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Abstract

The purpose of this thesis is the study of an attractive Fermi gas in the normal phase
throughout the BCS-BEC crossover by means of diagrammatic approaches based on the
t-matrix approximation. More specifically, the calculation is implemented by including
different degrees of self-consistency in the t-matrix equations, from the non-self-consistent
to the fully self-consistent (or Luttinger-Ward) approach.

In the first part of the thesis, we perform a systematic and unbiased comparative
study of all the five variants of the t-matrix approach with different degrees of self-
consistency considered thus far in the literature. The analysis is performed by calculating
several thermodynamic and dynamical quantities of the spin-balanced Fermi gas in the
normal phase within all the approaches. We also compare these results with the available
quantum Monte Carlo (QMC), diagrammatic Monte Carlo (DMC) and experimental
data. In the comparison, the fully self-consistent t-matrix approach turns up to be the
best to describe thermodynamic quantities, however for dynamical quantities partially or
non-self-consistent approaches appear to work better.

In the second part of the thesis, we investigate pairing correlations in the normal
phase of the spin-balanced system within the fully self-consistent t-matrix approach. We
first calculate the pair correlation function g↑↓(ρ) and the pair coherence length ξpair for
various couplings and temperatures. We then develop a new approach, based on the
two-body Green’s function formalism, to calculate the number of preformed pairs in the
normal phase. The approach is used to describe the experimental data on this quantity
by the group of Prof. Denschlag in Ulm. In order to compare our calculation with the
experiment, the fully self-consistent t-matrix approach is extended to consider a Fermi
gas in a harmonic trapping potential. In general, very good agreement is found with
experimental data.

In the final part of the thesis, we present some preliminary results for the spin-
imbalanced Fermi gas, focusing on the temperature-coupling-polarization phase diagram
and on T = 0 and finite T thermodynamic quantities. In this analysis, we show that
the Luttinger theorem for an imbalanced Fermi gas at T = 0 is satisfied within the fully
self-consistent t-matrix approach, and we present the extension of the calculation of the
pair correlation function g↑↓(ρ) to the spin-imbalanced case.
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Chapter 1

Introduction

The microscopic explanation of the phenomenon of superconductivity (discovered in 1911
by Kamerlingh Onnes [1]) came in 1957, when Bardeen, Cooper and Schrieffer (BCS)
developed their theory of superconductivity [2]. In the BCS theory, the superconducting
system is described in terms of a coherent state of Cooper pairs, i.e. pairs of electrons
with opposite spin and zero total momentum, generated by phonon-mediated attractive
interactions between the electrons. These pairs are of size of the order of 103 times the
inter-particle distance for typical superconductors. For this reason, the superconducting
transition in metals does not correspond to a Bose-Einstein condensation (BEC) of
non-overlapping composite bosons, as initially theorized by Schafroth, Butler and Blatt
[3].

For some time, BCS superconductivity and Bose-Einstein condensation of bosonic
pairs have been considered as disjoint theories to be applied to different physical systems.
However, it turns out that Cooper pairs and composite bosons are in fact two faces of
the same coin, and can be considered as two limiting (BCS and BEC) situations of the
same theory. In the crossover between the BCS and BEC regimes, the Fermi system
smoothly goes through an intermediate region where the dimension of the pairs is of the
same order of the inter-particle spacing. This aspect was first underlined in 1969 in the
work by Eagles [4] in the context of superconducting semiconductors and the connection
of the two theories was then derived by Leggett in 1980 [5] for an attractive Fermi gas
at T = 0.

In these works, it is shown that the BCS-BEC crossover is driven by the form of
the interaction potential V (r) between the fermions as well as by their number density
n. In particular, for short-range potentials and at low temperatures, the crossover is
described in terms of a single parameter: the dimensionless coupling (kFa)

−1, where a is
the scattering length associated to the interaction potential V (r) and kF = (3π2n)1/3 is
the Fermi wave vector. If the potential V (r) is varied across the critical strength for the
formation of a two-particle bound state, the coupling (kFa)

−1 increases smoothly from
negative to positive values as the strength of the potential increases from just below the
critical value for binding to just above it (that is, a is negative for no binding, tends to
∞ at the onset of the bound state, and is positive when the bound state exists).
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Figure 1.1: Two-component Fermi gas in the broken-symmetry phase across the BCS-BEC
crossover.

In Figure 1.1, a graphical representation of a Fermi gas in the broken-symmetry
phase along the BCS-BEC crossover is given as a function of the coupling (kFa)

−1. For
large and negative couplings ((kFa)−1 ≪ −1), corresponding to the weak-coupling (or
BCS) regime, the Fermi system at sufficiently low temperature is well described as a
gas of weakly bound overlapping Cooper pairs; instead, for large and positive couplings
((kFa)−1 ≫ 1), corresponding to the strong-coupling (or BEC) regime, the system is well
described as a gas of strongly bound non-overlapping composite bosons. The intermediate
region (kFa)

−1 = 0, where pairs have a dimension that is comparable to the average
inter-particle spacing, is usually called “unitary regime” or “unitarity”.

At first, the theory of the BCS-BEC crossover found some applications in the de-
scription of high-temperature (cuprate) superconductors [6–11] and in nuclear physics
[12]. It was however in 2003 that the interest in this field really exploded, when the
BCS-BEC crossover was experimentally observed in ultracold Fermi gases of 40K at
JILA [13] and 6Li at Innsbruck [14, 15] and MIT [16]. Note that, for ultracold Fermi
gases, the fermions involved in pairing are neutral atoms (and not charged particles, as
electrons in superconductors), so in this case the ordered phase is superfluid, rather then
superconducting. The presence of this superfluid phase was confirmed by the observation
of the momentum distribution of pairs [17], an excitation gap [18] and the formation of
vortices [19]. Quite unexpectedly, it turned out that the unitary regime is experimentally
stable due to Pauli suppression of three-body recombination processes, so all the regions
of the BCS-BEC crossover are actually accessible in ultracold Fermi gases experiments
(for a general experimental overview on the BCS-BEC crossover in ultracold Fermi gases,
see Ref. [20]).

In fact, ultracold Fermi gases offer an incredible benchmark for the experimental
realization of the BCS-BEC crossover, because they are easily accessible and the strength
of the interaction between the fermions is controllable by means of an external uniform
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magnetic field through a Fano-Feshbach resonance, i.e. a condition where the zero-energy
scattering state of the two hyperfine species (which together define the “open” channel)
is degenerate with the most weakly bound molecular state of a second pair of hyperfine
species (the “closed” channel) [21]. In particular, we will be interested in “broad” Fano-
Feshbach resonances, where the atoms remain mainly within the open channel and the
effects of the closed channel can be simply reabsorbed in a single-channel model with
magnetic-field-dependent potential V (r) [22].

Alongside the first experimental observations in ultracold Fermi gases, the study of
the BCS-BEC crossover has strongly developed also on the theory side. Many theoretical
methods, like many-body diagrammatic techniques [23–77], quantum Monte Carlo (QMC)
[78–89], diagrammatic Monte Carlo (DMC) [90–94], functional-renormalization-group
[95, 96], epsilon [97] and virial expansions [98–100], have been extensively used to describe
the crossover, with particular emphasis on the unitary region where no analytic or
perturbative solutions exist (for a general overview of the theoretical approaches to the
BCS-BEC crossover, see Refs. [101, 102]).

In this thesis, we will mainly focus on diagrammatic techniques based on the t-matrix
approximation. In the context of a (dilute) Fermi gas with an attractive inter-particle
interaction, this theoretical approach appears as a natural candidate to describe the
system while it evolves throughout the BCS-BEC crossover. In fact, in the BCS limit it
correctly recovers Galitskii’s leading correction to the thermodynamic quantities due to
the weakly attractive interaction [103], while in the BEC limit it recovers the description
in terms of non-interacting composite bosons. Moreover, it smoothly interpolates between
the two (BCS and BEC) limits and, at high temperatures, it recovers the virial expansion
up to the second order in all regions of the crossover [43, 100].

The first pioneering approach in this respect goes back to the work by Nozières and
Schmitt-Rink (NSR) [23], where a simplified version of the non-self-consistent t-matrix
approximation proved sufficient to highlight the main features of the crossover physics in
the normal phase above the superfluid critical temperature. Later on, the NSR approach
was extended, either to improve on the treatment of the non-self-consistent t-matrix
approximation [24, 31, 70, 71], or to include various degrees of self-consistency within this
approximation, ranging from partial [28, 60, 65] to full [26, 27] self-consistency.

As expected, depending on the degree of self-consistency different numerical results
were obtained for thermodynamic and dynamical physical quantities. However, direct
comparison among the results obtained with various degrees of self-consistency has been
hindered by the (sometimes even drastic) numerical approximations that were introduced
in the calculations on top of a specific choice about the degree of self-consistency [29].
For these reasons, it appears that a systematic comparison of the results obtained by
adopting various degrees of self-consistency on the t-matrix approximation is still lacking,
especially when this comparison would be made in an unbiased way by retaining the same
level of numerical accuracy for all different approaches.

The aim of the first part of this thesis is to fill this gap, by undertaking the above
systematic study on all the five degrees of self-consistency that have been considered
thus far in the literature within the t-matrix approximation in the normal phase above
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the superfluid critical temperature [26–28, 31, 60, 65]. Although the present study may
not lead to definite conclusions about which one of the above five approximations could
account best for the properties of a (dilute) Fermi gas in the BCS-BEC crossover, it
appears that for thermodynamic properties the self-consistent t-matrix approach is the
one that better agrees with the available QMC, DMC and experimental data (at least at
unitarity), while for dynamical properties non-self-consistent or partially self-consistent
approaches seem to provide physically more sensible results with respect to the fully
self-consistent one.

In addition, the high precision of the numerical calculations that we have implemented
has enabled us to accurately check how the two distinct (BCS and BEC) limits of the
crossover are recovered by the alternative t-matrix approaches. Specifically, in the BEC
limit the residual interaction among composite bosons extracted from our numerical
calculations turns out to be in excellent agreement with the analytic estimates that we
also provide (which correct a previous analytic estimate obtained in Ref. [26] within the
fully self-consistent t-matrix approach). In the BCS limit, on the other hand, we have
found that a partially self-consistent t-matrix approach, developed in Ref. [28] and often
utilized in the literature, breaks down when one avoids using the set of approximations
that normally accompanies its implementation.

In the second part of the thesis, instead, we focus on the phenomenon of pairing in the
normal phase of the spin-balanced attractive Fermi gas. In fact, as it was already pointed
out by Eagles in Ref. [4], on the BEC side of the crossover there is a wide temperature
range where pairing occurs above the critical temperature.

Within the formalism of the fully self-consistent t-matrix approach, we first investigate
the pair correlation function g↑↓(ρ), which describes the correlations of fermions with
opposite spin at a distance ρ, and the pair coherence length ξpair, which represent
the typical length of the pair correlations.1 We then develop a theoretical approach,
based on the formalism of two-body Green’s functions, to describe a recent experimental
measurement of the number of preformed pairs in a spin-balanced gas of 6Li in the normal
phase by the group of Prof J. H. Denschlag in Ulm, Germany [105]. In order to extend
this theoretical approach to the whole BCS-BEC crossover, the preformed pairs are not
simply interpreted in terms of independent bosonic molecules (as this interpretation is
valid only in the BEC limit), but rather in terms of correlations established between
fermions of opposite spins, which are embodied in the pair correlation function g↑↓(ρ).

Moreover, in order to directly compare with the experimental data, the fully self-
consistent t-matrix approach is extended to the case of a harmonic trapping potential
by means of a local density approximation. Within this approach, we also calculate the
critical temperature in the trap (which was previously available in the literature only at
unitarity [50]) for the whole BCS-BEC crossover.

Finally, we present some preliminary results for the spin-imbalanced Fermi gas,
focusing on its temperature-coupling-polarization phase diagram and on its T = 0 and
finite T thermodynamic properties in the normal phase. In particular, we show that the

1In the past, these quantities where already used to describe pair correlations in the broken-symmetry
phase within various theoretical approaches [10, 66, 104].
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Luttinger theorem [106] for an imbalanced Fermi gas at T = 0 is satisfied within the
fully self-consistent t-matrix approach, consistently with what was analytically proved in
Ref. [107]. We also present an extension of the calculation of the pair correlation function
g↑↓(ρ) to the spin-imbalanced case.

The thesis is organized as follows. In Chapter 2 we review the many-body diagrammatic
formalism and introduce the t-matrix approach for the attractive Fermi gas throughout
the BCS-BEC crossover. In Chapter 3 we present and compare the results for both
thermodynamic and dynamical quantities for a spin-balanced homogeneous Fermi gas in
the normal phase calculated within various t-matrix approaches with different degrees of
self-consistency. In Chapter 4 we show how the calculation can be extended to a system
within a harmonic trapping potential and we present some results for thermodynamic
quantities in the trapped system. In Chapter 5 the pair correlations in the normal phase
of a spin-balanced Fermi gas are studied in terms of the pair correlation function g↑↓(ρ)
and the pair coherence length ξpair. In Chapter 6, a theory for the fraction of preformed
pairs in the normal phase, in order to describe the experimental data of Ref. [105], is
developed. Finally, in Chapter 7 some preliminary results for thermodynamic properties
of a Fermi gas with imbalanced spin populations are reported.

5



Chapter 2

Many-body approach to the
BCS-BEC crossover

In this chapter, we give a general introduction of the theoretical approach used in this
thesis. We start by introducing the finite temperature Green’s functions diagrammatic
formalism. We then focus on the attractive Fermi gas, starting with the theory of two-body
scattering and then presenting the t-matrix approximation for the many-body system,
first in its non-self-consistent form and then with the inclusion of various degrees of
self-consistency. Finally, we include some considerations on conserving approximations
and Tan’s contact, and we introduce the formalism of two-particle Green’s functions
needed for the calculation of the physical quantities of Chapters 5 and 6.

2.1 Finite temperature Green’s functions formalism

To describe the whole BCS-BEC crossover at finite temperature within a single theory, it
is necessary to consider an approach that goes beyond the BCS mean-field approach and
includes pair fluctuations. This can be done within the formalism of finite temperature
Green’s functions. In this formalism, two different kinds of Green’s functions are defined:
the temperature Green’s function G, which describes the equilibrium thermodynamic
properties, and the real-time Green’s function Ḡ, which instead describes the excitation
properties of the system. In the following sections, we will introduce the formalism for
both of them and show how they are connected.1 For simplicity, we will assume ℏ = 1.

2.1.1 Temperature Green’s function

Let us consider a system of N particles described by the Hamiltonian Ĥ at thermal
equilibrium at the temperature T . As we work at finite temperature, it is useful to
describe the system in the grand canonical ensemble and introduce the grand canonical
Hamiltonian

K̂ = Ĥ − µN̂, (2.1)
1For a more detailed introduction, see Ref. [108].
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where µ is the chemical potential and N̂ is the number operator. We can then introduce
the following modified K̂-Heisenberg picture for the field operators ψ̂α

ψ̂Kα(xτ) = eK̂τ ψ̂α(x)e
−K̂τ ,

ψ̂†
Kα(xτ) = eK̂τ ψ̂†

α(x)e
−K̂τ ,

(2.2)

where τ is the imaginary time and α is the spin index. The single-particle temperature
Green’s function (also called single-particle propagator) is defined in terms of these field
operators as [108]

Gαβ(x1τ1,x2τ2) = −⟨Tτ [ψ̂Kα(x1τ1)ψ̂
†
Kβ(x2τ2)]⟩ , (2.3)

where Tτ is the time-ordering operator, which brings the field operators with the smaller τ
on the right (including a factor (−1)P where P is the number of permutations of fermion
operators), and the symbol ⟨· · ·⟩ represents the thermal average of an operator

⟨Ô⟩ = Tr[ρ̂GÔ] =
∑
n

⟨ψn|ρ̂GÔ|ψn⟩ . (2.4)

Here, the symbol of trace represents the sum of the expectation values over the states
|φn⟩ of a complete basis set for the Hilbert space of the system. The operator ρ̂G is the
grand canonical statistical weight operator and is defined as

ρ̂G =
1

Z e−βK̂ (2.5)

where β = 1/(kBT ) and Z is the grand canonical partition function

Z = Tr[e−βK̂ ] =
∑
n

⟨φn|e−βK̂ |φn⟩ . (2.6)

If the Hamiltonian Ĥ is time-independent and the system is homogeneous, the temperature
Green’s function (2.3) is a function of only x = x1 − x2 and τ = τ1 − τ2. We can then
introduce its Fourier transform to momentum space

Gαβ(k, τ) =

∫
dx e−ix·kGαβ(x, τ) (2.7)

and the corresponding anti-Fourier transform

Gαβ(x, τ) =

∫
dk

(2π)3
eix·kGαβ(k, τ). (2.8)

Moreover, for fermions (bosons), the temperature Green’s function is antiperiodic (periodic)
in the τ variable with period β

Gαβ(k, τ + β) = ±Gαβ(k, τ) (2.9)
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where the upper (lower) sign refers to bosons (fermions). The imaginary time τ can then
be taken only in the interval (0, β) without loss of generality. Using these periodicity
properties, the bosonic and fermionic Green’s functions can be expanded in Fourier series
as

Gαβ(k, τ) =
1

β

∑
n

e−iωnτGαβ(k,Ων), (2.10)

where ωn are the Matsubara frequencies defined as

ωn =
(2n+ 1)π

β
for fermions

ωn =
2nπ

β
for bosons

(2.11)

with n integer. The Fourier coefficients in the series (2.10) are given by

Gαβ(k, ωn) =

∫ β

0
dτ eiωnτGαβ(k, τ). (2.12)

2.1.2 Relation to observables

The single-particle temperature Green’s function (2.3) includes informations about the
thermal average of all the single-particle observables of the system. To see this, let us
consider a single-particle operator, that can in general be written in the form

Ĵ =

∫
dx Ĵ (x) =

∫
dx
∑
α,β

ψ̂†
β(x)Jβα(x)ψ̂α(x), (2.13)

where Ĵ (x) is the second-quantized density of the first-quantized operator Jβα(x). Its
thermal average can then be written as

⟨Ĵ⟩ =
∑
αβ

∫
dx Jβα(x)Tr[ρ̂G ψ̂

†
β(x)ψ̂α(x)]

= Z−1
∑
αβ

∫
dx Jβα(x)Tr[e−βK̂e−K̂τ ψ̂†

Kβ(x, τ)ψ̂Kα(x, τ)e
K̂τ ]

= Z−1
∑
αβ

∫
dx Jβα(x)Tr[e−βK̂ψ̂†

Kβ(x, τ)ψ̂Kα(x, τ)]

= ∓
∫
dx lim

x′→x
lim

τ ′→τ+

∑
αβ

Jβα(x)Gαβ(x, τ,x
′, τ ′),

(2.14)

where τ+ = τ + η with η → 0+. In the derivation, the cyclic property of the trace has
been used, together with the definitions of field operators in the K̂-Heisenberg picture
(2.2), of the temperature Green’s function (2.3) and of thermal average (2.4). This means
that the thermal average of any single-particle operator Ĵ can be obtained by operating
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with its first-quantized version Jβα(x) on the Green’s function and then summing over
the spin indices and integrating on x. As an example, let us consider the number operator

N̂ =

∫
dx
∑
α

ψ̂†
α(x)ψ̂α(x), (2.15)

where the first quantized operator is simply the identity matrix Jβα = δβα. The thermal
average of the number of particles is then given by:

N = ⟨N̂⟩ = ∓
∫
dx lim

τ ′→τ+

∑
α

Gαα(x, τ,x, τ
′). (2.16)

For a homogeneous system in a volume V , it is useful to use the Fourier transformations
(2.7) and (2.12) and write the previous number equation in transformed space

n = ∓
∫

dk

(2π)3
1

β

∑
n

eiωnη
∑
α

Gαα(k, ωn), (2.17)

where n = N/V is the density of the system and the parameter η → 0+ comes from the
imaginary-time ordering. In the simple case of a non-interacting system, the Green’s
function in transformed space is

G0(k, ωn) =
1

iωn − ξk
, (2.18)

where ξk = k2/(2m) − µ, with m the mass of the particles. In this case, the sum over
the Matsubara frequencies can be carried out analytically [108] and the density equation
(2.17) simply reduces to the the integral on k of the Bose/Fermi distribution

n = (2s+ 1)

∫
dk

(2π)3
1

eβξk ∓ 1
, (2.19)

where s is the spin of the particles.

2.1.3 Perturbation theory

One of the main reasons to use Green’s functions is that perturbation theory is easier to
perform in this formalism. Without going into the details of the derivation (see Ref. [108]),
we state here the practical rules for perturbation theory. For simplicity, we consider the
case of fermions in an homogeneous system and we work in the momentum-frequency
space. We also limit ourself to the most common situation of a self-coupled field with
two-body interactions, where the Hamiltonian Ĥ can be written as the sum of a one-body
term Ĥ0 and a two-body term Ĥ1, so that the grand canonical Hamiltonian is

K̂ = Ĥ0 + Ĥ1 − µN̂ (2.20)
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with

Ĥ0 =
∑
α

∫
dx1 ψ̂

†
α(x1)

[
− ∇

2
x1

2m

]
ψ̂α(x1), (2.21)

Ĥ1 =
1

2

∑
α,β

∫
dx1dx2 ψ̂

†
α(x1)ψ̂

†
β(x2)V (x1 − x2)ψ̂β(x2)ψ̂α(x1). (2.22)

For simplicity, we have considered a spin-independent potential V (x). As the system is
homogeneous, we are going to work in terms of its Fourier transform

V (k) =

∫
dk

(2π)3
eix·k V (x). (2.23)

First of all, it is useful express the Green’s function Gαβ(k, ωn) in terms of another
quantity, the self-energy Σαβ(k, ωn), through the Dyson equation

Gαβ(k, ωn) = [G0
αβ(k, ωn)

−1 − Σ(k, ωn)]
−1, (2.24)

or, equivalently,

Gαβ(k, ωn) = G0
αβ(k, ωn) +G0

αβ(k, ωn)Σαβ(k, ωn)Gαβ(k, ωn). (2.25)

In this expressions, G0
αβ is the Green’s function for the non-interacting system

G0
αβ(k, ωn) =

δαβ
iωn − ξk

, (2.26)

where ξk = k2/(2m)− µ. The Dyson equation (2.24) is a powerful tool because it allows
to perform perturbation theory directly on the self-energy Σαβ and to automatically
consider all the diagrams that are formed by repetitions of the self-energy connected by a
single particle line G0

αβ . We are now ready to enunciate the Feynman rules for the n-th
order contribution to the self-energy Σαβ(k, ωn):

1. Draw all the topologically distinct connected Feynman diagrams with n interaction
lines and 2n−1 directed particle lines that cannot be separated into two independent
parts by cutting one particle line.

