy is cs-safe and reachable, i.e. if there is
a token on startpP1q in the state xsubProcpe, P1, e

vq, σ1y, then all other edges
are unmarked. This means that cs-safeness is not affected. Therefore, the
overall term is cs-safe.

• P1 evolves. Thus, xsubProcpe, P1, e
vq, σy can evolve by means of rules

P -SubProcEvolution, P -SubProcEnd or P -SubProcKill . In all the cases one
can conclude by relying on the inductive hypothesis and on the fact only
core reachable configurations are considered.

Lemma 7. Let isWSCorepP q and let xP, σy be core reachable, then there exists σ1

such that xP, σy ÝÑ˚σ1 and isCompleteElpP, σ1q.
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Proof. By induction on the structure of isWSCorepP q. The proof is equal to the
one reported in Appendix C.1, with the exception of considering the sub-process
element. Thus, here only the inductive case including the sub-process is shown.

Thus, it results subProcpe, startpe1, e2q ‖ P 11 ‖ endpe3, eivq, evq with
isWSCorepP 11q, inpP 11q “ te2u, outpP 11q “ te3u. Called P1 “ startpe1, e2q ‖ P 11 ‖
endpe3, eivq, the overall term becomes subProcpe, P1, e

vq . Now:

• subProcpe, P1, e
vq evolves by means of rule P -SubProcStart . It can be ex-

ploited the fact that this is a core reachable well-structured configuration to
prove that σpeq “ 1 and @evi P edgesElpsubProcpe, P1, e

vqqzteu . σpeviq “ 0.
The application of the rule produces xsubProcpe, P1, e

vq, σy
ε
ÝÑ σ11 with

σ11 “ incpdecpσ, eq, startpP1qq. Now, P1 can evolve only through the appli-
cation of P -Int1 . Thus, xsubProcpe, P1, e

vq, σy can evolve by means of rules
P -SubProcEvolution, or P -SubProcKill . In all the cases, by relying on the
inductive hypothesis there exists a state σ13 such that isCompleteElpP1, σ

1
3q.

This means that there is a token on the incoming edge of the end event
of process P1 and all other edges are unmarked, that is σ13pendpP1qq “

σ13pe
ivq “ 1 and @e P edgespP1qzendpP1q . σpeq “ 0. Indeed, predicate

completedpP1, σ
1
3q holds. Now rule P -SubProcEnd can be applied, produc-

ing xsubProcpe, P1, e
vq, σ13y

ε
ÝÑ σ1 with σ1 “ incpresetpσ, endpP1qq, e

vq that
permits to conclude.

Theorem 12. Let P be a collaboration, P is unsafe does not imply P is unsound.

Proof. Let P be a unsafe collaboration. Supposing that P is unsound, it is sufficient
to show a counter example, i.e. a unsafe collaboration that is sound. One can
consider the process in Figure C.4. It is unsafe since the AND-Split gateway
creates two tokens that are then merged by the XOR-Join gateway producing two
tokens on the outgoing edge of the XOR-Join. However, after Task C is executed
and one token enables the terminate end event, the kill label is produced and the
second token in the sequence flow is removed (rule P -Terminate), rendering the
process sound.

Task 1

Task 2

Task 3

Task 4

Task A

Task B

Task C

Task B

Task A

Task C

Figure C.4: Example of Unsafe but Sound Process.

Theorem 13. Let C be a collaboration, C is unsafe does not imply C is unsound.

Proof. Let C be a unsafe collaboration. Supposing that C is unsound, it is sufficient
to show a counter example, i.e. a unsafe collaboration that is sound. One can
consider the collaboration in Figure C.5. Process in ORG A and ORG B are
trivially unsafe, since the AND-Split gateway generates two tokens that are then
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merged by the XOR-Join gateway producing two tokens on the outgoing edge of
the XOR-Join. By definition of safeness collaboration the considered collaboration
is unsafe. Concerning soundness, processes of ORG B and ORG A are sound.
In fact, in each process, after one token enables the terminate end event, the
kill label is produced and the second token in the sequence flow is removed (rule
P -Terminate), resulting in a marking where all edges are unmarked. Thus, the
resulting collaboration is sound.

O
R

G
 A

O
R

G
 B

Task D

Task B

Task A

Task C

Soundness: SI
Safeness:NO 
Message-Disregarding Sound: SI

there are Message Disregarding Sound collaboration that are not safe Figure C.5: Example of Unsafe but Sound Collaboration.

Theorem 14. Let P be a process including a sub-process subProcpe, P1, e
1q, if P1

is unsafe then P is unsafe.

Proof. Supposing that P “ subProcpe, P1, e
1q ‖ P2, by contradiction let P

be safe, i.e. given σ such that isInitpP, σq, for all σ1 such that xP, σyÝÑ˚σ1

then xP, σ1y is cs-safe. By hypothesis P1 is unsafe, i.e. given σ11 such that
isInitpP1, σ

1
1q, there exists σ12 such that xP1, σ

1
1yÝÑ

˚σ12 and xP1, σ
1
2y not cs-safe.

Thus, De3 P edgesElpP1q . σ
1
2pe

3q ě 1. By definition of function edgesElp¨q,
edgesElpP q “ edgesElpsubProcpe, P1, e

1qq Y edgesElpP2q. By safeness of P it fol-
lows that given σ such that isInitpP, σq, for all σ1 such that xP, σyÝÑ˚σ1 it follows
that xP, σ1y is such that @e P edgesElpP q . σ1peq ď 1. Choosing σ1 “ σ12 it follows
that De3 P edgesElpP q . σ12pe

3q ě 1. Thus, P is not cs-safe, which is a contradic-
tion.

Theorem 15. Let P be a process including a sub-process subProcpe, P1, e
1q, if P1

is unsound does not imply P is unsound.

Proof. Let P1 be a unsound. Supposing that P is unsound., then, it is sufficient to
show a counter example, i.e. an sound process including an unsound sub-process.
One can consider process in Figure C.6. The process is unsound since when there
is a token in the end event of ORG A there is still a pending sequence token to be
consumed. Including the part of the model generating multiple tokens in the scope
of a sub-process, as it is shown in Figure C.7, that is when the process includes a
sub-process, the process is sound. In fact, when there is a token in the end event
of ORG A no other pending sequence tokens need to be processed.

C.4 Multiple Instances and Data
This appendix reports the proofs of the results presented in Chapter 7.
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O
R

G
 A

Task B

Task A

Task C

Soundness: NO
Safeness: NO
Message-Disregarding Sound: SI

there are Message Disregarding Sound collaboration that are not safe 

there are Message Disregarding Sound collaboration that are not SOUND 

Figure C.6: Example of Unsound Process.
O

R
G

 A

Task B

Task A

Task C

Soundness: NO
Safeness: NO
Message-Disregarding Sound: SI

there are Message Disregarding Sound collaboration that are not safe 

there are Message Disregarding Sound collaboration that are not SOUND 

Figure C.7: Example of Sound Process with Unsound Sub-Process.

