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Prestressed bridges” performance is strongly dependent on the health state of their prestressing cables, but unfortunately, these
structural components are hidden and cannot be assessed through visual inspections. Moreover, conventional low-energy
methods, like operational modal analysis, are inadequate due to their inability to detect the nonlinear effects of the prestressing
force on the response under heavy travelling loads. In this paper, a methodology exploiting the Hilbert-Huang transform (HHT)
is investigated in which the bridge’s nonlinear constitutive force-displacement relationship can be reconstructed by analysing the
traffic-induced dynamic response, which has the features of a short-time nonstationary and potentially nonlinear signal. HHT,
thanks to its adaptability to complex behaviours, is suitable for treating such type of signals and makes it possible to trace the
response properties at each time instance, thus allowing to correlate instantaneous values of deformation with the simultaneous
instantaneous (tangent) stiffness in a one-to-one relationship. Starting from a previous introductory study, and with the aim of
making the proposed approach suitable for real structural health monitoring applications, a comprehensive investigation is
performed considering a bridge with dynamical properties in the range of interest and realistic traffic scenarios adequately
describing the time series of travelling loads and relevant internal actions. In particular, three main issues are considered: (i)
development of a refined probabilistic response model (to be inferred from data collected under service loads) capable to
overcome troubles induced by the nonhomogeneous distributions of data, generally consisting of frequent passages of light
vehicles and rare passages of heavy vehicles; (ii) convergence analysis aimed at providing a relationship between the duration of
the training period and the accuracy expected to infer the probabilistic model; and (iii) proposal and validation of a novel
procedure to derive constitutive model of the bridge exploiting only deformation data recorded during vehicle passages and
provide a tool for relating prestressing losses to variations in the dynamic response. The outcomes prove the potential of the
proposed strategy paving the way for real-world experimental applications.

Keywords: damage detection; empirical mode decomposition; frequency variation; Hilbert-Huang transform; moving loads;
post-tensioned bridge; prestressed bridge; probabilistic model; traffic simulation

1. Introduction

This study focuses on the identification of the mechanical
properties in post-tensioned reinforced concrete structures,
with particular attention to bridges with decks composed of
parallel beams connected by a reinforced concrete slab.
These structures are prestressed using internal tendons
encapsulated in protective sleeves, and later connected to the

structure via grouting after the tendons are tensioned. The
prestressing force significantly impacts the load capacity of
post-tensioned reinforced concrete bridge decks, and its
assessment is crucial because the degradation of these
bridges [1-3], commonly built in the 1970-1980s, is often
linked to the state of the precompression system.

While the prestressing force and cable path are designed
to limit cracking under service conditions [4, 5], long-term
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effects like concrete creep, shrinkage, steel relaxation, and
corrosion can reduce the prestressing force and introduce
nonlinearity in the structure response under load.

The health state of the cables is difficult to be assessed
through visual inspection alone [6-9], and moreover, mon-
itoring the prestressing force is challenging, as conventional
low-energy methods, like operational modal analysis [10], are
insufficient due to their inability to detect the effects of the
prestressing force on the system’s linear response. Indeed, as
widely demonstrated in the past theoretical and experimental
studies [11-16], the prestressing force does not affect the
flexural stiffness in the linear response range, and a marginal
influence can only be observed in more complex and higher
(e.g., torsional) vibration modes.

The previous work carried out by the authors [17]
established that the Hilbert-Huang transform (HHT)
[18, 19] is potentially a powerful tool for the identification of
the nonlinear behaviour of prestressed bridge from data
obtained under service loads. The method does not simply
detect deviations from a reference linear behaviour but
makes it possible to recover the nonlinear relationship be-
tween deformation and internal actions, exploiting motion
records only, without requiring information about the in-
tensity of the travelling loads. It was observed that due to the
local nature of the information provided by the Hilbert
transform, with data showing significant irregularities in
time, a statistical approach is needed for an unbiased in-
terpretation of the results, and a generic approach was
presented to define a probabilistic model from data.

However, although encouraging, these preliminary re-
sults called for a deeper investigation of the proposed
method aimed at assessing its ability to identify the non-
linear response of prestressed bridges under more realistic
traffic scenarios and to build up an effective monitoring
system.

In this regard, the present paper pursues three main
objectives: (i) the improvement of the accuracy and effi-
ciency of the proposed probabilistic response model (to be
inferred from data collected under service loads), taking into
account the actual statistics of data coming from traffic and
by overcoming troubles due to nonhomogeneous distribu-
tion of data, generally consisting of frequent passages of light
vehicles and rare passages of heavy vehicles; (ii) the as-
sessment of the convergence rate of the model parameters
estimated from data series with different lengths in order to
provide suggestions for the training period in realistic
monitoring conditions; and (iii) the development and val-
idation of a procedure to derive the nonlinear relationship
between internal force and displacement of the structure
exploiting only deformation data recorded during vehicle
passages, with the final objective of providing a tool for
relating cables’ prestress losses to changes in bridge’s dy-
namic response. The problem is approached by introducing
a set of realistic traffic scenarios, where different vehicles
typologies with diverse weights are considered, according to
probabilistic models [20, 21].

A clustering method is proposed to recover homoge-
neous information at different amplitude of the dynamic
response and balance the nonuniform distribution of the
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vehicle loads. Different parameters are considered for the
clustering and relevant results are consequently compared.

Suggestions about the duration of the training period are
also given by studying the convergence rate of the proba-
bilistic model parameters under increasing numbers of
vehicle passages, distributed according to their statistical
models. Reported results concern the trend of the functions
relating the instantaneous amplitude to the instantaneous
circular frequency. The dispersion of estimated mean
function and standard deviation function are reported and
discussed, as well as the convergence rate of each model
parameters.

Finally, the constitutive nonlinear behaviour of the
system, describing the relationship between deformation
amplitude and generalised internal action, is recovered from
earlier analyses and the related results are discussed. Prac-
tical insights are also provided for a reliable usage of the
proposed HHT-based monitoring approach, where typical
drawbacks arising from the use of an empirical mode de-
composition (EMD), such as the noise sensitivity and the so-
called end-effects, are discussed and solutions tailored to the
problem at hand are given.

The paper is structured as follows: Section 2 offers
an overview on the existing literature concerning the
structural health monitoring (SHM) of bridges and the
typical time-frequency analysis techniques; the proposed
novel methodology for the nonlinear response character-
isation is recalled in Section 3; the considered benchmark
case study is presented in Section 4 together with the traffic
scenarios; the refined probabilistic model is presented in
Section 5; results are presented and discussed in Section 6;
practical recommendations to cope with typical drawbacks
arising from the usage of the HHT-based monitoring ap-
proach are provided in Section 7; finally, the main con-
clusions are summarised in Section 8.

