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Abstract. A simple feedback scheme can be used to operate efficiently a microwave-
quantum-illumination device based on electro-optomechanical systems also in regimes in
which excess dissipation would, otherwise, prevent to outperform the optimal classical
illumination protocol with the same transmitted energy.

1. Introduction

Quantum illumination (QI) is a powerful quantum-optical sensing technique which, unlike
other quantum optical techniques, is particularly resilient to background noise [, 2,3} 14} 5. 16].
The main purpose of QI is to detect a low-reflectivity object in the presence of very bright
thermal noise. It makes use of two entangled modes of the electromagnetic field. One, the
signal, is sent to probe the target region, while the other, the idler, is retained at the source.
Finally a joint measurement of the idler and of the field possibly reflected by the target is
used to determine the presence of the target itself. Although the entanglement is destroyed
in the round trip from the target, the remaining signal-idler correlations are still sufficient to
outperform any classical illumination system of the same transmitted energy [2, 7, 8, 9l [10]].

The main feature of quantum illumination is that it performs better in the presence of
intense thermal radiation (noise). Even if several studies have been focused on the optical
regime [[11, 12} [13] where the number of thermal photons is negligible, protocols operating in
the microwave regime [14, (15} [16, [17, 18, [19] have attracted particular attention because of
the naturally occurring bright microwave background radiation.

In the first theoretical proposal of microwave QI [14], an electro-optomechanical (EOM)
system with single-sided cavities has been used as a transmitter, which generates the entangled
signal and idler. The signal is a microwave field used to probe the target, while the idler is
optical [20]. In general QI works better with high-efficiency photodetectors which up to now
are available mostly for the optical domain only. For this reason, in this protocol, another
electro-optomechanical system, equal to the first one, is used to up-convert the reflected
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microwave signal into an optical field and the final joint measurement is done, in the optical
regime, between the optical idler and the converted signal.

In this paper, we consider the same scheme as in Ref. [14] with two EOM devices as
a transmitter and a receiver. Differently from the old proposal, here we consider the more
realistic case of two-sided cavities. This is a very natural choice realized, for example, in
the case of Fabry-Perot cavities. In this case, the added noise due to the additional decay
channels, suppresses the performance of the QI protocol, which may be no more able to
outperform the classical illumination benchmark given by homodyne detection of a classical
coherent field [2,/]. To compensate for this suppression we propose to add a feedback-loop
from the optical to the microwave cavity of the EOM transmitter, which recovers part of the
correlations, otherwise lost in the unused cavity decay channel. This approach is inspired
by other studies on cavity optomechanics within a feedback-loop which have demonstrated
the efficiency of similar setups to control the system dynamics [21} 22} 23| 24 25, 26]. We
show that by properly adjusting the feedback-loop and appropriately selecting the system
parameters, our proposed scheme can efficiently outperform any classical system of the same
transmitted energy.

In Sec. 2| we provide the model details and the basic equations, while in Sec. [3| we
describe the QI protocol and derive the main relevant quantities. In Sec. 4] we provide all
the numerical results, and in Sec. [5| we provide some concluding remarks.

2. The system

We consider two similar EOM systems which play the role of the transmitter and of the
receiver (in the rest of the paper we will use the symbols 7" and R to distinguish between
quantities pertaining to one and the other), see Fig. [l In each EOM system, a mechanical
resonator with frequency wys and dissipation rate yy e (with & € {T,R}), interacts with a
microwave mode of a superconducting cavity at frequency w,, s and with an optical mode of
a Fabry-Perot cavity at frequency w, . We assume that the EOM systems are in a cryogenic
environment in order to minimize the number of thermal microwave photons. The two modes
lose photons at rate k; (with i € {w, 0} used to distinguish between microwave and optical
modes), and are driven by two coherent fields at frequencies a)l(,?, detuned by A; ¢ = w;z — wﬁj’?
from the two cavities. We assume sufficiently large driving powers, so that we can employ
the standard linearized description for the optomechanical interaction. Specifically, we
describe the microwave, optical and mechanical modes, respectively, in terms of the bosonic
annihilation operators ¢, ¢, C,¢ and 135 for the fluctuations around the corresponding average
fields. These operators fulfill the following quantum Langevin equations (QLEs)

é‘w,f(t) = — (Kw,f + l'AW"f) 6‘W’§ - iGw,§ (Bf + [;;) + \/wa 6-5:13 , (1)
éOsf(t) = — (Ko,f + iAo,‘f) 6o,§ — l'Go,é: (Bf + B;) + \/2K0’§ 6'(;? y (2)