2. Assign an arbitrary direction to each interaction line. Assign a wave vector and a
frequency with each line and conserve each quantity at every vertex.

3. Associate a factor G0
αβ(k, ωn) (as defined in 2.26) with each particle line.

4. Associate a factor V (k) (as defined in 2.23) with each interaction line.

5. Integrate all n independent internal wave vectors and sum over all n independent
internal frequencies.
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6. The spin-indices form a matrix product along any continuous particle line. Evaluate
all matrix sums.

7. Multiply everything by a factor [−β(2π)3]−n(−1)F , where F is the number of closed
fermionic loops.

8. Whenever a particle line either closes on itself or is joined by the same interaction
line, insert a convergence factor eiωnη, with η → 0+.

⌃(1)(k, !n) = +

G0(k
0, !n0)

V (0)

G0(k
0, !n0)

V (k0 � k)

Figure 2.1: First order diagrammatic contribution to the self-energy: Hartree-Fock
diagrams.

For example, once we summed over all the spin indices, the first order contribution to
the self-energy, represented in Figure 2.1, is given by the Hartree and Fock contributions

Σ(1)(k, ωn) ≡ Σ(1)(k) =

− 1

β

∑
n′

eiωn′η

∫
dk′

(2π)3
[−(2s+ 1)V (0) + V (k′ − k)]G0(k

′, ωn′),
(2.27)

where we have assumed that we can write

G0
αβ(k, ωn) = δαβ G0(k, ωn)

Σαβ(k, ωn) = δαβ Σ(k, ωn)
(2.28)

because of the spin-independent interaction, and the factor (2s+ 1) in the Hartree term
comes from the sum over the spin indices

∑
α δαα = 2s+ 1.

2.1.4 Real-time Green’s function and linear response

The previous formalism can be used to calculate thermodynamic properties of our system
at finite temperature, however it does not give any information on dynamical properties.
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To complete the description, we need to introduce the real-time single-particle Green’s
function:

Ḡαβ(x1t1,x2t2) = −i ⟨Tt[ψ̂Kα(x1t1)ψ̂
†
Kβ(x2t2)]⟩ . (2.29)

Note that this definition is similar to the one of the temperature Green’s function (2.3),
however now t is a real time, Tt is the time-ordering operator for the real times and ψ̂Kα

is a true Heisenberg field operator with respect to the grand canonical Hamiltonian K̂:

ψ̂Kα(xt) = eiK̂tψ̂α(x)e
−iK̂t. (2.30)

In the case of a homogeneous system with a time-independent Hamiltonian, the Green’s
function (2.29) depends only on the differences x = x1 − x2 and t = t1 − t2 and can be
Fourier transformed to the momentum-frequency space:

Ḡαβ(k, ω) =

∫
dx e−ik·x

∫
dt eiωtḠαβ(x, t). (2.31)

This real-time Green’s function contains information on the excitations of the system
related to the addition or the removal of a particle. Let us focus on a system of fermions
and let us assume for simplicity that the Green’s function is diagonal in the spin indices:
Ḡαβ = Ḡδαβ (this is always true for a spin-balanced Fermi gas in the normal phase). It is
possible to show that, in general, the real-time Green’s function has the following spectral
representation [108]

Ḡ(k, ω) =

∫ ∞

−∞
dω′A(k, ω′)

[
1− f(ω)
ω − ω′ + iη

+
f(ω)

ω − ω′ − iη

]
(2.32)

where η → 0+ and f(ω) = (eβω + 1)−1 is the Fermi distribution. In the square brackets,
The f(ω) term is related to excitations of energy ω due to the removal a particle from
the system (hole-like excitations), while the 1 − f(ω) term is related to excitations of
frequency ω due to the addition of a particle to the system (particle-like excitations). All
the physical information of the system is contained in the single-particle spectral function
A(k, ω), that represents the probability density to excite eigenstates with energy ω (with
respect to the ground state energy) and momentum k in the system with N ± 1 particles.
As it is a probability, it is positive definite

A(k, ω) ≥ 0 for each k, ω (2.33)

and it satisfies the sum rule ∫ ∞

−∞
dω A(k, ω) = 1. (2.34)

If one integrates A(k, ω) over all momenta k, one obtains the density of states

N(ω) =
dn(ω)

dω
=

∫
dk

(2π)3
A(k, ω), (2.35)

so that N(ω)dω is the number of available states with energies between ω and ω + dω.

12



As we have seen, the real-time Green’s function Ḡ of equation (2.29) contains some
relevant informations, however most of the finite temperature calculations are performed
just in terms of the temperature Green’s function G of equation (2.3). Luckily, it is
possible to draw a connection between the two. In fact, also the temperature Green’s
function presents a spectral representation [108], given by

G(k, ωn) =

∫ ∞

−∞
dω′ A(k, ω

′)

iωn − ω′ . (2.36)

where A(k, ω) is the same weight function that was introduced in (2.32). If now we define
the following function of complex argument z

G̃(k, z) =

∫ ∞

−∞
dω′ A(k, ω

′)

z − ω′ (2.37)

we see that both the temperature and real-time Green’s functions can be related to the
evaluation of the function G̃ on the imaginary axis (at the discrete points z = iωn) or
just off the real axis (at z = ω ± iη):

G(k, ωn) = G̃(k, iωn), (2.38)

Ḡ(k, ω) = (1− f(ω)) G̃(k, ω − iη) + f(ω) G̃(k, ω + iη). (2.39)

Also, by using the property (x− iη)−1− (x+ iη)−1 = 2πiδ(x), the equation (2.37) can be
inverted to find A(k, ω) in terms of the retarded Green’s function GR(k, ω) = G̃(k, ω+ iη):

A(k, ω) = − 1

2πi

(
G̃(k, ω + iη)− G̃(k, ω − iη)

)
= − 1

π
Im
[
GR(k, ω)

]
. (2.40)

What is done in practice in our calculations is then the following:

1. We start by calculating the temperature Green’s function G(k, ωn), that corresponds
to the values of the function G̃(k, z) at the discrete points z = iωn on the imaginary
z axis.

2. We perform an (approximate) analytical continuation to retrieve the G̃(k, z) on the
whole z complex plane. This analytical continuation is done, in our case, with the
method of Padé approximants (see Section 3.2).

3. We evaluate the analytically continued function G̃(k, z) just above the real axis at
the values z = ω + iη, and we obtain the single-particle spectral function A(k, ω)
by means of (2.40).

2.2 Ladder diagrams and t-matrix approximation

In any practical situation, it is impossible to evaluate all the infinite diagrams of perturba-
tion theory, so we have to perform an approximation and select certain classes of diagrams
that are relevant to our physical system. In this thesis, the class of self-energy diagrams
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selected to study the attractive Fermi gas in the BCS-BEC crossover is composed by
diagrams with repeated particle-particle interactions which are called ladder diagrams, and
the method is called the t-matrix approximation. An important aspect of this approach is
that it does not stop at a certain perturbation order, but rather selects some diagrams at
each perturbation order. This, as we will see, is crucial to correctly recover both the BCS
and the BEC analytical limits of the theory.

As a note, the many-body formalism presented in this section refers to the normal
phase of the Fermi gas up to the critical temperature of the superfluid transition. To study
the superfluid phase, the formalism must be extended to take into account off-diagonal
terms of the Green’s functions [36], but this extension will not be treated within the
context of this thesis.

2.2.1 Two-body scattering theory

To understand the theoretical approach to the many-body system, it is first relevant to
understand the two-body physics. Let us start from the scattering problem of two atoms
of mass m that interact via a two-body potential V (x). The Schrödinger equation in
terms of the relative coordinates and in the center-of-mass frame is given by

(∇2 + k2)ψk(x) = v(x)ψk(x) (2.41)

where we defined

v(x) ≡ 2mredV (x),

k2 ≡ 2mredE,
(2.42)

and where mred = m/2 is the reduced mass and E is the energy eigenvalue. We can
now define the outgoing-wave Green’s function G(+) as the solution of the differential
equation2

(∇2
x + k2)G(+)(x− y) = −δ(x− y) (2.43)

that is given by

G(+)(x− y) =
1

4π

eik|x−y|

|x− y| , (2.44)

where k = |k|. This allows us to express the equation (2.41) in the integral form

ψ
(+)
k (x) = eik·x −

∫
dyG(+)(x− y)v(y)ψ

(+)
k (y), (2.45)

where the scattering wave function is expressed in terms of an incident plane wave and
an outgoing scattered wave. By using the explicit expression (2.44) for G(+) and taking
the limit for |x| → ∞ one obtains the asymptotic form of ψ(+):

ψ
(+)
k (x) ∼ eik·x + f(k′,k)

eikx

x
for x→∞, (2.46)

2Note that this Green’s function G(+) has nothing to do with the many-body Green’s functions defined
in (2.3) and (2.29). It is simply the solution of the differential equation (2.43).
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where x = |x| and f(k′,k) is the scattering amplitude for the transition from an incident
wave vector k to a final wave vector k′ and is given by

f(k′,k) =
1

4π

∫
dy e−ik′·yv(y)ψ

(+)
k (y). (2.47)

For future purposes, it is also useful to cast the previous two-body problem in momentum
space. With the Fourier transforms:

ψk(p) =

∫
dx e−ip·xψ

(+)
k (x),

v(p) =

∫
dx e−ip·xv(x),

G(+)(p) =

∫
dx e−ip·xG(+)(x) =

1

p2 − k2 − iη ,

(2.48)

the integral Schrödinger equation (2.45) becomes

ψk(p) = (2π)3δ(p− k)− f̃(p,k)

p2 − k2 − iη (2.49)

where we have defined the modified scattering amplitude in momentum space

f̃(k′,k) = −4π f(k′,k) =

∫
dq

(2π)3
v(q)ψk(k

′ − q). (2.50)

If one multiplies the equation (2.49) by v(p− k′) and integrates (2π)−3
∫
dp, one obtains

the following equation for the momentum scattering amplitude

f̃(k′,k) = v(k − k′)−
∫

dp

(2π)3
v(p− k′)G(+)(p)f̃(p,k). (2.51)

This equation is still exact: no approximation has been made. If the scattering potential
v is weak, it is possible to expand the previous equation and truncate it at a certain order
in v. This is, however, not our case: in the Fermi gas across the BCS-BEC crossover
the potential v can be really strong, and we are obliged to solve the integral equation
(2.51) exactly at all orders to correctly take into account the effects of the interaction
potential on the scattering wavefunction. As it will be shown in the next section, this is
still possible if we limit ourselves to the low-energy s-wave scattering, that is usually the
only relevant scattering process in ultracold gases.

To conclude this section, let us consider the expansion of the self-consistent equation
(2.51) by repeatedly substituting it into itself:

f̃(k,k′) = v(k − k′)−
∫

dp

(2π)3
v(p− k′)G(+)(p) v(k − p)

+

∫
dp

(2π)3

∫
dp′

(2π)3
v(p− k′)G(+)(p) v(p′ − p)G(+)(p′)v(k − p′) + . . .

(2.52)
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We see that any term of the perturbation series of the scattering amplitude is a repetition
of interactions v and propagations G(+) of the pair of interacting particles. This is exactly
the structure of the ladder diagrams that will be introduced in the many-body approach.
Indeed, it will be shown that the ladder diagrams are the many-body generalization of
the perturbation terms of the scattering amplitude of the two-body problem.

2.2.2 S-wave scattering

Let us focus now on the specific interaction potential of an attractive Fermi gas. In
general, the physical origin of two-body interactions is the molecular potential Vmol(x),
which is strongly repulsive at short range and attractive at long range, going to zero as
1/x6. Its behavior is qualitatively represented in Figure 2.2.

0.0 0.5 1.0 1.5 2.0 2.5 3.0

-1.0

-0.5

0.0

0.5
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o
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x
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~1�x6
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core

Figure 2.2: Typical molecular potential Vmol(x) between two atoms.

For most atoms, this potential is not know with precision. However, its exact knowledge
is not necessary in the limit of low-energy scattering, which is a very well verified condition
for ultracold atoms. To understand this, let us consider again the scattering Schrödinger
equation (2.41) with the same notation v(x) = 2mredVmol(x):

(∇2 + k2)ψk(x) = v(x)ψk(x). (2.53)

As the potential is spherically symmetric, we can expand the scattering wavefunction into
partial waves with angular momentum ℓ

ψk(x) =
∞∑
ℓ=0

ukℓ(x)

x
Yℓ0(θ). (2.54)

where Yℓm are the spherical harmonics of angular momentum ℓ and x = |x|. Note that in
the expansion we have omitted terms with m ̸= 0 because of the cylindrical symmetry of
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the problem. By substituting this expansion in the Schrödinger equation (2.53) we find a
1D equation along the direction of k for each radial wave ukℓ(x)

(∂2x + k2)ukℓ(x) =

[
v(x) +

ℓ(ℓ+ 1)

x2

]
ukℓ(x). (2.55)

In this equation, we can consider the sum of the potential v(x) and the angular momentum
contribution as an effective potential, given by

v
(ℓ)
eff (x) = v(x) +

ℓ(ℓ+ 1)

x2
. (2.56)
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Figure 2.3: Effective potential v(ℓ)eff (x) of Eq. (2.56) for different partial waves ℓ.

This effective potential is plotted in Fig. 2.3 for different partial waves. For the partial
wave ℓ = 0, it is equal to the molecular potential v(x). For the other partial waves (ℓ > 0),
the centrifugal barrier ℓ(ℓ+ 1)/x2 is also present. If the relative energy E = k2/(2mred)
of the two particles is much lower of the height of this barrier, they will not experience
the short-range potential v(x) and will be simply reflected by the centrifugal barrier. We
then qualitatively expect that in the limit of low energy the only relevant contribution
to the scattering will be given by the ℓ = 0 partial wave. As the latter is known also as
the s-wave, this process is usually called s-wave scattering. It can be shown that, in this
low-energy limit, the momentum scattering amplitude assumes the simple form [109]

f̃(k,k′) =
4π

a−1 + i|k| (2.57)

and all the scattering properties are described in terms of the scattering length a, that is
defined as

a = lim
|k|→0

tan δ0(k)

|k| (2.58)
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where δ0 is the phase-shift between the incident and the scattered asymptotic wavefunctions
for the partial wave ℓ = 0.

Let us conclude this section with a consideration on the indistinguishability of the
scattering particles. Up to here, we have supposed that the two particles are in some way
distinguishable. For identical fermions, however, we have to take into account also the
anti-symmetrization principle of the wavefunction, which states that ψk(x) = −ψk(−x),
i.e. that the wavefunction in relative coordinates is odd under parity transformation.
Knowing that the parity of spherical harmonic functions Yl,0(θ) is (−1)l, we see that
in the partial wave expansion (2.54) only the odd l partial waves survive for fermions,
so these are the only partial waves that contribute to the scattering. As l = 0 is an
even partial wave, this means that s-wave scattering is suppressed for identical fermions,
due to the anti-symmetrization principle. As a consequence, in our system we will have
interactions between two fermions only when they are distinguishable, i.e. only when they
are in different spin states.

2.2.3 Contact pseudo-potential

The idea is now to replace the complicated molecular potential Vmol(x) with a simpler
“contact” (zero-range) potential V (x) = v0δ(x), with the constant v0 chosen in a way
that it can reproduce the s-wave scattering with the correct scattering length. Note
also that the contact potential automatically makes the interaction possible only for
fermions in different spin states, because for identical fermions δ(x)ψk(x) = 0 due to the
anti-symmetrization imposed on the wavefunction by the fermionic statistics.

The choice of a contact potential however brings a problem when we deal with
homogeneous systems: its Fourier transform is a constant V (k) = v0, and this can make
integrals in k-space diverge for large k. This problem can be overcome by introducing an
ultraviolet cutoff k0, and defining an effective scattering potential directly in momentum
space as

V (k − k′) = v0 θ(|k| − k0) θ(|k′| − k0) (2.59)

where θ(k) is the step function. Note that the choice of a potential that is separable in k
and k′ is just an useful theoretical trick that becomes irrelevant in the k0 →∞ limit to
recover the contact potential. If we insert this separable potential in the equation (2.51)
and we use the s-wave form of the scattering amplitude (2.57), we obtain the relation
that connects the scattering length to the parameters v0 and k0:

m

4πaF
=

1

v0
+

∫
|k|<k0

dk

(2π)3
m

k2
. (2.60)

In the view of the BCS-BEC crossover where we deal also with composite bosons, the
subscript F is put here to highlight that aF is the scattering length between two fermionic
atoms. This expression allows us to take the limits k0 → ∞ and v0 → 0− at the same
time so that the scattering length aF is kept at the desired value without incurring in any
ultraviolet divergence, thus giving us a rigorous regularization procedure for the contact
potential (2.59). This relation also allows us to replace the scattering potential v with
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the scattering length aF in all the expressions of our theory, so that the interaction is
described only in terms of aF , instead of both v0 and k0. This is useful not only on
the theoretical side, but also for the comparison with the experiments, as the scattering
length aF is the easiest parameter to access experimentally.

Other than the scattering properties, it is important to show that for aF > 0 the
contact potential (2.59) presents a single bound molecular state with binding energy
ε0 = (maF )

−1. This can be seen by looking for a solution of the Schrödinger equation
(2.41) without the incident plane wave boundary condition and with negative energy
E = −κ2/(2mred) = −κ2/m. This translates, in momentum space, to the following
equation

ψκ(p) = −
mv0

p2 + κ2

∫
|q|<k0

dq

(2π)3
ψκ(q). (2.61)

If we integrate
∫
|p|<k0

dp/(2π)3 and simplify the integrals of the wavefunctions we have

1

mv0
= −

∫
|p|<k0

dp

(2π)3
1

p2 + κ2
. (2.62)

If now we express 1/v0 in terms the scattering length aF by means of the regularization
procedure (2.60) and we perform the (regularized) integral on p, we finally obtain

|κ| = 1

aF
, (2.63)

that for aF > 0 corresponds to the energy eigenvalue

E = −ε0 = −
1

ma2F
(2.64)

for the bound state. Replacing the κ obtained in (2.63) in the integral equation (2.61),
one obtains the (normalized) wavefunction for the bound state

ϕb(p) =

√
8π

aF

1

p2 + a−2
F

, (2.65)

which, transformed to the real space, becomes

ϕb(ρ) =
1√
2πaF

e−ρ/aF

ρ
, (2.66)

where ρ = |ρ| and we used ρ for the relative variable to match the expressions in Chapters 5
and 6.

2.2.4 Bethe-Salpeter equation

Let us now turn to the many-body problem, and start from the basic ingredient of our
theory: the ladder diagrams. These diagrams are represented in Fig. 2.4 and represent
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Figure 2.4: Diagrammatic representation of the particle-particle propagator Γ0, defined
as the sum of all the ladder diagrams.

the sum of all the particle-particle scattering processes. The sum of all these ladder
diagrams Γ0 is called particle-particle propagator (or sometimes also t-matrix or vertex of
the ladder diagrams). The equation that defines Γ0 can be more conveniently expressed in
a self-consistent manner, as it is shown on the lower part of Fig. 2.4, with the n-th order
ladder built by the (n− 1)-th order ladder plus an additional rung of two particle lines
and an interaction line. By applying the rules of the Feynman diagrams of Section 2.1.3,
we obtain:

Γ0(p,p
′, Q) = −V (p− p′)

−
∫

dk

(2π)3
1

β

∑
n

V (p− k)G0↓(k +Q)G0↑(−k)Γ0(p,p
′, Q)

(2.67)

Here, we used the shorthand notation k = (k, ωn) and Q = (Q,Ων), where ωn and Ων

are, respectively, the fermionic and bosonic Matsubara frequencies as defined in (2.11).
G0σ ≡ G0

σσ is the spin-σ (σ =↑, ↓) bare propagator, and it is defined as in (2.26)

G0σ(k) =
1

iωn − ξk,σ
(2.68)

where ξk,σ = k2/(2m) − µσ. Note that here we have allowed for different chemical
potentials µ↑ and µ↓ for the spin-up and spin-down components, which are equal only for
a Fermi gas with balanced spin populations (N↑ = N↓).

To write the expression (2.67), we used the fact that the interaction potential is
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non-zero only between atoms of different spin, so the only possible choice for the two
propagators connected by an interaction line is G0↑G0↓.

We can now directly compare this equation with the self-consistent equation for the
scattering amplitude (2.51) of the two-body problem. Indeed, the structure is very similar,
with Γ0 taking the role of the scattering amplitude f̃ and β−1

∑
nG0↓G0↑ taking the

role of G(+). There is, however, an important difference: while f̃(p,p′) depends only
on the incident and scattered wave-vectors p and p′, the particle-particle propagator
Γ0(p,p

′, Q) depends also on the four-momentum of the pair Q = (Q,Ων). In this sense,
the particle-particle propagator Γ0 can be regarded as the many-body generalization of
the scattering amplitude of the two-body problem. Indeed, it can be shown [108] that if
we take the dilute limit of the many-body problem, the function Γ0 with the appropriate
replacement iΩν −Q2/4 + 2µ→ p2/(2mred) reduces to the scattering amplitude f̃ of the
two-body problem.