Lemma 8. Let P be a process, if isInitpP, σ, αq then xP, σ, αy is cs-safe.

Proof. Trivially, from definition of isInitpP, σ, αq. By definition it results that
σpeq “ 1 where e P startpP q and @ e1 P edgespP qzstartpP q . σpe1q “ 0, i.e. only the
start event has a marking and all the other edges are unmarked. Hence, it follows
that @e P edgesElpP q . σpeq ď 1, which allows to conclude.

Lemma 9. Let isWSCorepP q, and let xP, σ, αy be a core reachable and cs-safe
process configuration, if xP, σ, αy `

ÝÑ xσ1, α1y then xP, σ1, α1y is cs-safe.

Proof. By induction on the structure of WSCore process elements. Since the data
state function α does not affect the above definitions, its evolution will be not taken
into account in the proof.
Base cases: since by hypothesis isWSCorepP q, it can only be either a task or an
intermediate event.

• P “ taskpe, exp, A, e1q. By hypothesis xP, σ, αy is cs-safe, then edgesElpP q “
edgesElptaskpe, exp, A, e1qq “ te, e1u is such that σpeq ď 1 and σpe1q ď 1. The
only rule that can be applied to infer the transition xP, σ, αy `

ÝÑ xσ1, α1y is
P -Task . In order to apply the rule there must be σpeq ą 0, evalpexp, α, trueq,
updpα,A, α1q; hence 0 ă σpeq ď 1 , i.e. σpeq “ 1. It can be exploited the fact
that xP, σ, αy be is a core reachable configuration to prove that σpe1q “ 0. In
terms of edge state fuhnction evolution, the application of the rule produces,
σ1 “ xincpdecpσ, eq, e1qy, i.e. σ1peq “ 0 and σ1pe1q “ 1 Thus, σ1peq “ 0 and
σ1pe1q “ 1. Hence, it follows that @e3 P edgesElpP q . σ1pe3q ď 1, which
allows to conclude.

• P “ taskRcvpe, exp, A,m : t̃, e1q. By hypothesis xP, σ, αy is cs-safe, then
edgesElpP q “ edgesElptaskRcvpe, exp, A,m : t̃, e1qq “ te, e1u is such that
σpeq ď 1 and σpe1q ď 1. The only rule that can be applied to infer the
transition xP, σ, αy `

ÝÑ xσ1, α1y is P -TaskRcv . In order to apply the rule there
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must be σpeq ą 0,evalpexp, α, trueq, evalp t̃ , α, ẽt q; hence 0 ă σpeq ď 1 ,
i.e. σpeq “ 1. It can be exploited the fact that xP, σ, αy is a core reach-
able configuration to prove that σpe1q “ 0. In terms of edge state function
evolution, the application of the rule produces σ1 “ xincpdecpσ, eq, e1qy, i.e.
σ1peq “ 0 and σ1pe1q “ 1. Thus, σ1peq “ 0 and σ1pe1q “ 1. Hence, it follows
that @e3 P edgesElpP q . σ1pe3q ď 1, which allows to conclude.

• P “ taskSndpe, exp1, A,m : ˜exp, e1q. By hypothesis xP, σ, αy is cs-safe, then
edgesElpP q “ edgesElptaskSndpe, exp1, A,m : ˜exp, e1qq “ te, e1u is such that
σpeq ď 1 and σpe1q ď 1. The only rule that can be applied to infer the
transition xP, σ, αy `

ÝÑ xσ1, α1y is P -TaskSnd . In order to apply the rule there
must be σpeq ą 0,evalpexp1, α, trueq, updpα,A, α1q, evalp ˜exp, α, ṽq; hence 0 ă
σpeq ď 1 , i.e. σpeq “ 1. It can be exploited the fact that xP, σy is a core
reachable configuration to prove that σpe1q “ 0. The application of the rule
produces σ1 “ xincpdecpσ, eq, e1qy, i.e. σ1peq “ 0 and σ1pe1q “ 1. Thus,
σ1peq “ 0 and σ1pe1q “ 1. Hence, it follows that @e3 P edgesElpP q . σ1pe3q ď
1, which allows to conclude.

• P “ interRcvpe,m : t̃, e1q. By hypothesis xP, σy is cs-safe, then edgesElpP q “
edgesElpinterRcvpe,m : t̃, e1qq “ te, e1u is such that σpeq ď 1 and σpe1q ď 1.
The only rule that can be applied to infer the transition xP, σ, αy `

ÝÑ xσ1, α1y is
P -InterRcv . In order to apply the rule there must be σpeq ą 0,evalp t̃ , α, ẽt q;
hence 0 ă σpeq ď 1 , i.e. σpeq “ 1. It can be exploited the fact that xP, σy is
a core reachable configuration to prove that σpe1q “ 0. The application of the
rule produces σ1 “ xincpdecpσ, eq, e1qy, i.e. σ1peq “ 0 and σ1pe1q “ 1. Thus,
σ1peq “ 0 and σ1pe1q “ 1. Hence, it follows that @e3 P edgesElpP q . σ1pe3q ď
1, which allows to conclude.

• P “ interSndpe,m : ˜exp, e1q. By hypothesis xP, σ, αy is cs-safe, then
edgesElpP q “ edgesElpinterSndpe,m : ˜exp, e1qq “ te, e1u is such that σpeq ď 1
and σpe1q ď 1. The only rule that can be applied to infer the transition
xP, σ, αy

`
ÝÑ xσ1, α1y is P -InterSnd . In order to apply the rule there must

be σpeq ą 0, evalp ˜exp, α, ṽq; hence 0 ă σpeq ď 1 , i.e. σpeq “ 1. It can be
exploited the fact that xP, σy be is a core reachable configuration to prove
that σpe1q “ 0. The application of the rule produces σ1 “ xincpdecpσ, eq, e1qy,
i.e. σ1peq “ 0 and σ1pe1q “ 1. Thus, σ1peq “ 0 and σ1pe1q “ 1. Hence, it
follows that @e3 P edgesElpP q . σ1pe3q ď 1, which allows to conclude.

• P “ emptype, e1q. By hypothesis xP, σy is cs-safe, then edgesElpP q “
edgesElpemptype, e1qq “ te, e1u is such that σpeq ď 1 and σpe1q ď 1. The
only rule that can be applied to infer the transition xP, σ, αy `

ÝÑ xσ1, α1y
is P -Empty . In order to apply the rule there must be σpeq ą 0; hence
0 ă σpeq ď 1 , i.e. σpeq “ 1. It can be exploited the fact that xP, σy
be is a core reachable configuration to prove that σpe1q “ 0. The appli-
cation of the rule produces σ1 “ xincpdecpσ, eq, e1qy, i.e. σ1peq “ 0 and



222 APPENDIX C. APPENDIX: PROOFS

σ1pe1q “ 1. Thus, σ1peq “ 0 and σ1pe1q “ 1. Hence, it follows that
@e3 P edgesElpP q . σ1pe3q ď 1, which allows to conclude.

