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Abstract

We introduce a variational setting for the action functional of an autonomous and indefinite
Lagrangian on a finite dimensional manifold M. Our basic assumption is the existence of an
infinitesimal symmetry whose Noether charge is the sum of a one-form and a function on
M. Our setting includes different types of Lorentz—Finsler Lagrangians admitting a timelike
Killing vector field.

Mathematics Subject Classification 37J05 - 53C50 - 53C60

1 Introduction

The principle of least or stationary-action in Lagrangian mechanics has been at the heart
of the development of the variational calculus. It has given rise to different methods for
solving the problem of finding (or at least establishing the existence of) a path of evolution
between two points of a dynamical system described by a finite number of variables (see,
e.g., [12, 42, 49]). The techniques developed to get solutions have been proved to be useful
in the study of general Lagrangian systems with an infinite number of degrees of freedom
(see, e.g., [28, 47]). A very classical field of application of these methods is the geodesic
problem in Riemannian and Finsler geometry. In this case, completeness of the metric is
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enough to get a solution with fixed end points and topological arguments give multiplicity
of geodesics. The landscape is quite different for the analogous problem on a Lorentzian
manifold where (geodesic) completeness is not enough to get compactness properties on the
space of paths between two points and other geometric conditions as global hyperbolicity
have been considered as a replacement [4, 46]. Only recently the features underlying global
hyperbolicity, in connection with the geodesic problem and more generally with causality,
start to find a field of applications beyond classical Lorentzian geometry (see [11, 27, 35,
41]).

On the other hand, the existence of a symmetry that leaves invariant the action functional
of a Lagrangian is a source of information about its stationary points through the Noether’s
theorem. The impact of this result in variational calculus can be hardly overestimated. A nice
application of it to the geodesic problem of a Lorentzian manifold can be found in [31], where
a stationary spacetime (M, gr) (i.e. a spacetime endowed with a timelike Killing vector field)
is considered. In this case, the Noether charge associated to the Killing field is used to get
a reduction of the Sobolev manifold of paths between two points p and ¢ in M, where the
energy functional of the Lorentz metric is defined, to the infinite dimensional submanifold
Ny 4 of the curves with a.e. constant Noether charge. This reduction resembles the classical
Routh reduction for Lagrangian systems (see, e.g. [23, 39]) but it involves merely the paths
space and not the phase space. The roots of the idea of this infinite dimensional reduction
are in a couple of papers about geodesic connectedness of static and stationary spacetimes
admitting a global splitting [9, 30] and, indeed, some local computation in [31] and in the
present paper (see Theorem 7.6) are based on those papers.

Our goal is to show that the full variational setting in [31] admits a generalization for an
indefinite C! Lagrangian L on a smooth finite dimensional manifold M. We assume that L is
invariant by a one-parameter group of local diffeomorphisms whose infinitesimal generator
is a vector field K and that the associated Noether charge is a C ! function N on T M, which
is affine in each tangent space 7, M:

N(x,v) = Q) +d(x), (1.1)

where Q and d are a one-form and a function on M, respectively. We assume also that d
is invariant by the flow of K and Q(K) < 0 (see Assumption 2.2). Notice that in the case
of a stationary Lorentzian manifold, d = 0 and Q coincides with the one-form metrically
equivalent to the timelike Killing field K.

In Theorems 5.7 and 6.3 we obtain existence and multiplicity of weak solutions to the
Euler-Lagrange equation of the action functional of L connecting two given points on M.
The regularity of solutions is analysed in Appendix A. A key assumption in Theorem 5.7 is
c-boundedness (Definition 5.1) of \V, p,q- Under conditions contained in Assumptions 2.2-2.9,
c-boundedness implies that the reduced action functional 7 (differently from the action) is
bounded from below (Proposition 5.2) and satisfies the Palais-Smale condition (Theorem 5.6).
We show in Sect. 7 that c-boundedness is essentially equivalent to c-precompactness of Ny 4,
acondition introduced in [31] which is a compactness property of the set of paths in a sublevel
of the reduced action functional. Actually, on a stationary Lorentzian manifold M, if N, pag 18
c-precompact for all ¢ € R then M is globally hyperbolic (see [31, Proposition B1] in the case
when the timelike Killing vector field is complete and [15, Section 6.4-(a)] for any timelike
Killing vector field). On the converse, if M is globally hyperbolic with a complete smooth
Cauchy hypersurface then \V,, , is c-precompact for all ¢ € R (see [15, Theorem 5.17). Thus,
if c-precompactness is satisfied for all ¢ € R, the spacetime M cannot be compact. Inspired
by Proposition A.3 in [31], we give a condition that implies c-precompactness of AV, ,, for
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allc € Rand all p, ¢ € M, in our setting, and that cannot be satisfied if M is compact (see
Proposition 8.1).

The Lagrangians that we consider (see Sect. 3) include, but are not limited to, C! stationary
Lorentzian metrics, electromagnetic type Lagrangians on a stationary Lorentzian manifold
with a Killing vector field K and K -invariant potentials (see, e.g. [6, 16, 19, 50]) and some
stationary Lorentz—Finsler metrics. Loosing speaking, a Lorentz—Finsler metric is an indef-
inite, positively homogeneous of degree two in the velocities, Lagrangian that generalizes
the quadratic form of a Lorentzian metric in the same way as the square of a Finsler metric
generalizes the square of the norm of a Riemannian metric. They were studied by K. Beem
[7] following some work by H. Busemann. Although considered from time to time in works
about anisotropy in special and general relativity (even if they often appear as the square of a
more fundamental function, positively homogeneous of degree one in the velocities, see e.g.
[13, 34, 45]), there has been a growing interest about them (or their possible generalizations
as non-degenerate Lagrangians defined on a cone bundle on M) in the last decade, see for
example [1, 10, 17, 29, 32, 33, 36, 38, 40, 44].

Some explicit examples that are covered by our present setting are Beem’s Lorentz—
Finsler metrics endowed with a timelike Killing vector field K including also their sum with
a potential function and a one-form, both invariant by the flow of K (see Example 3.6). In
particular, this class includes Lagrangians defined as

L=F>—o,

introduced in [35], where F and w are, respectively, a Finsler metric and a one-form on M both
invariant by the one-parameter group of local diffeomorphisms generated by K, provided a
sign assumption on F' 2(K) — w?(K) is satisfied, see Example 3.9. Other examples are given
by Lagrangians L that locally, i.e. on a neighborhood of the type S x (a, b) C M, can be
expressed as

L = Lo+ 2(w+ d/2)dr — ds?, (1.2)

where L is a C! Tonelli Lagrangian on S, with quadratic growth in the velocities, w, d and 8
are respectively a C! one-form on § and two C! functions on § with 8 > 0 (see Example 3.1
and Proposition 7.4). We include the possibility that the Lagrangian Ly might not be twice
differentiable on the zero section of 7'S, but we require that it is pointwise strongly convex
(see Assumption 2.7-(ii)). Notice that the possible lack of twice differentiability of L at
the zero section implies that L is not twice differentiable along the line bundle defined by
K = 9;, being ¢ the natural coordinate on the interval (a, b). Lagrangians of the type (1.2)
on a global splitting S x R, with L being the square of a Finsler metric and d = 0, were
introduced in [36] when @ = 0 (see also [20]) and in [21] for @ # 0.

Let us point out a comment about the regularity of the objects we consider in this work.
We consider a smooth, finite dimensional manifold M ; the Lagrangian L and the vector field
K are of class C! on T M. Lorentz—Finsler Lagrangians are not twice differentiable at the
zero section of T M, hence assuming that L is C! is motivated by that wide class of indefinite
Lagrangians. We are confident that both the regularity of L and the linearity of the Noether
charge can be further relaxed at least for the existence of a global minimizer of the reduced
action functional. This is clearly suggested by the fact that L is the sum of a Lagrangian
which is strongly convex in the velocities and a C' Lagrangian related to the Noether charge
(see (2.7)), and that some computations of this work are more related to the sublinearity of
the Noether charge than to its expression (1.1).
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2 Notations, assumptions and preliminary results

Let M be a smooth, connected, (m + 1)-dimensional manifold, with m > 1; let us denote
by T'M the tangent bundle of M. Throughout the paper, we consider a (auxiliary) complete
Riemannian metric g on M and we denote by ||-||: TM — R its induced norm, i.e. |v]|? =
g(,v)forallve TM.

We will often denote an element of 7M as a couple (x,v), x € M,v € TyM (for
example we use such a notation in connection with the variables of an autonomous Lagrangian
L:TM — R,ie. we will write L = L(x, v)). On the other hand, we will avoid specifying
the point x where a one-form w or a vector field K on M is applied, and we will write, for
example w(v), v € TM or also w(K). Some exceptions are possible for the sake of clarity,
and we will write then, e.g., K or wy (v), v € T, M and also w, (K). We will often explicitly
write the variable of a function on M, like in d(x), C(x), A(x), etc. When a vector field K
on M is evaluated along a curve z : [0, 1] — M, we will write K (z). In some cases we will
look at a one-form Q on M also as a function on 7'M writing then Q(x, v).

LetL: TM — RbeaLagrangian on M. Forany (x, v) € T M, we denote by 9, L(x, v)[-]
the vertical derivative of L, i.e. forallx € M and all v, w € T, M

d
dyL(x,v)[w] := aL(x, v+ sw)|s—0.

We need also a notion of horizontal derivative of the Lagrangian L (a derivative w.r.t. x).
Let (xo, ..., x™) be coordinates on M and let (xo, xm o0 v"™) be the induced ones
on TM. Let (x,v) € TM, with coordinates values (x°,...,x™, v0, ..., v™); we define
dx L(x, v)[-] as the v-depending one-form on M locally given by

m

— 9L i
0 L(x,v)[w] := ; S o',
Remark 2.1 Even though, differently from the vertical derivative, this definition is not intrin-
sic, it fits our purposes (in the following, we will make extensively use of local arguments
in computations involving L). In particular, we denote by |0y L.(x, v)|| and ||, L.(x, v)||
the two scalar fields on T M which are pointwise the norm of the above two linear operators
W.It. g.