2. Overview on SHM and Time-Frequency
Analysis Techniques

Bridges play a critical role within transportation and in-
frastructure networks. Their disruption can have significant
socioeconomic consequences, and their failure can endanger
people’s lives [22]. Maintenance thus plays a decisive role,
and it is crucial to prevent bridges from developing damages
or, at least, detect damages or anomalous behaviours at the
early stages of their development. Traditional visual in-
spections are effective for spotting evident issues (shallow
cracks, spalling, external corrosion), but they often fail to
detect hidden or early-stage damage such as those in-
teresting internal structural components (e.g., prestressing
cables in bridges). To overcome these limitations, the field is
shifting toward SHM, which leverages sensor technology
and real-time data. With recent progress in sensing devices,
data processing, and communication systems, SHM offers
powerful tools for identifying damage, assessing structural
conditions, and predicting future performance. This data-
driven approach supports more informed decisions in areas
like maintenance planning, structural design validation, and
emergency response.
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A thorough review of the most relevant and recent
progresses in the field of damage identification methods for
bridge structures within the last decade can be found in [23],
where more than 200 articles are identified and discussed,
the interested reader can refer to it for more details. Al-
though the literature is rich of studies on SHM for bridges,
studies focussing on the specific typology of prestressed
concrete bridges are quite scarce, despite this represents
a critical area of research, given the widespread use of these
structures—prestressed concrete bridges constitute a signif-
icant portion of the existing infrastructure—and the po-
tential for hidden damage, which can remain undetected
until failure occurs. The most relevant studies on the topic
are briefly recalled below. The main challenge when dealing
with such type of bridges is the identification of prestressing
losses, and various approaches have been developed to this
aim (e.g., [24-29]) adopting methodologies which are based
on the use of a wide variety of measures and each one of
them is characterised by specific technical requirements that
can hamper their use in real-world applications [30].

An efficient and noninvasive monitoring strategy able to
provide information on the health state of prestressed
bridges without recurring to specific instrumentations and
without needing to close (even temporary) the bridge is to
date not available, and this motivates the research presented
within the current paper which exploits the ability of the
HHT analysis to retrieve detailed information on the in-
stantaneous variation of the system stiffness.

In order to clarify the reasons behind the choice of using
HHT, a brief overview and comparison is provided upon the
three main time-frequency analysis techniques commonly
applied to SHM [31]. These are short-time Fourier transform
(STFT) [32], wavelet transform (WT) [33], and HHT [19]. It
is all about the capability of these tools to handle nonlinear
and nonstationary signals. Starting from STFT, it tries to
handle the nonstationarity by using a fixed window size,
hence accepting a trade-off between time and frequency
resolution (the larger the time window, the better the fre-
quency resolution, the worse the time resolution). This
means that STFT struggles to capture rapidly changing
frequencies because it smears the frequency components
over time.

Unlike the STFT, the WT uses variable-sized windows
(multi-resolution analysis) and can better handle non-
stationary signals, but it still assumes that within each
window, the signal keeps some degree of stationarity (i.e.,
locally stationary) to accurately capture its frequency
content.

As recalled in [34], also in the wavelet analysis, time and
frequency resolution depends on the selected scale factor:
small-scale factors (i.e., more compressed wavelets) are
suitable for detecting rapidly changing details of the signal,
while high-scale factors are able to identify the coarse fea-
tures. Moreover, WT assumes predefined basis functions
(wavelets) which may not perfectly match nonlinear real-
world bridge vibrations.

On the other hand, HHT is fully adaptive, there is no
assumption of stationarity and an adaptive decom-
position—EMD—is used to extract oscillatory-like features

(intrinsic mode functions [IMFs]) from the data, to which
the Hilbert transform can be applied to estimate subtle
changes in frequency (this is obtained via the first temporal
derivative of the phase angle of each IMF). This means that,
to perform the HHT analysis, no specific information about
the signal of interest is required, contrary to STFT and WT
approaches, which require a priori knowledge of the signal
for tuning some specific parameters (as an example window
width, mother wavelet, scale factor) to the desired
application.

It is worth noting that, despite they are all widely used
powerful tools, HHT (hence EMD), STFT and WT are not
interchangeable. They are quite different from each other,
and whether to use one or another depends completely on
the question one is trying to answer: if an overview of the
spectral changes in power over time are of interest, then WT
(or STFT) may be recommended, because it is ideal for
finding a nice balance between temporal and frequency
precision. However, estimating instantaneous frequency
from WT is suboptimal because of frequency smoothing,
and because wavelet assumes frequency stationarity during
the time span of the wavelet, so that the estimate of in-
stantaneous frequency would suffer from the lack of reso-
lution and would not be possible to fit the trajectory of its
time evolution [34].

Specialising this discussion to the context of the study at
hand, it should be noted that the present study does not
simply aims at measuring frequency variations, but it aims at
establishing a relationship between instantaneous frequency,
related to tangent stiffness, and instantaneous vibration
amplitude, in order to recover the system constitutive be-
haviour. For doing this, it is fundamental to know precisely
how the instantaneous frequency varies by time; hence,
a significant resolution both of time and frequency is re-
quired, and HHT reveals suitable for this purpose because it
allows to evaluate the instantaneous amplitude and fre-
quency of IMFs in each sampling instant, thus allowing to
correlate instantaneous values of deformation with the si-
multaneous instantaneous stiffness (tangent stiffness) in
one-to-one relationship. Once the tangent stiffness variation
over time is available, the constitutive behaviour can be
obtained by integration.

On the contrary, approaches based on STFT and WT
would tend to average this information over few oscillations
making it impossible to use them to recover a constitutive
behaviour, intended as a relationship relating deformation to
response.

Details about the proposed HHT-based analysis meth-
odology are given in the next section.

3. Data Analysis Based on HHT

This paper exploits the methodology proposed by the au-
thors in the previous work [17] that allows us to detect the
nonlinear behaviour of the bridge under heavy traffic loads
even if the travelling loads are unknown.

The approach exploits the capability of the HHT [35] in
extracting the instantaneous frequencies (more precisely, the
derivatives of the phase angles, which change over the
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travelling time due to the nonlinear behaviour) from the
dynamic vibration mode characterising the bridge’s re-
sponse. This local information is then correlated with the
measured displacements, to recover information on the
current nonlinear elastic response.

Finally, because the Hilbert transform provides quasi-
local information, the output of the analysis (in the fre-
quency-amplitude chart) usually shows irregularities in time
and the nonlinear patterns may result difficult to be high-
lighted or recognised. Hence, to cope with this issue, the
authors proposed to derive a probabilistic model from the
data by inference procedures. A probabilistic model makes it
possible to catch how the local frequency distribution
changes at different displacement levels.

The methodology depicted above is thoroughly detailed
in the paper [17]; however, for the sake of clarity, a short
recall of the main stages of analysis is summarised through
the following bullet points:

i. EMD of the deformation history, required to adap-
tively decomposed into a number of IMFs the
monitored nonlinear and nonstationary signal (i.e.,
the bridge deflection time history) and thus select the
pseudomode of interest, i.e., the mode carrying in-
formation on the system dynamic properties;

ii. Hilbert transform of the extracted dynamic com-
ponent of the motion, required to enrich the signal
with its imaginary part and compute the phase angle,
whose time derivative provides the instantaneous
angular frequency of the system;

iii. Correlation between the instantaneous frequencies
and the simultaneous response displacement within
a chart providing information on the system re-
sponse nonlinearity;

iv. Construction of a probabilistic model inferred, via
maximum likelihood estimation, from the data of step
iii, useful to ease the results interpretation and the
identification of nonlinear patterns of the response.

The main limits of the proposed HHT-based strategy are
those intrinsic of EMD ([36]), i.e., the sensitivity to noise
(responsible for mode mixing issues during EMD), the so-
called end-effects, and the low computational efficiency.
There are solutions to mitigate or eliminate the first two
issues, and they will be discussed in the dedicated Section 7.
Regarding the computational cost, this represents an aspect
impacting the possibility of real-time monitoring with HHT,
which is not however within the objectives of the work.