Inductive cases:

• xandSplitpe, Eq ‖ P1 ‖ . . . ‖ Pn ‖ andJoinpE1, e2q, σ, αy, with @j P

r1..ns isWSCorepPjq, inpPjq Ď E, outpPjq Ď E1. There are the following
possibilities:

– xandSplitpe, Eq, σ, αy evolves by means of rule P -AndSplit . It can be
exploited the fact that this is a core reachable well-structured con-
figuration to prove that σpeq “ 1 and @e3 P E .σpe3q “ 0. Thus,
xandSplitpe, Eq, σ, αy

ε
ÝÑ σ1 with σ1 “ incpdecpσ, eq, Eq. Hence, @e3 P

edgesElpandSplitpe, Eqq . σpe3q ď 1. By hypothesis xandSplitpe, Eq ‖
P1 ‖ . . . ‖ Pn ‖ andJoinpE1, e2q, σ, αy is cs-safe, i.e. if @e3 P E .σ1pe3q “
1, that is there is a token on the outgoing edges of the AND-Split in
the state xandSplitpe, Eq, σ1, α1y, then all the other edges are unmarked.
This means that cs-safeness is not affected. Therefore, the overall term
xandSplitpE, eq ‖ P1 ‖ . . . ‖ Pn ‖ andJoinpE1, e2q, σ1, α1y is cs-safe.

– Node P1 ‖ . . . ‖ Pn evolves without affecting the split and join gateways.
In this case it easily follows by inductive hypothesis.

– Node P1 ‖ . . . ‖ Pn evolves and affects the split and/or join gateways.
In this case one can reason like in the first case, by relying on inductive
hypothesis.

– xandJoinpE1, e2q, σy evolves by means of rule P -AndJoin. It can be
exploited the fact that this is a core reachable well-structured con-
figuration to prove that @e3 P E1 .σpe3q “ 1 and σpe2q “ 0. Thus
xandJoinpE1, e2q, σ, αy

ε
ÝÑ σ1 with σ1 “ incpdecpσ,E1q, e2q. Hence, @e3 P

edgesElpandJoinpE1, e2qq . σpe3q ď 1. By hypothesis xandSplitpE, eq ‖
P1 ‖ . . . ‖ Pn ‖ andJoinpE1, e2q, σ, αy is cs-safe, i.e. if there is a token on
the outgoing edge of the AND-Join in the state xandJoinpE1, e2q, σ1, α1y
all the other edges do not have tokens. This means that cs-safeness is
not affected. Therefore, the overall term xandSplitpE, eq ‖ P1 ‖ . . . ‖
Pn ‖ andJoinpE1, e2q, σ1, α1y is cs-safe.

• xxorSplitpe, Gq ‖ P1 ‖ . . . ‖ Pn ‖ xorJoinpE, e2q, σ, αy, with @j P

r1..ns isWSCorepPjq, inpPjq Ď G, outpPjq Ď E. There are the following
possibilities:

– xxorSplitpe, Gq, σ, αy evolves by means of rule P -XorSplit1 or P -
XorSplit1 . Now it is considered the case it evolves by means of
rule P -XorSplit1 , since the otehr is similar. It can be exploited
the fact that this is a core reachable well-structured configuration
to prove that σpeq “ 1 and @pe1, expq P G .σpe1q “ 0. Thus,
xorSplitpe, tpe3, expqu Y Gq, σ, αy

ε
ÝÑ σ1, with σ1 “ incpdecpσ, eq, e3q.

Hence, @eiv P edgesElpxorSplitpe, Gqq . σpeivq ď 1. By hypothesis
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xxorSplitpe, Gq ‖ P1 ‖ . . . ‖ Pn ‖ xorJoinpE, e2q, σ, αy is cs-safe, i.e.
if σ1pe1q “ 1, that is there is a token on one of the outgoing edges of the
XOR-Split in the state xxorSplitpe, Gq, σ1, α1y, then all the other edges
are unmarked. This means that cs-safeness is not affected. Therefore,
the overall term xxorSplitpe, Gq ‖ P1 ‖ . . . ‖ Pn ‖ xorJoinpE1, e2q, σ1, α1y
is cs-safe.

– Node P1 ‖ . . . ‖ Pn evolves without affecting the split and join gateways.
In this case it easily follows by inductive hypothesis.

– Node P1 ‖ . . . ‖ Pn evolves and affects the split and/or join gateways.
In this case one can reason like in the first case, by relying on inductive
hypothesis.

– xorJoinpteuYE, e2q, σ, αy evolves by means of rule P -XorJoin. It can be
exploited the fact that this is a core reachable well-structured config-
uration to prove that σpeq “ 1, @e3 P E .σpe3q “ 0 and σpe2q “ 0.
Thus xxorJoinpteu Y E, e2q, σ, αy

ε
ÝÑ σ1, with σ1 “ incpdecpσ, eq, e1q.

Hence, @e3 P edgesElpxorJoinpteu Y E, e2qq . σpe3q ď 1. By hypoth-
esis xxorSplitpe, Gq ‖ P1 ‖ . . . ‖ Pn ‖ xorJoinpE, e2q, σ, αy is cs-safe,
i.e. if there is a token on the outgoing edge of the XOR-Join in the
state xxorJoinpteuYE, e2q, σ1, α1y all the other edges do not have tokens.
This means that cs-safeness is not affected. Therefore, the overall term
xxorSplitpe, Gq ‖ P1 ‖ . . . ‖ Pn ‖ xorJoinpE, e2q, σ1, α1y is cs-safe.

• eventBasedpe, tpmj : t̃j, e
1
jq|j P r1..nsuq ‖ P1 ‖ . . . ‖ Pn ‖ xorJoinpE, e2q, with

@j P r1..ns isWSCorepPjq, inpPjq “ e1j , outpPjq Ď E. There are the
following possibilities:

– xeventBasedpe, tpmj : t̃j, e
1
jq|j P r1..nsuq, σ, αy evolves by means of

rule P -EventG . It can be exploited the fact that this is a core
reachable well-structured configuration to prove that σpeq “ 1 and
@e1j | j P r1..ns.σpe1jq “ 0. Thus, xeventBasedpe, tpmj : t̃j, e

1
jq|j P

r1..nsuq, σ, αy
?mj : ẽtj,ε
ÝÝÝÝÝÝÑ σ1, α1, with σ1 “ incpdecpσ, eq, e1jq. Thus,

@e3 P edgesElpeventBasedpe, tpmj : t̃j, e
1
jq|j P r1..nsuqq. σpe

3q ď 1. By
hypothesis xeventBasedpe, tpmj : t̃j, e

1
jq|j P r1..nsuq, σ, αy is cs-safe, i.e. if

σ1pe1jq “ 1, that is there is a token on one of the outgoing edges of the
Event Based in the state xeventBasedpe, tpmj : t̃j, e

1
jq|j P r1..nsuq, σ

1, α1y,
then all the other edges are unmarked. This means that cs-safeness is
not affected. Therefore, the overall term xeventBasedpe, tpmj : t̃j, e

1
jq|j P

r1..nsuq, ‖ P1 ‖ . . . | Pn ‖ xorJoinpE, e2q, σ1, α1y is cs-safe.