Assumption 2.2 The Lagrangian L: T M — R satisfies the following conditions:

(i) L eCH(TM);

(i) thereexistsa C! vector field K on M such that L is invariant by the one-parameter group
of local C! diffeomorphisms generated by K (we call K an infinitesimal symmetry of
L); moreover the Noether charge, i.e. the map (x,v) € TM +— 9,L(x,v)[K] € R, is
a function N on TM which is the sum of a C! one-form Q on M and a C' function
d: M — R, ie.

N(x,v) := 3 L(x, v)[K] = Q(v) +d(x); 2.1

(iii) the function d in (2.1) is invariant by the flow of K (in particular the case when d is a
constant function is compatible); moreover,

O(K) <0. (2.2)

Remark 2.3 Vector fields K which are infinitesimal symmetries for L can be characterized
similarly to Killing vector fields for Finsler metrics (see, e.g., [21]). We denote by K€ the

@ Springer



A variational setting for an indefinite Lagrangian... Page50f33 39

complete lift of K to T M, which, using Einstein summation convention, is locally defined
as:
Ky = K0 =+ 2Kyt 2 2.3)
= X)— + ——(x)v' —-. .
=v) xh axi avh
It follows that, if ¥ is a local flow of K, then for any (x, v) € T M the local flow ¢ of K¢
on T M is given by ¥°(¢, x, v) = (w(t, x), 0¥ (t, x)[v]). Hence,

d(L o€
KLY (Y (t, x,v)) = %(l,x, v)
and, since
MLV vy =0, 2.4)
ot
we get
¢ h K"
K(L)(x,v) =K (x) (x )+ (x)v (x v) =0. 2.5)

Remark 2.4 Since K is an infinitesimal symmetry of L, by Noether’s theorem, the Noether
charge is constant for any weak solution z of the Euler-Lagrange equation

of the Lagrangian L, independently from the boundary conditions. This can be seen by
recalling that a weak solution z = z(s) of the Euler-Lagrange equationis a C' curve (for fixed
end points boundary conditions, see Appendix A) that locally (i.e. in natural local coordinates
of T M) satisfies the system of equations

o) = 5 (5
o I = e\

hence from (2.5) we get

:i(z(s), z(s))), Vi=0,...,m, (2.6)

d /o
o <T(z(s) 2(9))K' (z(s)))
d oL K
I( - (2(), z(S))) K' (Z(S))+f(z(S) Z(S)) — (Z(S))Z (5)

(Z(T) 2(5))K’ (z(v))+—(z(v) Z(?)) o (z(v))z (s) =0.

Let us introduce a Lagrangian L. on T M defined as

2
L.(x,v) := L(x,v) — g(;:; 2.7
Proposition 2.5 The following statements hold:
(i) Lo € CH(TM);
and, forall (x,v) € TM:
(ii)
Ox(K) =2(L(x,K) — L(x,0) —d(x)); (2.3)
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(iii)
Le(x,0) = L(x,0),
L(x,K)+ Le(x, K) = 2(L(x,0) +d(x)); (2.9)
and
dLe(x, v)[K] = —Q(v) +d(x), (2.10)

(iv) the flow of K preserves also L., i.e. K(L;) = 0.

Proof Statement (i) comes immediately from (2.7) and Assumption 2.2-(i). Let us prove (ii).
Let x € M be a given point and let/: R — R be defined as

() = L(x,axK) — L(x,0).
Hence, /(0) = 0 and, by Assumption 2.2-(ii), we obtain
() = 9, L(x,aK)[K] = a Q. (K) + d(x).

As a consequence, the function [ is equal to

o?
le) = = 0x(K) + ad(x).

Therefore, noticing that Q,(K) = 2(1(1) — d(x)), we obtain (2.8). Now (iii) is a simple
consequence of (2.7) and (2.8).

Let us prove (iv). From (2.7) it is enough to prove that Q and Q(K) are invariant by the
flow of K€ and K, respectively. Let us consider Q as a functionon 7T M, i.e. Q(x, v) := Q(v),
thus we have to show that K¢(Q) = 0. By (2.2), K # 0 forall x € M, thus foreachx € M
we can take a neighborhood U of X and a coordinate system (9 x1, ..., x™) defined in U
such that % = K|y. Therefore, in such a coordinate system,

0(x,v) = aaTLh(x, VK" —d(x) = a%(x, v) — d(x).

Since Q and d are C!, we know that Z?le’ admits continuous partial derivatives w.r.t. the
coordinates (xo, xboooxm 0 v"™)in TU. Notice also that, from (2.5), K“(L) =0
is equivalent to E?XI;, (x,v) = 0. Being then a constant function, ngo admits zero partial
derivatives w.r.t. the coordinates (x%, x!, ..., x™ 0 vl ..., v™) as well. As d is invariant
by the flow of K, we have % = 0 on U. Thus, from (2.3), we then get

2L 32
C - —_ j—
K (Q)(x,v) = 350900 (x,v) = 3599.50 (x,v) =0.
Since Q(x, K) = 25(x, (1,0, ..., 0)), we also have

9’L
K(Q(x,K))=K(Q(x,K)) = m(x, (1,0,...,0)) =0.

[}

Remark 2.6 From (2.10) and (iv) in Proposition 2.5, we have that, like L, L. has affine
Noether charge as well.
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Recalling Remark 2.1, the following assumption ensures some growth conditions on L.,
often used in critical point theory for the action functional of a Lagrangian (see, e.g., [2, 8]),
and its pointwise strong convexity.

Assumption 2.7 The Lagrangian L.: TM — R, defined as in (2.7), satisfies the following
assumptions:

(i) there exists a continuous function C: M — (0, +00) such that for all (x,v) € TM,
the following inequalities hold

Le(x,v) < C)(IvlI* +1); @2.11)
8xLe(x, )|l < C)(IvlI? +1); 2.12)
18y Le(x, W) < CO(Iv] + 1); (2.13)

(ii) there exists a continuous function A: M — (0, 4-00) such that for each x € M and for
all vy, vy € Ty M, the following inequality holds:

(BvLe(x, v2) = By Le(x, v)[v2 — vi] = () vz — 1| (2.14)
Remark 2.8 'We notice that from (2.14) and (2.10) we obtain

0. (K) = 0:(K) — 0:(0)
= (dyLe(x,0) = dyLe(x, K))[K] < —A(0)IIK .

Moreover, for all (x, v) € TM we have

1 d 1
Lc(x,v) — Lc(x,0) = / d—LC(x, sv)ds = / dyL¢(x, sv)[v]ds
o ds 0

1
= / %((%Lc(x, sv)[sv] — 9y Le(x, 0)[sv])ds + 0y Le(x, 0)[v]
0

1
> E?»(x)llvll2 — 18y Le(x, O) V]

Thus, L. satisfies the growth condition

1 Ax)
Le(@,v) 2 Lo, 0) = 7o Lo, O + —=[lvl™
and since L.(x,0) = L(x,0) and d,L.(x, 0) = 9,L(x, 0) we get
1 s M) 5
Le(x,v) = L(x, 0) = =13 L(x, O + = =[], 2.15)
A(x) 4

The next and final assumption is needed to get a compactness condition on the sublevels
of the reduced action functional (see Lemma 5.3) and then in the proof of the Palais-Smale
condition for the same functional.

Assumption 2.9 There exist four constants, ¢y, ¢z, ¢3, k1, k2 such that, for all x € M, the
following inequalities hold:

0<cp <Alx), (2.16)
L(x,0)>c¢y and ||8,L(x,0)| < c3, 2.17)
0 <k < —0x(K), (2.18)
|d(x)| < k2. (2.19)
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3 Some classes of examples

In this section we present various type of Lagrangians that satisfy Assumptions 2.2-2.9. We
start with a generalization of the Lorentz—Finsler Lagrangians studied in [21].

Example 3.1 Let S be a smooth m—dimensional manifold and M = § x R. Let g5 be a
complete auxiliary Riemannian metric on S, whose associated norm is denoted by ||-|| s, and
let g be the product metric g = g5 @ dr%. Let L: TM — R be a Lagrangian on M defined
as

L((x, 1), (v, 1)) = Lo(x, 1) + 2(w(v) + d(x)/2)T — B(x)T%, (3.1)
where

(i) Lo: TS — R belongs to C 1(T'S) and there exists a continuous positive function
£:S — (0,400) such that

Lo(x,v) < €)(IvI3 +1); 3.2)
185 Lo(x, )]s <€) (VI3 + 1); (3.3)
13y Lo(x, V)5 < @) (IIvlls + 1); (3.4)

(i) Lo is pointwise strongly convex, i.e. there exists a continuous function Xp: S —
(0, +00) such that, for all x € S and all v, vy € TS, (2.14) holds with L, replaced
by Lo, A by Ao and || - | by | - IIs;

(iii) wisa C! one-formon S, d: S — R is a C! function and B:S — (0,400)is a C!
positive function.

In this case, the field K = 9; = (0, 1) is an infinitesimal symmetry of L and d is invariant by
the flow of K, because it is a function on S. Notice that if L is the square of a Riemannian
norm on S and d = O then L is the quadratic form associated with the Lorentzian metric of
a standard stationary spacetime (see, e.g., [30]). Moreover, if Lg is the square of the norm
of a Riemannian metric plus a one-form wp on S, then they include electromagnetic type
Lagrangians on a standard stationary Lorentzian manifold with an exact electromagnetic field
on S x R having a potential one-form wg @ d(x)d?, see Remark 3.3 below.

In the next result we show that L defined as in (3.1) satisfies Assumptions 2.2-2.7 and we
give some further conditions ensuring that it also satisfies Assumption 2.9.

Proposition 3.2 A Lagrangian L defined as in (3.1), such that (i)—(iii) above hold, satisfies
Assumptions 2.2 and 2.7. Moreover, if there exist some constants b, £1, {2, {3, L4, such that
Bx) = b >0, Ao(x) = £1 > 0, Lo(x,0) > £2, [|0,Lo(x,0)|| < €3 and |d(x)| < L4, for
every x € S, then L satisfies Assumption 2.9.