Let us now concentrate specifically on the case of a contact potential of the form
(2.59) with the regularization condition (2.60). By replacing it in the equation (2.67), we
obtain the expression

Γ0(p,p
′, Q) = −v0 − v0

∫
|k|<k0

dk

(2π)3
1

β

∑
n

G0↓(k +Q)G0↑(−k)Γ0(k,p
′, Q) (2.69)

where the limit k0 →∞ is already taken where possible, leaving the dependence on the
cutoff k0 only in the (otherwise diverging) integral on k. By direct inspection of the
perturbative expansion of Eq. (2.69), one can see that the particle-particle propagator is
actually only a function of the pair four-momentum Q = (Q,Ων) and does not depend
on the relative momenta p and p′, so Γ0(p,p

′, Q) ≡ Γ0(Q). With this consideration in
mind, we can bring Γ0(Q) out of the k-integral and rewrite the previous expression in
the simple form

Γ0(Q) = − 1

1/v0 + χpp(Q)
, (2.70)

where we have defined the particle-particle bubble:

χpp(Q) =

∫
|k|<k0

dk

(2π)3
1

β

∑
n

G0↓(k +Q)G0↑(−k). (2.71)

This expression is still ultraviolet divergent in the limit k0 → ∞. This divergence is
eliminated by using Eq. (2.60) to express the 1/v0 appearing in (2.70) in terms of the
scattering length aF , obtaining

Γ0(Q) = − 1

m/(4πaF ) +R0
pp(Q)

(2.72)

where R0
pp(Q) is now the renormalized particle-particle bubble

R0
pp(Q) =

∫
dk

(2π)3

(
1

β

∑
n

G0↓(k +Q)G0↑(−k)−
m

k2

)
. (2.73)
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The sum over fermionic frequencies ωn in the previous expression can be carried out
analytically and the explicit result is

R0
pp(Q) =

∫
dk

(2π)3

(
1− f(ξk+Q/2,↑)− f(ξk−Q/2,↓)

ξk+Q/2,↑ + ξk−Q/2,↓ − iΩν
− m

k2

)
, (2.74)

where f(ξ) = (eβξ + 1)−1 is the Fermi distribution function, and ξk,σ = k2/(2m) − µσ.
By inspecting the large k behavior of this expression, it is now clear that the ultraviolet
divergence of (2.71) is eliminated by the −m/k2 counter-term, so that the k0 →∞ limit
can be taken without any issue.

2.2.5 Non-self-consistent t-matrix

Now that the particle-particle propagator Γ0 has been introduced, we can turn to define
our (approximate) self-energy as

Σ0σ(k) = −
∫

dQ

(2π)3
1

β

∑
ν

Γ0(Q)G0σ̄(Q− k) (2.75)

where σ and σ̄ are opposite spin indices. This self-energy is represented in terms of
Feynman diagrams in Fig. 2.5. The intuitive interpretation of this self-energy is that, if
we treat Γ0 as an “effective” interaction in the medium, the self-energy corresponds to a
Hartree-like term of this effective interaction.3

�0(Q)

G0�̄(k + Q)

⌃0�(k) =

Figure 2.5: Diagrammatic representation of the t-matrix self-energy (2.147). The repre-
sentation of the particle-particle propagator Γ0(Q) is shown in Fig. 2.4.

3See equation (2.27) and Fig. 2.1 for comparison with the Hartree term of the bare interaction. Note
that here we are not considering any Fock-like term (as Galitskii did in his original paper [103]) because,
for a Fermi gas with contact interaction, this term is exactly zero due to the absence of same-spin
interactions. Nonetheless, this Fock-like self-energy is actually needed to consistently define two-particle
Green’s functions, and for this reason it will be considered in Section 2.6.
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We now have all the ingredients to calculate the Green’s function of our system. We
first calculate the particle-particle bubble R0

pp of Eq. (2.73) from which we obtain the
particle-particle propagator Γ0 with the Bethe-Salpeter equation (2.72), then we calculate
the self-energy Σ0 as in (2.147) and we finally obtain the single-particle Green’s function G
via the Dyson equation (2.24) (check also Fig. 2.7(a)). The equations are here summarized
for later convenience:

Gσ(k) = [G0σ(k)
−1 − Σ0σ(k)

]−1 (2.76)

Σ0σ(k) = −
∫

dQ

(2π)3
1

β

∑
ν

Γ0(Q)G0σ̄(Q− k) (2.77)

Γ0(Q) = −
[

m

4πaF
+R0

pp(Q)

]−1

(2.78)

R0
pp(Q) =

∫
dk

(2π)3

[
1

β

∑
n

G0↓(k +Q)G0↑(−k)−
m

k2

]
. (2.79)

This set of equations is known as the non-self-consistent t-matrix approximation. In
these equations, the free parameters are four: the temperature T , the scattering length
aF and the chemical potentials µσ for the two spin species σ =↑, ↓ (in the balanced
case µ↑ = µ↓ = µ). The chemical potentials µσ can be found in terms of the densities
nσ = Nσ/V by inverting the density equations (2.17):

nσ =

∫
dk

(2π)3
1

β

∑
n

eiωnηGσ(k, ωn). (2.80)

It is however possible to reduce the number of free parameters by rescaling all the
quantities in terms of the total density n = n↑ + n↓. This corresponds to express all the
wave vectors in units of the Fermi wave vector kF = (3πn)1/3, all the lengths in units
of its inverse k−1

F and all the energies in units of the Fermi energy EF = k2F /(2m), and
leaves us with only three free parameters:

1. The coupling (kFaF )
−1.

2. The temperature T/TF (where TF = EF /kB).

3. The density imbalance (or polarization) α = (n↑ − n↓)/(n↑ + n↓) or, equivalently,
the minority fraction x = n↓/n↑.

In the balanced case, the density imbalance α is 0 (x = 1) and the free parameters reduce
to just the coupling (kFaF )

−1 and the temperature T/TF .
One of the main virtues of the non-self-consistent t-matrix approach is that it recovers

the superfluid critical temperature in the BEC and BCS limits (albeit only with logarithmic
accuracy in the latter case) and smoothly interpolates between them [102]. To get the
critical temperature we use the Thouless criterion, that states that at T = Tc the particle-
particle propagator has a pole at Q = 0 and Ων = 0, signaling a macroscopic accumulation
of pairs in the state of momentum Q = 0 [110]:[

Γ0(Q = 0,Ων = 0)|T=Tc

]−1
= 0. (2.81)
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As it will be shown in the next sections, this criterion, when solved together with the
density equation (2.80), corresponds to the ∆ = 0 condition of BCS theory in the weak-
coupling limit (kFaF )−1 ≪ −1 and to µB = 0 in the condition for condensation of bosons
in the strong-coupling limit (kFaF )

−1 ≫ 1. For simplicity, in the next sections the case
of a balanced gas with µ↑ = µ↓ = µ will be considered, and the irrelevant spin indices
will be dropped.

2.2.6 Strong-coupling (BEC) limit

In the strong-coupling limit (kFaF )
−1 ≫ 1, the dominant energy scale is the chemical

potential of the fermions that becomes big and negative, so that β|µ| ≫ 1. In fact,
suppose to add a pair of spin-up and spin-down fermions to the system (so that it remains
spin-balanced). Due to the strong coupling, the pair will form a molecular state of
binding energy ε0 = (ma2F )

−1 (see Eq. (2.64)), so the variation of energy of the system
per fermion will be µ ≃ −ε0/2. This shows that µ (being proportional to ε0 →∞) is the
dominant energy scale. By taking the β|µ| ≫ 1 limit, we can neglect the Fermi functions
in the renormalized the particle-particle bubble (2.74) and the integral can be carried out
analytically, yielding

Rpp,sc(Q) = −m
3/2

4π

√
Q2

4m
− 2µ− iΩν

2
. (2.82)

Inserting this expression in equation (2.72) we obtain the particle-particle propagator in
the strong-coupling limit

Γsc(Q) = − 1

m
4πaF

− m3/2

4π

√
Q2

4m − 2µ− iΩν
2

, (2.83)

or, by rearranging the previous expression,

Γsc(Q) = − 4π

m2aF

1 +

√
1 +

(
Q2

4m − µB − iΩν

)
ε−1
0

iΩν −
(
Q2

4m − µB
) (2.84)

where we defined the bosonic chemical potential as µB = 2µ+ ε0. Note that, within the
square root, the term multiplied by ε−1

0 is actually subleading in the strong-coupling limit,
so to the lowest order the particle-particle propagator assumes the polar form

Γsc(Q) ≃ − 8π

m2aF

1

iΩν − ξBQ
(2.85)

with ξBQ = Q2/(4m) − µB. This means that in the strong-coupling limit, apart for a
multiplicative factor, the particle-particle propagator reduces to the bare propagator for
composite bosons (cf. Eq. (2.18)).
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By taking the same strong-coupling limit for the self-energy (2.77), we can neglect
the Q-dependence of G0 as |µ| is the dominant energy scale in the denominator, and we
obtain

Σ0(k) ≃ −G0(−k)
∫

dQ

(2π)3
1

β

∑
ν

eiΩνηΓsc(Q) (2.86)

with η → 0+. At the same time, as G0 ∼ |µ|−1, we can expand the Dyson equation (2.76)
as

G(k) ≃ G0(k) +G0(k)Σ0(k)G0(k). (2.87)

If now one integrates this G(k) to obtain the total density of the fermions as in (2.80),
one obtains

n ≃ 2

∫
dk

(2π)3
1

β

∑
n

eiωnη G0(k)

− 2

∫
dk

(2π)3
1

β

∑
n

eiωnη [G0(k)]
2G0(−k)

∫
dQ

(2π)3
1

β

∑
ν

eiΩνη Γsc(Q).

(2.88)

The first term simply gives the free fermion density as in (2.19). This contribution is
exponentially suppressed in the limit β|µ| ≫ 1 and can be neglected. In the second term,
the sum over the fermionic frequencies ωn and the integral over k can be carried out
analytically and it yields a constant factor∫

dk

(2π)3
1

β

∑
n

[G0(k)]
2G0(−k) ≃ −

m2

8π
√

2m|µ|
≃ −m

2aF
8π

. (2.89)

Note that this constant factor exactly compensates the multiplicative factor of Γsc in
its polar form (2.85). The sum over the bosonic frequencies Ων can be carried out as in
(2.19) and one obtains a Bose-like expression for the density

n ≃ 2

∫
dQ

(2π)3
1

eβξ
B
Q − 1

≡ 2nB. (2.90)

This means that in the BEC limit the non-self-consistent t-matrix theory correctly recovers
a system of non-interacting composite bosons with mass 2m. The critical temperature
at a fixed boson density nB = n/2 can be obtained by letting µB → 0− in the previous
expression (note, as anticipated above, that this is equivalent to the Thouless criterion
[Γsc(Q = 0)]−1 = 0). In this way, one finds that the system recovers the critical
temperature for non-interacting composite bosons:

TBEC
c =

2π

ζ(3/2)2/3
n
2/3
B

2m
≃ 0.218TF . (2.91)

2.2.7 Weak-coupling (BCS) limit

Let us now consider the weak-coupling limit (kFaF )
−1 ≪ −1, and let us set ourselves

at the critical temperature Tc by imposing the Thouless criterion (2.81), which can be
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rewritten in terms of the renormalized particle-particle bubble (2.79) as

m

4πaF
+R0

pp(Q = 0)|T=Tc = 0. (2.92)

As the coupling gets weaker, we expect the system to get closer to a non-interacting
Fermi gas, so the critical temperature Tc will go to zero and the chemical potential will
be µ ≃ EF . We can then take the limit Tc/µ≪ 1 in the renormalized particle-particle
bubble and obtain [111]:

R0
pp(Q) ≃ (2m)3/2

√
µ

4π2

[
ln
( 8µeγ

kBπTc

)
− 2
]
. (2.93)

Where γ is the Euler constant. By inserting this expression in (2.92) and solving for Tc
we obtain

Tc ≃
8µeγ

kBπe2
exp

( π

2kFaF

√
EF /µ

)
. (2.94)

Indeed, we found that the temperature is exponentially suppressed for (kFaF )−1 ≪ −1 as
it was assumed at the beginning. By simply replacing the chemical potential µ with the
Fermi energy EF in the previous expression, one obtains the BCS critical temperature
[108]

TBCS
c =

8eγTF
πe2

exp
( π

2kFaF

)
. (2.95)

Note however that, if µ has some linear corrections in the coupling µ ≃ EF (1 +AkFaF ),
the expression (2.94) would present a constant prefactor exp(−πA/4) coming from the
exponential. It is then relevant to understand which is the leading correction in the
weak-coupling expansion of the chemical potential in powers of (kFaF ). To do so, let us
start by noticing that if one replaces the expression (2.94) for Tc in the particle-particle
bubble (2.93) one finds that it is linear in (kFaF ) (except for a small region around Q ≃ 0,
where it is ∼ m/(4πaF ) because of the Thouless criterion (2.92)). This means that, for
most Q’s, R0

pp(Q) is subleading with respect to m/(4πaF ) in the denominator of the
particle-particle propagator (2.78), so one can set

Γ0(Q) ≃ −4πaF
m

(2.96)

in the expression for the self-energy (2.77), obtaining

Σ0(k) ≃
4πaF
m

∫
dQ

(2π)3
1

βc

∑
ν

1

iΩν − iωn − ξQ−k
=

2πaF
m

n0, (2.97)

where n0 is the density of the non-interacting fermions, that in the Tc/µ ≪ 1 limit is
given by

n0 = 2

∫
dQ

(2π)3
1

eβcξQ + 1
≃ 2

∫
dQ

(2π)3
θ(−ξQ) =

(2mµ)3/2

3π2
. (2.98)
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From (2.97) we see that at the leading order the self-energy reduces to a constant that is
linear in the scattering length aF . This constant simply corresponds to a mean-field shift
of the chemical potential. As (kFaF )→ 0−, we can expand the Dyson equation (2.76) to
the first order in Σ0

G(k) ≃ G0(k) +G0(k)Σ0(k)G0(k). (2.99)

Integrating G(k) as in (2.80) to obtain the total density n, we find a first term that is
simply the free contribution n0 of equation (2.98) and a second term that is given by∫

dk

(2π)3
1

βc

∑
n

eiωnη[G0(k)]
2Σ0(k) ≃

2πaF
m

n0

∫
dk

(2π)3
1

βc

∑
n

1

(iωn − ξk)2
≃
√
2mµ

π
n0aF ,

(2.100)

so the total density in the weak-coupling limit is given by

n ≃ n0
(
1− 2

√
2mµ

π
aF

)
. (2.101)

Inverting the previous equation to isolate µ and expanding at the first order in (kFaF )
we obtain

µ ≃ EF

(
1 +

4kFaF
3π

)
(2.102)

where we used the relations n = k3F /(3π
2) and EF = k2F /(2m). Replacing this expression

for the chemical potential in (2.94) we obtain that the critical temperature in the weak-
coupling limit for the non-self-consistent t-matrix is given by:

Tc ≃
8eγTF
πe2

exp
( π

2kFaF
− 1

3

)
= e−1/3 TBCS

c (2.103)

This means that the non-self-consistent t-matrix recovers the BCS critical tempera-
ture (2.95) with a spurious e−1/3 factor. This spurious factor can be corrected by
self-consistently including the mean-field shift Σ0 = 2πaFn0/m of Eq. (2.97) in the bare
Green’s functions G0 within the renormalized particle-particle bubble of Eq. (2.92). This
corresponds to the replacement µ→ µ− Σ0 in (2.93), and with this replacement we can
easily see that the mean-field shift Σ0 exactly compensates the linear term of Eq. (2.102)
so that µ − Σ0 = EF (1 + O(kFaF )2). Without linear terms in (kFaF ), the spurious
−1/3 term in the exponential of (2.103) is removed and one recovers Tc ≃ TBCS

c in the
weak-coupling limit.

2.3 Inclusion of self-consistency

The non-self consistent approach presented in the last section can be improved with the
inclusion of (partial or full) self-consistency in the equations (2.76-2.79). This improvement
has been implemented in many different ways in the literature [26–28, 60, 65], but the
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Figure 2.6: Diagrammatic representation of the equations (2.104-2.107) for a generic
(G(a)G(b))G(c) t-matrix approach. The propagators G(a), G(b) and G(c) can be either bare
(G0) or dressed (G).

core concept is the same: to include self-consistency by replacing some (or all) bare
propagators G0 with dressed propagators G in the ladder and self-energy diagrams. The
generalization of the non-self-consistent t-matrix equations (2.76-2.79) with the inclusion
of self-consistency is the following:

Gσ(k) =
[
G0σ(k)

−1 − Σσ(k)
]−1 (2.104)

Σσ(k) = −
∫

dQ

(2π)3
1

β

∑
ν

Γ(Q)G
(c)
σ̄ (Q− k) (2.105)

Γ(Q) = −
[

m

4πaF
+Rpp(Q)

]−1

(2.106)

Rpp(Q) =

∫
dk

(2π)3

[
1

β

∑
ωn

G
(a)
↓ (k +Q)G

(b)
↑ (−k)− m

k2

]
. (2.107)

These equations are represented in diagrammatic form in Figure 2.6. The single-particle
propagators G(a), G(b) and G(c) can be either a dressed propagator G or a bare propagator
G0, and every possible combination of G and G0 gives a different t-matrix approach. In
the following, we will use the shorthand notation (G(a)G(b))G(c) to identify a specific
t-matrix approach, where the propagators G(a) and G(b) within the parentheses correspond
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to the ones entering the particle-particle bubble (2.107), while the external propagator
G(c) enters the self-energy (2.105). The five different schemes considered in this thesis are
reported in Table 2.1 with the corresponding references in the literature.4

(G(a)G(b))G(c) Reference
(G0G0)G0 Ref. [31]
(G0G0)G Ref. [60]
(GG0)G0 Ref. [28]
(GG)G0 Ref. [65]
(GG)G Refs. [26, 27]

Table 2.1: Shorthand notations for the t-matrix approaches with various degrees of self-
consistency considered within this thesis and corresponding references in the literature.

With the inclusion of (partial or full) self-consistency, all the considerations done for
the non-self-consistent t-matrix in Section 2.2.5 still apply: the chemical potentials µσ
can be found by inverting the density equations (2.80)

nσ =

∫
dk

(2π)3
1

β

∑
n

eiωnηGσ(k, ωn), (2.108)

and the critical temperature for the superfluid transition Tc can be found by generalizing
the Thouless criterion of equation (2.81) to the dressed particle-particle propagator Γ:[

Γ(Q = 0,Ων = 0)|T=Tc

]−1
= 0. (2.109)

In this generalization, note that the (GG)G0 and (GG)G approaches automatically include
the mean-field shift Σ0 in the weak-coupling limit of the particle-particle bubble (2.93),
so these approaches correctly recover the BCS critical temperature (2.95) in this limit
without any spurious prefactor (cf. Section 3.1.1).

Let us turn now to introduce the numerical methods used to solve the self-consistent
equations (2.104-2.107). As soon as we add any degree of self-consistency, the Green’s
function G of equation (2.104) becomes a functional of itself. In order to calculate
it, the simplest method is to solve the equations iteratively and try to converge to a
stable solution. In this work, we follow the numerical procedure originally developed by
Haussmann in Refs. [27, 47]. This procedure makes use of the Fourier transforms from
the (k, ωn) and (Q,Ων) spaces to the (r, τ) space, given by the expressions

G(r, τ) =

∫
dk

(2π)3
1

β

∑
n

ei(k·r−ωnτ)G(k, ωn) (2.110)

Γ(r, τ) =

∫
dQ

(2π)3
1

β

∑
ν

ei(Q·r−Ωντ)Γ(Q,Ων), (2.111)

4Note that the (GG0)G0 and (GG)G0 approaches have been often implemented in the literature with
an additional “pseudo-gap approximation” on top of the t-matrix approximation [28, 29, 65]. For a
comparison of the calculation with and without this additional approximation, see Appendix C.
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Figure 2.7: Flowchart for the routes toward self-consistency of the various t-matrix ap-
proaches: (a) non-self-consistent (G0G0)G0; (b) extended t-matrix (G0G0)G; (c) partially
self-consistent (GG0)G0 and (GG)G0; (d) fully self-consistent (GG)G.

and analogous expressions for Σ(k, ωn) and Rpp(Q,Ων). These transformations allow us
to simplify the calculation of the convolution products (2.105) and (2.107) by writing
them as simple products in the transformed space:

Σ(r, τ) = −Γ(r, τ)G(c)(−r,−τ) (2.112)

Rpp(r, τ) = G(a)(r, τ)G(b)(r, τ)− Λδ(r)δ(τ), (2.113)

where Λ =
∫
|k|<k0

dk/(2π)3m/k2 is a constant that diverges together with the cutoff
k0 →∞ of the separable potential introduced in Section 2.2.3. To avoid dealing directly
with this diverging constant, in (r, τ) space we will always work in terms of the difference

∆Rpp(r, τ) = Rpp(r, τ)−R0
pp(r, τ) = G(a)(r, τ)G(b)(r, τ)− [G0(r, τ)]

2, (2.114)

where R0
pp(r, τ) is the Fourier transform of the renormalized particle-particle bubble built

with G0’s of equation (2.74).
The flowchart shown in Fig. 2.7 summarizes schematically the self-consistent iterative

procedures for all the approaches presented in Table 2.1. Although the non-self-consistent
(G0G0)G0 approach does not require any self-consistent cycling, we have reported its
flowchart in Fig. 2.7(a), since its calculation is always used as input for all the other self-
consistent approaches. Fig. 2.7(b) shows instead the flowchart for the (G0G0)G approach
(called “extended t-matrix” in Ref. [60]), for which the self-consistency is performed
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only at the level of the self-energy (2.105) and the particle-particle propagator remains
the non-self-consistent Γ0 built with bare G0. Finally, we show the flowcharts for the
partially self-consistent approaches (GG0)G0 and (GG)G0 (Fig. 2.7(c)) and for the fully
self-consistent approach (GG)G (Fig. 2.7(d)), where the self-consistent cycle involves also
the particle-particle propagator Γ. Note that in these last two flowcharts the renormalized
particle-particle bubble Rpp(Q,Ων) is obtained by Fourier transforming the difference
∆Rpp(r, τ) defined in (2.114) and then adding the non-self-consistent R0

pp(Q,Ων).
Most of the functions that are Fourier transformed in the self-consistent cycles

represented in Fig. 2.7 present a slowly decaying tail in the variables (k, ωn) and (Q,Ων),
to which a singular behavior for (r, τ) → 0+ corresponds. For this reason, the Fourier
transforms (2.110) and (2.111) should be performed on a logarithmic scale, following the
prescription of Refs. [27, 47]. Moreover, it is also necessary to subtract some appropriate
semi-analytic expressions from the functions to be Fourier transformed in order to make
their slow decay faster or, alternatively, their singular behavior weaker. These expressions
must have also a semi-analytic representation in the transformed space, so that they can
be added back to the functions after the Fourier transform. A detailed account of the
semi-analytic expressions used in our numerical calculations is given in Appendix A. In
Appendix B, instead, we discuss the optimization procedures that were found necessary
to achieve the convergence toward self-consistency within the (GG0)G0, (GG)G0 and
(GG)G t-matrix approaches, especially in the region close to Tc where the straightforward
iterative procedures of Fig. 2.7 do not work properly.