[;g(t) - (7M,§ + l(,L)M’f) l;.f —1 (G:,§ éo,{f + Go,{f éj;,f)

—i (va,g Coe + G éjv g) + \2Vme Egn) ’ )
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Figure 1. (Color online) Schematic of the proposed microwave QI system. Enclosed by
the dashed line in the upper left part, the feedback setup where the second optical output of
the transmitter is measured by homodyne detection (HD) with homodyne phase 6 (used to
control the feedback phase ¢) and the corresponding signal is used to modulate the amplitude
of the second microwave input with feedback gain gs,. The rest of the device is similar to
the one studied in Ref. [14]]: the microwave signal illuminates the target; The optical idler and
the signal converted and phase conjugated by the receiver are combined and detected (D) to
discriminate the presence of the target.

where the linearized interaction strengths

Gi,g =4gi¢ VNi,g €i¢i'£, 4)

with g; . the bare interaction strengths, are scaled by the complex amplitude of the cavity
fields \/]Tg e¥i<, where N, are the average number of cavity photons and the phases ¢; ¢,
can be tuned by controlling the phases of the driving fields. Moreover, éf’;’) and Bg”) are the
input noise operators for the cavity modes and the mechanical oscillator. The cavity input
noise operators can be decomposed in terms of the individual decay channels: égfg)(t) =

o Z i1 f’) ol ’)(t) where 6‘(’; 7. with j € {1,2}, are the quantum input noises with

dissipation rates K(j) for the first and second port of the cavities, such that «;; = K(l) + K(z) All
the noise operators (except from the noise operator for the second port of the microwave cav1ty
of the transmitter) are characterized by thermal noise correlations, where the only non-zero
correlation functions are <b(’")(t) b(m)T(t )> <b(’"”(t) b(’")(t )> +0(t—1) = (1 + ﬁ%’é) ot —1),
and ({7 ¢"1(1)) = (c “"f)'(t) )+ o -1y =(1+ -“’”)5(1 '), with the number
of thermal excitations given by n(’h) = [exp (h w,¢/kp )— ] for ¢ € {o,w, M}, which, in
particular, is essentially zero for optlcal frequencies, i.e. n(’? 0. Instead, the input operator
for the second port of the microwave cavity of the transmitter is modified by our feedback



Feedback-enabled Microwave Quantum Illumination 4

system (see Fig.[I)) as discussed in the next section. We note that we apply the feedback only
on the transmitter, and not on the receiver, because, as demonstrated below, the efficiency of
the protocol, when properly optimized, is independent from the parameters of the receiver.

2.1. The electro-optomechanical transmitter within the feedback-loop

The feedback operates on the EOM transmitter by performing a homodyne detection of the
second optical output and by using the corresponding photocurrent to modulate the amplitude
of the microwave driving field which drives the system through the second microwave input
(see Fig.[I). In particular we assume a broadband feedback response function such that the
corresponding input noise operator can be expressed as [21]]

2021 = &2°(1) + gy e — ), ©)
A(in,2)o

w1 1s the microwave input field without feedback, which is characterized by thermal
‘(t ). thermal excitations. Moreover, g, is the feedback gain and i, is

where ¢
noise correlations with 7
the homodyne photocurrent delayed by the feedback delay time 7. If the delay is sufficiently
small it contributes as an additional phase on the expression for the photocurrent, which hence
can be approximated as [21]]

Falt — 1) = \/g {e—"¢ [ 220 (0) - eg"j;z)(t)] ¥ H.c.} A T=1 X0, (©)

where ¢ = 6 — A, r 7, with 6 denoting the homodyne phase, is the modified feedback phase, n
is the detection efficiency, and )A(V accounts for the additional white noise due to the inefficient
detection and fulfills the relation (X, ()X, (¢)) = %(5(t —t'). Using Egs. , and @,
the dynamics of the transmitter’s microwave cavity under the effect of a feedback-loop from
optical to microwave cavities can be expressed as

Cur(®) = = (K + iDy1) Eyr —iGyr (BT + @TT) (7

2 2 —ip A o A~ A
+ 827 Kz; iv)T [e @ o +e? cZ’ ] + \2kpr € )
where here ¢, - is the total input noise operator for the microwave mode of the transmitter
modified by the feedback, and it is given by (see also the

Ain) / (1) A(m 1) / (2) A(an)o
CW,T [ 2WT w,T 2KwT w,T

2K T
—gp MKy (e70 80 4+ &) + gy (26211 X] . ®)