4. Case Study and Traffic Scenarios

4.1. Bridge Model. The selected case study is representative
of real existing precast bridges: it has a span length L =
35.0m and a deck (Figure 1(a)) 10.60 m wide composed of 4
parallel beams of 2.20 m height each, connected on the top
through an R.C. slab 0.30 m thick. The bridge properties
can be summarised as follows: elastic modulus
E =35.10°kN/m?, inner damping ratio & = 2%, inertial
moment J = 3.11m*, area A = 5.4 m?, material density p =
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2500kg/m>® (mass per unit length m = 15,500kg/m).
Overviews of bridge stocks and typology statistics can be
found in [37, 38].

In this paper the response of the side beam on the right is
analysed (Figure 1(a)), assuming a travelling loads sequence
applied in the centre of the slow lane (Lane 1). Based on the
deck geometry, and since transverse beams can be con-
sidered much stiffer than longitudinal beams, transverse
load distribution can be studied through the classical
Courbon-Engesser theory [39], according to which about
50% of the travelling load P is carried by the considered
right-hand beam.

The dynamic problem governing the response of the
beam under travelling loads is approached through the
single degree of freedom formulation presented in [17], in
which an approximate solution for the case of a system
responding according to a nonlinear elastic constitutive law
was derived. The solution is obtained under the assumption
of a first mode-dominated response, which is generally
acceptable when the midspan deflection is of interest, as in
this case (in real applications, accurate measures of the
bridge deflection could be achieved by remote monitoring
via high-resolution cameras [40]). The fourth-order Run-
ge-Kutta method [41] is used to provide a numerical so-
lution of the problem. For further details on the formulation,
the reader can refer to the work of [17].

For what concerns the force-displacement law gov-
erning the beam response, the bilinear elastic one presented
in Figure 1(b) is assumed in this study, as it can be seen as
representative of a healthy prestressed beam under service
loads close to the maximum considered design values.

The response amplitude is described by the midspan
deflection a and the threshold governing the nonlinear
transition is set equal to a* =50mm The response is
controlled by the stiffness ratio k, /k, = w?}/w} = 0.60, with k,
and k, identifying the first and second elastic stiffness, re-
spectively. The sensitivity of the response with respect to the
parameters a* and k;/k, has been discussed in [17].

Aslong as the system deflection maintains lower than a*,
the first natural frequency of the bridge is w, = 21.35 rad/s
and the tangent stiffness is constant and proportional to w;
the reduced natural frequency characterising the response in
the second elastic branch is w; = 16.54 rad/s.

4.2. Traffic Scenarios. Reliability and convergence rate of the
model inferred by the maximum likelihood strongly depend
on the statistical distribution of the available data. In order to
discuss problems arising in a bridge monitoring and propose
effective solutions, realistic traffic scenarios are considered.

Sets of traffic scenarios are generated exploiting the
mathematical distributions of random vehicle loads avail-
able in the literature (e.g., [20, 21]), i.e., stemming from the
statistical processing of weight-in-motion (WIM) moni-
toring data relating to slow lanes of real highway in-
frastructures. In particular, the vehicle typologies listed in
Table 1 are considered, each corresponding to a specific
probability density function (PDF) (Figure 2) and charac-
terising the whole traffic sequence proportionally to the
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FIGURE 1: Case study: (a) bridge cross-section geometry; (b) nonlinear elastic force-displacement constitutive law.

TaBLE 1: Considered vehicle typologies and features.

Vehicle category Vehicle typology

Proportions on the
whole sequence

Relevant PDF (see
correspondence in Figure 2)

Cat 1 2-axle car 0.5332 (a) Lognormal
Cat 2 2-axle bus 0.0642 (b) Lognormal + normal
Cat 3 2-axle truck 0.1597 (c) Lognormal + 2-peaks normal
Cat 4 3-axle truck 0.0958 (d) Lognormal + 2-peaks normal
Cat 5 4-axle truck 0.0833 (e) Lognormal + 2-peaks normal
Cat 6 5-axle truck 0.0738 (f) Lognormal + normal
0.1
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wo . < 0.05
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FiGure 2: PDFs of individual vehicle categories (see Table 1).

values reported in column 2 of Table 1. To allow an explicit
quantification of the minimum training period of a struc-
tural monitoring campaign, the inter-arrival times among
vehicles are also modelled according to the Gamma dis-
tribution of Figure 3.

Regarding the velocities, they have been assumed as
constant during the whole passage and according to the
following assumptions: vehicles with gross weight Q<3.5t
are considered travelling at the maximum velocity allowed
by the National Highway Codes to date in force in Europe
[9, 42], i.e., 130 km/h; vehicles with 3.5t < Q< 12t travel at
90 km/h; the heaviest vehicles (Q>12t) travel at 70 km/h.

In Figure 4, two traffic scenarios are compared, one quite
short consisting of 100 travelling vehicles (left charts) and
a longer scenario consisting of 1000 passages. A detailed
close-up of a typical response time history is shown in
Figure 5.

5. Probabilistic Models (Improved) and
Inference by Clusters

A frequency-amplitude correlation chart was proposed in
[17] to highlight potential changes of the circular frequencies
w (a) with the amplitude a of the response, and in order to
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FiGure 3: PDF of the inter-arrival times.
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FIGUure 4: Example of traffic scenarios made of N=100 vehicles (on the left) and N=1000 vehicles (on the right): (a) vehicle weight
distribution; (b) bridge deflection response time series (crack threshold highlighted by red horizontal dashed line); (c) frequency-amplitude

correlation charts.

ease the reading of the plot (since Hilbert transform provides
quasi-local information that may trace irregular paths),
a probabilistic model was suggested. The model provides the
PDF of the expected frequency conditional to amplitude a,
and it can be inferred from the data to allow catching the

changes of the frequency distributions with the displacement
levels. This problem was solved in [17] exploiting a classic
maximum likelihood optimisation, which revealed unsuit-
able in the current work because of the different structure of
realistic traffic data, which consists of a majority of light
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FiGURE 5: Close-up of the time history of Figure 4(b) (left chart,
dashed blue window).

vehicle passages producing low-amplitude responses which
reflect in a unbalanced distribution of the dataset, showing
a high density of points for low response amplitudes (left
part of the chart) and a scarcity of data for high amplitudes
(right part of the chart). This feature of the data can make the
optimisation convergence harder and often biased results
come out.

To cope with this issue a weighted maximum likelihood
(WML) optimisation strategy is adopted, together with
a clustering procedure of the data space. Furthermore, se-
lected shape functions describing the variations of statistical
parameters have been revised, according to outcomes from
traffic data.

More in detail, defining the frequency and the response
amplitude as random variables (RVs) (Q,Y), their statistical
features are described by the conditional PDF fy (w|y; p),
in which the pair (w, y) represents the RV realisations while
the vector p collects the characteristic parameters of the
probabilistic model. Such model parameters can be inferred
from the data by means of the maximum likelihood method,
assuming the following, more expedient [43-45], log-
likelihood objective functions L, (p):

L(p) =Y w,, - In[ foy(@nlymip)], (1)

where the pair (w,,, y,,) denotes the m'" set of data ob-
servation from which the model provides the corresponding
probability of occurrence.