The reason to consider and compare all these different approaches with different
degrees of self-consistency is that the inclusion of self-consistency does not necessarily
improve the results with respect to the experimental data. Nevertheless, there are some
general properties that only the the fully self-consistent (GG)G approach is guaranteed
to respect. For this reason, in the next section we will focus only on this approach,
showing which are the advantages that it brings with respect to the other partial or
non-self-consistent approaches.

2.4 Conserving approximations

When one makes a certain approximation for the self-energy Σ, like the t-matrix ap-
proximation, it is important to check if the approximation still respects some general
theorems that are valid for the exact theory. In particular, one could wish to check if
the approximated theory respects the conservation laws for the number of particles, the
momentum and the energy when an external perturbation U is added and the linear
response of the system to that perturbation is investigated. If these conservation laws are
built into the structure of the approximation used, the theory is said to be conserving. In
1961–1962, Baym and Kadanoff developed a general method for generating conserving
approximations [112, 113]. Without going into the details of the derivation, we are going
to state here their result.

Theorem 1 (Conserving approximations). A sufficient condition for an approximated
theory to be conserving is that its self-energy Σ can be written as the functional derivative
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Figure 2.8: Diagrammatic representation of the n-th order diagram for the functional
Φ[G] and the corresponding self-energy within the self-consistent t-matrix approximation.

of a functional Φ with respect to the single-particle Green’s function G

Σ(1, 1′) =
δΦ

δG(1, 1′)
(2.115)

where Φ is a functional of only dressed single-particle Green’s functions G and interaction
lines V . Here, we used the shorthand notation for the variables 1 = (r1, τ1, σ1) and
1′ = (r′1, τ

′
1, σ

′
1).

Among all the approaches considered in Table 2.1, only the fully self-consistent (GG)G
approach respects this requirement, as it is the only one that can be derived by a functional
Φ that is not built also with bare Green’s functions G0. The n-th order contribution
of the functional Φ for this approach is represented on the left side of Fig. 2.8 in terms
of Feynman diagrams. The functional derivative (2.115) simply consists in plucking
away one of the particle lines in the diagrams, leading to the self-energy diagrams of the
self-consistent t-matrix approximation (its n-th order is represented on the right side of
Fig. 2.8).

Having a conserving approximation is particularly useful when treating non-equilibrium
phenomena like transport, but it has also some important implications on the equilibrium
properties of the theory. As in this thesis we are mostly dealing with equilibrium properties,
we will give some insight on this aspect.

In the Green’s function formalism, the grand potential Ω (or, equivalently, the grand
canonical partition function Z) can be calculated in terms of the Green’s function G by
means of the linked cluster expansion [108]. This calculation consists in replacing the
two-body interaction V with λV , where λ ∈ [0, 1] is a numerical coupling constant, and
integrate the expectation value of the interaction energy on λ

Ω[G]− Ω0 = −
1

β

[
ln(Z[G])− ln(Z0)

]
=

∫ 1

0

dλ

λ
⟨λV ⟩ , (2.116)
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where Ω0 = ln(Z0) is the grand potential of the free system and ⟨λV ⟩ can be calculated
in terms of the the single-particle Green’s function as [108]

⟨λV ⟩ = ∓1

2

∫
dx lim

x′→x
lim

τ ′→τ+

∑
σ

[
− ∂

∂τ
+
∇2

x

2m
− µ

]
Gσ,λ(x, τ,x

′, τ ′). (2.117)

In a Φ-derivable conserving approximation, the linked cluster expansion (2.116) can
written in terms of the functional Φ as

Ω[G] = − 1

β
ln(Z[G]) = ∓ 1

β

(
Φ[G]− Tr[GΣ] + Tr[ln(−G)]

)
(2.118)

where with the symbol of trace we mean integration over all the r and τ variables and
sum over all the spin indices. For example, the second term is:

Tr[GΣ] =
∫
dr dr′

∫ β

0
dτ dτ ′

∑
σ

Gσ(r, τ, r
′, τ ′)Σσ(r, τ, r

′, τ ′). (2.119)

The good property of conserving approximations is that the thermodynamic quantities
derived by the grand canonical potential (2.118) or directly by the Green’s function of the
system are the same, so that one have a consistent picture of thermodynamic properties.
As a concrete example, let us consider the average total number of particles ⟨N̂⟩. This
can be calculated directly from the single-particle Green’s function (see Eq. (2.16))

⟨N̂⟩ = ∓
∫
dx lim

τ ′→τ+

∑
σ

Gσ(x, τ,x, τ
′). (2.120)

but it can also be derived by the grand potential Ω as

⟨N̂⟩ = ∂Ω

∂µ
. (2.121)

Only if the approximation is conserving the two calculations (2.120) and (2.121) are
guaranteed to give the same result. The same happens for the expectation values of all the
other thermodynamic quantities, like the energy E or the pressure P . On the contrary,
we do not expect the other non-self-consistent or partially self-consistent approaches to
satisfy these thermodynamic relations, and in those cases we must always specify in which
way we are calculating the various thermodynamic quantities.

In addition, it was shown in Ref. [107] that the fully self-consistent t-matrix approxi-
mation (GG)G is bound to satisfy an important theorem for an imbalanced interacting
Fermi gas at zero temperature in the normal phase: the Luttinger theorem [106]. The
statement of the theorem in this case is the following:

Theorem 2 (Luttinger Theorem). For an interacting normal Fermi system at T = 0, the
volume enclosed by the Fermi surface of the species σ is equal to the volume enclosed by
the Fermi surface of the same species σ for the non-interacting system at T = 0 with the
same number of fermions Nσ in that species.

In the isotropic case (where the Fermi surface is a sphere), this theorem means that
the discontinuity in the momentum distribution nσ(k) of the interacting system happens
at |k| = kF,σ where kF,σ = (6π2nσ)

1/3 is the Fermi wave vector for the species σ.
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2.5 Tan’s contact

An important physical quantity that characterizes a Fermi gas with short-range interaction
is the contact C [114–117]. Physically, this quantity describes how two-body physics
merges with the surrounding many-body problem, and it can be related to many thermo-
dynamic and dynamical properties. A way to define it is to look at the short-distance
behavior of the opposite-spin correlation function (check Chapter 5 for details)

g↑↓(ρ) =
〈
ψ̂†
↑

(ρ
2

)
ψ̂†
↓

(
−ρ

2

)
ψ̂↓

(
−ρ

2

)
ψ̂↑

(ρ
2

)〉
− n↑n↓. (2.122)

that is given by (cf. Section 5.2)

g↑↓(ρ) −−−→
ρ→0

C

(4π)2

(
1

ρ2
− 2

aFρ
+ · · ·

)
, (2.123)

where ρ = |ρ|. In this sense, the contact C is related to the probability of finding two
opposite spin fermions at short distances. In fact, if we consider a small sphere of radius
δρ centered on a particle, the probability for unit volume to find a particle with opposite
spin inside the sphere is given by:

P (|ρ| < δρ)/Vδρ =

∫
|ρ|<δρ

dρ g↑↓(ρ) ≃
C

4π
δρ, (2.124)

where Vδρ = 4π(δρ)3/3 is the volume of the sphere and we have assumed that δρ is much
smaller than the scattering length aF and all the other relevant lengths in the system
(such as n−1/3 and λT =

√
2π/(mkBT )). Note that, as the probability P (|ρ| < δρ) must

be dimensionless, this relation defines the units of the contact as the inverse of a length
to the fourth power.

The contact C also appears in the large-k tail of the momentum distributions nσ(k)
[114]

nσ(k) −−−−→
|k|→∞

C

k4
, (2.125)

and in the high-frequency tail of the of the radio-frequency (rf) spectrum Irf(ω) [53]

Irf(ω) −−−→
ω→∞

C

21/2π2

(
EF

ω

)3/2

. (2.126)

where the normalization
∫ +∞
−∞ Irf(ω)d(ω/EF ) = 1 has been used (see Section 3.2.4).

Moreover, the contact C enters several thermodynamic relations. For example, the
total internal energy for unit volume E/V and the pressure P can be written in terms of
the contact [114, 115]:

E

V
=

C

4πaFm
+

∫
dk

(2π)3
k2

2m

(
nσ(k)−

C

k4

)
(2.127)

P =
2

3

E

V
+

C

12πaFm
. (2.128)
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In addition, one can show that the contact is related to the derivative with respect to the
inverse of the scattering length a−1

F of internal energy E (at constant entropy) and of the
free energy F (at constant temperature) through the adiabatic relations [115]:(

∂E

∂a−1
F

)
S

= − CV

4πm
(2.129)(

∂F

∂a−1
F

)
T

= − CV

4πm
. (2.130)

The thermodynamic relations (2.127) and (2.128) and the adiabatic relations (2.129)
and (2.130) are guaranteed to be verified only by conserving approximations (as defined in
Section 2.4). In our case, this applies only to the fully self-consistent (GG)G approach.5

For the other non-conserving t-matrix approaches, one has to specify an operative definition
for the contact, because in principle the previous relations can be violated. In these
cases, we assumed that the contact is defined by the large-k behavior of the momentum
distribution as in (2.125).6

The most straightforward way to obtain this contact within the t-matrix formalism is
to relate it to the trace ∆2

∞ of the particle-particle propagator Γ:

C = (m∆∞)2 = m2

∫
dQ

(2π)3
1

β

∑
ν

eiΩνη Γ(Q,Ων). (2.131)

The relation (2.131) was first demonstrated for the non-self-consistent (G0G0)G0

approach in Ref. [53], and then generalized to the fully self-consistent (GG)G approach
in Ref. [93]. A sketch of the proof for the (G0G0)G0 approach is the following. For large
k, the approximation performed in the integrand of Eq. (2.88) holds up for any coupling,
and one obtains

nσ(k) −−−−−→
k→+∞

−∆2
∞
1

β

∑
n

G0(k)
2G0(−k). (2.132)

If one now performs the sum over the fermionic Matsubara frequencies ωn of the right
hand side, for large k one obtains:

1

β

∑
n

[G0(k)]
2G0(−k) ≃ −

1

4ξ2k
≃ −m

2

k4
. (2.133)

Direct comparison of (2.132) with (2.125) yields the relation:

C = (m∆∞)2 = m2

∫
dQ

(2π)3
1

β

∑
ν

eiΩνη Γ0(Q,Ων), (2.134)

which corresponds to (2.131) within the (G0G0)G0 approach.
5A full numerical verification of the thermodynamic relation (2.127) by the fully self-consistent (GG)G

approach across the temperature-coupling phase diagram was reported in Frank’s PhD thesis [118].
6It is possible to show that, even within non-conserving t-matrix approaches, the contact obtained by

the tail of the momentum distribution (2.125) still coincides with the one obtained by the short-range
behavior of the pair correlation function (2.123) (cf. Section 5.2).
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2.6 Two-particle Green’s function formalism

While the single-particle Green’s function G contains much information on the system, it
does miss two-body observables like the pair correlation function (2.122), that are instead
embodied in the two-particle Green’s function G2. To introduce its formalism, it is first
convenient to adopt the Nambu representation of the fermionic fields operators

Ψ̂(r, τ) =

(
ψ̂↑(r, τ)

ψ̂†
↓(r, τ)

)
, (2.135)

in terms of which the diagrammatic approach for the superfluid phase below Tc is usually
formulated [119]. The reason for this choice of representation is that, to develop a
consistent picture for the two-particle Green’s function within the t-matrix approach, it is
important to consider an extra term in the self-energy that is present only in the theory
of the superfluid phase, but which contributes (via the functional differentiation discussed
below) to the two-particle Green’s function even in the normal phase.

In terms of Nambu representation (2.135), the single-particle Green’s function (2.3) is

G(1, 2) = −⟨Tτ [Ψ̂(1)Ψ̂†(2)]⟩ (2.136)

and the two-particle Green’s function is

G2(1, 2; 1
′, 2′) = ⟨Tτ [Ψ̂(1)Ψ̂(2)Ψ̂†(2′)Ψ̂†(1′)]⟩ , (2.137)

with the shorthand notation 1 = (r1, τ1, ℓ1) and so on, where the Nambu index ℓ = (1, 2)
refers to the upper or lower component in the expression (2.135). Often, it is useful to
work in terms of the two-particle correlation function, which is defined in terms of G2 as

L(1, 2; 1′, 2′) = G2(1, 2; 1
′, 2′)−G(1, 1′)G(2, 2′) (2.138)

and satisfies the Bethe-Salpeter equation [113, 120, 121]:

L(1, 2; 1′, 2′) = −G(1, 2′)G(2, 1′) +
∫
d3456G(1, 3)G(6, 1′)Ξ(3, 5; 6, 4)L(4, 2; 5, 2′)

(2.139)
where the notation

∫
d1 implies an integral over (r1, τ1) and a sum over ℓ1, and the kernel

Ξ(1, 2; 1′, 2′) =
δΣ(1, 1′)

δG(2′, 2)
(2.140)

is obtained by a functional differentiation of the self-energy Σ(1, 1′). Equation (2.139)
can be formally solved in terms of the many-particle T -matrix, defined as the solution to
the equation [113, 120, 121]

T (1, 2; 1′, 2′) = Ξ(1, 2; 1′, 2′) +

∫
d3456Ξ(1, 4; 1′, 3)G(3, 6)G(5, 4)T (6, 2; 5, 2′), (2.141)
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by writing

L(1, 2; 1′, 2′) = −G(1, 2′)G(2, 1′)

−
∫
d3456G(1, 3)G(6, 1′)T (3, 5; 6, 4)G(4, 2′)G(2, 5).

(2.142)

These equations hold quite generally, regardless of the approximation on the self-energy
Σ that specifies the kernel Ξ defined in Eq. (2.140).

At the level of the BCS approximation, the self-energy for a Fermi gas with contact
interactions is given by:

ΣBCS(1, 1′) = −V (1, 1′)G(1, 1′)

= −
∑
ℓ2,ℓ2′

τ3ℓ1ℓ2V (x1 − x1′)τ3ℓ1′ℓ2′Gℓ2,ℓ2′ (x1, x1′)(1− δℓ1ℓ1′ ), (2.143)

where we used the notation x1 = (r1, τ1), the contact interaction potential is V (x1−x1′) =
v0δ(r1 − r′1)δ(τ

+
1 − τ1′), and τ3 is the third Pauli matrix

τ3 =

(
1 0
0 −1

)
, (2.144)

which, in Nambu formalism, is associated with each vertex that connects an interaction
line V to a particle line G [119]. Note also that in expression (2.143) only the off-diagonal
(1 − δℓ1ℓ1′ ) terms have been retained, as they are the only ones that survive in the
regularization (2.60) of the contact potential [36].

Given the BCS approximation of the self-energy (2.143), the corresponding kernel Ξ is

ΞBCS(1, 2; 1′, 2′) =
δΣBCS(1, 1′)

δG(2′, 2)

= −τ3ℓ1ℓ2′ δ(x1 − x2)V (x1 − x1′)δ(x1′ − x2′)τ3ℓ1′ℓ2(1− δℓ1ℓ1′ ).
(2.145)

Note that the kernel ΞBCS(1, 2; 1′, 2′) is different from zero only for ℓ1 = ℓ2′ , ℓ1′ = ℓ2
and ℓ1 ̸= ℓ1′ . When this kernel is inserted in the self-consistent equation (2.141) for the
T -matrix, it also imposes a rule on the Nambu indices of T (1, 2; 1′, 2′). Using the notation
T
ℓ1ℓ2′
ℓ1′ℓ2

, one obtains that the four surviving elements of T are T 11
22 ≡ T11, T 22

11 ≡ T22,
T 21
12 ≡ T21 and T 12

21 ≡ T12.
Let us now consider the specific case of a Fermi gas in the normal phase above Tc. In

this case, the calculation is highly simplified because the single-particle Green’s functions
are diagonal in the Nambu indices:

Gℓ1ℓ2(x1, x2) = δℓ1ℓ2Gℓ1(x1, x2). (2.146)

As a consequence, the off-diagonal terms T12 and T21 of the T -matrix are zero, because
at all orders in the expansion of Eq. (2.141) at least one off-diagonal Green’s function

37



G12 or G21 appears in them. For this reason, above Tc the only non-zero elements of the
T -matrix in the BCS approximation are T11 and T22.

Let us now consider a fully self-consistent t-matrix self-energy like (2.105) with
G(a,b,c) = G, that in Nambu representation reads

Σt-matrix(1, 1′) = −
∫
d22′ Γ(2, 1′; 1, 2)G(2, 2′) (2.147)

with

Γ(1, 2; 1′, 2′) =− V (1, 1′)δ(1− 2′)δ(1′ − 2)

− V (1, 1′)

∫
d34G(3, 1)G(4, 1′)Γ(3, 2; 4, 2′).

(2.148)

One can wonder how the T -matrix equation (2.141) changes when this self-energy
is added to the BCS self-energy (2.143). The answer is that, for a generic choice of the
Nambu indices (ℓ1, ℓ2, ℓ1′ , ℓ2′), the self-energy (2.147) can produce some additional terms to
the kernel Ξ(1, 2; 1′, 2′) (namely, the Aslamazov-Larkin and Maki-Thomson contributions
[34]). However, the only combination of Nambu indices that we will need in Chapters 5
and 6 for the calculation of the pair correlation function and the pairing fraction in the
normal phase is (ℓ1 = 1, ℓ2 = 2, ℓ2′ = 2, ℓ1′ = 1), or the equivalent combination with
1↔ 2. For this specific combination, one can show that the contribution of the t-matrix
self-energy (2.147) to the kernel Ξ is zero (see Appendix D for the details of the proof).
For this reason, the kernel Ξ derived from the total self-energy

Σ(1, 1′) = Σt-matrix(1, 1′) + ΣBCS(1, 1′)

= −
∫

22′ Γ(2, 1′; 1, 2)G(2, 2′)− V (1, 1′)G(1, 1′)
(2.149)

is still given by the kernel in the BCS approximation (2.145).
Moreover, the BCS self-energy ΣBCS, whose functional derivative has served to obtain

the kernel ΞBCS of (2.145), vanishes identically in the normal phase, because it includes
an off-diagonal single-particle Green’s function G12. For this reason, the calculation of the
thermodynamics at the level of the single-particle Green’s function G(1, 1′) for the self-
energy (2.149) is completely equivalent to the calculation within the fully self-consistent
t-matrix approach described in Section 2.3.

It can be shown that the total self-energy (2.149) can still be derived by a functional Φ
as in (2.115), given by the sum of the self-consistent t-matrix functional (see Fig. 2.8) plus
a BCS functional ΦBCS [113]. The self-energy (2.149) is then a conserving approximation
in the sense of Theorem 1 of Section 2.4.

As a final consideration, in this approximation the kernel (2.145) is essentially an
interaction line V . For this reason, the approximated equation (2.141) for the T -matrix
strongly resemble the equation (2.148) for the particle-particle propagator Γ. Indeed,
apart from a sign (coming from G11(x2, x1) = −G22(x1, x2)), it can be shown that at
this level of the approximation the diagonal elements of T can be identified with the
particle-particle propagator Γ, so that T11 = T22 = −Γ [121].
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Chapter 3

Numerical results for t-matrix
approaches with different degrees of
self-consistency

In this chapter, we are going to report and compare the numerical results obtained within
all five the t-matrix approaches of Table 2.1, for both thermodynamic and dynamical
quantities (for details on the numerical procedures, see Appendices A and B). The system
considered is a homogeneous Fermi gas with balanced spin populations (n↑ = n↓). Most
of the results of this chapter have been presented in Ref. [75].

3.1 Thermodynamics

Several thermodynamic properties can be obtained in terms of the temperature Green’s
function G and the particle-particle propagator Γ. In the following, we are going to
present the results for the critical temperature Tc, the chemical potential µ, the scattering
length aB of the residual interaction between the composite bosons in the strong-coupling
limit, and the contact C. For many quantities, a comparison with Quantum Monte Carlo
(QMC), Diagrammatic Monte Carlo (DMC) and experimental (exp) data is provided.
When possible, our data have been checked against the results obtained within the
same t-matrix approaches already in the literature [27, 31, 47, 51, 74], finding excellent
agreement and supporting the validity of our numerical calculation.

3.1.1 Critical temperature

One of the most important thermodynamic quantities is the critical temperature for the
superfluid transition Tc, which can be obtained from the Thouless criterion (2.109). The
results for the critical temperature are shown in Figure 3.1 as a function of the coupling
(kFaF )

−1 for all five t-matrix approaches considered, together with data from QMC [80]
and DMC [91] calculations, and the experimental value at unitarity of Ref. [122].
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Figure 3.1: Critical temperature Tc (in units of the Fermi temperature TF ) as a function
of the coupling (kFaF )

−1 within alternative t-matrix approaches. The black dotted line
corresponds to the BCS critical temperature (3.1) for (kFaF )

−1 < −1 and to the critical
temperature for non-interacting composite bosons (3.2) for (kFaF )

−1 > 1. Quantum
Monte Carlo (QMC; from Ref. [80] - circles), Diagrammatic Monte Carlo (DMC; from
Ref. [91] - squares) and experimental (exp; from Ref. [122] - diamond) data are also
shown for comparison. The inset shows the extrapolation of the ratio Tc/TBCS

c in the
weak-coupling limit (kFaF )

−1 ≪ −1. Here, thick lines correspond to numerical data
and thin dotted lines correspond to parabolic fits of the data that extrapolate Tc in the
weak-coupling limit.
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All the approaches are seen to correctly interpolate between the BCS and BEC
critical temperatures (indicated with black dotted lines in Fig. 3.1) with the notable
exception of the (GG0)G0 approach, which fails to reach the BCS limit since its critical
temperature drops abruptly to zero at (kFaF )

−1 ≃ −1. This failure is to be attributed to
the asymmetric treatment of the two Green’s function G(a) and G(b) in the particle-particle
bubble Rpp(Q) of equation (2.107), which generates and artificial imbalance between the
two spin components that acts to suppress the critical temperature of the superfluid
transition.1 It is for this reason that, in the following, the results for the (GG0)G0

approach will not be reported in the BCS limit.
In the crossover region, it is apparent that even a partial dressing of the particle-particle

bubble (2.107) acts to suppress the maximum in the Tc curve, that is present instead
around (kFaF )

−1 ≃ 0.5 for the (G0G0)G0 and (G0G0)G approaches. The DMC data
seems to support the existence of a maximum, however better insight from experiments
and QMC calculations would be needed to understand the entity of this maximum.