– Node P1 ‖ . . . ‖ Pn evolves without affecting the split and join gateways.
In this case it easily follows by inductive hypothesis.

– Node P1 ‖ . . . ‖ Pn evolves and affects the split and/or join gateways.
In this case one can reason like in the first case, by relying on inductive
hypothesis.
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– xxorJoinpteu YE, e2q, σ, αy evolves by means of rule P -XorJoin. It can
be exploited the fact that this is a core reachable well-structured con-
figuration to prove that σpeq “ 1, @e3 P E .σpe3q “ 0 and σpe2q “ 0.
Thus, xxorJoinpteu Y E, e2q, σ, αy

ε
ÝÑ σ1, α1, with σ1 “ incpdecpσ, eq, e2q.

Hence, @e3 P edgesElpxorJoinpteu Y E, e2qq . σpe3q ď 1. By hypothesis
xeventBasedpe, tpmj : t̃j, e

1
jq|j P r1..nsuq, ‖ P1 ‖ . . . ‖ Pn ‖ xorJoinpE1, e2q,

σ, αy is cs-safe, i.e. if there is a token on the outgoing edge of the XOR-
Join in the state xxorJoinpteu YE, e1q, σ1, α1y all the other edges do not
have tokens. This means that cs-safeness is not affected. Therefore, the
overall term xeventBasedpe, tpmj : t̃j, e

1
jq|j P r1..nsuq, ‖ P1 ‖ . . . ‖ Pn ‖

xorJoinpE, e2q, σ1, α1y is cs-safe.

• xorJoinpte2, e3u, e1q ‖ P1 ‖ P2 ‖ xorSplitpeiv, tpev, exp1q, pe
vi, exp2quq with

inpP1q “ te1u, outpP1q “ teivu,inpP2q “ teviu, outpP2q “ te2u. There are
the following possibilities:

– xxorJoinpte2, e3u, e1q, σ, αy evolves by means of rule P -XorJoin. It
can be exploited the fact that this is a core reachable well-
structured configuration to prove that the term is marked σpe1q “
0 and either σpe2q “ 1 or σpe3q “ 1; assuming that the
marking is σpe3q “ 1 (since the other case is similar), then
xxorJoinpte2, e3u, e1q, σ, αy

ε
ÝÑ σ1 with σ1 “ incpdecpσ, e3q, e1q. Hence,

edgesElpxorJoinpte2, e3u, e1qq “ te2, e3, e1u and σ1pe1q “ 1, σ1pe3q “ 0
and σ1pe2q “ 0, that is @e P edgesElpxorJoinpte2, e3u, e1qq . σ1peq ď
1. By hypothesis xxorJoinpte2, e3u, e1q ‖ P1 ‖ P2 ‖
xorSplitpeiv, tpev, exp1q, pe

vi, exp2quq, σ, αy is cs-safe, i.e. if there is a
token on e1 in the state xxorJoinpte2, e3u, e1q, σ1, α1y all the other
edges do not have token. This means that cs-safeness is not af-
fected. Therefore, the overall term xxorJoinpte2, e3u, e1q ‖ P1 ‖ P2 ‖
xorSplitpeiv, tpev, exp1q, pe

vi, exp2quq, σ
1, α1y is cs-safe.

– Node P1 ‖ P2 evolves without affecting the split and join gateways. In
this case it easily follows by inductive hypothesis.

– Node P1 ‖ P2 evolves and affects the xor join and xor split gateways.
In this case one can reason like in the first case, by relying on inductive
hypothesis.

– xxorSplitpeiv, tpev, exp1q, pe
vi, exp2quq, σ, αy evolves by means of rule P -

XorSplit1 (the case it evolves by means of rule P -XorSplit2 is similar).
It can be exploited the fact that this is a core reachable well-structured
configuration to prove that the term is marked as σpeivq “ 1.
Hence, it evolves in a cs-safe term; in fact let us assume that it
evolves in this way xxorSplitpeiv, tpev, exp1q, pe

vi, exp2quq, σ, αy
ε
ÝÑ

σ1 with σ1 “ incpdecpσ, eivq, evq. Hence,
edgesElpxorSplitpeiv, tpev, exp1q, pe

vi, exp2quqq “ teiv, ev, eviu
and σ1peivq “ 0, σ1pevq “ 1, σ1peviq “ 0, that is @e P

edgesElpxorSplitpeiv, tpev, exp1q, pe
vi, exp2quqq . σ

1peq ď 1. By hypothesis
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xxorJoinpte2, e3u, e1q ‖ P1 ‖ P2 ‖ xorSplitpeiv, tpev, exp1q, pe
vi, exp2quq,

σ, αy is cs-safe, i.e. if there is a token on ev in the state
xxorSplitpeiv, tpev, exp1q, pe

vi, exp2quq, σ
1, α1y all the other edges do

not have token. This means that cs-safeness is not affected. Therefore,
the overall term xxorJoinpte2, e3u, e1q ‖ P1 ‖ P2 ‖
xorSplitpeiv, tpev, exp1q, pe

vi, exp2quq, σ
1, α1y is cs-safe.

• Be xP, σ, αy “ xP1 ‖ P2, σ, αy. The relevant case for cs-safeness is when
P evolves by applying P -Int1 . It results that xP1 ‖ P2, σ, αy

`
ÝÑ xσ1, α1y

with xP1, σ, αy
`
ÝÑ xσ1, α1y. By definition of edgesElp¨q function it follows

that edgesElpP q “ edgesElpP1qY edgesElpP2q. By inductive hypothesis @e P
edgesElpP1q . σpeq ď 1 which is cs-safe. Since P2 is well structured and
cs-safe, then also xP2, σ

1, α1y is cs-safe, which permits to conclude.

Lemma 10. Let isWS pP q, and let xP, σ, αy be a process configuration reachable
and cs-safe, if xP, σ, αy `

ÝÑ σ1, α1 then xP, σ1, α1y is cs-safe.

Proof. According to Definition 27, P can have 6 different forms. The proof is given
by case analysis on the parallel component of xP, σ, αy that causes the transition
xP, σ, αy

`
ÝÑ σ1, α1.

It is considered now the case P“ startpe, e1q ‖ P 1 ‖ endpe2, e3q.