2.2. The system in the rotating wave approximation and the output fields

A(m)

Both EOM systems are operated by driving the microwave cavity on the red sideband and the
optical cavity on the blue one, i.e. A, = —A, s = wy. If the interaction strengths are not too
large, it is possible to perform a rotating wave approximation by retaining only the resonant
terms. In particular, by rewriting the QLEs [Egs. (I)-(3), (7)] in the interaction picture with



Feedback-enabled Microwave Quantum Illumination 5

respect to the free Hamiltonian, they can be reduced to the form (see [Appendix Al
éw,,f = — Kpg éw,f — iGw,‘f bg: + Ug 6‘2’ + \/2 K& 6‘5:}”;,
éo,g = —Kog 6‘0"5 - iGog b; + \/2 Kog 6'(”;),

[;é: = = Ymg Bg - l.GU,ér 625 - lG;f Cwe + \/2 Yme Bgn)- (9)
where
2 2
ur = gg 20 Ky K0 €
ur =0 (10)

which indicate that the feedback is applied only on the transmitter. Moreover, in the
rotating wave approximation, the microwave input for the transmitter describes thermal
noise with a number of excitations modified by the feedback according to the relation
_(fb) _ ~(th 2 :

gr) g; + gfb EV)T/Z k1 (see|Appendix A)).

The QLEs can be easily solved in the Fourier space and, using the standard input-output
relations &2 = /2 K(] Cig — A(l "D the output propagating modes from the EOM systems

23
can be expressed in terms of the 1nput noise operators. In particular, here we are interested in

the first microwave and optical outputs of the transmitter, which are, respectively, the signal
and the idler of the QI protocol, and the first optical output of the receiver that is the converted
signal, which will be combined with the idler and eventually detected (see Fig.[I). In very
general terms the output modes, in Fourier space, can be expressed as linear combinations of
the input noise operators

(W) = Acw) b (W) + Be(w) ¢ () + Cew) I (w)

+ De(w)chs (W) + Ex(w)cly? (w), (11)

and
ot l>(w) A(w) b(’")(a)) + Bl(w) c<’" D(cu) + Cy(w) c('" 2’(w)
+ Dj(w) (W) + Ew) s (w), (12)

where the explicit expressions for the coefficients corresponding to the different inputs are

reported in[Appendix B| In QI the signal and the idler are entangled. In general, only spectral
modes at opposite frequencies (with respect to the corresponding cavity resonance frequency)

of Gaussian stationary continuous-wave fields can be entangled [27]]. For this reason here we
focus on the microwave mode c(f”’ (w) at frequency w and the optical mode c(om Y(—w) at the
opposite frequency —w. The state of these two modes is fully characterized by the number of
photons of the two modes, defined by the relation

< (()ut DT((,L)) C(()ul 1)(w/)> — nl’f(a)) 6((,() + w/) , (13)
and by their correlation
< outD ) c(o'” D(w’ )> = mg(w) 6(w + w') . (14)

In the following, even when we omit, for simplicity, the frequency argument, the microwave
modes have to be intended at frequency w and the optical ones at the opposite frequency —w.
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3. Microwave Quantum Illumination

In microwave QI the EOM receiver is used to convert and phase conjugate the returned
microwave signal to the optical regime where it can be combined with the idler and eventually
efficiently detected (note that a phase-conjugate receiver operated fully in the optical regime
has been alredy experimentally demonstrated in Ref. [28])).

Here, the returned microwave signal is taken as input to the first input port of the
microwave cavity of the receiver (see Fig. [I)). In particular, one identifies two scenarios:
in the absence of the target (hypothesis Hj) the returned field is made just by background
photons, described by the annihilation operator cp and characterized by <c£, c3> = Np average
photons. Thus, in this case the first microwave input for the receiver is simply given by

"D = ¢, Instead, in the presence of a target (hypothesis H;) with low reflectivity

WR
t < 1, the returned signal is a superposition of background and reflected photons, and hence
Ell/an) - i C(out D 4 V1 =1 cp, where now <cg CB> = Np/(1 — t) such that the number of

background photons at the receiver is the same under both hypotheses [2].