Proof As remarked above, the vector field 9, = (0, 1) is an infinitesimal symmetry for L;
moreover, since by hypotheses L, @ and B are of class C L'LecC! (T M) as well. A direct
computation shows that

WL ((x, 1), )0, D] = 2(wy — B(x)dt) + d(x) (3.5)
which is an affine function on 7 M that we denote by N. Let Q := 2(w — fdt), hence
0(K) = Q((O, 1)) =-28<0 3.6)

@ Springer



A variational setting for an indefinite Lagrangian... Page9of33 39

and thus the conditions in Assumption 2.2 are satisfied. Using (2.7) with (3.6), we see that
L.: TM — Ris given by

2
Le(x,0) 070 = Lote, ) + (00 - \/ﬂ(X)r>
w?(v) + @ 3.7
BT |

Let us show that L. satisfies (2.11), (2.12) and (2.13). By (3.2) we have

Le((x,0), (v, 1) < LE)(VIIS + 1)

20)2(1)) 2(1)) dz(x) 1-2
2 P
+,8()+ﬁ() ,3(x)+2+2
so setting
C((‘x t)) = C(X) — max K( ) 3” X”S 2[3( ) + 1 d2(x)
Bx) 2

(2.11) holds. Let us compute 9y 1) L.:
denLe((x, D), 0, D)IE €] = deLo(x, V[E] — 20,0 (&, v)T + dB(E)T?

4 2
+——w@®)iw@,v) -
By B2 (x)
Hence,
8¢y Le(Cx, 1), (v, T))II = l0xLo(x, v)II + 21 @xw)x I slIvIIsiz]
B« Isltl* + mll(a o) llsllox | sIvI5
—— o3I @B lIsIvI5 + Idd)ll].
ﬂ ( )
By (3.3) and recalling that || (v, D|? = ||v||§ + |7|?, we infer the existence of a function

C: M — (0, +00) such that (2.12) holds. Similarly, using (3.4) we obtain (2.13).
Let us show that L. satisfies (2.14). From (3.7) we have

dw.oyLe((x, 1), (v, D)1, T)] = 3y Lo(x, V)[v1]

+2 <ﬁw@)—vﬂ(ﬂf) < w(vl)—\/ﬂ(X)fl>

+%w(v)w(v1) +d(x)T11,

hence using that L is pointwise strongly convex we get

1
VB(x)

(800 Le((6 0, (02, 7)) = a(v oLe((, 0, 01, 1) )2 = b1, 72 = 7))

> 200 v — vi I3 + G )w 2(vy — vp)
+2B(x) (12 — 11)% — 412 — Ty (V2 — 1)

> ao(X)lv2 — w113 + B(X) (12 — 11)?,
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39 Page 10 of 33 E. Caponio, D. Corona

thus (2.14) holds by taking
A(x) ;= min{Ag(x), B(x)}. 3.8)

It remains to prove Assumption 2.9. Of course, (2.19) is trivially satisfied andif 8 > b > 0
then by (3.6) we obtain (2.18). By (3.8), we also have (2.16) with ¢; = min{¢, b}. As
L((x,1),0) = Lo(x, 0) and 9y 1) L((x, 1), 0) = 8, Lo(x, 0), (2.17) is satisfied as well with
c» = {p and c3 = {3. ]

Remark 3.3 A special case of a Lagrangian in Example 3.1 that satisfies our assumptions is
given by (3.1) with

Lo(x,v) = F2(x,v) + wo(v) + V(x),

where V: S — R is a C! function bounded from below, wgisaC ! one-form on S, such
that sup,..¢ [[(wo)x|ls < +00,and F: TS — [0, 400) isa C! Finsler metric on S, i.eitisa
non-negative, C! Lagrangian on TS, positively homogeneous of degree 1 w.r.t. v, such that
F? is pointwise strongly convex, i.e. it satisfies (2.14) on T'S. We remark that usually in the
definition of a Finsler metric it is assumed that F2 € C2(T'S \0) (where 0 denotes the zero
section of T S) and its vertical Hessian, the so-called fundamental tensor gr,

92 F2

X, 0)[u, w] = = X, v+ tu+ sw
gr(x, v)[u, wl 2 3591 (x, v+ tu+sw) 00
for all (x,v) € TM\0 and all u, w € T, M, is assumed to be positively homogeneous
of degree 0 in v and positive definite for all (x,v) € TM \ O (see, e.g., [5]). Inequality
(2.14) for F? on T'S follows by the mean value theorem applied to the function v € T'S
9, F2(x, v)[v2 — v1], when vy, vy are not collinear vectors with opposite directions or when
one of them is 0; for collinear vectors with opposite directions it follows by a continuity
argument. Notice that 1o(x) in (2.14) for F 2 is then equal to

lo(x) =2 min ( min gp(x,v)[ " L]),

Vel S\{0) \uelS\{0} lulls™ lulls
and that (3.2)—(3.4) are ensured by the homogeneity of degree 2 of F> w.r.t. v.

We notice that Lagrangians L satisfying Assumptions 2.2-2.7 are generated by
Lagrangians L, satisfying (2.11)—(2.14) and admitting a vector field K as an infinitesimal
symmetry with affine Noether charge N, = Q), + d such that Q;,(K) > 0. Indeed, arguing

2

as in Proposition 2.5-(iv), L := L — % admits K as infinitesimal symmetry and its
Noether charge is

N =Np—20p,=—0p+d,

hence L. = L} and then, of course, L. satisfies Assumption 2.7. This observation gives rise
to the following families of examples.

Example 3.4 Let M be a smooth (m + 1)-dimensional manifold endowed with a complete
Riemannian metric g and F', wp, V be respectively a Finsler metric, a one-form and function
on M, all of C! class and invariant by the flow of a nowhere vanishing vector field K on M.
Let us assume that the Noether charge associated with F2 and K is a one-form of class C'.
Let L : TM — R be given by

0%
0r(K)’

L=F>4wy+V — (3.9)
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and A (x) be the positive continuous function in (2.14) for F2 on T M.

Proposition 3.5 Assume that there exist two constants c1 > 0 and a > 0 such that M(x) >
c1, and |[(wo)x|l < a, for all x € M, V is bounded from below, infycp || Ky|| > 0 and
sup,ep 1Kxll < 4+o00. Then L in (3.9) satisfies Assumptions 2.2-2.9.

Proof Set L, = F% + wy + V, then L, admits K as an infinitesimal symmetry with affine
Noether charge

Np = Nr + wo(K).

Hence, the same holds for L and the one-form appearing in its Noether charge is Q = —QF.
Since wy is invariant by the flow of K, the Lie derivative Lgwo vanishes. In particular,
0 = Lxwy(K) = K(a)o(K)), i.e. wo(K) is invariant by the flow of K. We also notice
that (QF)(K) = 2F2(x, K) > 0 for all x € M since, by assumption, K, # 0 for all
x € M. Thus L satisfies Assumption 2.2. As L. = Ly, it satisfies (2.11)—(2.13) because F?
is positively homogeneous of degree two; moreover, it satisfies also (2.14) as F? is pointwise
strongly convex. Since L(x,0) = V(x), and 9, L(x, 0) = wp, (2.17) holds; being

— Q0 (K) = (QF)x(K) = 2F*(x, K) > c1|K |2 = ¢ inf IK|? >0,
and d = wp(K), (2.18) and (2.19) hold as well. O

The next class of examples involves Lorentz—Finsler metrics L ¢ as defined by J. K. Beem
in [7] (see also [29, 40, 44]).

Example 3.6 Let M be a smooth manifold of dimension m + 1, and g an auxiliary complete
Riemannian metricon M. Let Ly : TM — R be a Lagrangian which satisfies the following
conditions:

(i) LreClTM)YNCHTM \ 0), where 0 denotes the zero section of 7'M
(i) Lp(x, v) = A2Lp(x,v) forallv e TM and all & > 0;
(iii) for any (x,v) € TM \ 0, the vertical Hessian of L, i.e. the symmetric matrix

2LF

v vp

(8F)ap(x,v) == x,v), a,B8=01,...,m,

is non-degenerate with index 1.

Letus assume that L r admits a nowhere vanishing vector field K as an infinitesimal symmetry
and that its Noether charge is equal to N;, = Qy ., where Q. isaC ! one-form such that
Q1-(K) <0.Let L = Lr 4+ w; + V where w; and V are, respectively, a C! one-form
on M, such that sup, .y, [(w1)x| < 400, and a C! function, bounded from below on M.
We assume that both w; and V are invariant by the flow of K. Then the Noether charge of
LisN = N, +o1(K) = Qr, +dp, + o1(K). Thus, L satisfies Assumption 2.2. Let

. 2
Q:=0Qpp;s0Lcisequalto L, =L — %

Proposition 3.7 If conditions (i)—(iii) of Example 3.6 hold, then L. satisfies Assumption 2.7.

Proof Let us show that L. admits vertical Hessian at any (x, v) € T M\0, which is a positive
definite bilinear form on 7, M. We observe that for any (x, v) € TM \ 0, we have

OyvLe(x,v) = 0yyL(x,v) — ﬁQ ® Q0
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2
= 0ypLlp(x,v) — —— 3.10
w L F(x, ) Q(K)Q®Q (3.10)
As for each u € Ty M we have
3°L
L (x, V)[K,u]l = ——(x,v+ 1K + su)
3831‘ (5,6)=(0,0)
(9 L(x, v+ su)[K a
_ AL . slKY) | _ 90w +su) — 0. G.11)
s $=0 as $=0

from (2.2) and (3.10), we get 9y, L.(x, v)[K, K] = —Q(K) > 0. Let w € ker Q. From
(3.11), we have 9, L(x, v)[w, K] = 0, and since d,, L (x, v) has index 1, we also have

OpvLe(x, v)[w, w] = 3y L(x, v)[w, w] > 0,

hence 9y, L.(x, v)[-, -] is positive definite. Reasoning as in the last part of Remark 3.3, we
deduce that (2.14) holds. From (3.10), since 9, L p(x, v) — LK 0 ® Q is continuous on
T M \ 0 and positively homogeneous of degree 0 in v, we deduce (2.11)

and

C(x) = max {A() + 1, V() + (@)},

where
1 o0® 0 w w
A(x) = max (78 Lr — ) (x,v) [—, —] .
verom, =1 \ 27" T oK) lwll” flwl]
wely M
Up to redefine C(x), (2.12) and (2.13) can be obtained analogously. O

In particular, Lagrangians in Example 3.6 include the class of C? stationary Lorentzian
metrics. We also want to consider the C! case.