• startpe, e1q evolves by means of the rule P -Start . In order to apply the rule
there must be σpeq ą 0, hence, by cs-safeness, σpeq “ 1. It can be exploited
the fact that this is a reachable well-structured configuration to prove that
σpe1q “ 0. The rule produces the following transition xstartpe, e1q, σ, αy

ε
ÝÑ

xσ11, α
1
1y with σ11 “ incpdecpσ, eq, e1q where σ11peq “ 0 and σ11pe1q “ 1. Now,

xP, σ11, α
1
1y “ xstartpe, e1q ‖ P 1 ‖ endpe2, e3q, σ11, α

1
1y can evolve only through

the application of P -Int1 producing xP, σ1, α1y with σ1pinpP 1qq “ 1.

By hypothesis xP, σ, αy is cs-safe, thus σpe2q ď 1, σpe3q ď 1 and @ev P
edgesElpP 1q . σpevq ď 1. Now @ev P edgesElpP 1q . σpevq ď 1 and @ev P
edgesElpP 1q . σ1pevq ď 1. Therefore edgesElpP q “ te1, e2u Y edgesElpP 1q are
such that σ1pe1q “ 1, σ1pinpP 1qq ď 1, σ1poutpP 1qq ď 1, σ1pe2q ď 1. Thus,
xP, σ1, α1y is cs-safe.

• endpe2, e3q evolves by means of the rule P -End . It can be exploited the fact
that this is a reachable well-structured configuration to prove that the term
is marked as σpe2q “ 1 and σpe3q “ 0. The rule produces the following
transition xendpe2, e3q, σ, αy

ε
ÝÑ xσ11, α

1
1y with σ11 “ incpdecpσ, e2q, e3q. Now,

xP, σ11, α
1
1y can only evolve by applying P -Int1 producing xP, σ1, α1y. By

hypothesis xP, σ, αy is cs-safe, then σpe2q ď 1, σpe3q ď 1 and P 1 is cs-safe.
Reasoning as previously it can be concluded that xP, σ1, α1y is cs-safe.

• P 1 moves, that is xP 1, σ, αy `
ÝÑ xσ1, α1y. By Lemma 2 xP 1, σ1, α1y is safe,

thus @e P edgesElpP 1q . σ1peq ď 1. By hypothesis, P is cs-safe, hence
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edgesElpstartpe, e1qq “ te1u is such that σ1pe1q ď 1 and edgesElpendpe2, e3qq “
te2u is such that σ1pe2q ď 1. Thus, it can be concluded that xP, σ1, α1y is
safe.

It is considered now the case P“ startpe, e1q ‖ P 1 ‖ terminatepe2q.

• The start event evolves: like the previous case.

• The end terminate event evolves: the only transition it can be applied is
P -Terminate. It can be exploited the fact that this is a reachable well-
structured configuration to prove that the term is marked as σpe2q “ 1. By
applying the rule xterminatepe2q, σ, αy

kill
ÝÝÑ xσ11, , α

1
1y with σ11 “ decpσ, e2q.

Now, xP, σ11, α11y can only evolve by applying P -Kill1 producing xP, σ1, α1y
where σ1 is completed unmarked; therefore it is cs-safe.

• P 1 moves: similar to the previous case.

It is considered now the case P“ startpe, e1q ‖ P 1 ‖ endSndpe2,m : ˜exp, e3q.

• The start event evolves: like the previous case.

• The end message event evolves: the only transition one can apply is P -
EndSnd . It can be exploited the fact that this is a reachable well-structured
configuration to prove that the term is marked as σpe2q “ 1 and σpe3q “

0. By applying the rule it follows that xendSndpe2,m : ˜exp, e3q, σ, αy
!m : ṽ
ÝÝÝÑ

xσ11, α
1
1y with σ11 “ incpdecpσ, e2q, e3q Now, xP, σ11, α11y can only evolve by

applying P -Int1 producing xP, σ1, α1y. By hypothesis xP, σ, αy is cs-safe,
then σpe2q ď 1, σpe3q ď 1 and P 1 is cs-safe. Reasoning as previously it can
be concluded that xP, σ1y is cs-safe.

• P 1 moves: similar to the previous cases.

It is considered now the case P“ startRcvpm : t̃, e1q ‖ P 1 ‖ endpe2, e3q.

• startRcvpm : t̃, e1q evolves by means of the rule P -StartRcv . In order to ap-
ply the rule there must be σpeq ą 0, evalp ˜exp, α, ṽq, hence, by cs-safeness,
σpeq “ 1. It can be exploited the fact that this is a reachable well-structured
configuration to prove that σpe1q “ 0. The rule produces the following tran-
sition xstartRcvpm : t̃, e1q, σ, αy

?m
ÝÝÑ xσ11, α

1
1y with σ11 “ incpdecpσ, eq, e1q where

σ11peq “ 0 and σ11pe
1q “ 1. Now, xP, σ11, α11y “ startRcvpm : t̃, e1q ‖ P 1 ‖

endpe2, e3q, σ11, α
1
1y can evolve only through the application of P -Int1 pro-

ducing xP, σ1, α1y with σ1pinpP 1qq “ 1. By hypothesis xP, σ, αy is cs-safe,
thus σpe2q ď 1, σpe3q ď 1 and @ev P edgesElpP 1q . σpevq ď 1. Now,
@ev P edgesElpP 1q . σpevq ď 1 and @ev P edgesElpP 1q . σ1pevq ď 1. Therefore,
edgesElpP q “ te1, e2uY edgesElpP 1q are such that σ1pe1q “ 1, σ1pinpP 1qq ď 1,
σ1poutpP 1qq ď 1, σ1pe2q ď 1. Thus, xP, σ1y is cs-safe.

• endpe2, e3q evolves by means of the rule P -End . It follows as in the first case.
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• P 1 moves, that is xP 1, σy `
ÝÑ xσ1, α1y. By Lemma 2 xP 1, σ1, α1y is safe, thus @e P

edgesElpP 1q . σ1peq ď 1. By hypothesis P is cs-safe, thus edgesElpstartRcvpm :
t̃, e1qq“ te1u is such that σ1pe1q ď 1 and edgesElpendpe2, e3qq “ te2u is such
that σ1pe2q ď 1. It can be concluded that xP, σ1, α1y is safe.

It is considered now the case P“ startRcvpm : t̃, e1q ‖ P 1 ‖ terminatepe2q.

• startRcvpm : t̃, e1q evolves by means of the rule P -StartRcv : like in the previous
case.

• The end terminate event evolves: the only transition it can be applied is
P -Terminate: like in the case P“ startRcvpm : t̃, e1q ‖ P 1 ‖ terminatepe2q.

• P 1 moves, that is xP 1, σy `
ÝÑ σ1. By Lemma 2 xP 1, σ1y is safe, thus @e P

edgesElpP 1q . σ1peq ď 1. By hypothesis, P is cs-safe thus edgesElpstartRcvpm :
t̃, e1qq“ te1u is such that σ1pe1q ď 1 and edgesElpterminatepe2qq “ te2u is such
that σ1pe2q ď 1. It follows that xP, σ1y is safe.