Regarding the value of Tc at the unitary limit (kFaF )−1 = 0, the (GG)G and (GG)G0

approaches are the ones that are closer to the QMC and DMC values of Tc/TF = 0.15(1)
and Tc/TF = 0.151(7), and to the experimental value of Tc/TF = 0.167(13) (in this
analysis, the (GG0)G0 approach has not been considered because of its pathological
behavior in the BCS limit).

The Tc curve in the vicinity of (kFaF )−1 = 0, however, appears quite steeper for the
QMC and DMC data with respect to the (GG)G and (GG)G0 calculation. In this regard,
a recent work by Pisani [70] addresses the questions of the slope and the maximum of the
Tc curve by inserting Gorkov-Melik-Barkhudarov (GMB) [126] and Popov corrections on
top of the non-self-consistent (G0G0)G0 approach. This GMB+Popov approach obtains
a better agreement with the critical temperature of the QMC and DMC calculations, at
the cost, however, of a worse agreement on the chemical potential µ across the crossover.

The behavior of Tc in the BCS (weak-coupling) limit (kFaF )
−1 ≪ −1 is shown in

the inset of Figure 3.1 for the various approaches. There, one sees that the (GG)G0 and
(GG)G approaches, within an error of the order of 1%2, correctly recover the BCS critical
temperature (2.95)

TBCS
c =

8eγTF
πe2

exp
( π

2kFaF

)
, (3.1)

while the (G0G0)G and (G0G0)G0 approaches recover it only with a spurious prefactor
1In the weak-coupling limit of the (GG0)G0 approach, only one of the Green’s functions in Rpp(Q)

self-consistently includes the mean-field shift Σ0 = 2πaFn0/m of equation (2.97), while the other does
not. This can be interpreted as an artificial imbalance δµ = Σ0 of the chemical potentials for the spin-up
and spin-down species. As in the weak-coupling limit the BCS gap ∆0 at T = 0 becomes exponentially
small in (kF aF ), while δµ = Σ0 is linear in (kF aF ), there must be a coupling where δµ ≳ ∆0, and this
condition is enough to suppress superfluidity [123–125]. The reason why this problematic feature has
passed unnoticed in the literature is that the (GG0)G0 approach was often associated with the pseudogap
approximation for the self-energy Σ(k) ≃ ∆pgG0(−k), which improperly removes the mean-field shift Σ0

in the weak-coupling limit (for more details, see Appendix C).
2The error is of the order of 1% only in the extreme BCS regime, where the discontinuity of G(k, τ)

at |k| ≃ kF generates large oscillations in r-space that are difficult to integrate. In the crossover and
BEC regimes, the error is much smaller (of the order of 10−4).
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e−1/3 ≃ 0.717 because they do not self-consistently include the mean-field shift Σ0 in the
Green’s functions within the particle-particle bubble (2.107) (cf. Section 2.2.7).

In the BEC (strong-coupling) limit (kFaF )
−1 ≫ 1, at the leading order all the

approaches recover the condensation temperature for non-interacting composite bosons
(2.91):

TBEC
c =

2π

ζ(3/2)2/3
n
2/3
B

2m
≃ 0.218TF . (3.2)

However, the various t-matrix approaches differ in the way this value is reached.
Specifically, at the subleading order TBEC

c is approached with the expression

Tc − TBEC
c

TBEC
c

=
α

3π
(kFaF )

3, (3.3)

where the coefficient α differs among the various approaches. In Table 3.1, the extrapolated
values for α are reported together with their theoretical expected value. The theoretical
values for the (GG0)G0 and (GG)G approaches are taken from Refs. [26, 40], while
the theoretical values for (G0G0)G0 and (G0G0)G approaches have been calculated
independently (the corresponding analytic calculations are not reported here owing to
their complexity). Note that even a partial dressing of the particle-particle bubble (2.107)
is sufficient to change the sign of α from positive to negative.

(G(a)G(b))G(c) α(th) α(extr)
(G0G0)G0 1 1.02
(G0G0)G 1.07 1.12
(GG0)G0 -0.5 -0.48
(GG)G0 na -2.00
(GG)G -1 -1.02

Table 3.1: Values of the coefficient α of Eq. (3.3) obtained within the various t-matrix
approaches, both from analytic calculations (th) and extrapolation of numerical results
(extr). One analytic value is not available (na).

As a final note, it is evident that all the approaches fail to recover the correct strong-
coupling correction to Tc due to the repulsive interaction between the composite bosons,
which should be linear in (kFaF ) and positive [127]. To include a linear correction, vertex
corrections at the level of the particle-particle propagator Γ would be needed [30].

3.1.2 Chemical potential

Let us now consider the chemical potential µ, which is obtained by inverting the density
equation (2.108). In Fig. 3.2 the chemical potential µc calculated at the critical temperature
Tc is shown as a function of the coupling (kFaF )

−1 for all the t-matrix approaches, together
with QMC data from Ref. [80] and experimental data from Ref. [122].
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Figure 3.2: Chemical potential µc at Tc (in units of the Fermi energy EF when µc > 0
and of half the binding energy ε0 = (ma2F )

−1 of composite bosons when µc < 0) as a
function of (kFaF )−1 within alternative t-matrix approaches. The black dotted line in
weak-coupling corresponds to the Galitskii’s result (3.4). Quantum Monte Carlo (QMC;
from Ref. [80]- circles) and experimental (exp; from Ref. [122] - diamond) data are also
shown for comparison. In the inset, µc + ε0/2 (in units of the Fermi energy EF ) is
reported in order to amplify the subleading behavior of the chemical potential in the
strong-coupling limit (kFaF )

−1 ≫ 1.
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At the unitary limit (kFaF )
−1 = 0, the fully self-consistent (GG)G approach, with

µc/EF = 0.400, is the one that better agrees with the QMC value µc/EF = 0.43(1) and
the experimental value µc/EF = 0.415.

In the weak-coupling limit (kFaF )
−1 ≪ −1, all the approaches (except for the

pathological (GG0)G0) recover the linear correction in (kFaF ) to µc of equation (2.102).
However, only the (G0G0)G and (GG)G approaches (which dress the external Green’s
function G(c)) recover also the quadratic correction in (kFaF ) obtained analytically by
Galitskii in Ref. [103]:

µGal

EF
= 1 +

4

3π
(kFaF ) +

4

15π2
[
11− 2 ln 2

]
(kFaF )

2. (3.4)

In the strong-coupling limit (kFaF )
−1 ≫ 1, instead, all the approaches recover the

leading order µc ≃ −ε0/2 = −(2ma2F )−1 (cf. Section 2.2.6). However, the subleading
behavior varies significantly among the approaches. This is shown in the inset of Fig. 3.2,
where the leading behavior −ε0/2 has been subtracted to µc, so that the subleading term
δµ = µB/2 = µc + ε0/2 can be directly observed (µB being the chemical potential of the
composite bosons). This correction vanishes linearly in (kFaF ) for the (GG0)G0, (GG)G0

and (GG)G approaches which (partially or fully) dress the particle-particle propagator
Γ, while it vanishes exponentially for the (G0G0)G0 and (G0G0)G approaches which
use a bare particle-particle propagator Γ0. This happens because the residual repulsive
interaction between the composite bosons is included in the theory only by dressing the
particle-particle propagator Γ. This residual interaction will be treated more in detail in
Section 3.1.3.

In Fig. 3.3 the chemical potential µ is reported as a function of the temperature T
for the three characteristic couplings (kFaF )

−1 = (−0.5, 0.0, 0.5) and for all the t-matrix
approaches. At low temperature, all the curves terminate at the respective critical
temperature Tc. Note that the curves of µ(T ) for the (G0G0)G0 and (G0G0)G approaches
shows a maximum at a temperature T > Tc for the couplings (kFaF )

−1 = 0 and 0.5,
while the other approaches do not.

In panel (b) of Fig. 3.3 (corresponding to the coupling (kFaF )
−1 = 0), QMC data

from Ref. [85] and experimental data from Ref. [122] are also shown for comparison. Here,
we see that the agreement of the fully self-consistent (GG)G approach with these data
remains valid also for temperatures T > Tc.

3.1.3 Scattering length of composite bosons

The scattering length aB of the repulsive interaction between the composite bosons
can be determined from the chemical potential µc at the critical temperature Tc in the
strong-coupling limit (kFaF )

−1 ≫ 1. This is done by comparing the chemical potential
of the composite bosons µB = 2µc + ε0 (cf. Section 2.2.6) with the chemical potential
µ0B = 8πaBnB/mB of a dilute gas of bosons of mass mB and density nB at Tc. Knowing
that for the composite bosons mB = 2m and nB = n/2, the comparison yields

aB
aF

= lim
kF aF→0+

3π

4(kFaF )

µB
EF

. (3.5)
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Figure 3.3: Chemical potential µ (in units of the Fermi energy EF ) as a function of the
temperature T (in units of the Fermi temperature TF ) for the couplings (kFaF )

−1 =
(−0.5, 0.0, 0.5) within alternative t-matrix approaches. Comparison with QMC data from
Ref. [85] (circles) and experimental data from Ref. [122] (diamonds) is also shown for
the coupling (kFaF )

−1 = 0 in panel (b).

45



This limit is actually non-zero only for the approaches (GG0)G0, (GG)G0 and (GG)G
that (partially or fully) dress the particle-particle propagator Γ.

In Fig. 3.4(a) we show the extrapolation of the expression (3.5) in the (kFaF )→ 0+

limit for these three approaches. Note that the fully self-consistent (GG)G approach
recovers the value aB/aF = 1.16, in contrast with the value aB/aF = 2 predicted in
Ref. [26]. We argue that it is our value aB/aF = 1.16 to be correct. In fact, the numerical
values for aB can be compared with the analytical calculation of aB in the various
approaches, performed by expressing the dressed particle-particle propagator Γ as a series
of diagrams in terms of the bare Γ0 and G0, and retaining only the leading contributions
in the strong-coupling limit β|µ| ≫ 1 [30].

For the (GG0)G0 and (GG)G0 approaches, the only diagram that contributes to aB
is the one on the left of Fig. 3.4(b) (for the (GG)G0 approach also its symmetric version
that dress the lower propagator contributes). Comparison of the analytical evaluation of
this diagram in the strong-coupling limit [27, 30] with the leading self-energy correction
for a dilute Bose gas ΣB = 8πaBnB/mB yields the value aB/aF = 1 for the (GG0)G0

approach and the value aB/aF = 2 for the(GG)G0 approach, in agreement with the
extrapolated values of Fig. 3.4(a).

For the (GG)G approach, instead, the right diagram of Fig. 3.4(b) also contributes to
aB at the leading order (together with its symmetrized version). This diagram, which had
apparently escaped the analysis of Ref. [27], yields a correction of−2×0.421aF = −0.842aF
to the scattering length aB, so that the final value for the bosonic scattering length is
aB/aF = 2 − 0.842 = 1.158, in excellent agreement with what was obtained from the
extrapolation of the numerical data. The analytical estimate of the right diagram of
Fig. 3.4 can be performed by noticing that in the strong-coupling limit the calculation
coincides with the one of the GMB diagram analyzed in Ref. [70]. However, it should
be remarked that the correspondence of these two diagrams holds in the BEC limit only.
In fact, in the BCS limit the self-consistent t-matrix approximation fails to recover the
e−1/4 reduction factor to Tc due to the GMB correction [70].

As a final note, the values of aB/aF obtained with the extrapolation of Figure 3.4
should be compared with the exact result aB/aF ≃ 0.60 obtained either by a numerical
solution of the four-body Schrödinger equation in Ref. [128] or by a full diagrammatic
treatment in the zero-density limit in Ref. [42]. In this regard, the (GG)G and (GG0)G0

approaches are the ones that get closer to this result with aB/aF = 1.16 and aB/aF = 1,
respectively. Note, however, that the result for the (GG0)G0 is somewhat artificial, as it
is due to an incomplete symmetrization of the bosonic interaction vertex.

3.1.4 Tan’s contact

The contact C, introduced in Section 2.5, can be obtained directly from the particle-
particle propagator Γ using equation (2.131). For internal consistency, we verified that
the contact calculated in this way coincides with the coefficient of the k−4 tail of the
momentum distribution per spin component nσ(k) (see equation 2.125). In Figure 3.5,
the contact Cc calculated at the critical temperature Tc is shown as a function of the
coupling (kFaF )

−1 for all the t-matrix approaches.
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In the weak-coupling limit (kFaF )−1 ≪ −1, the contact Cc at Tc → 0 can be obtained
analytically by considering Galitskii’s expansion in powers of (kFaF ) of the energy density
at T = 0 [103]

EGal

V
= nEF

[
3

5
+

2

3π
(kFaF ) +

4

35π2
(11− 2 ln 2)(kFaF )

2

]
, (3.6)

and use the adiabatic relation (2.129) to obtain

CGal
c

k4F
=

4(kFaF )
2

9π2

[
1 +

12

35π
(11− 2 ln 2)(kFaF )

]
. (3.7)

This expression is recovered at the leading order by the (G0G0)G0, (G0G0)G and (GG0)G0

approaches, and up to the subleading order by the (GG)G0 and (GG)G approaches.
In the strong-coupling limit (kFaF )

−1 ≫ 1, instead, the energy density of the system
is given at the leading order by the total binding energy of the composite pairs:

EBEC

V
= −nε0

2
= − 1

3π2
kF
a2F
EF . (3.8)

By using the adiabatic relation (2.129), one obtains the leading order expression for the
contact in the strong-coupling limit

CBEC
c

k4F
=

4

3π(kFaF )
(3.9)

which is recovered by all the approaches.
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3.1.5 Summary of the thermodynamic results

While the results for the thermodynamic properties can be extracted directly from the
figures of previous section, it might be useful to summarize in a table the numerical
values of the critical temperature Tc, the chemical potential µc and the contact Cc at
Tc obtained within the various t-matrix approaches, so that the differences among the
results can be most readily appreciated. Accordingly, in Table 3.2 the values for these
quantities are reported for five couplings in the interval −1 ≤ (kFaF )

−1 ≤ 1 and for all
the t-matrix approaches considered.

(kFaF )
−1 Tc/TF µc/EF Cc/k

4
F

0.08495 0.7997 0.01462
0.07294 0.7381 0.01139

-1.0 na na na
0.07132 0.8006 0.01930
0.06776 0.7375 0.01874
0.1649 0.6846 0.04595
0.1358 0.6018 0.03076

-0.5 0.1132 0.7230 0.03999
0.1112 0.7269 0.04099
0.1077 0.6226 0.03892
0.2429 0.3655 0.1479
0.2034 0.3059 0.1036

0.0 0.1709 0.5096 0.1108
0.1451 0.5734 0.09513
0.1505 0.4000 0.09170
0.2588 -0.1890 0.3075
0.2361 -0.2005 0.2638

0.5 0.1975 0.04935 0.2522
0.1674 0.2176 0.2148
0.1870 -0.02339 0.2182
0.2351 -0.9986 0.4759
0.2320 -0.9987 0.4666

1.0 0.2097 -0.8042 0.4418
0.1918 -0.6250 0.4150
0.2062 -0.8092 0.4342

Table 3.2: Numerical values of the critical temperature Tc, chemical potential µc, and
contact Cc at Tc are reported for five characteristic couplings and for all the t-matrix
approaches. A few numerical values are not available (na) for the reasons discussed in the
text. For each coupling, reference to different t-matrix approaches follows the conventions
(from top to bottom) of Table 2.1.
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As far as which approach gives better results for thermodynamic properties, it is
evident that the fully self-consistent G(GG) approach has some clear advantages, as:

1. It reproduces quite well the QMC, DMC and experimental values for the critical
temperature Tc and for the chemical potential µ at the unitary limit (kFaF )

−1 = 0.

2. In the weak-coupling limit (kFaF )
−1 ≪ −1, it correctly recovers the BCS critical

temperature and Galitskii’s expansions of the chemical potential µc and the contact
Cc up to the subleading order.

3. In the strong-coupling limit (kFaF )
−1 ≫ 1, like the other t-matrix approaches,

it recovers the leading order value for the critical temperature Tc, the chemical
potential µc and the contact Cc. Moreover, it at least includes a repulsive interaction
between the composite bosons, albeit with scattering length aB/aF ≃ 1.16 instead
of the exact value aB/aF ≃ 0.60.

3.2 Dynamics

From the Green’s function G, it is possible to extract also spectral quantities, in addition
to the thermodynamic properties of the last section. As explained in Section 2.1.4,
however, one has to perform an analytical continuation to the function Ḡ(k, z), starting
from its knowledge at the discrete points on the imaginary axis z = iωn where it assumes
the values of the temperature Green’s function Ḡ(k, z = iωn) = G(k, ωn). To do so, we
employed the method of Padé approximants [129, 130], that consists in approximating
the function Ḡ(k, z) for any given k as the ratio of two polynomials:

Ḡ(k, z) =
p1 + p2z + · · ·+ prz

r−1

q1 + q2z + · · · qrzr−1 + zr
, (3.10)

where the 2r real coefficients {pi, qi; i = 1, . . . , r} are uniquely determined by the values
of Ḡ(k, z) at 2r points on the imaginary axis. This is done by means of a simple recursion
algorithm developed by Serene in Ref. [129]. Once the approximate analytical continuation
(3.10) has been performed, it is possible to evaluate it just above the real axis to obtain
the single-particle spectral function A(k, ω) as in (2.40):

A(k, ω) = − 1

π
Im[Ḡ(k, ω + iη)]. (3.11)

In principle, this procedure gives a positive-definite A(k, ω) that respects the sum
rule (2.34). In practice, however, the procedure is quite sensitive to the numerical errors
in the input values on the imaginary axis Ḡ(k, z = iωn), to the extent that sometimes
defects appear in the spectral function A(k, ω), distorting it and even making it acquire
negative values. To mitigate this issue, we followed the prescriptions of Ref. [131] and we
averaged over multiple analytic continuations (typically 12) performed with different sets
of 2r (typically 50) points on the imaginary axis, discarding the analytic continuations
that yielded A(k, ω) < 0 for some ω’s. In addition, even if the analytic continuation is

50



performed in the Imz > 0 plane, we often found it useful to include in the sets of 2r
points the first few frequencies (from one up to three) on the negative imaginary axis,
as also proposed in Ref. [131]. In fact, this allowed us to remove some defects without
substantially change the shape of the spectral function.

3.2.1 Single-particle spectral function

In Figure 3.6, the results for the single-particle spectral function A(k, ω) at the unitary
limit (kFaF )

−1 = 0 and at the critical temperature Tc are shown for some values of
k = |k| and for all the t-matrix approaches considered.

Note that the shape of the spectral function A(k, ω) appears quite different among the
various approaches. The most notable difference is between the approaches that dress the
external Green’s function G(c) in the self-energy (2.105) and those that do not. In fact,
for the (G0G0)G0, (GG0)G0 and (GG)G0 approaches the single-particle spectral function
presents a persistent double-peak structure up to at least k ≃ kF , with the two peaks
exchanging weight by varying k, while for the (G0G0)G and (GG)G approaches a clear
evidence of two peaks is present only at small wave-vectors. Note, however, that even
for these last two approaches the shape of A(k, ω) is not consistent with what one would
expect from a Fermi liquid [132, 133] (as sometimes claimed instead in the literature
[134]) because the single peak broadens around k ≃ kF with a width of the order of EF

(instead of becoming more narrow).
Concerning the single-vs-double peak debate for the single-particle spectral function at

unitarity, the only other evidence that can be found in the literature is a QMC calculation
performed by Magierski in Ref. [83, 84]. While the QMC spectral functions reported are
quite noisy, they seem to present a double peak structure at least up to T/TF ≃ 0.20
(even if this feature is somewhat dependent on the analytical continuation method used).
It seems then that the partial self-consistent approaches that do not dress the external
Green’s function G(c) work better in reproducing this qualitative feature than the others.
Still, a cross-check with other QMC calculations or with momentum resolved experimental
spectra would be important to have a clearer picture.

3.2.2 Density of states and pseudogap temperature

To avoid the reference to a specific wave vector k, one can integrate the spectral function
A(k, ω) over k to obtain the density of states N(ω) as shown in equation (2.35).

In Figure 3.7, the density of states at Tc is shown for the three characteristic couplings
(kFaF )

−1 = (−0.5, 0, 0.5) and for all the t-matrix approaches. In all cases, a depletion in
the density of states appears around ω = 0. This depletion is associated with the existence
of a pseudogap, i.e. a precursor of the pairing gap ∆ of the superfluid phase that develops
in the normal phase due to pairing fluctuations (for a review of the pseudo-gap physics
within various theoretical approaches, see Ref. [135]). While all the schemes present this
pseudogap feature, the details of its structure are still strongly dependent on the specific
t-matrix approach.
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Figure 3.7: Density of states N(ω) at T = Tc for the coupling values (kFaF )
−1 =

(−0.5, 0.0, 0.5) within alternative t-matrix approaches. The non-interacting density of
states N0 = mkF /(2π

2) per spin component at the Fermi level is used to normalize N(ω).
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Let us start by considering the unitary case (kFaF )
−1 = 0 represented in Fig. 3.7(b).

Analogously to what was observed for the spectral function A(k, ω), the t-matrix ap-
proaches can be divided in two classes: those that dress the external G(c) in the self-energy
(2.105), and those that do not. In fact, the (G0G0)G and (GG)G approaches overall
present a reduced pseudogap feature with respect to the (G0G0)G0, (GG0)G0, and
(GG)G0 ones. This is strictly related to the single-peak structure of the A(k, ω) within
the (G0G0)G and (GG)G approaches, that partially fills the ω ≃ 0 region in the integra-
tion over k, as opposed to the double-peak structure of the (G0G0)G0, (GG0)G0, and
(GG)G0 approaches that leaves the ω ≃ 0 region less filled.

For the coupling (kFaF )
−1 = −0.5 (Fig. 3.7(a)), the depletion around ω = 0

appears only as a small dip in the density of states of the non-interacting system
N0(ω) = m3/2

√
2(ω + µ)/(2π2). Here, the differences among the schemes are somewhat

smaller, even if the (G0G0)G and (GG)G approaches still present a reduced pseudogap
with respect to the others.