The EOM receiver described in Sec. [2|is able to convert and phase-conjugate the first
microwave input. To be specific, as shown in Eq. one finds that c(o’” Do cﬁé’fl’;)u
[contributions from other input noise operators]. Then, as in Ref. [14]], the detection of
the QI protocol follows the procedure of the phase conjugated receiver of Ref. [7] which,
even though not optimal, is known to provide 3 dB gain in signal-to-noise-ratio, and it
has been realized by means of digital post-processing in Ref. [18]. The optical output
%D is mixed with the idler ¢;"" on a 50/50 beam splitter and finally the two fields
after the beam splitter (described by the annihilation operators d. = [ ('f;t D 4 clont 1)] /V2)
are measured by direct photodetection and the detected photon numbers N, = dl d. are
eventually subtracted. The resulting quantity N = N, — N_ can be used to discriminate the
presence of the target [[7, 14, [18]. In particular the QI protocol makes use of M identical and
independent copies of entangled signal-idler pairs. In the limit of large M[F| the corresponding

error probability P,,, in discriminating the two hypothesis Hy and H; can be expressed as
P, = erfc ( /S NR(M) / 8) /2 in terms of the complementary error function erfc, and of the

signal to noise ratio S NR(M) =4M (N |1, — N HO) / (0'| u, ol HO) , with N|p, and oy, average
and variance of the Varlable N under hypothesis H;, respectively [14].

The signal to noise ratio for microwave QI with our system (S NR( )) can be easily
computed using Eqs. (IT) and (I2). In the limit of large number of background photons

I Note that, in general, M is given by the product of the characteristic bandwidth of the system and the time. So
a sufficiently large M can be achieved using a sufficiently large time. In our case the bandwidth is defined by the
decay rate of our system, determined by the minimum real parts of the eigenvalues of the matrix of coefficients
of the quantum Langevin equations (9). In the case of the results of presented in the next section these decay
rates are of the order of 10*~10°. This means that a sufficiently large M (of the order of 10*~10°) is realized for
a time of the order of one second.
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Nj, it can be approximated by the expression (see [Appendix C)

g - M (RelBr(-w) my (@)1}
o 1Br(-w)P? N [1 +2 npr(-w)]’
where Br(w) is the coefficient corresponding to the first microwave input noise operator (see
Eq. ], and n, 7(—w) and mr(w) are, respectively, the idler number of excitations and the
idler—signal correlation defined in Egs. and (I4). Evidently, at fixed amplitude of the
parameters Br(—w) and m7(w), the maximum of the signal-to-noise ratio is achieved when
the relative phase between these two parameters is selected such that Im[m}.(w)Br(-w)] = 0.
In this case one finds that the optimal signal-to-noise ratio is given by
SNRM 4 M t|mp(w) |? .

QLort — Np[1 + 2 nyr(—w)]
As shown in the parameter Br(—w) is proportional to the product of the
optomechanical coupling strengths G,z G, x, the phases of which can be controlled by
controlling the phases of the driving fields. By this means one can always select the phase of
Br which realizes the optimal signal-to-noise ratio (16)). Specifically, in order to optimize the
QI protocol, in the numerical results presented below, we set the phases of the driving fields
on the receiver [see Eq. ()] according to the relation
Br(-w) m*}(w) Gor Gur

Gor Gy Br(-w) m;(a)) .
It is important to note that Eq. (16) does not depend on the parameters of the receiver. This
means that in the limit of strong background noise, once the driving phases are properly

15)

(16)

e_i(‘pw,T +€00,T) —

17)

selected, it is not possible to improve the microwave QI performance by further tweaking the
receiver. This is the reason why, in this work, we have not included a feedback system also
on the receiver.

The importance of QI is that it can outperform any classical protocol which employs the
same number of signal photons. In order to have a clear understanding of the efficiency
of QI is, therefore, necessary to compare QI with the optimal classical protocol. Here,
analogously to the analysis of Ref. [[14], we compare the signal-to-noise ratio in the quantum
case (S NR(QA?), with the signal-to-noise ratio achievable with the classical benchmark of
homodyne detection of the returned signal after transmission of a coherent state, with n,, 1
photons, which is given by S NR(CA;’) =4Mtn,r/[2(Ng+ 1)] [2,[7]. In particular, here we
analyze the ratio

SNRY)

SNRCD
between the two signal-to-noise ratios as a function of the system parameters. A value of ¥
larger than one indicates that the QI is effective and outperforms the optimal classical protocol
employing the same number of photons.

We also note that in the optimal case discussed in Eq. (I6), the ratio ¥ reduces to

2 jmr(w)l’

nw,T(w) [1 + 2 no,T(_w)] .