The computation of the weights w,, to be applied to the
objective functions of equation (1) is performed by dividing
the dataset in a predefined number of clusters N (see
Figures 6 and 7 for graphical examples), according to
a predefined partitioning strategy [46], and by calculating
the cluster weight w; to be applied to all the pairs falling
within the same cluster.

Two partitioning strategies have been proposed: (1)
a uniform size partitioning approach and (2) and a uniform
density partitioning approach (one could refer to this as
quantile-based partitioning, being each cluster characterised
by approximatively the same amount of data). Accordingly,
the weights of equation (1) would assume the following
expressions. For the uniform partition strategy:

(2)

where C; represents the number of data points falling within
the ith cluster.
For the quantile partition strategy:

We; = Di, (3)

where D, represents the size of the ith equally dense cluster.

The weighted log-likelihood objective function defined
in equation (1) can consequently be rewritten in its
equivalent forms:

Ncl

G
Lp)=) c’ > n[fow(@lyisp)): (4)
k=1

i=1 i

for the uniform partitioning approach, and

N¢ C
L(p) = ZDi . Z ln[me(wkl)’k;P)]’ (5)

i=1 k=1

for the uniform density partitioning approach.

The two coefficients characterizing the PDF, i.e., the
mean y and the standard deviation o of the distribution, are
assumed to vary with the response amplitude according to
properly selected shape functions, u(y,p*) and o (y,p°),
being the model parameters collected in the vector
p=[p"p°]

The PDF of w conditional to the amplitude y is assumed
to be Gaussian, while the function adopted to describe the
mean trend over the response amplitude y is a three-
parameter Sigmoid function (equation (6)), which already
revealed suitable in [17] to describe the particular nonlinear
response of the system.

p
) =t + S B 6
P‘(}’P) pl ]+e7(yfp/;) ( )
For what concerns the function describing the standard
deviation, the linear relation (equation (7)) previously
proposed in [17],

a(y.p°) = pi + yp3s (7)

is now replaced with one of the following alternative non-
linear exponential relationships (denoted as Type 1 and Type
2, respectively):

o(y.p°) = ple ", (8)

a(y.p°) = ple "V, (9)

which revealed both able (and equivalent) to follow the
standard deviation changes, particularly in the transition
interval between negative and positive displacements.
Figure 8 offers a graphical comparison of the results
provided by the three different standard deviation func-
tions. Although the differences seem not significant, it shall
be noted that the new proposed functions (equations (8)
and (9)) allow to cope with the issue of negative standard
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FIGURE 7: Data clustering with density-based partitions; number of clusters, N: (a) 10 and (b) 200.

deviations potentially induced by the use of the linear trend
of equation (7), hence increasing the reliability of the
probabilistic model.

6. Convergence Rate and Training Period

In this section, the convergence rate of the probabilistic
model built via WML is assessed using a statistical approach.

For the purpose of these statistical assessments, a set of
100 independent simulations are performed for each case of
analysis and the following metrics are introduced to assess
the estimation error on the model parameters, specifically
the mean (e,;) and the standard deviation (e,;) shape
functions:

eus = | 1) - o @), (10)

€5 = J [0;(a) - 0, (a)] da, (11)

where y;(a) and o;(a) identify the mean and standard
deviation functions for the ith case of analysis, while y, (a)
and o0, (a) denote the reference function for the mean and
the standard deviation, respectively. These error measures
are computed by numerical integration.

The results stemming from the probabilistic model can
be used to reconstruct the nonlinear response of the bridge
and provide insights into the prestress level of the beam.
Indeed, the generalised internal force per unit mass of the
system f (a)/m, corresponding (except for a scaling factor)
to the term b (9) in [17], can be found by integrating the ratio
between the tangent stiffness k, (a) = d f (a)/da and the unit

w (t) (rad/s)

0 2 4 6 8 10 12

Response amplitude a (¢) (mm)
—— Linear
Exp. type 1
—— Exp. type 2

FIGURE 8: Standard deviation shape function comparison on the
same set of data.

mass m, which in turns coincides with the instantaneous
angular frequency w? (a), meant as the frequency of a small
free vibration occurring in the neighbourhood of the de-
formation a. The integral can be expressed as follows:

M = Ja W’ (¢)de. (12)
m 0

This capability of the models will be assessed in the
following and used as further metric to quantify the stability
and convergence of the analysed scenarios.

The current section is organised as follows: in Section 6.1,
a reference monitoring scenario is presented, made of an
optimal choice in terms of time duration (number of pas-
sages over the bridge, N,/) and probabilistic model setting
(i.e., number of clusters, N, for the likelihood function
estimation); in Section 6.2, the influence of the partitioning
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strategy and related number of clusters, N, is assessed by
keeping fixed all the other parameters at their reference
conditions; in Section 6.3, the convergence rate of the
probabilistic model under different traffic scenarios (in
which the number of passages Ny, is varied) is assessed; in
Section 6.4, the capability of the model to reproduce the
nonlinear relationship between internal forces and ampli-
tudes is assessed; finally, in Section 6.5, insights for real
monitoring applications are provided and the minimum
training period for the model stabilisation is quantified.

6.1. Reference Optimal Solution. The reference scenario
consists of a traffic sequence of N, =2000 vehicles. The
number of clusters used in WMLE is set as N =250, and
a uniform partition strategy is used (despite identical results
are obtained using a density-based partitioning approach
with the same number of clusters).

The charts of Figure 9 show with thick red lines the
average trends for the mean functions (a) and the standard
deviation functions (b), while the related dispersions are
identified through the grey dashed lines, representing the
average tone standard deviation. Moreover, two horizontal
dashed lines are superimposed to the chart of Figure 9(b) to
highlight the bounds of the expected variation interval of
instantaneous frequencies w.

It can be observed how the dispersion of the mean
functions is really low, while the fuse of the standard de-
viation functions is slightly wider.

Exploiting the probabilistic model, information about
the changes of the instantaneous frequency can be inferred at
any amplitude value of interest. For instance, using the
average trends of the mean and standard deviation reported
in the previous charts (Figure 9), the PDFs conditional to
a set of increasing amplitude values can be estimated, as
presented in Figure 10 (charts from a to f). From the in-
spections of these PDFs, the following points can be
observed:

o for low response amplitude values, the instantaneous
frequency remains, on average, approximately con-
stant and equal to the expected value w, (i.e., the PDFs
are centred on w);

e for rising displacements, the instantaneous natural
frequency reduces below w, and tends to stabilise on
the value w, for a>a* = 5mm;

e the probabilistic model notably helps the graphical
visualisation of such nonlinear pattern of the fre-
quency-amplitude response;

o the dispersion of the instantaneous frequencies de-
crease passing from small to high displacements.

It can be seen how the probabilistic model provides
a suitable tool for a clearer and faster extraction of in-
formation about the variations of the local dynamic prop-
erties with the response amplitude.

The advantage of the proposed tool is not limited to this,
indeed the nonlinear constitutive law characterizing the
system response can be retrieved by integrating the

instantaneous frequencies (mean trend estimated through
the probabilistic model) over the displacement amplitudes
(according to equation (12)). For the case at hand, this result
is shown in Figure 11 where the reconstructed response is
compared to the expected reference law, testifying the
goodness of the approach in terms of nonlinear response
characterisation.