It is considered now the case P“ startRcvpm : t̃, e1q ‖ P 1 ‖ endSndpe2,m : ˜exp, e3q.

• startRcvpm : t̃, e1q evolves by means of the rule P -StartRcv : like in the previous
case.

• endSndpe2,m : ˜exp, e3q evolves by means of P -EndSnd : like in the case
P“ startpe, e1q ‖ P 1 ‖ endSndpe2,m : ˜exp, e3q.

• P 1 moves, that is xP 1, σ, αy `
ÝÑ xσ1, α1y. By Lemma 2 xP 1, σ1, α1y is

safe, thus @e P edgesElpP 1q . σ1peq ď 1. By hypothesis, P is cs-safe
thus edgesElpstartRcvpm : t̃, e1qq “ te1u is such that σ1pe1q ď 1 and
edgesElpendSndpe2,m : ˜exp, e3qq “ te2u is such that σ1pe2q ď 1. It follows
that xP, σ1, α1y is safe.

Theorem 16. Let P be a process, if P is well-structured then P is safe.

Proof. It has to be shown that if xP, σ, αy ÝÑ˚ xσ1, α1y then xP, σ1, α1y is cs-safe. It
proceeds by induction on the length n of the sequence of transitions from xP, σ, αy
to xP, σ1, α1y.
Base Case (n “ 0): In this case σ “ σ1, α “ α1 then isInitpP, σ1, α1q is satisfied.
By Lemma 1 it can be concluded xP, σ1, α1y is cs-safe.
Inductive Case: In this case xP, σ, αy ÝÑ˚ xP, σ2, α2y

`
ÝÑ xP, σ1, α1y for some pro-

cess xP, σ2, α2y. By induction, xP, σ2, α2y is cs-safe. By applying Lemma 3 to
xP, σ2, α2y

`
ÝÑ xP, σ1, α1y, it can be concluded that xP, σ1, α1y is cs-safe.

Theorem 17. Let C be a collaboration, if C is well-structured then C is safe.
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Proof. By contradiction, let C be well-structured and C unsafe. By Defini-
tion 31, given ι and δ such that isInitpC, ι, δq there exists a collaboration con-
figuration xC, ι1, δ1y such that xC, ι, δy ÝÑ˚ xC, ι1, δ1y and Dpoolpp, P q in C, given
ι1ppq “ txσ1, α1yu, such that xP, σ1, α1y is not cs-safe (the case of multi-instance
pools is equal). From hypothesis isInitpC, ι, δq, it follows isInitpP, σ, αq, with
ιppq “ txσ, αyu. Thus, also xP, σ1, α1y is reachable. From hypothesis C is well-
structured, it follows that P is WS. Therefore, by Theorem 1, P is safe. By
Definition 30, xP, σ1, α1y is cs-safe, which is a contradiction.

Lemma 11. Let isWSCorepP q and let xP, σ, αy be core reachable, then there exist
σ1, α1 such that xP, σ, αy ÝÑ˚xσ1, α1y and isCompleteElpP, σ1, α1q.

Proof. By induction on the structure of isWSCorepP q. Base cases: by definition
of isWSCorepq, P can only be either a task or an intermediate event.

• P “ taskpe, exp, A, e1q. The only rule it can be applied is P -Task . In order
to apply the rule there must be σpeq ą 0, updpα,A, α1q. Since isWSCorepP q,
xP, σ, αy is safe, hence σpeq “ 1. Since the process configuration is core
reachable it follows that σpe1q “ 0. The application of the rule produces
xtaskpe, exp, A, e1q, σ, αy

ε
ÝÑ xσ1, α1y with σ1 “ incpdecpσ, eq, e1q. Thus, it fol-

lows σ1peq “ 0 and σ1pe1q “ 1, which permits to conclude.

• P “ taskRcvpe, exp, A,m : t̃, e1q. The only rule that can be applied is P -
TaskRcv . In order to apply it there must be σpeq ą 0, evalpexp, α, trueq,
evalp t̃ , α, ẽt q. Since isWSCorepP q, xP, σ, αy is safe, hence σpeq “ 1. Since
the process configuration is core reachable it follows σpe1q “ 0. The appli-

cation of the rule produces xtaskRcvpe, exp, A,m : t̃, e1qσ, αy
?m : ẽt,A
ÝÝÝÝÝÑ xσ1, α1y

with σ1 “ incpdecpσ, eq, e1q. Thus, it follows σ1peq “ 0 and σ1pe1q “ 1, which
permits to conclude.

• P “ taskSndpe, exp1, A,m : ˜exp, e1q,. The only rule that can be ap-
plied is P -TaskSnd . In order to apply the rule there must be σpeq ą
0, evalpexp1, α, trueq, updpα,A, α1q, evalp ˜exp, α, ṽq. Since isWSCorepP q,
xP, σ, αy is safe, hence σpeq “ 1. Since the process configuration is core
reachable it follows σpe1q “ 0. The application of the rule produces
xtaskSndpe, exp1, A,m : ˜exp, e1q, σ, αy

!m : ṽ
ÝÝÝÑ xσ1, α1y with σ1 “ incpdecpσ, eq, e1q.

Thus, it follows σ1peq “ 0 and σ1pe1q “ 1, which permits to conclude.

• P “ interRcvpe,m : t̃, e1q. The only rule that can be applied is P -InterRcv . In
order to apply it there must be σpeq ą 0, evalp t̃ , α, ẽt q. Since isWSCorepP q,
xP, σ, αy is safe, hence σpeq “ 1. Since the process configuration is core reach-
able it follows σpe1q “ 0. By applying the rule produces xinterRcvpe,m : t̃, e1q,

σ, αy
?m : ẽt,ε
ÝÝÝÝÝÑ xσ1, α1y with σ1 “ incpdecpσ, eq, e1q. Thus, it follows σ1peq “ 0

and σ1pe1q “ 1, which permits to conclude.

• P “ interSndpe,m : ˜exp, e1q. The only rule that can be applied is P -
InterSnd . In order to apply it there must be σpeq ą 0, evalp ˜exp, α, ṽq.
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Since isWSCorepP q, xP, σ, αy is safe, hence σpeq “ 1. Since the process
configuration is core reachable it follows σpe1q “ 0. By applying the rule
xinterSndpe,m : ˜exp, e1q, σ, αy

!m : ṽ
ÝÝÝÑxσ1, α1y with σ1 “ incpdecpσ, eq, e1q. Thus,

it follows σ1peq “ 0 and σ1pe1q “ 1, which permits to conclude.

• P “ emptype, e1q. The only rule that can be applied is P -Empty . In order to
apply the rule there must be σpeq ą 0. Since isWSCorepP q, xP, σ, αy is safe,
hence σpeq “ 1. Since the process configuration is core reachable it follows
σpe1q “ 0. The application of the rule produces xemptype, e1q, σ, αy

ε
ÝÑ xσ1, α1y

with σ1 “ incpdecpσ, eq, e1q. Thus, it follows σ1peq “ 0 and σ1pe1q “ 1, which
permits to conclude.