Example 3.8 Let (M, g1) be a Lorentzian manifold of dimension m + 1 with C! metric
tensor gr.. Let K be a timelike Killing vector field for g7, i.e. K is a Killing vector field
such that g7 (K, K) < 0. Then (M, gr) is called a stationary Lorentzian manifold. Let
L(x,v) := gr(v, v); we notice that L € CYT M) and 3,L(x, v)[K] = (gr)x (-, K), thus
Q(K) =2g1(K, K) < 0. The Lagrangian L. is equal to

21 (K, v)?
gL(K, K)
and then it is equal to the square of the norm of a Riemannian metric gg (as in [31]). Thus,

Assumption 2.7 is satisfied as well (by using the same metric gr as auxiliary Riemannian
metric g), provided that gg is complete with

Le(x,v) =gr(v,v) —

Cx) =max {2, (m+1) max ( max a(gR)ij(x) v L)
N ’ kel0,.om) \veTy M0  dxk ol et/ |

Finally, Assumption 2.9 is satisfied provided that there exists a constant kj such that
—g1(K,K) > ki > 0.

The following example of Lagrangians are the Lorentz—Finsler Lagrangians studied in
[35] and they can be included in the class of Example 3.6 (see Proposition 3.10).
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Example 3.9 Let M be a smooth manifold and
Lr=F?— o, (3.12)

where F and w are, respectively, a Finsler metric of class C YTM)NC>TM\0) and a
one-form of class C! on M, both invariant by the flow of a nowhere vanishing vector field K
and such that the Noether charge N associated with F' 2and K isa C! one-form, Ny = Or.
Then, L admits K as an infinitesimal symmetry and Ny, = Qr — 2w(K)w. Notice that
(QLp)x(K) =2(F*(x, K) — 0*(K)).

Proposition 3.10 Assume that Q1. (K) < 0O, then wy(K) # 0 for all x € M and Lf in
(3.12) is a Lagrangian of the type in Example 3.6.

Proof The non-trivial part of the statement is to prove (iii) in Example 3.6. For all (x, v) €
TM \ 0 we have:

AL p(x, V)[K, K] = 3y F2(x, V)[K, K] — 20*(K)
= 3y (3, F2(x, v)[K])[K] — 20°(K) = 3,((QF)(v))[K] — 20*(K)
= Qr(K) —20*(K) = 2(F*(x, K) — v*(K)) < 0,

thus in particular we get that w, (K) # 0, for all x € M. Moreover for all w € ker(wy),
w # 0, we have

App L F(x, V)[w, w] = 3y F2(x, v)[w, w] — 20> (w)
= 3y F2(x, v)[w, w] > 0.

Thus, being K transversal to ker(w), we deduce that d,, L (x, v) has index 1 for all (x, v) €
T M\0. ]

4 The reduced manifold of paths and action

Let L : TM — R be a Lagrangian satisfying Assumptions 2.2 and 2.7. Recalling that M is
endowed with an auxiliary complete Riemannian metric g, let us consider the set

1
w20, 1], M) := {z: [0, 11— M : z is absolutely continuous and / g(z,2)ds < —I—oo},
0
and, for any two fixed points p, ¢ € M, its subset

Q},%I ={ze Wh2([0, 11, M) : 2(0) = p, z(1) = q}.

It is well known that since (M, g) is complete, WwL2([0, 1], M) is a smooth, infinite dimen-
sional, complete Riemannian manifold and p’%] is a smooth closed (hence complete)

submanifold (see, e.g., [25, Lemma 6.2]). For every z € Q;,’fl, the tangent space TZQ},’%
is equal to

1,953 = [€ € W30, 1. TM) : 669) € T M, Vs € 10,11}

Weak solutions of (2.6) connecting the points p, ¢ € M are by definition the critical points
of the action functional A: Q},’fl — R, defined as

1
A(2) ;:/ L(z, z)ds.
0
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Remark 4.1 From (2.7), we have that L = L. + 0%/ Q(K) and hence from Assumption 2.7
we get that A is C' on Q};i (see, e.g., the first part of the proof of Proposition 3.1 in [3]),

with differential d.A(z): TZQ},‘EI — Ratacurvez € Q},‘fl equal to

1
dA@Q)[E] = fo (9:L(z, D)IE] + dyL(z, 2IE]) ds. @.1)

Let&é € T;Q2, 4 such that £ = X o z, with X a smooth vector field in M, then in natural

coordinates (x9, ..., x™ 00, ... v™), of TM, the integrand function in (4.1) is given by

axt .
@

. et oL . . oL .
Lz, 2)[E]1+ 0, L(z, 2)[E] = ﬁ(z, DX'(2) + W(Z’ 2)

In the following, by an abuse of notation, we also denote by X the derivative of X (2), i.e.
X' .,
7 (22"

From (2.5) we then get

3 L(z, 2)[K1+ 8,L(z, 2)[K] =0, 4.2)
forall z € Q;,%[

The main §oal of this section is to prove that the critical points of .4 lay on the following

1,
subset of £2),:

Npg = Iz € Q}i%] (M) : N(z,2) is constant a.e. on [0, 1]} . 4.3)

1,2

For every z € Q,, let us define

W, = {s e .QL2 : 3u e Wy ([0, 1. R)
such that £(s) = u(s)K (), a.e.on [0, 1]}.

Proposition 4.2
Npg = e e Q)2 -da@iE1=0, ve e w.}.

Proof For all £ € W_, from (4.2) we have

1
dA@IE] = /0 (9:L(z. 2)[E] + 8, L(z. 2)[£]) ds
1 1
=/ M(axL(z,i)[K]+3UL(Z,Z)[k])dS+/ W B,L(z, H[K]ds
0 0

1
:/ 1 3y L(z, 2)[K]ds.
0
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As a consequence, d.A(z)[£] = O for all £ € W, if and only if

1
/ W LGz HIKds =0, Ve W20, 11, R),
0
namely if and only if 9, L(z, 2)[K] = N(z, z) is constant a.e. on [0, 1]. O

Proposition 4.3 The set N, 4 is a C! closed submanifold of Q},%, Moreover, for every z €
Np.q» the tangent space T, N, , is given by

TNy = {5 € TZQ},’% D0y N(z, 2)[E] + Q&) is constant a.e. on [0, 1]] . 4.4)

Proof Let F : Q},%{ — L%([0, 1], R) be defined as

F(z) := N(z,2)
and C C L2([0, 1], R) be defined as

C:={feL*(0,11,R): f(s) = const. ae.}.

By the definition of V), ; given in (4.3), we have

Nypy=F1©).

The map F is C! and its differential is
dF (2)[§] = 8N (z, D[] + Q(6). 4.5)

By [37, Proposition 3, p. 28], it is enough to show that for all 7 € Np,q and h € LZ([O, 1], R)
there exist £ € TZQ};’%/ and ¢ € R such that

dF @)l =h+c. (4.6)

Therefore, let us fix z € J\/'p,q and h € L%([0, 1], R). Let us consider £ e W, C TZQ};’%,, SO
there exists u € W(}’z([O, 1], R) such that £(s) = u(s)K(z(s)). By (4.5), recalling that d is
invariant by the flow of K and then dd(K) = 0, we obtain

dF (D)[E] = n(3: 0, K) + Q(K)) + 1/ Q(K (2)). 4.7

Using (4.7) and recalling that by Assumption 2.2-(iii), Q,(K) # 0 for all x € M, (4.6)
becomes an ODE in normal form with respect to u, namely

W () 4+ a(s)p(s) = be(s), 4.8)
where
w2 BQEK QK)o e e
Q(K(2)) 0(K(2))

Setting A(s) = [; a(t)dr, and
1 AG) A0
c= — eids ﬂds ,
0o QK () 0o O(K(2))
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a solution of (4.8) which satisfies the boundary conditions ©«(0) = p(1) = 0 is given by
N
wu(s) = e AW / be(s)er@dz.
0

Thus, for every z € /\/'p,q and h € L%([0, 1], R), there exist& € TZQ},’EI and ¢ € R such that

(4.6) holds, hence \/;, , is a C! submanifold of 2,75 .

By the previous part of the proof, for all z € N, 4, TN, 4 is identified with the set of
all ¢ such that dF(z)[¢] € Tr(;)C. Then, (4.4) follows from (4.5) and the fact that Tr(;)C is
identified with the set of constant functions on [0, 1].

It remains to show that \V), , is closed. Let (z,,), C Np 4 C Q},%] be a sequence converging

toz € Q},,%I Up to considering a subsequence, we have that N(z,, z,) converges pointwise
to N(z, z), so N(z, z) is constant a.e. on [0, 1],i.e. 7 € Np,q. m]

Lemma4.4 Foreachz € N, TZQ;;’%, =W, ® TN,

Proof Tt is enough to show that for each ¢ € TZQ},’% there exists u € Wé’z([O, 1], R) such
that

E:=0—uK@ e TNy,

By (4.4), this amounts to prove that there exist u € Wol’z([O, 1], R) and a constant ¢ € R
such that

Nz D)IET+ QE) =¢, ae onl0,1],

which is equivalent to

N D]+ Q@) — n(3: 0G, K) + Q(K)) — ' QK (2)) = c, (4.9)
a.e. on [0, 1]. Arguing as in the proof of Proposition 4.3, we see that (4.9) admits a solution
n e Wé ’2([0, 1], R) for a certain constant ¢, and we are done. O

Definition 4.5 The reduced action functional 7 is the restriction of the functional A to the
manifold NV, 4,i.e. T: Np g = R, T = A|N .
r.q

Remark 4.6 Being A ¢ Cl(Q},’,%,), we get that 7 is C! on NV}, , as well.