6.2. Influence of the Clustering Method on the Model
Prediction. This section assesses the sensitivity of the
probabilistic model to the clustering approach and, for the
selected strategy, to the cluster size used to build the WML
function. To this aim, the data generated from 100 simu-
lations of traffic scenarios with N, =500 load passages is
considered, while the number of clusters, N, is varied
according to the following set of values: 10, 50, 100, 250,
500, 1000.

A box plot representation is proposed below to pre-
liminary evaluate how the N values affect the results
provided by the probabilistic models stemming from the 100
independent simulations, adopting a uniform clustering
strategy or a density-based one. In particular, for what
concerns the uniform clustering strategy, the statistics of the
mean functions are presented in Figure 12, while those of the
standard deviation functions are presented in Figure 13. For
the alternative density-based partitioning method, results
are shown in Figures 14 and 15.

Each chart shows, for different response amplitude levels
(from -2 to 20 mm spaced 2 mm), a box plot representation
of the interquartile range (IQR) (i.e., the distance between
the third quartile and the first quartile), and a vertical black
dashed line extending from the IQR indicating the range of
frequency values exceeding the upper and lower quartiles;
a red solid line shows the median trend, a red dashed line
identifies the mean trend (these two curves are almost
perfectly coincident in the majority of the cases).

In the charts of the mean functions only (i.e., Figures 12
and 14), two horizontal light grey dashed lines are added to
highlight the bounds of the expected variation interval of
instantaneous frequencies w. This type of representation
graphically aids to detect if the model provides biased re-
sults, indeed it is expected that, for low amplitudes, the
frequencies are described by the upper dashed bound, while
for high amplitudes, the frequencies should attain values
equal to the lower dashed bound.

For a more quantitative assessment of the convergence
rate, the error metrics defined by equations (10) and (11) are
computed and reported in Figure 16 (red for the mean and
blue for the standard deviation, solid lines for the uniform
partitioning method, dashed line for the density-based one).
Considering this and the previous charts, it can be observed
that there are not macroscopic differences between the two
partitioning approaches, and both are able to cope with the
unbalanced distribution of data between low- and high-
amplitude responses. More in detail, the density-based
clustering shows a lower error rate associated to the esti-
mation of the mean trend (good results can be obtained with
less than 50 clusters), but the variance trends need at least
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FIGURE 9: Mean shape functions (a) and standard deviation shape functions (b) of the model for single simulations (grey lines) and averaged

(red ticker lines).
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FiGure 10: Frequency distributions conditional to different response amplitude levels.

100 clusters to provide unbiased results; the uniform clus-
tering approach has similar features, with a higher error rate
for the mean trend estimation when less than 50 clusters are
used. Overall, in order to produce stable results with both the
uniform and density-based binning approaches, the use of
N >100 clusters is recommended, with the optimal being
N, =250.

Finally, the capability of the model to reproduce the
internal force-amplitude constitutive law (equation (12))
using different clustering methods and cluster sizes is

assessed. The results stemming from the use of a uniform
size clustering approach with different N values are
compared in Figure 17(a), where the reference theoretical
solution is depicted in black dashed line. A similar com-
parison is made for the results stemming from the density-
based clustering method in Figure 17(b).

It is worth noting that, except for the case with 10
uniform clusters (Figure 17(a)), all the other cases provide
reasonable approximations of the real nonlinear response,
and particularly accurate is the outcome arising from cluster
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FIGURE 11: Beam constitutive nonlinear response reconstruction.
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FIGURE 12: Box plot of mean functions for different numbers of cluster using a uniform size partitioning strategy. From (a)-(f), N_: 10, 50,

100, 250, 500, 1000.
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FiGgure 13: Continued.
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FIGURE 13: Box plot of standard deviation functions for different numbers of cluster using a uniform size partitioning strategy. From (a)-(f),

N._: 10, 50, 100, 250, 500, 1000.
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85U8017 SUOWILLID 8AII8.D 3(dedldde ayy Aq peusenob ake sap e YO ‘@S Jo se|ni o AkeiqiT8uljuO A1 UO (SUORIPUOD-PUR-SLLIBI 0D A8 | 1M ARe.d 1 jBul[U0//SNL) SUORIPUOD Pue SWB 1 8L} 89S *[5202/20/20] Uo Areiqi7aulluO A8]IM * OuLBURD 1 BISIBAIUN - 85922005 O1Zlided Aq 2G2585Z/01S/SSTT 0T/I0P/W00 A8 | im" ARe.d 1 jpuuo//sdny wioly pepeojumoq ‘T ‘SZ0g ‘Wyds



14

u (a) (rad/s)

u (a) (rad/s)

24
22
20
18
16
14

24
22
20
18
16
14

Structural Control and Health Monitoring

-2 0 2 4 6 8 10 12 14 16 18 20
Response amplitude a (t) (mm)

(e)

-2 0 2 4 6 8 10 12 14 16 18 20
Response amplitude a (t) (mm)

®

FIGURE 14: Box plot of mean functions for different numbers of cluster using a variable size (density-based) partitioning strategy. From
(a)-(f), N.: 10, 50, 100, 250, 500, 1000.
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Figure 15: Continued.
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FiGURE 16: Probabilistic model error comparison for the two
clustering approaches as a function of the numbers of clusters
adopted within the WML estimation: errors of the mean (red) and
of the standard deviation (grey) functions. Solid lines refer to the
uniform partitioning method and dashed line to the density-based
one.

sizes equal to or higher than 250. N =250 is thus assumed
as best setting for the model within the following set of
applications.

6.3. Convergence Rate of the Probabilistic Model. This section
focuses on the assessment of convergence rate of the
probabilistic model (estimated mean and variance func-
tions) under different traffic scenarios, in order to quantify
the model sensitivity to the duration of the traffic sequences
and provide useful insights into its optimal training period
(important for real monitoring applications). To this aim,
different number N, of vehicle passages are considered: 5,
20, 50, 100, 200, 500, 1000, 2000. The cluster size for the
WML estimation is set equal to N =250 according to the
previous results, and again, in order to collect sufficient data
for statistical analysis, 100 independent simulations are run
for each selected traffic scenario.

The first assessment is performed mapping box plots at
different response amplitude levels (from -2 to 20 mm
spaced 2mm), showing distribution/variability of mean
(Figure 18) and standard deviation (Figure 19) functions
estimates across 100 repeated simulations.

This plot summarises sample distributions providing,
for each amplitude level, a box representation of the IQR
(i.e., the distance between the 25th and 75th percentiles)
and a vertical dashed line (whiskers) extending from the
minimum to the maximum within that range (some
whiskers are truncated by the upper and lower limits of the
chart, to ease the reading of the plots). In these charts, the
median and the average of the 100 estimated functions are
reported using, respectively, red solid lines and red dashed
lines. Moreover, to better check the stability of the solution,
in the charts of the mean functions only (i.e., Figure 18),
two horizontal light grey dashed lines are added to high-
light the bounds of the expected variation interval of in-
stantaneous frequencies.