Inductive cases:

• P “ xandSplitpe, Eq ‖ P1 ‖ . . . ‖ Pn ‖ andJoinpE1, e2q, σy. There are the
following possibilities:

– xandSplitpe, Eq, σy evolves by means of rule P -AndSplit . It can be
exploited the fact that this is a core reachable well-structured con-
figuration to prove that σpeq “ 1 and @e2 P E .σpe2q “ 0. Thus,
xandSplitpe, Eq, σy

ε
ÝÑ xσ11, α

1
1y with σ11 “ incpdecpσ, eq, Eq. Now, P can

evolve only through the application of P -Int1 producing xP, σ12, α12y
with σ12pinpP1qq “ . . . “ σ12pinpPnqq “ 1. By inductive hypothesis
there exists a state σ13 such that isCompleteElpP1 ‖ . . . ‖ Pn, σ13, α13q.
Now, P can only evolve by applying rule P -Int1 , producing xP, σ14, α14y
where @e3 P E1 . σ14pe

3q “ 1. Now, xandJoinpE1, e2q, σ14, α
1
4y can evolve

by means of rule P -AndJoin. The application of the rule produces
xandJoinpE1, e2q, σ14, α

1
4y

ε
ÝÑ xσ1, α1y with σ1 “ incpdecpσ14, E

1q, e2q, i.e.
σ1pe2q “ 1 and @e3 P E1 . σ1pe3q “ 0. This permits to conclude.

– P1 ‖ . . . ‖ Pn evolves without affecting the split and join gateways. In
this case it easily follows by inductive hypothesis.

– P1 ‖ . . . ‖ Pn evolves and affects the split and/or join gateways. In this
case one can reason like in the first case.

• P “ xxorSplitpe, Gq ‖ P1 ‖ . . . ‖ Pn ‖ xorJoinpE, e2q, σ, αy. There are the
following possibilities:

– xxorSplitpe, Gq, σ, αy evolves by means of rule P -XorSplit1 (the case
it evolves by means of rule P -XorSplit2 is similar). It can be ex-
ploited the fact that this is a core reachable well-structured con-
figuration to prove that σpeq “ 1 and @pe1, expq P G .σpe1q “
0. Thus, xorSplitpe, tpe3, expqu Y Gq, σ, αy

ε
ÝÑ xσ11, α

1
1y, with σ11 “

incpdecpσ, eq, e3q. Now, P can evolve only through the application of
P -Int1 producing xP, σ12, α12y with σ12pinpP1qq “ . . . “ σ12pinpPnqq “
1. By inductive hypothesis there exists a state σ13 such that
isCompleteElpP1 ‖ . . . ‖ Pn, σ13, α13q. Now, P can only evolve by ap-
plying rule P -Int1 , producing xP, σ14, α14y where De3 P E . σ14pe

3q “ 1,
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let us say σ14peivq “ 1. Now, xxorJoinpteivu Y E, e2q, σ14, α
1
4y can evolve

by means of rule P -XorJoin. The application of the rule produces
xxorJoinpteivu Y E, e2q, σ14, α

1
4y

ε
ÝÑ xσ1, α1y with σ1 “ incpdecpσ, eivq, e2q,

i.e. σ1pe2q “ 1 and @e3 P E . σ1pe3q “ 0. This permits to conclude.

– P1 ‖ . . . ‖ Pn evolves without affecting the split and join gateways. In
this case if easily follows by inductive hypothesis.

– P1 ‖ . . . ‖ Pn evolves and affects the split and/or join gateways. In this
case one can reason like in the first case.

• P “ eventBasedpe, tpmj : t̃j, e
1
jq|j P r1..nsuq ‖ P1 ‖ . . . | Pn ‖ xorJoinpE, e2q.

There are the following possibilities:

– xeventBasedpe, tpmj : t̃j, e
1
jq|j P r1..nsuq, σ, αy evolves by means of rule

P -EventG . It can be exploited the fact that this is a core reach-
able well-structured configuration to prove that σpeq “ 1 and @e1j |j P
r1..ns.σpe1jq “ 0. Thus, xeventBasedpe, tpmj : t̃j, e

1
jq|j P r1..nsuq, σ, αy

?mj : ẽtj,ε
ÝÝÝÝÝÝÑ xσ11, α

1
1y with σ11 “ incpdecpσ, eq, e1jq. Now, P can evolve only

through the application of P -Int1 producing xP, σ12, α12y with σ12pinpP1qq

“ . . . “ σ12pinpPnqq “ 1. By inductive hypothesis there exists a state
σ13 such that isCompleteElpP1 ‖ . . . ‖ Pn, σ

1
3, α

1
3q. Now, P can only

evolve by applying rule P -Int1 , producing xP, σ14, α14y where De3 P

E1 . σ14pe
3q “ 1, let us say σ14peivq “ 1. Now, xxorJoinpteivuYE, e2q, σ14y

can evolve by means of rule P -XorJoin. The application of the rule pro-
duces xxorJoinpteivuYE, e2q, σ14y

ε
ÝÑ xσ1α1y with σ1 “ incpdecpσ, eivq, e2q,

i.e. σ1pe2q “ 1 and @e3 P E . σ1pe3q “ 0. This permits to conclude.

– P1 ‖ . . . ‖ Pn evolves without affecting the split and join gateways. In
this case it easily follows by inductive hypothesis.

– P1 ‖ . . . ‖ Pn evolves and affects the split and/or join gateways. In this
case one can reason like in the first case.

• xorJoinpte2, e3u, e1q ‖ P1 ‖ P2 ‖ xorSplitpeiv, tpev, exp1q, pe
vi, exp2quq

withinpP1q “ te1u, outpP1q “ teivu, inpP2q “ teviu, outpP2q “ te2u. There
are the following possibilities:

– xxorJoinpte2, e3u, e1q, σ, αy evolves by means of rule P -XorJoin. It can
be exploited the fact that this is a core reachable well-structured config-
uration to prove that the term is marked σpe1q “ 0 and either σpe2q “ 1
or σpe3q “ 1; assuming that the marking is σpe3q “ 1 (since the other
case is similar), then xxorJoinpte2, e3u, e1q, σ, αy

ε
ÝÑ xσ11, α

1
1y with σ11 “

incpdecpσ, e3q, e1q. Now, P can evolve only through the application of
P -Int1 producing xP, σ12, α12y with σ12pinpP1qq “ σ12pinpP2qq “ 1. By in-
ductive hypothesis there exists a state σ13 such that isCompleteElpP1 ‖
P2, σ

1
3, α

1
3q. Now, P can only evolve by applying rule P -Int1 , producing

xP, σ14, α
1
4y with, σ14peivq “ 1. Now, xxorSplitpeiv, tpev, exp1q, pe

vi, exp2quq,
σ14, α

1
4y can evolve by means of rule P -XorSplit1 . The application of
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the rule produces xxorSplitpeiv, tpev, exp1q, pe
vi, exp2quq, σ

1, α1y
ε
ÝÑ xσ1, α1y

with σ1 “ incpdecpσ14, e
ivq, evq, i.e. σ1pevq “ 1 and σ1peivq “ σ1peviq “ 0.