(18)

?:)pt = (19)
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Since, for a two-mode entangled state, with excitation numbers of the two modes n,, and n,,
the two-mode correlation m is constrained by the relation [m| < vmin {n,,(1 + n,), n,(1 + n,)},

the maximum ratio is achieved for n,, 7 < n, r and it is given by
1

max — I+ ——.
7 1+2n0,T

(20)

This shows that the best result for QI is achieved when the correlation |my| is as large as
possible, but together with the smallest value of photons. We also verify that the ratio ¥
can never surpass the maximum value of 2, consistently with the properties of the phase-
conjugated receiver [7] employed here. More generally speaking, we recall that, according
to the Helstrom bound [29] (see also Refs. [30, 31} 32]]) which, in the limit of very large M,
asymptotically coincides with the Chernoff bound [2, [7, 35]], the ratio ¥ can never surpass
the value of 4. In principle, this upper limit could be achieved by the receiver of Ref. [36],
which is however prohibitively hard to realize experimentally (see also Refs. [33] 34] for
other related studies). In any case, we note that the improved performance of the QI protocol,
which we demonstrate hereafter, is achieved by means of the feedback which improves the
preparation of the entangled resource (i.e. signal-idler entangled state). For this reason, we
expect that a similar improvement of the protocol can be observed also for different and
more refined detection strategies. Moreover Eq. also means that maximum entanglement
(which can be achieved for large number of photons) does not necessarily correspond to the
best performance of the QI protocol, compared to the classical benchmark.

A final comment is in order. The analysis that we have performed is based on the
assumption that we can detect a single spectral component of the signal and of the idler at the
appropriate frequencies. This can always be done by filtering the fields with, for example, very
narrow Fabry-Perot cavities, and then detecting them with photodetectors with long enough
integration times.

4. Numerical results

In all the results presented hereafter we have adjusted the phase of the driving fields such that
the optimal condition defined by Eq. is always fulfilled.

4.1. Symmetric cavities

As a preliminary result, we demonstrate in Fig [2] that when there is no feedback the QI with
the present system is inefficient (i.e. ¥ is below one). This is due to the fact that here we
employ two-sided symmetric (same decay rate for the two decay channels) cavities. These
results should be compared with Ref. [[14] where efficient microwave QI is demonstrated with
an analogous setup which employs single-sided cavities. Here the additional noise due to the
additional decay channels inhibits the performance of our system.

In order to study the effect of feedback, we have initially maximized numerically the ratio
¥ as a function of the feedback parameters g, and ¢, the cooperativities I'; ; = Gif [ (Yme Kig)
(fori = o,wand ¢ = T, R) and the frequency w. In this way, we have found a set of parameters
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Figure 2. Ratio ¥ [see Eq. (I8)], versus the opto- and electromechanical cooperativities
[Tie = Gl.z,g/ (Ymekig), for i € {o,w} and ¢ € {T,R}] of the transmitter (a) and receiver (b),
without feedback (g7, = 0). The cavities are two-sided and symmetric with Kf? = Kf? = Kig/2.
In(a) Tyg = 995,y = 1120. In (b) I',7 = 1000,T’,,7 = 1440. Both plots are obtained
for a 10-ng-mass mechanical resonator with wy¢/27 = 10MHz and Q = 30 X 103, at a
temperature of 30mK; a microwave cavity with w,,¢/27 = 10GHz and k¢ = 0.2wy; and an
optical cavity with k,¢ = 0.1wy. The opto-mechanical and electro-mechanical coupling rates
are g,¢/2m = 115.512Hz and g,, /27 = 0.327Hz. The target reflectivity is t = 0.07. The white
areas indicate the parameter regimes in which the system is unstable.
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Figure 3. (Color online) Ratio # versus the feedback parameters, g, and ¢ and the frequency.
In (a) w 1.014 k6. In (b) ¢ = 0.6. In (c) gsp = 0.33. In all the plots I',7 = 1000,
Iyr =1440,T,r =995, T, g = 1120; The feedback detection efficiency is 7 = 1; The phases
of the coupling strengths are chosen in order to fulfill Eq. (I7); The other parameters are as in

Fig.