Given that box plots do not provide confidence intervals
(CIs) directly, a red shaded area is added to the charts to
show the fuse within which the “true” result is expected to lie
with 95% confidence, helping assess variability and stability
of outcomes. Considered that a certain level of model in-
stability arises when too short traffic sequences are adopted
(Ny <100 vehicles), and the outliers, even if a minority
among the 100 simulations, notably affects the average trend
(i.e., the mean of the simulations diverge pointing to sys-
tematic bias), the median of the estimated functions is used
because of its higher robustness to extreme estimates and
outlier runs, and for its capability to better reflect the central
trend of the simulations. As a consequence, to reflect the
uncertainty among the simulations, CIs are displayed
around the median and are quantified using the order
statistic method [47] (considered the nonparametric nature
of the median) to ensure 95% confidence.
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FIGURE 17: Beam constitutive nonlinear response reconstruction using different numbers of cluster and according to the two portioning
strategies: (a) uniform and (b) density-based.
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By analysing in detail the results of Figure 18, it can be
observed how increasing the traffic size from Ny =5 to
N, =100 there is a visible improvement of the model
predictions: the median trends tend to stabilise around the
expected solution and the CI narrows considerably. Only
for the shortest traffic scenario (N, =5), the pattern
identified by the median is visibly incorrect, while for
longer time series, it describes the correct patterns; on the
contrary, as anticipated before and because of the non-
negligible sensitivity to outliers, the average trends reveal
notably biased for traffic scenarios characterised by less
than 100 passages, while they tend to stabilise on patterns
very close to the median curves for longer traffic sequences
(the two curves become identical for Ny, >100). To un-
derstand the reasons of such an unstable trend of the
average, an explicative case is presented in Figure 20,
concerning a single specific simulation (an outlier among
the 100 runs) from the traffic scenario with Ny, =50. From
this figure, it appears clear that the estimated model (in
blue solid lines) is well representative of the response
within the interval of amplitudes of the raw data (grey
circle markers), but it provides meaningless results (even
negative frequencies) when extrapolated outside from this
range (red dashed lines). The general conclusion stem-
ming from this evidence is that too short traffic sequences,
specifically traffic scenarios characterised by Ny, < 100, are
unlikely to contain vehicles sufficiently heavy to produce
responses beyond the linear threshold, and as a conse-
quence, the resulting model may be not robust enough to
provide reliable estimation on a wide interval of
amplitudes.

Considering this, and due to its higher stability, the
median curves will be used in the following to assess the
convergence rate of the models and capability to reconstruct
the nonlinear constitutive laws of the system.

To recap, based on the information provided in Fig-
ure 18, N, =100 represents the minimum size of the traffic
sequence size required to have sufficient stability of the
model, with mean and median trends almost perfectly
superimposed. However, traffic scenarios of at least
Ny, =200 are needed in order to produce a significant re-
duction of the dispersion among repeated simulations.
Higher traffic sequences (Ny, > 500) only produce beneficial
reduction of the dispersion around the transition zone from
the linear to the nonlinear branch of the curves (i.e., at
amplitude levels around 5mm).

Regarding the standard deviation functions (Figure 19),
the dispersion regularly decreases as N, increases and the
trend of the median no longer changes (stabilises) from
N, =100 onwards. The comments made above on median
and average trends hold, and the Ny, =100 case represents
the condition at which they start to be very close one
each other.

In order to quantify the convergence rate, the error
metrics are computed according to equations (10) and (11)
and reported in Figure 21 (red for the mean and blue for
the standard deviation functions). Results confirm the
conclusion that too short traffic sequences may affect the
model stability, because the number of heavy vehicles
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FIGURE 21: Probabilistic model error as a function of the duration
of the monitoring (expressed in number of vehicle passages): errors
of the mean (red) and of the standard deviation (grey) functions.

collected within the data sample is not sufficient to catch
the nonlinear response and the model built cannot be
extrapolated outside the interval of calibration of the
relevant parameters. Starting from 200 vehicles, the
convergence rate is satisfactory (the errors are close to
zero) for both the mean and the standard deviation
functions.

After having analysed in which way the traffic size
affects the model global features (mean and standard
deviation functions), the study is extended to explicitly
assess the influence of Ny, on the single model parameters.
This is made in Figure 22 analysing how the model pa-
rameters distributions change varying the traffic size. In
detail, the analysis is performed considering the three
parameters (pY, p5, p5) governing the (sigmoid) mean
shape function (equation (6)) and the two parameters (p{,
p5) governing the standard deviation shape function
(equation (8)). The outcomes of Figure 22 confirm the
considerations made above according to which the real
stabilisation of the model starts to become tangible for
traffic sequences with Ny, >100 vehicles, better if
Ny >200. Moreover, it is worth noting that the dispersion
of p{ is generally larger than the dispersion of the other
parameters, even if the dispersion regularly decreases by
increasing the traffic size.
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mean shape function, equation (6)
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standard deviation shape function, equation (8)
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FIGURE 22: Model parameters distributions for different numbers of vehicle passages. Note: the histogram normalisation is such that the
height of each bar is equal to the probability of selecting an observation within that bin interval, and the height of all the bars sums to one.

6.4. Constitutive Law Estimation. The capability of the
models to reproduce the nonlinear relationship between
internal forces and amplitudes is assessed exploiting the
integration presented in equation (12).

We can integrate the means of each of the 100 models,
obtaining a bundle of curves, and discuss the median curve.

Recalling that there are 100 simulations performed for
each traffic scenario (N ), 100 constitutive laws are esti-
mated by integrating the mean function of every model (100
models are available), hence a fuse of force—amplitude curves
is made available for each case of analysis. These fuses are
shown in Figure 23 using grey thin lines, and separated
charts are presented for each case of analysis. The median
curve is highlighted in red tick line and compared to the
reference theoretical solution, depicted through a black
dashed line. The following major comments arise from the
observation of the figures. Traffic scenarios with 50 or less
passages present curves with evident-biased trends, which
are the direct consequence of the models’ weakness

highlighted in the previous section and concerning the
shortest traffic sequences. Despite this, the median curves are
very close to the reference solution, with the only exception
represented by the scenario with N, = 5. From Ny, = 100 on,
the fuses are all regular and tend to tighten very quickly as
Ny increases; indeed, from Ny, =500, all the fuses are hidden
behind the median curve and their dispersion is almost null.

To ease the comparison between the median curves
stemming from different traffic scenarios, these are super-
imposed in the chart of Figure 23(h).

It can be thus concluded that, in order to well reproduce
the whole nonlinear behaviour in a stable and reliable
manner, at least 100 vehicle passages are required, but
Ny, >200 is recommended to minimise the dispersion
among repeated simulations (i.e., repeated measures in a real
monitoring context).

As a final remark, it is worth noting that the internal
force—amplitude relationships can be also derived from the
integration of the raw data samples estimated from HHT,
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FiGgure 23: Continued.
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FIGURE 24: Beam constitutive nonlinear response estimation from single response time histories.

without passing through the probabilistic model. The out-
come of a direct integration of the single simulated time
histories is presented in Figure 24, where dedicated charts
are provided for each considered traffic scenario.

This strategy is particularly useful if the data sample is
small (Ny, <50), because it avoids biased estimation of the
constitutive laws in those cases in which the observed re-
sponses are limited to the linear elastic range. On the other
hand, passing through a robust probabilistic model would
help avoid irregular trends and overcome the issue of having
functions with different domains (the sample size changes at
different amplitude levels). As said above for the curves
derived from the model, Ny, =100 is the minimum traffic
size required to adequately reproduce the system non-
linearity, with a quite regular fuse of curves and with
a limited dispersion.