This permits to conclude.

– P1 ‖ P2 evolves without affecting the split and join gateways. In this
case it easily follows by inductive hypothesis.

– P1 ‖ P2 evolves and affects the split and/or join gateways. In this case
onecan reason like in the first case.

• Be xP, σ, αy “ xP1 ‖ P2, σ, αy, with isWSCorepP1q, isWSCorepP2q, outpP1q “

inpP2q. The relevant case for cs-safeness is when P evolves by applying
P -Int1 . Thus, xP1 ‖ P2, σ, αy

`
ÝÑ σ11 with xP1, σ, αy

`
ÝÑ xσ11, α

1
1y. By inductive

hypothesis there exist σ1, α1 such that isCompleteElpP1, σ
1, α1q. By hypoth-

esis outpP1q “ inpP2q thus, isCompleteElpgetOutElpe, P1 ‖ P2, σ
1, α1qq “

isCompleteElpgetOutElpe, P1q, σ
1, α1q, that holds by inductive hypothesis.

By hypothesis P2 is well structured and core reachable, then it follows
that edgespP2qzoutpP2qq : σ1peq “ 0 By definition of isCompleteElpP1, ‖
P2, σ

1, α1q one can conclude.

Theorem 18. Let xP, σ, αy be a WS process configuration, then xP, σ, αy is sound.

Proof. According to Definition 27, P can have 6 different forms. It is now consid-
ered the case P“ startpe, e1q ‖ P 1 ‖ endpe2, e3q.

Assuming that isInitpP, σ, αq, it follows that σpstartpP qq “ 1, and @ eiv P
edgespP qzstartpP q . σpeivq “ 0. Therefore the only parallel component of P that
can infer a transition is the start event. In this case it can be applied only the rule
P -Start . The rule produces the following transition, xstartpe, e1q, σ, αy

ε
ÝÑ xσ1, α1y

with σ1 “ incpdecpσ, eq, e1q where σ1peq “ 0 and σ1pe1q “ 1. Now xP, σ1, α1y
can evolve through the application of rule P -Int1 producing xP, σ11, α11y, with
σ11pinpP

1qq “ 1. Now P 1 moves. By hypothesis isWSCorepP 1q, thus by Lemma
4 there exists a process configuration xP 1, σ12, α12y such that xP 1, σ11, α11y ÝÑ˚xσ12, α

1
2y

and isCompleteElpP 1, σ12, α
1
2q. The process can now evolve thorough rule P -Int1 .

By hypothesis the process is WS, thus, after the application of the rule it fol-
lows that xstartpe, e1q ‖ P 1 ‖ endpe2, e3q, σ13, α

1
3y, where σ13pe2q “ 1 and @ev P

edgespP 1q . σ13pe
vq “ 0. Now it can be applied the rule P -End that decrements the

token in e2 and produces a token in e3, which permits to conclude.

Theorem 19. Let C be a collaboration, isWS pCq does not imply C is sound.

Proof. Let C be a WS collaboration, and let us suppose that C is sound. Then,
it is sufficient to show a counter example, i.e. a WS collaboration that is not
sound. It can be considered the same collaboration used in the proof of Theorem
4 (Appendix C.1).

Theorem 20. Let C be a collaboration, isWS pCq does not imply C is message-
relaxed sound.
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Proof. Let C be a WS collaboration,. Supposing that C is message-relaxed sound,
then, it is sufficient to show a counter example, i.e. a WS collaboration that is not
message-relaxed sound. One can consider again the collaboration in Figure C.1, as
in the proof of Theorem 5.

Theorem 21. Let P be a collaboration, P is unsafe does not imply P is unsound.

Proof. Let P be a unsafe collaboration. Supposing that P is unsound, then, it
is sufficient to show a counter example, i.e. a unsafe collaboration that is sound.
Again, it can be considered the example used in the proof of Theorem 6.

Theorem 22. Let C be a collaboration, C is unsafe does not imply C is unsound.

Proof. Let C be a unsafe collaboratio. Supposing that C is unsound, then it is
sufficient to show a counter example, i.e. a unsafe collaboration that is sound. One
can consider againthe collaboration in Figure C.3, used to prove Theorem 7.

Theorem 23. Let C be a collaboration, if all processes in C are safe then C is
safe.

Proof. By contradiction let C be unsafe, i.e. there exists a collaboration xC, ι1, δ1y
such that xC, ι, δyÝÑ˚xι1, δ1y, with poolpp, P q in C, for ι1ppq “ txσ1, α1yu and
xP, σ1, α1y not cs-safe (the case of multi-instance pools is equal). By hypothesis
all processes of C are safe, hence it is safe the process, say P , of organisation p. As
xC, ι1, δ1y results from the evolution of xC, ι, δy, the process xP, σ1, α1y must derive
from xP, σ, αy with ιppq “ txσ, αyu as well, that is xP, σ, αyÝÑ˚xσ1, α1y. By safeness
of P , it follows that xP, σ1, α1y is cs-safe, which is a contradiction.

Theorem 24. Let C be a collaboration, if some processes in C are unsound then
C is unsound.

Proof. Let P1 and P2 be two processes such that P1 is unsound, and let C be
the collaboration obtained putting together P1 and P2. By contradiction let C
be sound, i.e., given σ and δ such that isInitpC, ι, δq, for all ι1 and δ1 such that
xC, ι, δyÝÑ˚xι1, δ1y it follows that there exist ι2 and δ2 such that xC, ι1, δ1yÝÑ˚xι2, δ2y,
and

• @ poolpp, P q in C, given ι2ppq “ txσ, αyu, xP, σ, αy is cs-sound

• @miPoolpp, P q in C, given txσ, αyu P ι2ppq, xP, σ, αy is cs-sound

and @m PM . δ2pmq “ 0. Since P1 is unsound, it follows that, given σ11, such that
isInitpP1, σ

1
1, α

1
1q, for all σ12 , α12 such that xP1, σ, αyÝÑ

˚xσ12, α
1
2y it follows that does

not exist σ13, α13 such that xP1, σ
1
2yÝÑ

˚xσ13, α
1
3y, and xP1, σ

1
3, α

1
3y is cs-sound. Choos-

ing xC, ι1, δ1y such that poolpp, P1q in C,with ι2ppq “ txσ13, α
1
3yu by unsoundness

of P1 it follows that there exists a process in C that is not cs-sound, which is a
contradiction.
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