Theorem 4.7 A curve 7 € Q}i%z is a critical point for A if and only if z € N 4 and z is a
critical point for J.

Proof Let us assume that z is a critical point for A. Then dA(z)[£] = 0 forall £ € W, C

TZQ},’%I and by Proposition 4.2 we have z € NV, 4. Since TN}, 4 C TZQ};E],

d7 ()] =dAQR)IE] =0, V&€ TNy,

so z is a critical point for 7.

Now, let us assume that z € AV, 4 and z is a critical point for 7. By Lemma 4.4, for every
¢ € TZQ;’,Zq there exist £ € TN, 4, and ¥ € W; such that { = ¢ 4 &. By Proposition 4.2,
we have dA(z)[¥] = 0, while dA(z)[£] = dT (z)[£] = 0 because z is a critical point for 7.
Therefore, dA(z)[¢] = dA()[¥] + dA(z)[E] = 0, namely z is a critical point for .A. ]
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5 Lower boundedness and Palais-Smale condition for the reduced
action

Let us give a condition on the manifold NV, , implying that 7 is bounded from below and
satisfies the Palais-Smale condition. For every ¢ € R, we denote by J¢ the sublevel of 7,
namely

T =z €Npq:T@) <c}.
Definition 5.1 We say that \V, , is c-bounded if J¢ # ) and

N¢ := sup |N(z,2)| < +o0.
2eJ°¢

Proposition 5.2 Under Assumptions 2.2-2.9, let ¢ € R such that N, 4 is c-bounded. Then,
J is bounded from below.

Proof By (2.7) and (2.15), we obtain

1
J (@) :/ L(z, 2)ds
0

b 0%¢)

@) Lo ! :
Z/() <T”Z“ +L( 0) =1L, O] )d5+ o O(K(2))

ds (5.1)
Since NV, 4 is c-bounded and using (2.19), for every z € J¢ we have

0%(3) = (N(z.2) —d(x))* < 2(N? +K2) (5.2)
thus, using (2.17) and (2.18) we have

2 2 2
c 2(N> +k
J(Z)Zcz—i—(ciz)

1 ki,

and the thesis follows. ]

We show now that c-boundedness and Assumptions 2.2-2.9 imply a compactness condi-
tion for the sublevels of 7.

Lemma5.3 Let ¢ € R be such that N, 4 is c-bounded. If Assumptions 2.2-2.9 hold, then
every sequence (z,)n C J¢ admits a uniformly convergent subsequence.

Proof From (5.1) and Assumption 2.9, if NV, 4 is c-bounded we have

1 2 2,42
c . 5 2N +k3)
2 TGz G [ NalPds 4oy - - T2
4 Jo ci ky
hence the sequence ||z, || is bounded in L2 ([0, 1]). Then, denoting by d, . the distance induced
by the metric g, by the Cauchy-Schwarz inequality we have
1/2

52 1
dg (20 (52), Za(51)) < / ||zn||dss|sz—s1|‘/2(f ||zn||2ds> :
0

s1

forall 0 < s1 < s, < 1.Thus, (z,) is uniformly bounded and uniformly equicontinuous and,
being (M, g) complete, by the Ascoli-Arzela theorem there exists a uniformly convergent
subsequence. m}

@ Springer



39 Page 18 of 33 E. Caponio, D. Corona

Definition 5.4 A sequence (z,), C J°€ is said a Palais-Smale sequence for 7 if d7(z,,) — 0
strongly. We say that 7 satisfies the Palais-Smale condition on J¢ if every Palais-Smale
sequence (z,), C J¢ admits a strongly converging subsequence.

Remark 5.5 We point out that if Assumptions 2.2-2.9 hold and N, 4 is c-bounded, then 7
is bounded on any sequence (z,) C J¢ by Proposition 5.2, as it is required in the usual
definition of the Palais-Smale condition.

Theorem 5.6 Under Assumptions 2.2-2.9, assume also that N, p.q 18 c-bounded. Then J
satisfies the Palais-Smale condition on J°€.

Proof Let (z,), C J¢ be a Palais-Smale sequence for 7. By Lemma 5.3, there exists
a subsequence, still denoted by (z,),, which uniformly converges to a continuous curve
z: [0, 1] = M such that z(0) = p and z(1) = q.

Letus now notice that by Lemma 4.4, and taking into account that the supports of the curves
Zp are in a compact subset of M, if ¢, € T, le’,%] is bounded in H' norm then there exist
two bounded sequences &, € T, N, 4 and p,, € HO1 ([0, 1], R) such that &, = &, + u, K,.
By Proposition 4.2 and since z,, is a Palais-Smale sequence, we obtain

dA@Zn)[8n] = dA@Z) €] + dA(Z) [1tn Kz,l] =dJ (@n)é:] — 0.

We now apply a localization argument as in [2, Appendix A]; thus, we can assume that the
Lagrangian L is defined on [0, 1] x U x R”*!, with U an open neighborhood of 0 in R™*!.
Moreover, we can identify (z,), with a sequence in the Sobolev space H L([0, 11, U). By
Lemma 5.3, taking into account that the curves z, have fixed end-points, we get that (z,),
is bounded in H!([0, 1], U) and so it admits a subsequence, still denoted by (z,,), which
weakly and uniformly converges to a curve z € H'([0, 1], R"*1) which also satisfies the
same fixed end-points boundary conditions. Thus, being z, — z bounded in H', we have
dA(zy)[zn — z] — 0, 1.e.

1 1
/ OxLe(zn, 2n)lzn — zlds +/ Oy Le(zn, 2n)[2n — zlds
0 0
/1 20(20) 0 Q(eny 2n — 2) /1 20(n) QG — 2)
— ds — — s
0 A(zy) 0 A(zp)
P 0% (2)dA )2 — 2]
0 Az(zn)
where A(x) := —Q,(K). From (2.12),

ds — 0,

|9 Le(zns 20)lzn — 21| < C@) (12017 + 1) llzn — 2l

thus, recalling that C is continuous and z, — z uniformly converges to O, the first integral
in the above expression converges to 0. Since the sequence Q(Z,) is uniformly bounded on
[0, 1] (recall (5.2)) and, from (2.18), 0 < 1/A(z,) < 1/ky, the third term above converges
to 0 because z, is bounded in L' and z, — z — 0 uniformly. Analogously the fourth term
goes to 0 since z,, converges uniformly to z and z, — z — 0 weakly in H'. For estimating
the fifth term, taking into account that Qz(i,,) is uniformly bounded on [0, 1], we observe
that dA(z,) — dA(z) in operator norm and then

/1 dAGlen =21, /1 (dAGn) — dA@)E =2 | +/‘ dA@)[zn — 2]
0 A2(zy) ~Jo A2(zy) o A%z

ds,
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and both the above integrals goes to 0, because z,, — z, in the first one, is bounded in L!and,
in the second one, weakly converges to 0 in H ! Thus, we have obtained that

1
/ 8ULL'(Zn, Zn)[Zn - Z]dS — 0. (53)
0

Using that z,, pointwise converges to z and z,, is bounded in L', from (2.13) and Lebesgue’s
dominated convergence theorem we get

1 1
/ BoLe(an in — 21ds — / BoLe(z H)En — 21ds —> 0.
0 0

As z, — z — 0 weakly in H!, also fol dyLe(z, 2)[zn — z]ds — 0, and then from the above
limit

1
/ OyL¢(2n, 2)[2n — 2]ds —> 0. (5.4)
0

From (2.16), (5.3) and (5.4) we then get
(4] ! . .2 ! . C\ e .
7 |zn — 2]7ds < (avLc(Zn» Zn) — Oy Le(zn, Z))[Zn —z]ds — 0,
0 0

which implies that z, — z strongly in H'!. Moreover, there exists a subsequence such that
Zn(s) — z(s) a.e. on [0, 1] and then

N(za(), Zn(s)) = N(2(s), 2(s)), a.e.on [0, 1],
so that also N(z, z) is constant a.e. on [0, 1],i.e. z € Np,q as required. O

From Propositions 5.2 and Theorem 5.6, 7 is bounded from below and satisfies the Palais-
Smale condition on J¢. Since V}, 4 is only a C ! submanifold of Q;zq (recall Proposition 4.3)
then the exponential map of its infinite dimensional Riemannian structure is not well-defined,
and we cannot invoke Ekeland’s variational principle to conclude that a minimizer of 7 exists
(see [25, Proposition 5.1]). Anyway, from [48, Theorem 3.1] (which, nevertheless, is based
on Ekeland’s variational principle) or as a straightforward consequence of the noncritical
interval theorem (see [22, Theorem (2.15)]), we actually get the existence of a minimizer of
J . Summing up, we have the following result:

Theorem 5.7 Let L: TM — R be an indefinite Lagrangian satisfying Assumptions 2.2-2.9.
Assume also that N 4 is c-bounded, for some ¢ € R. Then there exists a curve z € N 4

which minimizes [J and it is then a critical point of A on Q;,Zq

Remark 5.8 The critical points of .A on Q},‘f], whose existence is ensured by Theorem 5.7,
satisfy the Euler-Lagrange equation (2.6) in weak sense. We will show in Appendix A that
they also satisfy it in classical sense.

6 Multiplicity of critical points

In this section we obtain a multiplicity result for critical points of the functional .A by using
Ljusternik-Schnirelmann theory, provided that M is a not contractible. Let us recall the
definition of Ljusternik-Schnirelmann category. Let A be a non-empty subset of a topological
space B; the Lusternik-Schnirelman category of a A, denoted by catp(A), is the least integer
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n such that A can be covered n closed contractible (in B) subsets of B. If no such a number
exists then catp(A) = +o00. If A = @, we set catg A = 0. We denote catp (B) with cat(B).

By [26, Proposition 3.2], we know that if M is a non-contractible manifold then
cat($2 },%{) = +o00. This fact can be exploited together with the following proposition, which
is a straightforward corollary of [22, Theorem (3.6)] and allows to prove the multiplicity of
critical points for a functional of class C! defined on a manifold with the same regularity, as
it is in our setting.