For the coupling (kFaF )
−1 = 0.5 (Fig. 3.7(c)), instead, the differences become really

important, to the point that the (G0G0)G and (GG)G approaches shows almost no
evidence of a pseudogap, while the (G0G0)G0, (GG0)G0 and (GG)G0 present a very deep
depletion around ω = 0.

For a given fixed coupling, it is also possible to follow the evolution of the density
of states N(ω) with the temperature T above Tc. In Fig. 3.8 this evolution is shown at
(kFaF )

−1 = 0 for all the t-matrix approaches considered. By increasing the temperature,
the depletion in the pseudogap region gets more and more shallow, until the local minimum
of N(ω) around ω = 0 disappears. We define then the pseudogap temperature T ∗ as the
temperature at which this local minimum disappears.3

Figure 3.9 shows T ∗ as a function of the coupling (kFaF )
−1 calculated within all the

t-matrix approaches. Similarly to what was observed for the density of states, also the
values of T ∗ differ considerably among the various approaches. In particular, one notices
that for the (G0G0)G and (GG)G approaches the T ∗ is strongly suppressed with respect
to the other approaches as a consequence of the reduced depletion of the density of states.
In addition, for these two approaches there is a coupling region where the temperature
T ∗ cannot be defined above Tc, as the density of states does not present a local minimum
around ω = 0 even at T = Tc. This occurs around (kFaF )

−1 ≃ 0.3 for the (G0G0)G
approach and around (kFaF )

−1 ≃ 0.6 for the (GG)G approach, and the boundaries of
these regions are reported as non-connected points of their respective T ∗ curves in Fig. 3.9.
Finally, for all the approaches we observe that T ∗ begins to increase rapidly at coupling
(kFaF )

−1 ≃ 0.5− 0.7. This happens because at this coupling there is a crossover from
a pseudogap phase, where the depletion in the density of states is rather shallow and a
truly many-body effect, to a normal-Bose-gas phase, where the depletion in the density of
states is deep and is just an evidence of the two-body pairing of the composite bosons
[67].

3Note that the temperature T ∗ has also been defined in different ways in the literature. For example,
in Refs. [83, 84] it was determined by looking directly at the non-integrated spectral function A(k, ω).
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−1 = 0 for temperatures

T ≥ Tc within alternative t-matrix approaches.
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that there a T ∗ ≥ Tc cannot be identified, to the extent that a local minimum near ω = 0
cannot be found in N(ω) even at T = Tc.

3.2.3 Luttinger wave vector

The crossover between the pseudogap and normal-Bose-gas phase can be characterized
in terms of the Luttinger wave vector kL. This wave vector was originally introduced in
Ref. [58] within the non-self-consistent (G0G0)G0 approach as the wave vector at which
the back-bending of the lower branch of the single-particle dispersion ϵ(k) occurs. In
Ref. [58], this dispersion was obtained by following the position of the low-energy peak
of the single-particle spectral function A(k, ω) as a function of |k| = k (cf. panel (a) of
Fig. 3.6). The Luttinger wave vector kL was then obtained by fitting this dispersion with
the BCS-like form

ϵ(k)

EF
= µ′ −

√[
(k/kF )2 − (kL/kF )2

]2
+∆′2, (3.12)

where µ′ and ∆′ and kL are fitting parameters (the energy shift µ′ was needed to account
for the dispersion away from the weak-coupling regime).

Physically, a non-vanishing kL signals the presence of an underlying Fermi surface,
which endows the system with a persistent fermionic character even in the presence of
strong attractive inter-particle interactions. In these terms, the crossover between the
fermionic pseudogap phase and the normal-Bose-gas phase is complete when the Luttinger
wave vector kL becomes zero at some critical coupling, signaling the disappearance of the
underlying Fermi surface.

The definition of kL introduced in Ref. [58] cannot however be applied to the (G0G0)G
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Figure 3.10: Luttinger wave vector kL (in units of kF ) vs (kFaF )
−1 obtained at T = Tc

within alternative t-matrix approaches (the definition of kL for the different approaches is
given in the text).

and (GG)G approaches, where a lower branch of the dispersion cannot be identified due
to the single-peak shape of the spectral functions A(k, ω) (cf. Fig. 3.6(b) and Fig. 3.6(e))
and the absence of a back-bending in the dispersion for most couplings. As a consequence,
for most wave vectors of these approaches we adopted an alternative operative definition
of kL that is closer in spirit to the one that is used for a Fermi liquid, identifying kL as
the wave vector for which the single peak in A(k, ω) passes through ω = 0. Nevertheless,
this definition works only for couplings (kFaF )

−1 ≲ 0.4 for the (G0G0)G approach and
(kFaF )

−1 ≲ 0.6 for the (GG)G approach, because for stronger couplings a double-peak
structure in A(k, ω) starts to appear also for these approaches. To be able to extend the
kL-vs-coupling curve up to kL → 0, for the coupling regime where the double peak occurs
we thus found more appropriate to identify kL as the wave vector at which the peaks in
A(k, ω) at negative and positive frequencies mutually exchange the height of their maxima.

Figure 3.10 shows the values of the Luttinger wave vector kL (following the definitions
given above) as a function of the coupling (kFaF )

−1 for all the t-matrix approaches. Here,
depending on the approach, kL appears to vanish for coupling in the range between 0.55
and 0.7, with the largest critical coupling reached by the fully self-consistent (GG)G
approach.
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3.2.4 Radio-frequency spectroscopy

In a recent experimental work [136], the radio-frequency (rf) spectra of the balanced
unitary Fermi gas in a uniform box potential were investigated for an extended range
of temperatures. Knowledge of the Rabi frequency of the transition induced by the
radio signal, and the number of atoms trapped in the box, allowed for the definition of a
normalized dimensionless rf spectrum depending only on ω/EF and T/TF . These spectra
provide quite a compelling test for theory.

More specifically, the experiment in Ref. [136] involved the three lowest hyperfine
levels |1⟩, |2⟩, |3⟩ of the fermionic atom 6Li. A balanced mixture of two hyperfine states
|↓⟩ = |1⟩ and |↑⟩ = |3⟩ of the 6Li atoms was initially prepared at the unitary resonance of
the inter-spin interaction. Then a square rf pulse transferred atoms from state |↓⟩ into
the final state |f⟩ = |2⟩. The final state |f⟩ was chosen so that the interactions between
atoms in state |f⟩ and atoms in states |↑⟩ and |↓⟩ were small (kFaf ≲ 0.2, where af is
the scattering length of the interaction between atoms in the final and initial states).

After the rf pulse, the atom number in the initial state N↓ (before the rf pulse) and
in the final state Nf (after the rf pulse) were measured. From this measurement, the
experimental dimensionless rf spectrum is defined as

Ĩrf(ω) =

[
Nf (ω)

N↓

](
EF

Ω2
RTPulse

)
(3.13)

where ΩR is the Rabi frequency of the |↓⟩ → |f⟩ transition, TPulse is the pulse duration
and ω = ωrf − ω↓f is the detuning of the rf pulse frequency ωrf from the bare atomic
transition frequency ω↓f . Under the assumption that the final state |f⟩ is empty before
the transition, this rf spectrum satisfies the sum rule [48]∫

Ĩrf(ω) d(ω/EF ) =
π

2
. (3.14)

One can then define
Irf(ω) =

2

π
Ĩrf(ω) (3.15)

so that the sum rule becomes ∫
Irf(ω) d(ω/EF ) = 1. (3.16)

Within linear response theory and neglecting final-state interactions, the rf spectrum
Irf(ω) can be calculated in terms of the single-particle spectral function A(k, ω) of
Section 3.2.1 as [58]

Irf(ω) =
EF

n↓

∫
dk

(2π)3
A(k, ξk − ω)f(ξk − ω) (3.17)

where f(ξ) = 1/(eβξ + 1) is the Fermi distribution.
Figure 3.11 shows the comparison of the rf spectra calculated within the various

t-matrix approaches, together with the experimental data from Ref. [136], for the coupling
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Figure 3.11: Radio-frequency spectra Irf(ω) at coupling (kFaF )
−1 = 0 for the temper-
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approaches. Experimental data from Ref. [136] (diamonds) are added for comparison.
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(kFaF )
−1 = 0 and for four different temperatures above Tc. The values of the temperature

have been chosen so that they correspond to the experimental ones.
While the single-peak shape of the rf spectrum is always recovered, the spectra are

quite different for the various approaches, especially at low temperature. Like for the
other spectral properties of the previous sections, larger differences are seen between the
(G0G0)G and (GG)G approaches that dress the external Green’s function G(c) and the
(G0G0)G0, (GG0)G0 and (GG)G0 approaches that do not.

None of the theoretical approaches is able to recover the whole experimental spectrum.
Still, one can see that the approaches which do not dress the external G(c) are at least
able to recover the initial part of the spectrum (namely ω ≤ 0). Note, however, that
all the experimental spectra seem to present a reduced area under the peak, as if they
would not satisfy the sum rule (3.16). The depletion of the experimental spectra could be
related to final state effects [48], but a quantitative investigation of these effects is still
needed.

It is finally interesting to note that at the highest temperature T/TF = 2 the differences
between the various approaches get smaller. This is expected, since all t-matrix approaches
converge to the second order virial expansion in the high-temperature limit [43, 99]. It is
somewhat surprising that even at this relatively high temperature significant differences
with respect to the experimental result still persist.

Figs. 3.12 and 3.13 show instead the position of the maximum (Ep = −ωmax) and the
full width at half maximum (FWHM) of the peak in the rf spectra as a function of the
temperature for all the t-matrix approaches and the experimental data of Ref. [136].4

For the position of the maximum, the only approach that seems to recover the
qualitative behavior of the experimental data is the non-self-consistent (G0G0)G0 approach.
Still, the (G0G0)G0 result is consistently shifted to higher temperatures, as we could
expect since this approach does not recover the correct thermodynamics at unitarity
(cf. Section 3.1).

As far as the width of the peak, all the schemes present a maximum at a certain
temperature, which is T/TF ≃ 0.9 for the (G0G0)G0, (GG0)G0 and (GG)G0 approaches
and T/TF ≃ 1.3 for the (G0G0)G and (GG)G approaches. Note also that the self-
consistently dressing of the particle-particle propagator Γ tends to reduce the width of
the spectra. However, none of the approaches recover the experimental width, that shows
a maximum at the lower temperature T/TF ≃ 0.5.

3.2.5 Summary of the results for spectral quantities

We have seen that the main differences in the spectral functions obtained within the
various approaches originate by the dressing of the external G(c) in the self-energy (2.105).
In particular, at unitarity, the inclusion of this self-consistency removes the double-peak
structure from the single-particle spectral function A(k, ω), and this in turn reduces the
pseudo-gap feature in the density of states N(ω). At the same time, however, QMC

4The minus sign in the definition of the position of the peak maximum is introduced to be consistent
with the notation of Ref. [136].
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data from Refs. [83, 84] seem to point out that this double-peak structure is indeed
present, at least at T = Tc ≃ 0.15TF . Moreover, the (G0G0)G and (GG)G approaches
are those which compare worst with the rf spectra of Ref. [136]. From these evidences, it
appears that the fully self-consistent scheme (GG)G, which gives really good results for the
thermodynamics, fails to catch even the qualitative features of the spectral functions, while
the non-self-consistent (G0G0)G0 approach can at least recover some qualitative properties.

That a fully self-consistent diagrammatic approximation may end up degrading the
description of spectral features with respect to its non-self-consistent version(s) has also
been evidenced in other physical contexts. For example, this is consistently seen in GW
diagrammatic calculations of the excitation spectra of semiconductors and insulators
[137], as well as of complex molecules [138]. Similar conclusions have further been drawn
in the context of a simpler model [139]. In these cases, attempts have recently been made
to mitigate the effects of self-consistency by introducing vertex corrections on the GW
calculations [140, 141].

In the present context of the t-matrix approximation for an attractive Fermi gas, too,
vertex corrections have recently been included on top of a partially self-consistent version
of this approximation in Ref. [70, 71]. It could therefore be interesting to assess whether
including a similar kind of vertex correction on top of the fully self-consistent t-matrix
approximation may result in a better description for spectral properties.
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Chapter 4

Trapped system

All the results that were shown in the previous chapter refer to the homogeneous Fermi
gas. While some recent experiments have been performed in a homogenous box potential
[136, 142, 143], most of the experimental data so far available have been obtained within
a harmonic trapping potential. It is then important to extend the t-matrix approach also
to harmonic trapping potentials in order to have a meaningful comparison with these
experimental data.

In this chapter, the details of this extension will be presented, together with the results
for the density profiles and the critical temperature in the trap calculated within the fully
self-consistent t-matrix approach. A comparison with experimental data for the same
quantities is also provided.

4.1 Local density approximation

Let us consider a spin-balanced Fermi gas trapped composed by N = N↑ +N↓ particles
in an anisotropic harmonic potential of the form

V (r) =
1

2
m
(
ω2
xx

2 + ω2
yy

2 + ω2
zz

2
)
, (4.1)

where ωx, ωy and ωz are the harmonic frequencies along the x, y and z directions.
To describe a system in this kind of potential, one can adopt a local density approxima-

tion (LDA) approach. This approach consists in keeping the same equations (2.104-2.107)
of the homogeneous system, but replacing the chemical potential µ in all the expressions
with a position-dependent chemical potential µ(r) = µ0− V (r), thereby obtaining a local
Green’s function G(k, ωn;µ(r)). One can then repeat the homogeneous calculation on a
grid of r-points to obtain the density profile

n(r) = 2

∫
dk

(2π)3
1

β

∑
n

G(k, ωn;µ(r)), (4.2)

and then fix the chemical potential µ(r = 0) = µ0 at the center of the trap by inverting
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the number equation

N = 2

∫
dr n(r). (4.3)

To simplify the calculation, it is however useful to map the anisotropic potential
V (r) to its equivalent isotropic potential, so that r needs to be evaluated only on a
one-dimensional radial grid. For simplicity, let us consider the typical experimental
situation where the trapping frequencies are taken to be ωx = ωy and ωz = λωx, so that
the anisotropy is only along the z-axis. One can then rescale the variables as

(x, y, z)→ (x′ = λ−1/3x, y′ = λ−1/3y, z′ = λ2/3z), (4.4)

such that the trapping potential becomes

V (x′, y′, z′) =
1

2
ω̄2r′2, (4.5)

where r′ =
√
x′2 + y′2 + z′2 and ω̄ = (ωxωyωz)

1/3 = λ1/3ωx is the average trap frequency.
Accordingly, the original density distribution n(x, y, z) is mapped to an isotropic distri-
bution n′(x′, y′, z′) = n′(r′). As the number of particles N is kept to be the same in the
rescaling, we have

N =

∫
dx dy dz n(x, y, z) =

∫
dx′dy′dz′ n′(x′, y′, z′), (4.6)

thus, the mapping between the density distributions in the rescaling is simply given by

n(x, y, z) = n′(λ−1/3x, λ−1/3y, λ2/3z). (4.7)

Once the calculation is performed in the isotropic system, the previous rescaling relation
can be applied to recover the results for any anisotropic system.

In Fig. 4.1 the isotropic density profiles calculated within the fully self-consistent
t-matrix approach are shown for the couplings (kFaF )−1 = (−0.5, 0.0, 0.5) and for different
temperatures in the normal phase. Here, the coupling (kFaF )

−1 is expressed in terms of
kF =

√
2mEF , where EF = ω̄(3N)1/3 is the Fermi energy of the trap. The position in the

trap r′, instead, is expressed in units of the Thomas-Fermi radius RTF, that corresponds
to the radius of the density profile of a non-interacting Fermi gas at zero temperature
and is given by the relation

1

2
mω̄2R2

TF = EF ⇒ RTF =

√
2EF

mω̄2
. (4.8)

Note that both EF and RTF are invariant in the isotropic mapping, because both N and
ω̄ do not change in the transformation.
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Figure 4.1: Isotropic radial density n′(r′) calculated within the fully self-consistent
(GG)G t-matrix approach for the couplings: (a) (kFaF )

−1 = −0.5; (b) (kFaF )
−1 = 0.0;

(c) (kFaF )
−1 = 0.5. In each panel, the results for T = Tc (dots), T = 0.5TF (squares),

T = TF (diamonds) are shown. Lengths are in units of the Thomas-Fermi radius RTF
given by the expression (4.8), such that 8N/(π2R3

TF) is the value of n′(r′ = 0) for the
non-interacting gas at T = 0 within the local-density approximation.
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4.2 Comparison with experimental axial densities

A quantity that can be compared with the experimental data in a harmonic potential
is the so-called axial density na(z), where z runs along the main axis of the trap. This
quantity is obtained by integrating the full density n(x, y, z) over the transversal directions
x and y

na(z) =

∫
dx dy n(x, y, z) (4.9)

Specifically, the experimental profiles na(z) can be compared with their theoretical
counterparts n′a(z′), obtained by integrating over x′ and y′ the isotropic profiles n′(r′) =
n′(x′, y′, z′) (like those shown in Fig. 4.1) and then performing the rescaling

na(z) = λ2/3 n′a(λ
2/3z) . (4.10)

Figure 4.2 shows this comparison for three sets of values of temperature, coupling, and
anisotropy λ. The experimental data were obtained by the group of J. Hecker Denschlag
in Ulm [77]. In all cases, excellent agreement results between the experiment and the
self-consistent t-matrix approach with no adjustable parameter.

4.3 Critical temperature in the trap

The values of the critical temperature Tc in the trapped case, reported in Fig. 4.1 for
three specific couplings, can be obtained throughout the whole BCS-BEC crossover.
To calculate this critical temperature, it is useful to think in terms of a local Fermi
temperature TF (r) = [3π2n(r)]2/3/(2mkB), corresponding to the Fermi temperature of
the homogeneous system with density equal to the local density n(r). This implies that
the local Fermi temperature TF (r), like the density n(r), has its maximum value at
r = 0, to which there corresponds a minimum value for the ratio T/TF (r) for a given
temperature T . Accordingly, the central portion of the trap is where superfluidity is first
established upon lowering the temperature from the normal phase.

The critical temperature Tc for the trapped system is then obtained by applying the
Thouless criterion (2.109) to the center of the trap:[

Γ (Q = 0,Ων = 0;µ(r = 0))−1 ]
T=Tc

= 0. (4.11)

Figure 4.3 shows the result for Tc in the trap across the BCS-BEC crossover, calculated
for both the fully self-consistent (GG)G and the non-self-consistent (G0G0)G0 t-matrix
approaches.

Note that in the BCS limit (kFaF )
−1 ≪ −1 the critical temperatures for the two

approaches are really close. Still, there is a difference in the pre-exponential factor,
similarly to what happens in the homogeneous case (cf. inset of Fig. 3.1). To understand
this, we can write the expression of the critical temperature in the weak-coupling limit
(2.94) by replacing µ with the chemical potential µ0 at the center of the trap:

Tc ≃
8µ0e

γ

kBπe2
exp

( π

2kFaF

√
EF /µ0

)
. (4.12)
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Figure 4.2: Comparison between the axial densities along the main axis of the trap, as
observed experimentally in Ref. [77] (full lines) and calculated within the self-consistent
t-matrix approach (dashed lines) for (a) T/TF = 0.51(4) and (kFaF )

−1 = 0.20(3) (b)
T/TF = 0.49(4) and (kFaF )

−1 = 0.49(3) (c) T/TF = 0.99(6) and (kFaF )
−1 = 1.00(5).

The ratio λ between the axial and radial trap frequencies equals 0.0435(8) in (a), 0.0424(7)
in (b), and 0.0272(4) in (c). The axial Thomas Fermi radius Ra

TF = λ−2/3RTF is used
for normalization.
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Figure 4.3: Critical temperature Tc (in units of TF ) vs (kFaF )
−1 for the trapped system.

Results are shown for the fully self-consistent (GG)G (full line) and for the non-self-
consistent (G0G0)G0 (dashed line) t-matrix approaches. At unitarity, the experimental
value Tc/TF = 0.223(17) (diamond) obtained in Ref. [144] is shown for comparison. In
the BEC regime, the results of a calculation for trapped bosons with a mean-field-type
interaction (cf. Appendix E) are also shown with the values aB = 1.16aF (dotted line) and
aB = 0.60aF (dash-dotted line) for the bosonic scattering length. In addition, the inset
shows the extrapolation of the ratio Tc/TBCS

c in the weak-coupling limit (kFaF )
−1 ≪ −1.

Here, thick lines correspond to numerical data and thin dotted lines correspond to
parabolic fits of the data that extrapolate Tc in the weak-coupling limit.
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At the leading order in (kFaF ), µ0 ≃ EF and one recovers the same expression of the
BCS critical temperature as for the homogeneous system

TBCS
c =

8eγTF
πe2

exp
( π

2kFaF

)
, (4.13)

with the only difference that now TF = ω̄(3N)1/3/kB is the Fermi energy in the trap.
However, like for the homogeneous system (cf. Section 2.2.7), one has to take into account
also the subleading order in (kFaF ) of µ0 (in both approaches) and the effects of the
dressing of the particle-particle bubble (in the (GG)G approach), which give rise to
different pre-exponential factors to the expression of the critical temperature (4.13). In
particular, with a procedure similar to the one of Section 2.2.7, one can show that, in the
BCS limit,

Tc ≃ ATBCS
c , (4.14)

where the pre-exponential factor is A = exp(−128/(315π)) ≃ 0.879 for the (G0G0)G0

approach and A = exp(−128/(315π) + 1/3) ≃ 1.226 for the (GG)G approach1. From
numerical extrapolation in the (kFaF )

−1 → 0− limit (see inset of Fig. 4.3), we found
Aextr ≃ 0.87 for the (G0G0)G0 approach and Aextr ≃ 1.22 for the (GG)G approach, in
good agreement (within an error of the order of 1%) with the values estimated analytically.
In this regard, it is important to say that, in this case, it is the fully self-consistent
approach (GG)G that produces a better result with respect to the BCS and (G0G0)G0

approaches, because it keeps into account the effects of the interactions (through the
mean-field shift Σ0) on both the density equation and the Thouless criterion (4.11).