for which ¥ reaches values comparable with those discussed in Ref. [14]. In Fig. [3] we plot
¥ as a function of the feedback parameters and of the frequency when the other parameters,
in each plot, are set to the optimal values obtained by the initial maximization. This figure
shows that # can reach values well above one. Thus, it demonstrates that by properly tuning
the feedback system, the QI protocol can surpass the efficiency achievable in the classical case
also when the presence of photon losses would have prevented it. Fig.[3](b) and (c) also show
that, when we use feedback, the optimum QI is obtained for w # 0, that is, off-resonance with
respect to the microwave and optical cavities of the system, differently from what occurs in
the case of Ref. [14].
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Figure 4. (Color online) Ratio, , versus the opto- and electromechanical cooperativities of
the transmitter (a) and receiver (b) and versus the feedback parameters (c), when the cavities
are asymmetric, with larger dissipation on the first sides: Kflg) = 0.9«;¢, and KE? = 0.1k;¢, for
i €{o,w}and ¢ € {T,R}. (a) and (b) are with no feedback. In (a) In (a) a)/K(,,é =1.8x 1074,
Tor = 200.5, Tyg = 553.17; in (b) w/k,e = 1.8 X 1074, [,7 = 480.4, T,,7 = 10000; in
(©) w/k,g = 0473, T, = 4804, I', 7 = 10000, I', g = 200.5, I'y, g = 553.17. The other
parameters are as Fig.[3]

4.2. Asymmetric cavities

We have performed a similar analysis also in the case of asymmetric cavities (see Fig. ).
Specifically, we consider the situation in which the decay rate through the second mirror
(the one used for the feedback) is much smaller than the decay rate through the first. As
before, we first consider the case without feedback [see Figs. |§| (a) and (b)]. In this situation
the system (without feedback) is similar to the single-sided cavities of Ref. [[14] with only
small additional dissipation, and the value of # is larger than one. This indicates that the
protocol is resilient to weak added noise. In this case the feedback still allows to improve
the performance, as shown in Fig. [ (c), but the improvement is significantly smaller than
in the symmetric case. In fact, we have verified that, when we use feedback with two-
sided cavities, the value of F never reaches the maximum value achievable with single-sided
cavities (without feedback) and equal total dissipation rate.

4.3. QI and entanglement

QI exploits entanglement to outperform classical protocols for the detection of weakly
reflecting targets in bright noisy backgrounds. It is, thus, interesting to analyze the precise
relation between entanglement and QI performance. As already discussed in Sec. [3]we expect
that optimum QI may not correspond to maximum entanglement. This is indeed described
by Fig.[5] In plot (a) we report the signal-idler entanglement at the output of the transmitter,
measured in terms of the logarithmic negativity [27]], corresponding to the results of Fig. [3]
(a). We note that, in this system, the entanglement is only weakly enhanced by the feedback
[see Fig.[5|(a)]. Moreover the enhancement is observed for zero feedback phase. On the other
hand, we have seen in Fig. [3|(a) a significant improvement of the QI protocol with a maximum
at a finite value of the feedback phase. In fact, as discussed at the end of Sec. [3] we expect
to observe more efficient QI when the entanglement is maximum for the smallest possible
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Figure 5. (Color online) (a) Logarithmic Negativity, Ey, and (b) normalized Logarithmic
negativity, Ey/n,. 7, versus the feedback-loop parameters, g, and ¢. It has been assumed
1, from the two-sided
symmetric optical to microwave cavity of the EOM system. The selected frequency as well
as optomechanical and electromechanical cooperativities are respectively w/k,r = —0.0033,
I',7 = 1000 and I',, 7 = 3403, which along with the proper values of the feedback parameters
maximize Ey. See Fig. (3) for other parameter values.

that there is a feedback-loop with perfect detection efficiency, n

number of excitations. This is, indeed, shown in Fig. |§] (b) where we plot the logarithmic
negativity rescaled by the number of signal photons, Ey/n, 7. Here it is evident that this

normalized logarithmic negativity follows precisely the behavior of the ratio ¥ in Fig. 3| (a).

4.4. Effect of the feedback detection efficiency

All the results presented so far are obtained with perfect feedback detection efficiency, i.e.
n = 1 [see Eq. (6)]. Inefficient detection entails additional detection noise. It is therefore
important to assess accurately the effect of this additional noise source on the QI protocol.
This is done in Fig.[6] Here we consider symmetric cavities with the parameters of Fig.[3] (a),
and we focus on the feedback gain and phase which maximize the value of . The plot shows

that the protocol is efficient also for relatively low values of 1.

Quantum Illumination

Classical Transmitter

0.0 0.2

0.4 0.6 0.8 1.0
n

Figure 6. (Color online) Ratio ¥, versus the detection efficiency, r7. The other parameters are

as in Fig.[3
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5. Conclusions

In conclusion we have designed and analyzed a feedback setup which acts on the transmitter
of a microwave quantum illumination device based on two EOM systems and first proposed
in Ref. [14]. We have shown that this feedback-enhanced QI device can operate efficiently
also in regimes where, in absence of feedback, excessive dissipation inhibits the performance
of the QI protocol.