Theorem 6.1 (Corvellec-Degiovanni-Marzocchi) Let M be a (possibly infinite dimensional)
C! Riemannian manifold and f : M — R be a bounded from below C' functional satisfying
the Palais-Smale condition.

Then f has at least cat(M) critical points. Moreover, if cat(M) = oo thensup f = +0o
and there exists a sequence (cy,)y, of critical values such that c,,, — +00.

Remark 6.2 Actually [22, Theorem (3.6)] is stated for a continuous functional f onacomplete
metric space X with a critical point defined by using the notion of weak slope introduced in
[24]. Points with vanishing weak slope are standard critical points if f isa C' functional on
a Riemannian manifold. The metric space must also be weakly locally contractible, meaning
that each x € X admits a neighborhood contractible in X. Notice that if X is weakly locally
contractible then, for each x € X, catx({x}) = 1. A C! Riemannian manifold is clearly
weakly locally contractible (it is enough to take a small neighborhood of x diffeomorphic
to a ball in the model Hilbert space). Thus, for example, both Q},’fl and N, 4, are weakly
locally contractible, the latter a fortiori being also a strong deformation retract of 2 },%1 if K
is complete (see Proposition 6.4). Finally, we notice that in [22] the definition of Ljusternik-
Schnirelman category is given with open coverings instead of closed one. This is equivalent
to the definition with closed coverings in every ANR space; since metrizable manifolds are
ANR (see [43, Theorem 5]), the two definitions are then equivalent for AV}, ;.

Let us now state the main result of this section.

Theorem 6.3 Let M be a non-contractible manifold and L: TM — R a Lagrangian that
satisfies Assumptions 2.2-2.9. If K is a complete vector field and N, 4 is c-bounded for all

c € R, then there exists a sequence (Zp)neN C Q}i%z of critical points of A such that

lim A(z,) = 4o00.
n—0o0

Like in the existence result given in Theorem 5.7, we cannot work directly on €2 lpzq to
prove Theorem 6.3, where A is not bounded from below and does not satisfy the Palais-Smale
condition, but we have to restrict our analysis on NV, 4.

Let us first show that when K is complete then V),  is a strong deformation retract of Q},,%I
(so that the Ljusternik-Schnirelmann category is preserved), namely there exists a homotopy
H: Q},% x [0,1] — Q},%I such that, for all z € Q},’é, w € N,  and ¢ € [0, 1], we have
H(z,0) =z, H(z,1) € N4 and H(w, t) = w. Next proposition extends [31, Proposition
5.9] from stationary Lorentzian manifold to our setting.

Proposition 6.4 Assume that K is a complete vector field, then N, 4 is a strong deformation
1.2
retract of Q2py.

In the proof of Proposition 6.4, it will be useful the following preliminary result.
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Lemma 6.5 Let the vector field K be complete and let r: R x M — M be its flow. Then,
forevery z € Q},’fl there exists a uniquely defined function ¢ € HO1 ([0, 1], R) such that

Y (9().2()) € Npg- 6.1)
Moreover; defining W : Q5% — N, 4 as
(¥(2)(5) =¥ (d (), 2()).
the function W is C.

Proof Let z € Q7 and, for each ¢ € H ([0, 1], R), let us denote by w: [0, 1] — M the
curve

w(s) = Y (p(s), z(s)) (6.2)
We want to find ¢ € HOl ([0, 11, R) such that w € N, 4, hence w(0) = p, w(l) = g and
N(w,w)=C, ae.onl0,1], (6.3)
for some constant C € R. By differentiating (6.2), we get
W(s) = Y (P(s), 2()B(5) + Y ((s), 2(s)[2()].
Substituting this expression in (6.3) and recalling that N = Q + d, we get

@' () Qus) (0¥ (#(5). 2())) + Qus) (0x W (@ (5), 2()[2()]) + d (w(s))
= ¢'() Qus) (Y (D (5), 2())) + N(w(s), de P (P (s), z(s)[2]) = C (6.4)
which, for each z € Q},%{ can be seen as a differential equation for ¢.

Let us rewrite (6.4) in order to get a simpler equation. Since ¢ = (¢, x) is the flow
generated by K, we have

XY (9, 2) = KWY(9,2) = K(w). (6.5)
Using the group property ¥ (t1, ¥ (t2, x)) = ¥ (¢1 + t2, x), and (6.5) we also obtain
Y (¢, DK ()] = K(w). (6.6)

Moreover, recalling (2.4), for every v € T, ;)M we have

L(z(s),v) = L(w(s), 0x ¥ (¢ (s), z(s))[v]),

thus

By L(z(s), VK] = 3y L(w(s), Y (¢ (5), 2()[]) [0 ¥ (B (s), 2())[K]T].
By (2.1) and (6.6), the last equality becomes

N(z(s), v) = N(w(s), 3 (¢ (5), z(NIv]), Vv € Ty M. (6.7)
Substituting v with z in (6.7), we get
N(z(s), 2(s)) = N(w(s), P (p(s), 2(s)[Z]). (6.8)

Recalling that Q(K) is invariant by the flow (see the proof of Proposition 2.5-(iv)), by (6.5)
we have

Qw(s) (3r1/f(¢(S), Z(S))) = Qw(s)(K) = Qz(s)(K)~ (69)
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Thus, from (6.8) and (6.9), (6.4) becomes
¢ QK@)+ Nz 2)=C
and since by Assumption 2.2, Q(K (z)) is different from 0, we get
¢ = m
0(K (z))

Hence, ¢ can be obtained as the solution of (6.11) with initial condition ¢ (0) = 0 and, by
setting fol ¢’ (s)ds = 0, we can ensure that ¢ (1) = 0 by taking

(6.10)

1

1 : 1 -
N(z, d
=< ﬁds> (/ 7S> . 6.11)
0o Q(K(2) 0o Q(K()
The fact that W is C! is a simple consequence of the C!-regularity of N and (6.10). O

Proof of Proposition 6.4 By Lemma 6.5, for every z € Q},’é, we consider ¢ € HO1 ([0, 1], R)
(depending on z and univocally defined as shown in Lemma 6.5), such that (6.1) holds. Then,
let us define H : Q;Zq x [0,1] — Q},Zq as

H(z,t) ;=¥ (o, 2).

Notice that H (-, 0) is the identity map on @52, and H(Qp%, 1) C Ny, If w € N, 4, then
N (w, w) is constant and recalling that ¢ satisfies (6.10) with C given by (6.11), we get that
the corresponding ¢ is the zero function, hence H(w, t) = w for all ¢ € [0, 1]. O

We can now prove Theorem 6.3.

Proof of Theorem 6.3 Since the Ljusternik-Schnirelmann category is a homotopy invariant,
by Proposition 6.4 and [26, Proposition 3.2], we have cat(V,, ;) = cat(Q},’fI) = +400. From
Theorem 5.6, J satisfies the Palais-Smale condition on 7€ for every ¢ € R and, then, on
Ny 4 (recall Remark 5.5). Hence, by Theorem 6.1, there exists a sequence (z,), C Np 4 of
critical points of 7 such that 7 (z,) — +00. By Theorem 4.7, every critical point of 7 is a
critical point of A, and A(z,) = J(z,)- O

7 c-precompactness and c-boundedness

In light of Theorems 5.7 and 6.3, it becomes important to give conditions ensuring the c-
boundedness of NV, ;. We firstly need the following definition, introduced in [31].

Definition 7.1 Let ¢ be a real number. The set N, , is said to be c-precompact if every
sequence (z,), C J€ has a uniformly convergent subsequence. We say that 7 is pseudoco-
ercive if Ny 4 is c-precompact for all ¢ € R.

We are going to show that c-boundedness and c-precompactness are essentially equivalent
properties for Lagrangians admitting a local expression of “product” type (see (7.1) below).
As a first step, we notice that Lemma 5.3 immediately gives one of the implications in the
equivalence.

Proposition 7.2 Let Assumptions 2.2-2.9 hold. If N, 4 is c-bounded, then it is c-precompact.

The converse implication holds if L admits a local structure of the type in (3.1), so we give
the following definition.
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Definition 7.3 We say that L admits a stationary product type local structure if for every
point p € M there exist an open precompact neighborhood U,, C M of p, a manifold with
boundary S, anopeninterval I, = (—€,, €;,) C R, and adiffeomorphism¢: S, x1, — U,
such that, named # the natural coordinate of I,

(@) = K|y .
and for all ((x, ), (v, 7)) € T(S, x I,) we have

Loy((x,1), (1, 7)) = Lo(x,v) +2(w(v) + d(x)/2)T — B(x)T?, (7.1)
where

e LoeClTS p) is a Lagrangian on S, which satisfies (3.2)-(3.4) with respect to the norm
[l - lIs, of the metric induced on S, by the auxiliary Riemannian metric on M, and it is
pointwise strongly convex, i.e. it satisfies (2.14) on T'S,, (with L. replaced by L( and
Il- by Il - lls,), for a continuous function A: S, — (0, +00);

e wisaC! one-form on Sps

e d:S,— Ris a C! function;

e B:8, — (0,400) is a positive C! function.

Notice that Definition 7.3 is satisfied for L(v) = gz (v, v), where g; is a C' Lorentzian
metric on M having a timelike Killing vector field K; in such a case S, is a spacelike
hypersurface in M, L is the Riemannian metric induced on itby g7, B(x) = —gr (K, Kx)
and o is the one-form metrically equivalent to the orthogonal projection of K on TS, and
d = 0 (see, e.g., [31, Appendix C]). The next result shows that it is satisfied as well by a
Lagrangian fulfilling Assumptions 2.2-2.7.

Proposition 7.4 Let L : TM — R satisfy Assumptions 2.2 and 2.7. Then it admits a station-
ary product type local structure.