On the BEC side of unitarity, instead, the (G0G0)G0 and (GG)G approaches differ
considerably. In fact, the (G0G0)G0 approach quickly recovers the critical temperature
of a trapped gas of non-interacting composite bosons TBEC

c /TF = (6ζ(3))−1/3 ≃ 0.5176,
while the (GG)G approach presents a considerably lower Tc and recovers the asymptotic
BEC value much more slowly.2

This substantial difference is to be attributed to the occurrence of a residual repulsive
interaction between the composite bosons in the BEC regime, which is present within
the fully self-consistent (GG)G approach but is absent within the non-self-consistent
(G0G0)G0 approach (cf. Section 3.1.3). In fact, the repulsion between the composite
bosons generates a depletion of the density n(r = 0) at the center of the trap. This, in
turn, increases the local temperature T/TF (r = 0), such that the global temperature T
must be lower to reach superfluidity at the center of the trap. This effect can be described
within bosonic mean-field theory, whereby the decrease of the critical temperature at the
leading order in the dilute limit is linear in the bosonic scattering length aB [145].

To make a check on the results of the (GG)G numerical calculation in the BEC limit,
we performed a mean-field self-consistent calculation of Tc for a low-density Bose gas with
scattering length aB (see Appendix E). The scattering length between the bosons was

1Similarly to the homogeneous case, the difference in the prefactor between the (GG)G and (G0G0)G0

approaches originates from the inclusion of the mean-field shift Σ0 in the Green’s functions of the
particle-particle propagator (cf. Section 2.2.7).

2ζ(z) appearing in the expression of TBEC
c is the Riemann zeta function of argument z.
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first set to the approximate value aB = 1.16aF (dotted line) obtained within the (GG)G
approach (cf. Section 3.1.3). The agreement of the bosonic mean-field calculation with
the (GG)G result in the (kFaF )

−1 ≫ 1 limit provides a numerical check on the accuracy
of our calculations and evidences the important effect of the boson-boson repulsion on Tc
for the trapped system in the BEC regime.

The same mean-field bosonic calculation was then performed for the exact value aB =
0.60aF [42, 128](dash-dotted line). Comparing the (GG)G result with this calculation in
the BEC limit, we see that it quite underestimates the correct value of Tc, because of its
overestimation of the scattering length between composite bosons. Still, the prediction is
much improved with respect to the non-self-consistent (G0G0)G0 approach, where the
interaction between composite boson is completely neglected.

At the unitary limit (kFaF )−1 = 0, the experimental value Tc/TF = 0.223(13) is shown
for comparison. This value was obtained in Ref. [144] from the value for the homogeneous
system of Ref. [122] by using a local density approximation and the experimental equation
of state. Similarly to the homogeneous case (cf. Fig. 3.1), the value Tc/TF = 0.2074
obtained at unitarity within the fully self-consistent (GG)G approach is the one that
better agrees with the experimental data.

Finally, it should be mentioned that the (GG)G value of Tc at unitarity coincides
with that obtained in Ref. [50] by the same approach. However, our calculation for Tc in
the trapped system is extended to the whole BCS-BEC crossover, while that of Ref. [50]
was limited only to unitarity.
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Chapter 5

Pair correlations

In this chapter, we investigate pair correlations in the normal phase of a spin-balanced
attractive Fermi gas. To study these pair correlations, the pair correlation function
g↑↓(ρ) and the pair coherence length ξpair are introduced and calculated within the fully
self-consistent t-matrix approach.

5.1 Theoretical approach for the pair correlation function
and the pair coherence length

In an homogeneous system, the pair correlation function for fermions with opposite spin
is defined in terms of fermionic field operators as1

g↑↓(ρ) =
〈
ψ̂†
↑

(ρ
2

)
ψ̂†
↓

(
−ρ

2

)
ψ̂↓

(
−ρ

2

)
ψ̂↑

(ρ
2

)〉
− n↑n↓. (5.1)

This function contains information about the correlations of pairs of fermions with opposite
spin at a distance ρ = |ρ|. The uncorrelated value n↑n↓ is subtracted in the definition to
emphasize only the correlations due to interaction.

From the function (5.1), one can extract the pair coherence length ξpair

ξ2pair =

∫
dρρ2g↑↓(ρ)∫
dρ g↑↓(ρ)

, (5.2)

which represents in general the range of pairing correlations and generalizes the definition
of BCS pairing length (see Ref. [10]) in a such a way that it can be extended also to the
normal phase.

Let us now introduce the theoretical approach to calculate the pair correlation function
(5.1) and the pair coherence length (5.2) within the self-consistent t-matrix approach.
As these are two-body observables, to describe them one needs the two-particle Green’s
function formalism (see Section 2.6).

1Note that the τ -dependence in the field operators ψ̂σ(r, τ) has been dropped as they are all calculated
at the same imaginary time τ .
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Restoring the τ -dependence in the definition (5.1), together with the use of the Nambu
representation (2.135), one can identify the pair correlation (5.1) with the two-particle
Green’s function (2.137)

g↑↓(ρ) + n↑n↓ = ⟨Tτ [Ψ̂(1)Ψ̂(2)Ψ̂†(2′)Ψ̂†(1′)]⟩ = G2(1, 2; 1
′, 2′) (5.3)

with the following choice for the variables

1 = (ρ/2, τ, ℓ1 = 1),

2 = (−ρ/2, τ++, ℓ2 = 2),

1′ = (−ρ/2, τ+, ℓ1′ = 2),

2′ = (ρ/2, τ+++, ℓ2′ = 1),

(5.4)

where τ+ = τ + η with η → 0+. For a Fermi gas in the normal phase, and with the
variables (5.4), the G(1, 1′)G(2, 2′) term in the definition (2.138) of the two-particle
correlation function L is zero because it is formed by off-diagonal single-particle Green’s
function, which are zero above Tc (cf. Eq. (2.146)). So, in this case one has L(1, 2; 1′, 2′) =
G2(1, 2; 1

′, 2′), and the formal solution (2.142) for L is valid also for G2:

G2(1, 2; 1
′, 2′) = −G(1, 2′)G(2, 1′)

−
∫
d3456G(1, 3)G(6, 1′)T (3, 5; 6, 4)G(4, 2′)G(2, 5).

(5.5)

With the external variables (5.4), the first term on the right hand side of (5.5) is
−G(1, 2′)G(2, 1′) = n↑n↓, and thus exactly cancels the uncorrelated value n↑n↓ on the
left hand side of Eq. (5.3). In the second term, instead, only the element T 11

22 = T11 = −Γ
of the T -matrix survives above Tc (cf. Section 2.6). Fourier transforming Eq. (5.5) to the
frequency-momentum space, one finally obtains the expression for the pair correlation
function in the normal phase in terms of the single-particle Green’s function G and the
particle-particle propagator Γ [66]:

g↑↓(ρ) =

∫
dQ

(2π)3
1

β

∑
ν

eiΩνη Γ(Q,Ων) [Π(ρ;Q,Ων)]
2 (5.6)

where
Π(ρ;Q,Ων) =

∫
dk

(2π)3
eik·ρΠ(k;Q,Ων) (5.7)

is the Fourier transform of the particle-particle bubble

Π(k;Q,Ων) =
1

β

∑
n

G↑(k +Q/2, ωn +Ων)G↓(k −Q/2,−ωn). (5.8)

Once that g↑↓(ρ) has been calculated, in principle one can directly apply the definition
(5.2) and obtain the pair coherence length ξpair. In practice, however, we found that this
procedure is not the best to apply numerically, because especially when g↑↓(ρ) present
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long and oscillating tails in ρ (for example, in weak-coupling at low temperature) the
integration over ρ of the numerator of (5.2) is quite sensible to numerical noise.

Accordingly, for the calculation of ξpair, we avoid the ρ-space completely and work
directly in momentum space. In fact, if one replaces the expression (5.6) for g↑↓(ρ) into
the denominator and numerator of the definition (5.2) for ξpair, one obtains [66]:∫

dρ g↑↓(ρ) =

∫
dQ

(2π)3
1

β

∑
ν

eiΩνη Γ(Q,Ων)

∫
dk

(2π)3
Π[(k;Q,Ων)]

2, (5.9)∫
dρρ2 g↑↓(ρ) =

∫
dQ

(2π)3
1

β

∑
ν

eiΩνη Γ(Q,Ων)

∫
dk

(2π)3
[∇k Π(k;Q,Ων)]

2, (5.10)

where the particle-particle bubble Π is defined in (5.8).
A detailed account of the calculation of the expressions (5.6), (5.9) and (5.10) within

the fully self-consistent t-matrix approach is given in Appendix F.

5.2 Short-range behavior of g↑↓(ρ)

The small-ρ behavior of the pair correlation function g↑↓(ρ) can be obtained analytically.
Let us start by considering the ρ→ 0 limit of the particle-particle bubble (5.7)

Π(ρ;Q,Ων) =

∫
dk

(2π)3
eik·ρΠ(k,Q,Ων)

=

∫
dk

(2π)3
eik·ρ

m

k2
−
∫

dk

(2π)3
eik·ρ

[
Π(k,Q,Ων)−

m

k2

]
−−−→
ρ→0

m

4πρ
+Rpp(Q,Ων),

(5.11)

where, by setting ρ = 0 in the second term, we identified the renormalized particle-particle
bubble Rpp(Q,Ων) as defined in (2.107) with G(a)

↑ = G↑ and G(b)
↓ = G↓. Replacing this

expression in (5.6) and using the relation

Γ(Q,Ων)Rpp(Q,Ων) = −
Rpp(Q,Ων)

m
4πaF

+Rpp(Q,Ων)
= −1 + m

4πaF
Γ(Q,Ων) (5.12)

we obtain

g↑↓(ρ) −−−→
ρ→0

∫
dQ

(2π)3
1

β

∑
ν

eiΩνη Γ(Q,Ων)

[(
m

4πρ

)2

+ 2
m

4πρ
Rpp(Q,Ων)

]

=
(m
4π

)2 ∫ dQ

(2π)3
1

β

∑
ν

eiΩνη Γ(Q,Ων)

(
1

ρ2
− 2

aFρ

)
.

(5.13)

By identifying the trace of the particle-particle propagator Γ (times m2) with Tan’s
contact C as in (2.131) one finally obtains

g↑↓(ρ) −−−→
ρ→0

C

(4π)2

(
1

ρ2
− 2

aFρ
+ · · ·

)
. (5.14)
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5.3 BEC limit of g↑↓(ρ)

Let us now consider the BEC limit of the pair correlation function (5.6).As in the BEC
limit the chemical potential µ ≃ −ε0/2 is the dominant energy scale (cf. Section 2.2.6),
we can approximate the Green’s function within the particle-particle bubble (5.8) as bare
G0 and perform the sum on the fermionic frequency as in (2.74):

Π(k;Q,Ων) ≃
1− f(ξk+Q/2)− f(ξk−Q/2)

ξk+Q/2 + ξk−Q/2 − iΩν
≃ 1

ξk+Q/2 + ξk−Q/2 − iΩν
, (5.15)

where ξk = k2/(2m)− µ and the Fermi distributions f(ξ) = 1/(eβξ +1) in the numerator
have been neglected in the strong-coupling β|µ| ≫ 1 limit.

Taking the Fourier transform on k of expression (5.15), one obtains the analytical
expression:

Π(ρ;Q,Ων) ≃ Πsc(ρ;Q,Ων) =
m

4πρ
e−m1/2ρ

√
Q2/(4m)−2µ−iΩν . (5.16)

One then finds for the pair correlation function (5.6)

g↑↓(ρ) ≃
∫

dQ

(2π)3
1

β

∑
ν

eiΩνη Γsc(Q,Ων) [Πsc(ρ;Q,Ων)]
2, (5.17)

where Γsc is the particle-particle propagator in the strong-coupling limit (2.84). At the
lowest order in the β|µ| ≫ 1 limit, one can express Γsc in its polar form (2.85) and neglect
the Q and Ων dependence in (5.16), obtaining:

g↑↓(ρ) ≃
8π(n/2)

aF

e−2ρ/aF

(4πρ)2
=
CBEC

(4π)2
e−2ρ/aF

ρ2
(5.18)

where CBEC/k4F = 4/(3πkFaF ) is the strong coupling limit of the contact. Note that,
apart from a multiplicative constant, the pair correlation function correspond in this limit
to the square of the two-body bound state (2.66):

g↑↓(ρ) ≃
n

2
|ϕb(ρ)|2. (5.19)

Replacing the expression (5.18) in the ξpair definition (5.2), one can easily carry out
the integrals over ρ and obtain ξpair ≃

√
2aF in the BEC limit.

5.4 Results for the spin-balanced system

In this section we report the results for the pair correlation function g↑↓(ρ) and the
pair coherence length ξpair for a spin-balanced Fermi gas in the normal phase across the
BCS-BEC crossover. The main results are obtained within the fully self-consistent (GG)G
t-matrix approach. For the pair coherence length, a comparison with the results of the
non-self-consistent (G0G0)G0 approach is also shown.
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Figure 5.1: Spatial profiles of ρ2 g↑↓(ρ) vs ρ (in units of k−1
F ) within the fully self-consistent

t-matrix approach, for several couplings and temperatures above Tc. The profiles are
normalized with respect to their value at ρ = 0. In each panel, the inset gives the
dependence of the contact C over an extended range of temperature (in units of the Fermi
temperature TF ), where the dots correspond to the temperatures reported in the same
panel. In panels (c) and (d), the expression (2πaF )ρ

2|ϕb(ρ)|2 = e−2ρ/aF corresponding to
the two-body bound state (2.66) is reported for comparison (long dash-dotted lines).
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In Figure 5.1, spatial profiles of the pair correlation function g↑↓(ρ) calculated within
the fully self-consistent t-matrix approach are shown for several couplings and temperatures
above Tc. The profiles are multiplied by ρ2 and renormalized with respect to their value at
ρ = 0 to facilitate the comparison. Reported in each inset are also the respective values of
the contact C, from which the numerical values of g↑↓(ρ) can be explicitly reconstructed.

Note the oscillatory behavior of g↑↓(ρ), which is present on the BCS side at low
temperatures but quickly fades away either by moving towards the BEC side or by
increasing temperature. This behavior is strictly related to the existence of an underlying
Fermi surface at a finite momentum, which is translated in oscillations in real space [146].
In fact, one can show that in the BCS limit these oscillations have a period determined
by the wave vector kF [66].

In the BEC limit, instead, the pair correlation function is seen to correctly recover
the expression (5.18) (long dash-dotted lines) proportional to the square of the two-body
bound state (2.66).

In Figure 5.2, instead, is shown the temperature dependence of the pair coherence
length ξpair calculated within the fully self-consistent (GG)G (full line) and non-self-
consistent (G0G0)G0 (dashed line) approaches for three characteristic couplings. In general,
one observes a consistent reduction of ξpair at low temperature when self-consistency
is added in the calculation. For T/TF > 2, instead, both approaches have basically
the same behavior and they slowly recover the high-temperature value λT /

√
4π, where

λT =
√
2π/(mkBT ) [66].

Finally, Figure 5.3 reports the pair coherence length ξpair at the critical temperature
Tc as a function of the coupling, for both the self-consistent (GG)G (full line) and the
non-self-consistent (G0G0)G0 (dashed line) approaches. Also here, it appears that the
self-consistent value of ξpair is reduced with respect to the non-self-consistent one across
the whole crossover. On the BEC side, one can see that the self-consistent approach
recovers the limiting value ξBEC

pair =
√
2aF much more slowly with respect to the non-self-

consistent one. This is due the residual repulsion between the composite bosons, included
in the (GG)G approach, that tends to shrink the pair correlation function with respect
to the (G0G0)G0 approach, which completely neglects this residual interaction (for an
analysis of the size shrinking of pairs due to the interaction between composite bosons,
see Ref. [147]).
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Figure 5.2: Temperature dependence of the pair coherence length ξpair for the couplings
(a) (kFaF )

−1 = −1.0, (b) (kFaF )
−1 = 0.0, and (c) (kFaF )

−1 = 1.0. The results are
shown for the fully self-consistent (full line) and non-self-consistent (dashed line) t-matrix
approaches, and at low temperature the curves terminate at their respective critical
temperature Tc. The dotted line represents the high-temperature limit λT /

√
4π, with

λT =
√
2π/(mkBT ).
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Chapter 6

Pairing fraction

In this chapter, we address the problem of pair formation in the normal phase of an
attractive Fermi gas. These preformed pairs are usually associated with the occurrence of
a pseudo-gap in the density of states, which can be viewed as a carry-over of the pairing
gap in the superfluid phase to the normal phase [28, 135, 148] (see Section 3.2.2).

Pairing in the normal phase was recently investigated in an experiment with a spin-
balanced two-component Fermi gas of 6Li [105], where the number of fermion pairs Np

was determined by converting all atom pairs to tightly-bound diatomic molecules which
afterwards were detected. A brief description of the experimental procedure to measure the
pairing fraction Np/Nσ (where Nσ is the number of fermions per spin-state) is presented
in the first section of this chapter. At first, the experimental results are compared to a
simple statistical model of non-interacting atoms and molecules at equilibrium [4, 153].
Then, a preliminary many-body account of the experimental pairing fraction, based
on the self-consistent t-matrix approach, is presented. This preliminary many-body
approach is able to describe the experimental data in the BEC region ((kFaF )−1 ≳ 0.5)
of the crossover. Finally, the many-body approach is improved and extended to the
whole BCS-BEC crossover, obtaining good agreement with experimental data also for
more intermediate couplings. Most of the results in this chapter have been presented in
Refs. [77, 105].

6.1 Experimental approach to the pairing fraction

Let us start with a brief description of the experimental approach used in Ref. [105]
to measure the pairing fraction Np/Nσ on the BEC side of the crossover. The experi-
mental system is a spin-balanced two-component Fermi gas of 6Li atoms, where the two
components are the states with mF = +1/2 (|↑⟩) and mF = −1/2 (|↓⟩) of the F = 1/2
hyperfine level of the ground state of 6Li. These atoms are confined in a three-dimensional
cigar-shaped trapping potential, generated by a focused dipole trap laser along the radial
directions and by a magnetic field gradient along the axial direction.

In order to determine the pairing fraction Np/Nσ, the particle numbers Np and Nσ

are measured separately. Nσ is obtained by means of spin-selective absorption imaging
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of the |↑⟩ component using a σ−-polarized laser beam resonant with the D2 transition
of 6Li (λ = 671 nm) [149]. All |↑⟩ atoms are counted regardless of whether they are
free or bound in pairs. In order to determine the number of pairs Np, all the pairs are
transferred to states that are invisible in the previous detection scheme and the number of
the remaining |↑⟩ atoms is measured via absorption imaging. The transfer of the pairs to
an invisible state is performed with different methods, which produce consistent results.
They are briefly described in the following.

6.1.1 Optical Transfer (OT) method

This transfer method is based on the resonant excitation of fermion pairs to a more
strongly bound molecular state (A1Σ+

u , v′ = 68) with a laser (λ = 673 nm) which is
detuned by 2 nm from the atomic transition. Subsequently, the excited molecules quickly
decay to undetected atomic or molecular states; see Fig. 6.1(a). This optical excitation of
the fermion pairs occurs via an admixture of the molecular bound state X1Σ+

g , v = 38 to
the fermion pair wave function [150].

If one ignores other loss processes, the number of fermion pairs decays exponentially
as a function of the laser pulse length ∆t, such that the measured total number Nσ(∆t)
of the |↑⟩ atoms as a function of time is given by

Nσ(∆t) = Nσ(0)−Np(1− e−k1∆t), (6.1)

where 1/k1 is the time constant for the optical excitation. Figure 6.1(b) shows this
decay for five different initial temperatures T/TF at a magnetic field of 726 G. By fitting
Eq. (6.1) to the measured data one is able to extract the pair number Np. Besides the
photoexcitation of pairs, a loss in Nσ could in principle also be induced by photoassociation
of two free atoms. However, it was made sure its rate is negligible with respect to the
photoexcitation rate k1. For example, in figure 6.1(b) the photoassociation time scale
is at least of the order of 33 ms. Closer to the Feshbach resonance, where the rates for
photoassociation and pair excitation become more comparable, a short (0.3 ms) expansion
of the cloud is performed before applying the laser pulse, in order to reduce the density
of the gas. This, in turn, reduces the photoassotiation rate. It was checked that during
the expansion the fermion pairs did not break up.

In general the OT method works very well up to magnetic fields of about B = 820 G,
close to the Feshbach resonance (Bres = 832 G [151, 152]). There, one start to observe
marked deviations from the exponential decay in Eq. (6.1), so the experimental data were
acquired only for magnetic fields below 820 G, where the analysis is unequivocal.

6.1.2 Magnetic Transfer (MT) method

This method, instead, consists in quickly increasing the binding energy of the pairs by
ramping the magnetic field at 20 G/ms down to 550 G; see Fig. 6.1(c). At 550 G the
fermion pairs cannot be resonantly excited anymore by the imaging laser and become
invisible to the detection scheme. Np is determined as the difference between the number
of spin-up fermions (Nσ) measured before the ramp and the number of unbound atoms
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Figure 6.1: Measurement of the number of fermion pairs. (a, b) Optical transfer method.
A resonant laser pulse transfers pairs to states which are invisible to the detection scheme
[blue arrows (1)]. The total number Nσ(∆t) of atoms in the |↑⟩ state is measured
by absorption imaging [red arrows (2)]. (b) shows Nσ(∆t)/Nσ(0) as a function of
the pulse length ∆t at a magnetic field of 726G for various temperatures T/TF =
(0.64, 0.79, 1.2, 1.4, 1.7). The solid lines are fit curves using Eq. (6.1). (c, d) Magnetic
transfer method. Using absorption imaging, the particle number Nσ = Na + Np is
measured at the magnetic field (1) and the number of unbound atoms Na is measured
after a fast ramp to (2). (d) shows the measured particle numbers at (1) (B = 726G,
green solid circles) and at (2) (B = 550G, red solid squares) for various temperatures
T/TF.
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(Na) obtained after the ramp. Figure 6.1(d) shows these particle numbers for different
temperatures at a magnetic field of 726 G.

Measurements with the MT method were not performed for magnetic fields higher
than 750 G because of technical limitations for the ramping speed. In fact, if the field
ramp duration (∼ 10 ms for the case of 750 G) becomes comparable to the equilibration
time for the atom-molecule mixture (a few milliseconds at 750 G) the measurement does
not yield the correct pair number anymore. This restriction of the magnetic field ramp
implies that one cannot use the MT method in the crossover regime, but only in the far
BEC regime. There, however, the MT method was quite useful to check for consistency
with the OT method.