6.5. Training Period of the Model and Practical
Recommendations. These results can be finally translated
into recommendations about the minimum training period
required to stabilise the model within a potential monitoring
campaign of an existing bridge. To this aim, the corre-
spondence between the temporal length and the number of
vehicles characterizing each traffic sequence is provided in
Figure 25. The recommended traffic size if N, =200, in
order to produce stable and scarcely dispersed models, based
on the outcomes extensively discussed before. Based on the
durations reported in Figure 25 and in order to collect
a sufficiently wide sample of response data from which
extract a stable probabilistic model, the midspan deflection
of the bridge should be measured for about 1h, having care
to choose the time window that presents the highest con-
centration of heavy traffic for the specific road section. It is
worth noting that the value of observation time provided
here is just an estimate based on the average traffic of a main
road (i.e., approximately 200 vehicles/hour, for and average
daily traffic of about 4000).

—_
)

—
S

Duration (h)
(o)}

FIGURE 25: Duration of the analysed traffic sequences (100 sim-
ulations each).

Although a single data recording, following the sug-
gestion given above, can be sufficient to provide preliminary
information on the system potential nonlinear response, it is
advisable to repeat the measurements over a sufficiently long
time frame in order to collect a set of independent mea-
surements (let us say 100, to be consistent with the analysis
setup proposed in this paper) on which calibrate a more
robust probabilistic model (e.g., the median among the 100
responses could be used, as discussed above).

Based on these considerations and in order to set up
a more robust monitoring campaign, the midspan deflection
of the bridge could be measured for approximately 50 days
by recording the data for about 2h per day. A preliminary
traffic analysis should be carried out to identify the daily
hours with highest concentration of heavy traffic (this should
be available if a WIM study has been performed on the road),
otherwise, if a specific study is not available, the information
may be derived from a direct observation (for a least one
weak) of the daily traffic conditions. It is worth noting that
the occurrence of anomalous traffic conditions might affect
the convergence speed of the model, in particular the
training time required to calibrate the model would slow
down in case of very long light traffic periods. So, if par-
ticularly anomalous traffic periods are detected or expected
(e.g., due to temporary bridge’s partial closures, road works,
etc.), it might be better to temporarily interrupt the response
recording waiting for a normal condition restoration.
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FIGURE 26: Noisy response time histories (a) and related close-up charts (b); noise intensity rising from left to right.
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F1GURE 27: (Left column charts) Close-up comparison in the time domain between the noisy signal, the filtered one, and the original source
signal; (right column charts) mean functions of the frequency-amplitude probabilistic models built on the set of noisy signals.

To avoid collecting too long and heavy signals (the larger,
the more computationally expensive to be processed, in
particular via EMD procedure), the following recommen-
dations could be followed: (i) the recorded time histories can
be interrupted every hour, so that a pair of recorded signals
would be made available every day; (ii) recordings can be
limited to the working days only. Of course, there are other
possible settings for the monitoring campaign which may
differ from the one proposed above; in any case, the im-
portant aspect is that of ensuring a training period for the
probabilistic model of about 100 h.

For what concerns the practical application of the
suggested monitoring strategy, a cost-effective and non-
invasive solution to perform the bridge deflections mea-
surement, can be that exploiting high-resolution cameras
whose accuracy proved to be competitive to that of classic
transducers but with the advantage of eliminating any in-
stallation difficulty ([40, 48, 49]).

7. HHT-Based Analysis Challenges
and Solutions

This section provides some practical insights for a reliable
usage of the proposed HHT-based monitoring approach. In
particular, the two main problems arising from the use of
EMD are discussed in detail providing solutions and rec-
ommendations tailored to the problem at hand. The two
issues regard the presence of noise in the recorded data
(typical of real monitoring application) and the treatment of
boundary effects during the empirical decomposition.

7.1. Handling Noisy Recordings. Noise can negatively affect
the decomposition performed through EMD. Indeed, it is
well known that mode-mixing problems (i.e., a single IMF
consisting of signals of widely disparate scales or a signal of
a similar scale living in different IMF components [50])
often occur when EMD is applied to nonstationary noise-
containing signals, and this may negatively reflect on the
subsequent Hilbert analysis.

20 T T T T T T T

t(s)

FIGURE 28: Response time history under travelling loads (with
crack threshold highlighted by dashed red line).

Wu and Huang [51] proposed a noise-assisted data
analysis method called ensemble empirical mode de-
composition (EEMD), which suppresses the mode mixing
problem of EMD by adding Gaussian white noise to the
original data many times.

The capability of EEMD to deal with noisy signals has
been evaluated extensively in the literature (e.g., [52]), and in
this section, its suitability for the purposes of the current
investigation is evaluated.

More specifically, two denoising techniques are tested in
the following: a pre-processing approach via low-pass filter
to denoise the signal before passing it through EMD, and the
EEMD, which can be either applied to the filtered signal or to
the original noisy one.

The low pass is built assuming a cut-off frequency of
10 Hz (62.83 rad/s) and a fourth-order filter. The EEMD is
performed adopting a 10% noise level and a number of trials
equal to 50, which provide a trade-off [53] between accuracy
and computational time (the time required by EEMD-
related algorithms increase when the number of trails is
increased [54]).

Three levels of noisy signals have been synthetically
generated by adding a white-noise with different amplitude
to an original source signal extracted from the traffic sce-
narios examined above (N 500 vehicles): low noise with
a white-noise intensity equal to 0.1% of the maximum ab-
solute response amplitude, medium noise (0.5%), high noise
(1%). The set of noisy response time histories are shown in
Figure 26 with specific close-up charts.
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Figure 30: Influence of the end-points issue mitigation method
(classic EMD, mirror padding, symmetric extension, linear ex-
trapolation) on the reconstructed frequency-amplitude response.

The effectiveness of the considered denoising strategies is
assessed by comparing (Figure 27, right column charts) the
mean functions of the frequency-amplitude probabilistic
models built on the set of noisy signals. For the sake of
completeness, in Figure 27 (left column charts), a close-up
comparison is provided in the time domain between the
noisy signal, the filtered one, and the original source signal
(the one to which with noise has been added to produce the
noisy time series).

Results can be summarised as follows:

e Classic EMD procedure is not recommended for noisy
signals due to the significant bias (mode mixing) oc-
curring on the IMFs, even for very small level of noise
(apparently negligible if observed in the time domain).

e Traditional low-pass filtering approaches are able to solve
this issue, so that the denoised signal can be safely pro-
cessed through EMD or EEMD to obtain reliable results.

e The EEMD procedure is an effective denoising alternative.

20 - - - v
g 10
= B 1 T R
Nnnmymrnmmin
0 500 1000 1500 2000 2500

t(s)

FIGURE 31: Response time history under travelling loads (with crack
threshold highlighted by dashed red line).
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FIGURE 32: Influence of the end-points issue mitigation method
(classic EMD, mirror padding, symmetric extension, linear ex-
trapolation) on the reconstructed frequency-amplitude response.