Proof Let us denote by D the distribution in 7 M generated by the kernel of Q, i.e. for all
z € M, D, = ker Q;. Notice that by (2.2), D has constant rank equal to m (recall that
dim(M) = m 4+ 1). Let 7 € M and S; be a smooth hypersurface (with boundary) in M
such that z € §; and 73S; = D;. We endow S; with the Riemannian metric induced by the
auxiliary Riemannian metric g on M and let us denote its norm with || - || s;. From (2.2), up to
shrink Sz, we can assume that for all x € Sz, K is transversal to Sz, i.e. Ty M = T, S; D[ K, ].
Using (2.7), we get

BuL(x,v) = dyLe(x, v) + %Q(v)gx,

for all (x,v) € TS;. In particular, 9, L(z,v) = 9,L.(zZ, v) for all v € T;S;. Considering a
smaller hypersurface Sz such that

Ao 1= i (Mx) * W ol =1 % M) 72
for all (x, vy), (x, v2) € T'S; we have
(3L (x,v2) — 3y L(x, v1))[v2 — 1]
= (dyLe(x, v1) — dyLe(x, v2))[v2 — v1]

———— Q%12 — 1) = Aollva — 1y ||5

2
o)
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Let Lo = L|7s;; the above inequality gives then (2.14) for Lo on T'S;z. Since Lo(x, v) =

2
Lo(x,v) + QQ;(;“j) and L, satisfies (2.11)=(2.13), we also have that Ly satisfies (3.2)~(3.4).

Let us now evaluate %L(x, y+stK),foranyye TyM,x € M,and 7t € R:

%L(x, y+stK)=0,L(x,y+stK)[tK]=10,L(x,y + stK)[K]
=1(Q(y+s1K) +d(x)) = 7(Q(y) + 5T Q(K) +d(x)).

Hence, integrating w.r.t. s between 0 and 1 we get

1
L(x,y+tK)—L(x,y) =1(0(y) +dx)) + Er"’Q(K). (7.3)
Letnow w € Ty M, x € Sz, and wg € T, Sz, 7y € R such that w = wg + 7, K. From (7.3)

we get

L(x,w) = L(x,ws + 1, K)

1
= L(x, wg) + 75 (Q(ws) +d(x)) + Erf,Q(K)

1
= Lo(x, ws) + 7 (Q(ws) +d(x)) + Qr,f, O(K). (7.4)

Thus, we get an expression of the type at the right-hand side of (7.1) on S; by defining w as
the one-form induced by Q/2 on S; and S(x) := —Q(K)/2. Since L is invariant by the flow
of K¢ we then obtain (7.1) on Sz x Iz, for some open interval /; containing 0, by taking ¢ as
the restriction to Sz x Iz of the flow y of K adapted to Sz, i.e. such that Sz = ¥ (Sz x {0}).O

Remark 7.5 Notice that if the distribution D generated by the kernel of Q is integrable then
we can take in the above proof S; equal to an integral manifold of D. In this case the local
expression of L simplifies to

Lo¢u((x,1), (v, 7)) = Lo(x,v) +d(x)T — B(x)T°.

This can be considered as a generalization of the notion of a static Lorentzian metric to an
indefinite Lagrangian admitting an infinitesimal symmetry satisfying Assumptions 2.2-2.7
(compare also with [20, 21]).

By Proposition 7.4 we obtain the following generalization of [31, Lemma 4.1].
Theorem 7.6 Let Assumptions 2.2 and 2.7 hold. If N}, , is c-precompact then it is c-bounded.
Proof Let (z,), C J°€ be a sequence such that

lim [N (zn, 2)| = sup |N(z, 2)|.
n—00 ze e

Moreover, let (C,,), C R be the sequence of real numbers such that for all n

C,, = %N(Zn(s), Zn(S)), a.e.in [0, 1].

To obtain the thesis, it suffices to prove that C;, is bounded. Since V), 4 is c-precompact we
can assume, up to pass to a subsequence, that z, converges uniformly to a curve z € J¢. We

can then assume that there exists a finite number of neighborhoods Uy, withk = 1,..., N,
that cover z([0, 1]) such that, for some finite sequence 0 = ap < a; < --- < ay = 1,
Zn(lak—1, ax]) C Uy, for all n sufficiently large and for all k = 1, ..., N. Moreover, by
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Proposition 7.4, in each domain Uy we can identify L with L o (¢)« so that L, evaluated
along a curve z(s) = (x (s), t(s)) contained in Uy, is given by

L(z,2) = Lok (x, %) + 2(wx (%) + di (x)/2)F — B ()i,

(here we are not writing the point where the one-forms wy are applied). Up to replace each
Uy by a precompact open subset, we can assume that

max (g ) = max (sup lwx(y)]) = Do < +oo. 7.5)
=1
1
and
max ( sup |dy(x)]) = D; < +o0, (7.6)
k xeUy

reminding that ||y|| = +/g(y, y), where g is the auxiliary Riemannian metric. Analogously,
we have

A= mgx( sup  |tF(my) — fk(m2)|) < +00

my,moeUy
and there also exist two constants v, u such that
O<v<pB<u, forallkefl,...,N}.

In the following, we write Lok, wk, dr and B without the index k. In this local charts, let
Zn(s) = (x,, (s), ty (s)). As for (3.1) and (3.5), we have N (z,,, Z,) = 2w (x,) — 2B8f, +d(x,).
Hence,

o (Xy) +d(x,)/2 — Czn

t, = 7.7)
" Bxn)
Defining T,{‘ = ty(ay) — ty(ag—1), we have
%, R X d 2-C
k= [ [ O RO Gy (7.8)
! B(xn)
ag—1 ag—1 n
Therefore, the quantity
bk — “ dis
" ax_1 Bxn(s))
is well-defined and finite. Moreover,
ak — ag—1 < b’; < ak — k-1 (7.9)
In v
From (7.8) we obtain
1 o X d 2
= % (/ @ (%xn) +d(xp)/ ds — T,f) ' (7.10)
bn Ag—1 /3 (xn)

By (7.5), we have |w(x,)| < Dollx,||. As a consequence, using also (7.6), |T,{‘| < A and
(7.9), from (7.10) we have
(Do + D)y [ HA

1Cep| < ——— (1% [Ids +

S (7.11)
v(ak—1 — ax) Ja_, ax—1 — ag
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By (7.11), to prove that C,, is bounded, and thus to prove the theorem, it suffices to show
that

1
sup/ | X, ]lds < —4o00. (7.12)
n JO
To this end, recall that by (7.7) we have
L((xm 1), (Xn, tn)) = Lo(x,, Xp) + Z(w(xn) + d(xn)/z)tn - ﬂ(xn)t;%

(@) +dn)/2)* = C2

= Lo(x, Xp) + B(xn)

)

therefore, using also (7.10) we obtain

/ak L(()Cn, tn), (Xp, [n))ds = /ak Lo(xy, x,)ds

k—1 Ak—1

. /ﬂk (@) +d ) /2) o] ( /“k o) + d(x,)/2 ds)z

k—1 ,B(xn) b{; k—1 ﬁ(xn)
k a : kN2
27];,, /k w(xn)+d(xn)/2ds_ (1) ' (7.13)
b Ja Bxn) by
By the Schwartz inequality in L2, we obtain
( / () +d () /2 )2
—ds
Ak—1 ,B(xn)
a Ay v 2
S( k ds >/ K (w(xn)""d(xn)/z) ds
ax—1 B(xn) ag—1 B(xn)
a . 2
=b§/ C (@l +d0n)/2)”
ag— B(xn)
Hence, from (7.13) we obtain
/k L((xn,tn)v(fcnain))ds E/k Lo(xpn, X,)ds
ak—1 Ak—1
2T [ wli) +d)/2 - (T)°
+ b ‘/ak—l BCon) s — bE (7.14)

Since Lg is the Lagrangian in a stationary product type local structure, as for (2.15), we
deduce that there exist two positive constants £1, £2 € R such that, for all the domains Uy of
the charts, we have

Lo(Xn, %) > £1]|5,]1% — €2

Since dj, Tnk and 1 /bﬁ are bounded for each k, we obtain the existence of two positive
constants E1, Ey (depending on v, i, A, Dy, D1, £7) such that

Ak

1 N
c>Jzn) = f L(xp, zn)ds = Z L((xm tn)s (Xn, in))ds
0 k=1

Ak—1

1 1
zzlf ||fcn||2ds—E1/ o lds — En.
0 0
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As a consequence, (7.12) holds and by (7.10) we conclude that \V}, 4 is c-precompact. O

Remark 7.7 1f N, , is c-precompact, then there exists a compact subset of M that contains
the images of all curves in 7¢. Therefore, Assumption 2.9 holds on such a compact set.

From Theorem 7.6, Remark 7.7, Theorems 5.7, 6.3 we deduce the following corollary.

Corollary 7.8 Let L: TM — R satisfy Assumptions 2.2 and 2.7. If N, 4 is c-precompact for
some ¢ € R such that ¢ # 0, then J€ is bounded from below and it admits a minimizer
which is critical point of A.

Moreover, if J is pseudocoercive, K is complete, and M is a non-contractible manifold,
then N, 4 # ¥ and there exists a sequence (Z,)nen C Q},%{ of critical points of A such that
limy,— 00 A(zs) = +00.

Recalling Example 3.8, by Corollary 7.8 we then obtain the following extension of [31,
Theorems 1.2 and 1.3] to C! stationary Lorentzian manifolds.

Corollary 7.9 Let (M, g) be a Lorentzian manifold such that g is a C' metric endowed with
a timelike Killing vector field K. If N, 4 is c-precompact for some ¢ € R such that J¢ # ¥,
then there exists a geodesic connecting p to q. Moreover, if J is pseudocoercive, K is
complete, and M is a non-contractible manifold, then N, ; # ¥ and there exists a sequence

of geodesics (zp)neN C Q},ZC, with unbounded energy.

Remark 7.10 Apart from completeness of K, whenever d = 0, a condition ensuring that
Ny 4 is non-empty for all p and ¢ in M is that the distribution D defined by the kernel of
Q is not integrable through any point in M. Indeed by Chow-Rashevskii Theorem, there
exists then a horizontal C! curve y connecting p to ¢. Hence, such curve belongs to P.q
with constant Q(y) = 0. We recall that, in the case when L is the quadratic form associated
with a stationary Lorentzian metric g7, with Killing vector field K, the non-integrability of
D through any point is equivalent to the fact that K is not static in any region of M. Geodesic
connectedness of a smooth static Lorentzian manifold was studied in [18]; we point out that,
thanks to Theorem 6.1, the results in [18] can be extended to a C! static Lorentzian metric.