In particular we have considered electro-opto-mechanical devices constituted of two-
sided electromagnetic cavities such that QI with these systems, based on the approach of
Ref. [14], is not able to outperform the optimal classical protocol. By employing a feedback
loop which measures the unused output of the optical cavity, and acts on the field driving the
microwave cavity, it is possible to recover part of the quantum correlation lost in these unused
output and, hence, to improve the quality of the generated entanglement. As a consequence,
one can achieve efficient microwave quantum illumination outperforming every classical
protocol with the same number of signal photons. We have also analyzed in details the effect
of the feedback detection efficiency, thereby demonstrating that the protocol is particularly
resilient to detection inefficiencies, showing once again that homodyne-feedback schemes
can be tuned to improve the performance of quantum optical systems [21}, 22} 23]].
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Appendix A. — The Model in the rotating wave approximation

Here we describe how to derive the approximated quantum Langevin equations (9) starting
form the full linearized model described by Eqs. (I)-(3) and (7). In particular, Eq. (9) is
found by first rewriting Eqs. (I)-(3) and (7) in the interaction picture with respect to the free
system Hamiltonian, and then eliminating the non resonant terms, under the assumption that
the interaction strengths are sufficiently small, i.e.

Gl 1Goel, |e| < wue |Ae] (A.1)
where y; is defined in Eq. (I0). Specifically, we employ the transformations

Cug(t) = €1 (1), (A.2)

Coglt) = €41 2 (1), (A.3)

be(t) = e b1, (A4)
and we obtain the equations for the slowly varying operators

éiv,g(t) = — ke Clp = 1Gyg [lA)é g Bwemome)t l;g o (Are +“’M~f)’]

+ | ,U§| [ e i? d,g o Bue=Bop)t 4 i é:g ei(AWf+A(,’f)t] + m 6;(1;) ,

Ere(t) = =Koz &) —iGopg [i’é gl Boamemell 4 ’3.? ¢ (A"’§+wM’£)t] + V2kos 5;,(?) .
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Al A . .
bf(t) = — e b' i [G:,g é:),f ol @me=Bo)t | Goe @:Lc ¢ (wM,§+Ao,f)t]
— i[ng 6‘:”5 PG L Gw,f é:j,g é (wM,f+Aw,f)l] + 2'}’M,§ E;(in)(A.S)

where we have introduced the rotated input noise operators ¢ ”(f’") = 65’? ettt and l;;(i") =
bgf") e'“ms!. Now, assuming the resonance condition A, ; = —A,; = wy, discussed at the
beginning of Sec.[2.2] we find that the only resonant terms in these equations are those which
constitute Eq. (9) (where, in order to ease the notation, we have removed the “prime” symbol
from the operators). We also note that the correlation functions of the feedback-modified

microwave input noise operator of the transmitter, defined in Eq. (8], are given by

2
(&m0 &) = (™0 & (1) = gj ijVT)T 5t—1), (A.6)
(&mm i@y = @i e +oa-1)=(1+a07) sa-r).
where
7B — 7 g?‘b EVZ)T
Ay =T+ —— Tyt (A.7)

These correlations in general describe classical squeezed thermal noise, however, when
Eq. (A.1) is true, it is legitimate to neglect the self correlations < o L) e o o )> and

<6“"”(t) 6“"”(t’)>. In fact, if we analyze the rotated input noise operators we see that the
corresponding self correlation < ("’)(t) ”(’”)(t )> < o L) e o™ (t’)> e Mve*1) exhibits a fast
oscillating term which makes its contribution neghglble In other terms, the microwave input
noise operator of the transmitter can be safely approximated with thermal noise with n(f 2
thermal excitations.

Appendix B. — The output fields in Fourier space

The quantum Langevin equations (9) can be easily solved in Fourier space. Specifically,
given a generic operator X(¢), one introduces the corresponding operator in Fourier space as
x(w) = ‘/#27 f_ o; dr €'’ (), and its hermitian conjugate [x(w)]" = xT(-w). In this way one
can transform Eq. (9) and obtain the quantum Langevin equations in Fourier space

0= (lw Ky, f) Cw (W) —1G g be(W) + pg € f(a)) + \/m c(m)(a))
0= (zw + Kog) Cog(—w) —iG oz b L(—w) + 2 Ko c(’")( -w),
0= (l w — ’)/M,‘f) bg(w) - lGo,f Co,_f(w) - le,f Cw,‘f(w)