Other strategies could be considered to cope with noise
in real bridge vibration problems, such as the combined
usage of WT analysis as preliminary denoising means and
HHT as core tool for the nonlinear response estimation of
the system. However, this is out of the scope of the present
work and will be investigated in future real-world
applications.
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7.2. Endpoint Problem Mitigation Strategies in EMD. One of
the most significant challenges with the EMD approach is
the treatment of end-effects. It is indeed recalled that, in
EMD, IMFs are extracted by: (1) finding local maxima and
minima of a signal; (2) interpolating the maxima to form an
upper envelope, and minima to form a lower envelope,
usually using cubic spline interpolation; (3) taking the mean
of these envelopes to obtain a “trend”, which is subtracted to
extract an IMF. But at the ends of the signal, there are no
supporting points beyond the edges to properly anchor the
spline. At the ends, indeed, one may only have a single local
max or min, or no data exists beyond the boundaries to

guide the spline shape, or also the spline may “swing” wildly
to fit end points. In other terms, the existence of a signal at
the application frontier of EMD has the potential to deviate
the end-effects which may lead to a series of issues such as
changing shapes of main envelopes, wrong and extra IMF,
mode mixing, signal energy shifted toward the edges, and
computational instabilities at the signal borders.

Among the existing strategies (e.g., see [55]),
expanding the signal data is still the best basic approach
for reducing end-effects. This expansion can be seen as
a pre-processing of the signal according to one of the
following strategies:
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1. Mirroring or symmetric extension, which consist of
extending the signal by reflecting a few samples at
each end, thus helping the spline interpolation by
providing more data.

2. Extrapolation, i.e., predicting values beyond the ends
using local trends (e.g., polynomial or linear
extrapolation).

An alternative way could be that using more stable in-
terpolation techniques, e.g., switching from cubic spline to
linear or monotonic piecewise cubic interpolation or others.
Due to the relevance of the matter, the main methodologies
to minimise distortions induced by boundary effects are
discussed and compared with application within the context
of the study at hand. The following strategies are considered:
mirror padding (reflect start and end portions to extend
boundaries), symmetric extension (reflect without inversion,
smoother in some cases), linear extrapolation (add straight-
line continuation at both ends). These three methods are also
compared to the classic EMD procedure with no pre-
processing of the signal.

First, a very short-time nonlinear nonstationary signal is
analysed, obtained by windowing a 16-s-long response time
series from the database of bridge deflection responses
analysed in this study. The signal is shown in Figure 28, and
it is characterised by the exceedance of the crack threshold
(shown by the red dashed line) for a limited interval of time
(about 1s).

In Figure 29, the IMFs extracted adopting the classic
EMD and the three alternative pre-processing strategies are
presented, from which one can see how the boundary effects
have a negligible influence on the first IMF, the only one of
interest in this study. To further support this point, in
Figure 30, the results obtained from the Hilbert processing of
the IMFI, in terms of frequency-amplitude responses, are
compared, and the differences among the datasets obtained
using different pre-processing approaches are notably low.

If rather than analysing small temporal windows, we do
process the entire time series obtained from the traffic
simulation with 500 vehicles (see Figure 31), we would
further reduce the end-point effects: from Figure 32, it can be
seen that only higher IMFs (from IMF 8 on) are affected by
the adopted mitigation strategies, while the first 7 IMFs (and
in particular the IMF1 of interest) are basically the same
from all the compared strategies; this also reflects on the
frequency-amplitude charts (Figure 33) where no differ-
ences can be appreciated among the four cloud of data
estimated using different pre-processing approaches.

In conclusion, for the problem at hand in which only the
first IMF is needed and by analysing long time series
characterised by many vehicle passages, end-point effects
induced by EMD are negligible. Moreover, approaching the
problem through a statistical method (repeated measures
and median extraction) might further reduce potential
undesired distortion introduced by the EMD procedure. It
has an outstanding performance in the processing of long
nonlinear and nonstationary signals [6-8]. EEMD improves
EMD by adding white Gaussian noise to the signal to
eliminate mode aliasing because it could provide a relatively
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consistent distribution of referring size. After being averaged
several times, the added noise will be offset, and the con-
sistent scale component will be obtained. Wang et al. [56]
had a detailed comparison between EMD and EEMD.

8. Conclusions

In this study, a methodology for the characterisation of the
nonlinear behaviour of post-tensioned r.c. bridges is in-
vestigated. The approach exploits the abilities of the HHT in
extracting the instantaneous properties of the dynamic re-
sponse recorded on the bridge under service loads. With the
aim of making the proposed tool available for real moni-
toring of existing bridges, this study performed some the-
oretical investigations where an analytical model of a bridge
representative of the typology at hand is used and traffic
scenarios are simulated according to statistical features
derived from weight-in-motion records. The midspan de-
flection time histories are derived by numerically integrating
the dynamic equations governing the problem of a nonlinear
elastic beam under travelling loads. Considering that data
collected through HHT-based approach typically present
irregularities in time (because of the local nature of the
information provided by the Hilbert transform), a refined
probabilistic model is used to ease the results interpretation,
whose parameters can be estimated via maximum likelihood
estimation.

The main result of the present work is that the proposed
approach can be effectively used to estimate the constitutive
force-displacement relationship of the bridge by analysing
the traffic-induced dynamic response. This reveals important
for SHM of prestressed bridges because it allows retrieving
information on the health state of their prestressing cables,
which being hidden components cannot be assessed through
visual inspections. Moreover, the proposed methodology
overcomes the limits of conventional low-energy excitation
methods, like operational modal analysis under environ-
mental noise, which cannot be used for this purpose due to
their inability to detect the effects of the prestressing force on
the system’s linear response.

Based on the specific outcomes of the study, the fol-
lowing main general conclusions can be drawn:

o The strategy proposed to identify a probabilistic model
from real data coming from traffic scenarios is based
on a clustering of collected measures which can be
safely performed either through a uniform or density-
based criteria (both the approaches are able to cope
with the unbalanced distribution of data between low-
and high-amplitude responses).

e Parametric analyses show that at least 100 clusters are
necessary to obtain satisfactory results, and further
slight improvements can be obtained using an in-
creasing number of clusters up to 250.

e The shape functions selected for the probabilistic
model are adequate and the model regularly converges
increasing the data used for the inference problem or,
more practically, increasing the time used for the
training period.
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e Suggestions about the relationship between the du-
ration of the training period and the accuracy expected
for inferred probabilistic models are presented, and
satisfactory results can be obtained with a number of
vehicle passages larger than 100, while the model
variability is negligible for larger number of passages.

e A procedure to derive the nonlinear constitutive law
between internal actions and bridge deformation is
presented, and the result’s accuracy is discussed in
a parametric analysis from which it is confirmed that
with a number of vehicle passages larger than 100, the
reconstructed response is very close to the expected
reference one.

In order to implement the proposed procedures within
a robust monitoring strategy of real bridges, a training
period of about 100 hours is recommended to properly
calibrate the probabilistic model parameters and have
accurate predictions of the bridge’s nonlinear
response.

A possible practical implementation could be that of
recording the midspan deflection of the bridge 2 h per
day (choosing the time window that presents the
highest concentration of heavy traffic) for about
50 days.

To avoid collecting too long and heavy signals, the
recorded time histories can be interrupted every hour
and recordings can be limited to the working
days only.

In the presence of noise, classic pre-treatment with
low-pass filter or the use of a more efficient EEMD
reveal both suitable strategies.

e The proposed HHT-based methodology proved to
have scarce sensitivity to the end-points effects po-
tentially induced by the EMD; however, classic miti-
gation strategies can be used for preventive purposes.

Future works will be aimed at testing the proposed
methodology in real-world experimental applications.
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