8 Dynamic conditions for pseudocoercivity

Inspired by Appendix A in [31], we give some conditions that ensure that 7 is pseudocoercive.

Let us assume that there exists a C! function ¢ : M — R which satisfies the monotonicity
condition dp(K) > 0.

If K is complete, this implies that M is foliated by level sets of the function ¢, and it
splits as ¥ x IR, where X is one of this level set. Notice that [31, Assumption (4.11)] implies
the completeness of the timelike Killing vector field there, so the setting leading to [31,
Proposition A.3] is actually analogous to ours (compare also with [15, Theorem 2.3]). Some
differences, on the other hand, are that the splitting & x R is only C! and there is no simple
link between convexity properties of the induced Lagrangian Lo and the level set X (see
Remark 8.3).

Since X is transversal to K, using Assumption 2.2 and arguing as in the proof of Proposi-
tion 7.4, we get that L is given by (3.1)in £ x R fora C! Lagrangian Lo: TX — R. Let us
denote by gx the C' Riemannian metric on ¥ induced by g. We assume that the one-form
 induced by Q on ¥ has sublinear growth w.r.t. the distance dy induced by gy, i.e. there
exist ¢ € [0, 1) and two non-negative constants ko and k; such that

lolls < ko + ki(dz (x, x0)), 8.1
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for some xp € X and all x € ¥. We recall that 8 in an expression like (3.1) for L is equal to
—Q(K)/2 (see (7.4)).
Proposition 8.1 Ler L satisfy Assumption 2.2 with d in (2.1) bounded and K complete. Let

¢: M — Rbea C! function such that dp(K) > 0. Let ¥ a level set of ¢ and Lg be the
Lagrangian induced by L on X. Assume that

e L satisfies (i) and (ii) in Example 3.1 (namely it satisfies the growth conditions and the
pointwise convexity) and there exist three constants €1, €2, £3 such that Lo(x) > £1 > 0,
Lo(x,0) > €z and ||0yLo(x,0) ||z < £3;

e w satisfies (8.1);

e there exist two constant by and by such that 0 < by < B(x) < by, forall x € X.

Then J is pseudocoercive.

Proof Recalling that, by Definition 7.1, 7 is pseudocoercive if NV}, 4 is c-precompact for all
¢ € R, the thesis follows from Proposition 7.2 by showing that that \V,, , is c-bounded for
allc e R.

Letus set A := t(g) —t(p) and let z, = z,(s) = (x,(5), tn(5)) € J* be a sequence such
that [N (zn, Zn)| — sup,¢ g¢ IN(z, 2)|. As for (7.14), we then get

1
c> / L((xn, tn), (Xn, in))ds
0

2
z/ Lo(xy, i,)ds + —/ Mds _ AT (8.2)
0 (xn) bn

where b, fo RO (x 9) ds Then taking into account that d is bounded, 0 < by < B(x) < by,
rMx) =€, >0, Lo(x 0) > ¢ and ||0yLo(x, 0)||x < {3, for all x € X, using (2.15) for Lo
and (8.1), we obtain from (8.2) that /01 (| X5 ||§ds is bounded. Analogously to (7.7) we have

then
2 Lo d 2
N(en, i) = 2C., = — ( [y A)
bn 0 ﬂ
and hence N (z,, z,) is bounded as well. ]

Remark 8.2 The proof of Proposition 8.1 also shows that the manifold N, , associated to
the Lagrangian in Example 3.1 is c-bounded for all ¢ € R provided that L satisfies (i) and
(ii) in Example 3.1, d is bounded, w has sublinear growth on S (hence (8.1) holds) and there
exist some constants by, by, £1, £2, £3 such that 0 < by < B(x) < by, Ao(x) > £1 > 0,
Lo(x,0) > £ and ||0,Lo(x,0)||x < €3,forallx € S.

Remark 8.3 The strong convexity condition for L¢ holds if L, satisfying (2.14) on TX,
satisfies also (7.2) on X. This condition can be considered as a replacement of being ¥ a
spacelike and complete hypersurface when L is the quadratic form of a stationary Lorentzian
manifold (in our setting the Riemannian metric on ¥, induced by the auxiliary one g, is
complete because g is complete by assumptions). Indeed, in such a case, it is enough to
assume that Vg is timelike (i.e. ¢ is a C! time function) to get that a level set ¥ of ¢ is
spacelike. The existence of such a ¢ is guaranteed if there exists a spacelike hypersurface
that intersects once every flow line of the complete timelike Killing vector field K (see [31,
Appendix A]).
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Appendix A: Regularity of the critical points

In this section we show that a critical point of the action functional A on 2, , is actually a
curve of class C!. This is a quite standard result in relation with Assumptions 2.2 and 2.7,
but we give the details for the reader convenience.

Proposition A.1 Let L: TM — R be a Lagrangian satisfying Assumptions 2.2 and 2.7 and
let 7 be a critical point of the action functional A: Ql - R, A(z) = fO L(z, z)ds. Then,
both z and 8,L(z, z) are of class C', the Euler- Lagrange equation (2.6) holds in classical
sense, namely for alli € {0, ..., m},

oL . d
?ﬁ(z(s)’ Z(S)) = E
and z satisfies the conservation law

dyL(z,2)[2] — L(z.2) = E, (A2)

gf (2(5). Z(s))), foralls €0, 1], (A1)

for some constant E € R.

Proof As regularity of a critical curve is a local result, by Proposition 7.4 we can assume,
without loosing generality, that L is a Lagrangian on U x I, where U is a precompact open
neighborhood of R” and I C R an open interval, defined as

L((x, 1), (v, D)) = Lo(x, v) + 2(0(v) + d () /2)T — B()T2, (A3)

for all ((x, 1), (v, r)) € (U x I) x (R™ x R). Arguing as in the proof of Proposition 7.4,
for any point z € M, we can take U as a hypersurface in M passing through z such that @
vanishes at z. Let 7 : [0, 1] — U x I, z(s) = (x(s), t(s)) be a critical point for .4 then for
all (€, 1) € HJ ([0, 1], R™) x H} ([0, 1], R) we have

1
0=dA@IE Nl = /o (0 LoCx, )]+ 3y Lo(x, $)[E]) ds

1
+2/ (8 w(E, D+ wE)i + oE@)n+ dd(é)t—l—% ) s
0

1
— | (dB&)i* +2B(x)in) ds. (A.4)
0

Since z = (x, t) is a critical point of .4, there exists a constant C, € R such that
N(z,2) =2w(x) —2B8(x)i +d(x) = 2C,,

hence we have

0@ +d@)/2-C;

A5
() &-5)
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Moreover, from (A.4), for all £ € C§°([0, 1], R™) we have
1
dA(2)[§.0] = /0 (3xL0(x75C)[E] + auLo(X,X)[é]) ds

1 1
+2/ (axw(s, N+l + %dd(é)) ids —/ dp(&)i*ds = 0,
0 0

hence,

/01 (3 Lo(x, ] + 20(E)i) ds = _/01 dxLo(x, X)(§)ds
— /01 (28 w(&, $)i +dd(©)i — dB(&)i%)ds.
Then, there exists an L! map £: [0, 1] — (R™)* such that
/ ' (uLor, DIE1+ 20(E)) ds = / o teds.

Denoting by H a primitive of —A, we obtain the existence of a constant A € (R")* such
that

3, Lo(x, %) +2fwy =A+H ae.onl0,1]. (A.6)
Using (A.5) we obtain
oo LoGr, 5) + 22 At q 2640 [0,1]
olx, x —— Wy = — Wy, a.e.on [0, 1],
! Bx) " By

where the right-hand side is an absolute continuous function.
Let us consider the continuous maps £: U xR™ — (R"™)*and P: U xR™ — U x (R™)x
defined respectively as

L v) o= By LoGr, v) +22)
x,v) = d,Lo(x, v ﬂ(x)wx
and
Px,v) = (x, L(x,v)).

As in the proof of Proposition 7.4, recalling how U has been chosen, and up to take a smaller
U, we can state that there exists C > 0 such that for any x € U and for all v, v, € R”

(£(x, v2) = LG, v)[v2 — v1] = Cllva — w112, (A7)

Notice that (A.7) implies that for each x € U, L(x, -) is injective with inverse which is
continuous on the image of L(x, -). Using again (A.7) together with the continuity of £ on
U x R™, we get that the map P is injective with continuous inverse as well. Hence,by (A.7),

(x(s), %(s)) =P~! <x(s), A+ H(s)+ %wﬂso (A8)

and so x is of class C!. By (A.5), even { is continuous, so z is of class C! in the coordinate
system where the stationary product type local structure (A.3) of L holds and then in any
other coordinate system. Hence, the function 4 is actually a continuous function, and the
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right-hand side of (A.7) is of class C!. Since w is a C' one-form, (A.7) shows that also
9, Lo(x, ) is of class C!. Being 0, L(z, z) identifiable with

(8,,uLo(x, )+ (2wid(x) - Zﬂ(x)i)dt),

we deduce that the function s € [0, 1] — 3, L(z(s), Z(s)) is C' as well, and then (A.1) holds.
Moreover, by standard arguments, z satisfies the conservation law (A.2) for some constant
E € R (see, e.g., Proposition 1.16 of [14]). O

Remark A.2 We notice that, if Ly admits positive definite vertical Hessian at some vector in
v € TU, then £ admits a bijective fiberwise derivative, so it is a local C 1—diffeomorphism
in a neighborhood V of v in TU. Hence, P has a C ! inverse on P(V) and then from (A.8)
we get that £ is C!' on an open interval J containing the instant so such that i (so) = v.
From (A.5), i is C! as well on J and then z € C2(J, M). We observe that this holds in
particular when L is the quadratic form associated with C' stationary Lorentzian metric g
(see Example 3.8), hence its critical curves are C2 on the interval where they are defined and
then they are classical geodesics.
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