+ V2 yue b () (B.1)
where the input noise operators describe thermal noise with <b(i”)(a)) b(i”)T(w’)> = (1+

Ay + o), (W) P (@) = (1 + AP)6w + o) and (M () i@)) = (1 +

'5{ l}))é(a) + «"). These equations can be solved and, together with the standard input output

relations cgf’f””’)(a)) = /2 Kfjf cig(w) — (’" ])(w) can be used to determine the expressions for
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the output field operators reported in Eqs. (1)) and (12)), where the coefficients are explicitly

given by

and

ilGo,§|2Gw,§ 2yme

(Kog = 1) (Kype — i) (Yare — iw)?
iGoe\2Yme }

_(K0,§ —iw)(ypye — iw) |

As(w) = xe(w)

1
Go,wa,f 2Kw,f

(Kog — Iw)(Ky g — W) (Ve — IW)

2
Go’{’cGW’g 2KW’§

(Kog — 1)Ky g — W) (Yme — W)

24D

07§
ng(w) -1,
212

_NTeE ()
(Ko — i)

3§(w) =

Xe(WWe(w)

Ce(w) =

Xe(WWe(w)

De(w) =

8§(w) =

Ye(w)

Ay (~w) iGye \2
A w) = 2| = Dy(w) £ N VM

: =
B* —(.t)) 2KW,§
B o) = 2| = Delw) + ——— |Ye(w) - 1,

(Kw,f - lw)

: _
C* —w) 2KW,§
Cew) = 2| =) + ————|Ye(w) .

K(l)

D'e(w) = 4|~ [Di-w) + 1] Re(whe(w)
\ Kn,g-‘

K(l)

Eew) = || =& (W) we(w) .

\ Ko,f

with ¢(w), y:(w) and @ (w) defined as follows

Gy ]‘1
(Kwe — 1) (Yme — lw)

2
)(g((x)) _ ’2/(2; [1 _ 'IGo,fl :
) ’ (Ko,f - lw)(?’M,g — iw)

 GuGoe
(Ko g — ) (Yme — iw)

Ve(w) = [1 +

%(w)cbgz(—w)] :

(Kyg — i) (Yme — iw)

Ye(w) ,

(B.2)
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He _ G0,§Gw,§
(KW7§ - lw) (Kw,f - iw)(yM’g - l(l)) ’
where i, is defined in Eq. .

(Dé:(u)) =

Appendix C. - The signal to noise ratio for microwave QI

Here we briefly discuss the derivation of the signal to noise ratio in Eq. (15)). In details, we
consider the expression for the signal to noise ratio (see Sec. [3)

Nly,=Nlg, \*
SNRYY :4M(M) : (C.1)
O-lHl +0—|H()
The average numbers in the numerator can be expressed as
Nli,= (N, = (N, (C2)
with
Mo, = [ do' (dl(@) du(@), . ©3)

where d.. are the operators for the modes after the beam splitter which mixes the idler and the

reflected, converted and phase-conjugated signal,
(out 1) (out,1)

+cC
d, = ok Tl (C.4)
2
so that
NlHJ - f d(,U < E)()}L;l,l)f(w) CS’);{[,])(LL),) + CE)(’);{I,I)T(Q)) CE)OJL;I,])(Q)I)> .
_ / o (in,1) (out 1) ’
= f dw’ By(-w) (" (w) 5w )>H,
+ f dw’ Br(-w) <cff;”m( ) c(m I)T(w )> (C.5)
Since, according to the QI protocol, as discussed in Sec. E],
(in,1) Cp for j =0
= C.6
“w { Vi 4 T =1 ¢y forj=1 (€0
one finds
N|, = 0 for j=0 €7
) V[ Bi(-w) mr(w) + Br(-w) mr(w)'| forj=1, '

where mr(w) is introduced in Eq. (14). Moreover, the variances in the denominator of
Eq. (C.I) can be expressed as

o
H;j

2
;[fd ’ < (out, 1).( ) (out, 1)(0) )> < (out, I)T( ) f)o;t,l)(w/)>]

n 172
f dw’ Im <cff,‘§”1”(w) cgf;fJ)(w'))]} . (C.8)

= { (N2, (N2, + 1) + (N, ((N-) g, + 1)

+2
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In particular, in the limit of large Ny = <cg cB>, one can retain only the terms proportional to
VN and neglect the others, so that one finds the approximation

=0, = 1Br(-w) \/NB[1+2nO,T(—w)], (C.9)

with n,7 defined in Eq. (I3). Finally, using Egs. and in Eq. one finds
Eq. (I3).
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