15%
25%
50%
75%
95%

T    CT    C

Figure 6.2: Experimental contour plots of the pairing fraction Np/Nσ in the temperature-
coupling phase diagram of the trapped system on the BEC-side of the Feshbach resonance.
The circles (diamonds) are measurements obtained with the OT (MT) method. The thick
solid and dashed lines are calculations based on a classical model of non-interacting atoms
and molecules (cf. Refs. [4, 153] and Appendix H). They are dashed in the crossover
region where the classical model is expected to be no longer valid. The error bars include
both a statistical and a systematic part, i.e. the standard deviation of the mean of 10
temperature measurements and the uncertainty in determining the molecule fraction from
the fit, respectively. The upper-right area bounded by the gray dash-dotted line exhibits
> 5% particle loss due to inelastic collisions on the timescale of a measurement. The
gray shaded area indicates the superfluid phase below Tc, where Tc is calculated within
the self-consistent t-matrix approach (cf. Fig. 4.3).
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6.1.3 Experimental results

The experimental results for the pairing fraction Np/Nσ obtained with both methods are
shown in Figure 6.2 (circles, OT method; diamonds, MT method). The data are shown
as contour plots fo fixed pairing fraction Np/Nσ on the BEC side of the temperature-vs-
coupling phase diagram.

The area on the right-hand side of Fig. 6.2, as bounded by the thin dash-dotted line,
marks a region where a non-negligible loss of particles is observed (>5%) due to inelastic
collisions of bound pairs. In order to simplify the discussion, only data points outside
this area are considered.

The solid and dashed lines in Fig. 6.2 correspond to a classical statistical mechanics
approach treating the particles as a canonical ensemble of non-interacting molecules and
atoms in chemical equilibrium (cf. Refs. [4, 153] and Appendix H). Surprisingly, one finds
that the model remains in good agreement with the measured data even in the crossover
regime. However, this classical model can be considered valid only in the deep BEC
regime. For this reason, it is necessary to develop a true many-body theory to describe
the pairing fraction throughout the whole BCS-BEC crossover.

6.2 Many-body theoretical approach to the pairing fraction

Let us consider now the many-body approach to calculate the pairing fraction. We begin
by introducing the composite pair propagator

GB(x, x′) = −⟨Tτ [Ψ̂B(x)Ψ̂
†
B(x

′)]⟩ , (6.2)

where x = (r, τ) groups the spatial position r and imaginary time τ and Ψ̂B(r) is a
bosonic field operator. In terms of this propagator, the total number of pairs is given by

Np = −
∫
dr GB(x, x+) = −

∫
dr

∫
dQ

(2π)3
1

β

∑
ν

eiΩνη GB(Q,Ων). (6.3)

In the last line of Eq. (6.3) a homogeneous system has been assumed, for which one may
simply write Np = V np where V is the volume occupied by the system and np the pair
density (for the extension to the trapped system, see the end of this section).

To the extent that these bosonic entities are made up of fermion pairs, the bosonic
operator Ψ̂B(r) has to be related to its fermionic counterparts ψ̂σ(r), where σ = (↑, ↓) is
the spin projection. This can be achieved by setting

Ψ̂B(r) =

∫
dρϕ(ρ) ψ̂↓(r − ρ/2) ψ̂↑(r + ρ/2) (6.4)

where ϕ(ρ) is a suitable function that should itself embody the correlations within a
fermion pair. We postpone the discussion on this function to Sections 6.3 and 6.4.1

1The definitions (6.2) and (6.4), together with the two-body bound state expression (2.66) for ϕ(ρ),
were originally used in Ref. [121] to describe condensed composite bosons well below the superfluid
transition temperature Tc with fermions treated within the mean-field approximation [2].

83



With the definition (6.4) for the bosonic field, and using the Nambu representation of
the fermionic operators (2.135), the composite pair propagator GB of Eq. (6.2) can be
written in terms of the two-particle correlation function L of Eq. (2.138):

GB(rτ, r′τ ′) = −
∫
dρ

∫
dρ′ϕ(ρ)ϕ∗(ρ′)L(1, 2; 1′, 2′) (6.5)

with the following identification of the variables

1 = (r + ρ/2, τ, ℓ1 = 1),

2 = (r′ − ρ′/2, τ ′, ℓ2 = 2),

1′ = (r − ρ/2, τ+, ℓ1′ = 2),

2′ = (r′ + ρ′/2, τ ′+, ℓ2′ = 1),

(6.6)

where τ+ = τ + η with η → 0+.2

Hereafter, it will be understood that only the terms that survive once carried over
from below to above Tc will be retained in the expression (6.5), as discussed in Section 2.6.

For a homogeneous system, one can further make use of the Fourier representation
and rewrite Eq.(6.5) as

GB(Q,Ων) = −
∫

dp

(2π)3
1

β

∑
n

∫
dp′

(2π)3
1

β

∑
n′

× ϕ(p+Q/2)ϕ(p′ +Q/2)L11
22(pωn,p

′ωn′ ;QΩν).

(6.7)

This expression will be used in Eq. (6.3) to obtain the number of pairs Np. If one then
solves for the many-particle T -matrix of Eq. (2.141), enters the result in Eq. (2.142) for
L, and uses the relation T 22

11 = T11 = −Γ (cf. discussion at the end of of Section 2.6),
Eq. (6.7) reduces eventually to the form [121]:

GB(Q,Ων) = −F2(Q,Ων)−F1(Q,Ων)
2 Γ(Q,Ων) . (6.8)

Here,

Fj(Q,Ων) =

∫
dp

(2π)3
ϕ(p+Q/2)j

1

β

∑
n

G(p+Q, ωn +Ων)G(−p,−ωn) (6.9)

are “form factors” associated with the particle-particle bubble where j = (1, 2), and Γ is
the particle-particle propagator (2.106) for the fully self-consistent t-matrix approach.
For a detailed account of the numerical procedures to calculate the form factors (6.9) and
the number of pairs (6.3), see Appendix G.

In the preliminary theoretical account aimed to the describe only the BEC side of
the crossover (see Section 6.3), the first term on the right-hand side of Eq. (6.8) was not

2Note that, for this choice of the Nambu indices in L, a self-consistent t-matrix self-energy of the form
(2.149), and a gas in the normal phase above Tc, one can take the kernel Ξ of the T -matrix equation
(2.141) in the BCS form (2.145). For more details, see Appendix D.
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retained, as it becomes negligible in the BEC limit (cf. Appendix H). This term will be
referred to as the “unbound” term, as opposed to the “bound” term discussed below.

In the more complete theoretical account presented in Section 6.4, instead, we are
going to keep this “unbound” term and show that it gives a non-negligible contribution
to Np, through the pairing correlations contained both in the fermionic single-particle
Green’s function G and in the function ϕ(p) that enter the expression (6.9) with j = 2.
Accordingly, through this term spin-↑ and spin-↓ fermions correlate with each other
indirectly via their separate interaction with the environment.

In contrast, the second term on the right-hand side of Eq. (6.8) is referred to as the
“bound” term, because in this case spin-↑ and spin-↓ fermions correlate with each other
directly through their inter-particle attractive interaction. In Appendix H, it will be
shown that the result for Np obtained from this “bound” term reduces, in the BEC limit,
to that of the statistical model of atom-molecule equilibrium introduced in Refs. [4, 153]
and shown in Fig. 6.2.

Finally, in order to compare with the experimental data of Fig. 6.2, the theoretical
approach must also take into account the harmonic trapping potential V (r) that contains
the Fermi gas. As in Section 4.1, one can adopt a local density approach and replace
µ → µ(r) = µ0 − V (r) in the expression (6.8) for the bosonic propagator GB(Q,Ων).
Through Eq. (6.17), one thus obtains the local density of the pairs np(r) as a function of
the position r within the trap. One can then integrate over r and obtain the number of
pairs:

Np =

∫
dr np(r) =

∫
dr

∫
dQ

(2π)3
1

β

∑
ν

GB(Q,Ων ;µ(r)). (6.10)

The number of atoms in a spin component Nσ is instead obtained by integrating the
density profile nσ(r) = n(r)/2 over r (see Eqs. (4.2) and (4.3)).

6.3 Preliminary approach to the pairing fraction on the BEC
side of the crossover

On physical grounds, at sufficiently low temperature in the BEC regime it is reasonable
to take ϕ(ρ) in the expression (6.4) as the (normalized) bound-state wave function of the
fermionic two-body problem in vacuum (2.66)

ϕb(ρ) =
1√
2πaF

e−ρ/aF

ρ
(6.11)

where ρ = |ρ|, whose Fourier transform is (2.65)

ϕb(p) =

√
8π

aF

1

p2 + a−2
F

. (6.12)

Using this expression for ϕ(ρ), and retaining only the “bound” term on the right side of
Eq. (6.8), we can obtain a preliminary account for the pairing fraction that is valid in the
BEC regime.
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Figure 6.3: Theoretical contour plots of the pairing fraction Np/Nσ on the BEC side
of the temperature-coupling phase diagram of the trapped system for both the many-
body preliminary approach of this section (full lines) and the classical equilibrium model
(dashed lines). The value of the pairing fraction Np/Nσ is reported above each line. The
dash-dotted line corresponds to Tc calculated within the self-consistent t-matrix approach
(cf. Fig. 4.3).

In Figure 6.3, the results for the pairing fraction for the trapped system within this
preliminary approach are compared to the classical atom-molecule equilibrium model,
which was already shown in Fig. 6.2 together with the experimental data. From the
comparison, we see that the results for two models essentially coincide up to coupling
(kFaF )

−1 ≃ 0.5, notwithstanding the fact that the many-body theory includes a much
more complete description of the system with respect to the classical model. This explains
the surprising agreement between the classical model and the experimental data of Fig. 6.2.

For more intermediate couplings ((kFaF )−1 ≲ 0.5), however, also the many-body
theory appears to fail, predicting a downturn of the contour plots at fixed pairing fraction.
This is directly related to the fact that the expression (6.11) for ϕ(ρ) loses any physical
meaning close to unitarity. A more general expression for ϕ(ρ) is then needed if one wants
to describe the pairing fraction in the crossover region. In the next Section, we show how
this generalization can be performed.
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6.4 Extension to the whole crossover: definition of ϕ(ρ) in
terms of pair correlations

To account for the experimental data of Fig. 6.2 in a comprehensive way, the function
ϕ(ρ) with which the projection is performed in Eq. (6.4) should acquire a more general
form than the expression (6.11), which is expected to be valid only in the BEC regime at
low temperature. Accordingly, in what follows we replace the expression (6.11) by a more
general form obtained from the pair correlation function g↑↓(ρ) studied in Chapter 5, a
form which can thus be utilized even past unitarity towards the BCS regime and up to a
temperature of even several times TF .

In Section 5.3 we verified that, in the BEC limit and at sufficiently low temperatures,
g↑↓(ρ) reduces to the product of the density nσ = n/2 of a single fermionic species times
the square of the wave function (6.11) corresponding to the fermionic two-body problem.
This suggests that the function ϕ(p), to be utilized in the form factors (6.9), can be
extracted from the pair correlation function g↑↓(ρ) also away from the BEC limit and at
high temperatures. To this end, we adopt the following strategy.

We begin by fitting the spatial profiles of the function (4π)2

C ρ2g↑↓(ρ) of Fig. 5.1 with
the expression

ρ2ϕ(ρ)2 = exp(−2ρ/aF ) exp(−2bρ2) , (6.13)

where ρ = |ρ| and b is a parameter that depends on coupling and temperature (note that
the function (6.13), too, has unit value at ρ = 0). This fit is meant to extract the relevant
features of the short-range behavior of g↑↓(ρ) and average out its oscillations about zero
(whenever present).

In Fig. 6.4 some examples of these fits are shown for T/TF = 0.5 and three different
couplings across the crossover, together with the corresponding value of the parameter b.

One can then take the square root of the expression (6.13) to extract ϕ(ρ), and
multiply the result by a suitable normalization factor N , thus writing:

ϕ(ρ) = N (aF , b)
e−ρ/aF

ρ
exp(−bρ2) (6.14)

with

N (aF , b) =
1

π3/4

( b
2

)1/4 exp[− 1
4ba2F

]√
erfc[ 1√

2baF
]

(6.15)

where erfc(z) is the complementary error function of (complex) argument z [174]. Note
that the two-body wave function (6.11) is recovered for b→ 0. Finally, one can take the
Fourier transform of the expression (6.14) and obtain the desired result:

ϕ(p) =
2π3/2N (aF , b)√

b p
Im
{
exp

[(
a−1
F − ip

)2
4b

]
erfc
(
a−1
F − ip
2
√
b

)}
(6.16)

where p = |p|. This expression recovers Eq. (6.12) in the limit b→ 0.
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Figure 6.4: Spatial profiles of (4π)2

C ρ2 g↑↓(ρ) calculated within the self-consistent t-matrix
approach (full lines) and their corresponding fit with their expression (6.13) (dotted
lines) for the temperature T/TF = 0.5 and couplings (kFaF )

−1 = (−0.5, 0.0, 0.5). The
corresponding value of the fit parameter b is reported in each panel.

Figure 6.5 shows the behavior of the parameter b obtained in this way, over a wide
range of coupling and temperature. In particular, for sufficiently high temperature and
irrespective of coupling, b is expected to become proportional to λ−2

T where λT =
√

2π
mkBT is

the thermal wavelength. To evidence this linear behavior of b vs T at high temperature, the
inset of Fig. 6.5 plots the derivative of b with respect to T for the same temperature range
and couplings of the main panel. In all cases, we have found that, at high temperature,
this derivative is well reproduced by the expression kB

2m
∂b
∂T = 0.25−0.175(kFaF )

−1
√
TF /T .

As a final note, the fitting function ϕ(ρ) given by Eq. (6.14) focuses on the short-range
(exponentially decaying) part of the pair-correlation function g↑↓(ρ), which is dominated
by the intra-pair correlations of relevance here. It thus disregards a possible long-range
(power-law decaying) part of g↑↓(ρ), which may include correlations between spin-↑ and
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Figure 6.5: Temperature dependence of the parameter b of the expressions (6.14-6.16) for
several values (reported above each line) of the coupling (kFaF )

−1 across the BCS-BEC
crossover. The inset shows the derivative of b with respect to T for the same couplings of
the main panel to better evidence the high-temperature behavior.

spin-↓ fermions belonging to different pairs (although this long-range part does not occur
within the self-consistent t-matrix approach adopted here).

6.5 Results for a homogeneous gas

We can now calculate the pair density np for the homogeneous system, given by

np = −
∫

dQ

(2π)3
1

β

∑
ν

eiΩνη GB(Q,Ων) (6.17)

together with the fermionic density nσ given by Eq. (2.108), to obtain the pairing fraction
np/nσ as a function of coupling and temperature (see Appendix G for the details of the
calculation).

To begin with, Fig. 6.6 compares the pairing fraction np/nσ at Tc over a wide range
of the coupling (kFaF )

−1, as obtained by the fully self-consistent and non-self-consistent
t-matrix approaches. As for other thermodynamic quantities (cf. Section 3.1), also in this
case the fully self-consistent approach proves superior to the non-self-consistent one, to
the extent that the ratio np/nσ should never exceed unity. Accordingly, from now on
results obtained by the fully self-consistent approach will only be presented. In addition,
the use of the two-body form (6.12) for ϕ(p) in the form factors (6.9) is seen to lead to
unstable results upon entering the unitary regime with (kFaF )

−1 ≲ +1, as expected from
the preliminary analysis of Section 6.3.
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Figure 6.6: Pair fraction np/nσ at Tc vs (kFaF )
−1, obtained by the fully self- consistent

(full line) and non-self-consistent (dashed line) t-matrix approaches. In both cases, ϕ(p)
in the form factors (6.9) is obtained from the expression (6.16) within the respective
approximations for the pair correlation function. Also shown is the result obtained by the
fully self-consistent calculation, with ϕ(p) approximated instead by the two-body form
(6.12) (dashed-dotted line).

In Fig. 6.7 the pair fraction np/nσ is shown as a function of temperature for a
selected number of couplings across unitarity. In particular, this figure compares the
results obtained by including (full lines) or neglecting (dashed lines) the “unbound” term
represented by the term −F2 on the right-hand side of Eq. (6.8). One sees that inclusion
of this unbound term over and above the “bound” term (represented by the second term
on the right-hand side of Eq. (6.8)) leads to substantial differences, especially in the
unitary regime at low temperature.

Fig. 6.8 shows instead three contour plots where a given value of the pair fraction np/nσ
is seen to evolve in the temperature-vs-coupling phase diagram. Similarly to what was
done in Fig. 6.7, for each of the three values of np/nσ here reported the numerical results
have been obtained by including (full lines) or neglecting (dashed lines) the unbound term
in Eq. (6.8). In all cases, the difference between these two sets of results turns out to be
substantial as soon as entering the unitary regime with (kFaF )

−1 ≲ +1. This implies that,
in this regime of most physical interest, the fermionic character of the constituent particles
(included in the “unbound” term) reveals itself. As a consequence, this counting has to
rely on filtering the occurrence of fermionic correlations, and not merely on signaling
the presence of bound pairs which would instead apply to the molecular regime with
(kFaF )

−1 ≳ +1.
To confirm this point of view, Fig. 6.8 also shows for comparison the contour plots of

np/nσ corresponding to the statistical model (dotted lines) for the homogeneous system,
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as obtained from the law of mass action

n2f
np

=
1

8

(
mkBT

π

)3/2

e−ε0/kBT (6.18)

where ε0 = (ma2F )
−1 is the two-body binding energy, which results from the integrals in

Eq. (H.11) of Appendix H by neglecting ±1 in the denominators therein. It turns out
that the results of the statistical model coincides with those of the quantum many-body
approach that includes only the bound term, but only at most up to (kFaF )

−1 ≈ 0.6 after
which the molecular regime with the two-body wave function (6.11) loses its meaning.

6.6 Results for the trapped system and comparison with
experimental data

Figure 6.9 presents the comparison of the pairing fraction Np/Nσ obtained by our quantum
many-body calculation with the experimental data of Fig. 6.2 over the temperature-
coupling phase diagram (where kF and TF now refer to the trapped system, as defined
in Chapter 4). The comparison is made for three characteristic values of Np/Nσ. In all
cases, good agreement is obtained between theory and experiment.

In particular, this comparison shows that the contribution of the unbound term
significantly improves the agreement of our calculations with the experimental data,
despite the presence of the trap which acts to suppress the entity of this contribution
(which is evident by comparing Figs. 6.8 and 6.9). This suggests that the experimental
data probe indeed the pairing correlations between spin-up and spin-down fermions as
defined in our formalism.

Finally, from this comparison one can argue that the crossover, between the pseudo-
gap regime (where the fermionic character of the constituent particles matters) and the
molecular regime (where only the presence of bosonic pairs is relevant), sets in about
where the theoretical results for Np/Nσ, obtained with and without the unbound term,
start departing from each other. This argument cannot be made in terms of the statistical
atom-molecule model, that misses the contribution of the unbound term.
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Figure 6.9: Contour plots of the pair fraction Np/Nσ in the temperature-coupling phase
diagram of the trapped system, obtained by the fully self-consistent t-matrix approach by
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theoretical curves are compared with the experimental data of Ref. [105] (diamonds with
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dependence of the critical temperature Tc (in units of TF ) is reported (dashed-dotted
line), which sets the boundary of the normal phase for the trapped system.
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Chapter 7

Preliminary results for the
spin-imbalanced system

The effects of an imbalance of the spin populations in an attractive Fermi gas were studied
shortly after the development of the BCS theory. Within the BCS approach, Clogston,
Chandraseckhar and Sarma were the first to address the problem [123–125], finding that
a spin-population imbalance introduces a phase transition between the superfluid and the
normal phase, with a complete suppression of superfluidity when the semi-difference of
the chemical potentials of the two species h = (µ↑ − µ↓)/2 exceeds ∆/

√
2, where ∆ is the

pairing gap. In Ref. [125], it was found that the normal-superfluid phase transition, that
is of second order for the balanced Fermi gas, becomes of first order at low temperatures.

An alternative solution for the superfluid phase of a spin-imbalanced Fermi gases at
low temperature was given independently by Fulde and Ferrel (FF) [154] and Larkin
and Ovchinnikov (LO) [155]. The idea is that the mismatch of the Fermi surfaces of the
two spin components favors the existence of a spatially inhomogeneous superfluid phase,
usually referred to as the FFLO phase, where pairing between fermions with opposite
spins happens at a finite momentum Q instead than at Q = 0 as in BCS theory. More
recently, the FFLO instability was analyzed thoroughly in the weak-coupling limit in
Ref. [156], where it was found in particular that the transition from the normal phase to
the FFLO phase is weakly first order.

Away from the weak-coupling limit, the nature of the phases of the imbalanced
system is less clearly assessed. Experimentally, ultracold Fermi gases offer a perfect
environment to study this rich phase diagram across the BCS-BEC crossover. In fact,
while in superconductors an imbalance of spin populations is obtained by applying a
magnetic field which couples also to the orbital degrees of freedom of the electrons, in
ultracold Fermi gases this complication is not present, as the spin and orbital degrees of
freedom can be controlled independently. In this context, some key experiments have been
performed to describe the nature of the phase diagram across the BCS-BEC crossover
[157–163]. In particular, at unitarity the transition line from normal to superfluid has been
found to evolve from second order to first order (phase separation) as the temperature is
lowered [159], without however a clear indication on the nature of the superfluid phase.
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In the BEC limit, instead, the gas remains a superfluid mixture of bosons and excess
fermions even for strong imbalances [161, 163]. Still, no evidence of the elusive FFLO
phase has been found in ultracold gases.1 These experiments have been followed by a
big theoretical effort to describe the observations either by mean-field [167], quantum
Monte Carlo (QMC) [78, 79, 81, 82, 89], renormalization group [95] or diagrammatic
[32, 41, 44, 60, 61, 72] methods (for a review on the t-matrix approaches to the phase
diagram of the imbalanced system, see Section 3.7 of Ref. [102]).

An interesting regime, accessible with ultracold Fermi gases, is the strongly imbalanced
limit. In this case, the system is in the normal phase and the minority (e.g. spin-down)
fermions act as dressed impurities, called polarons, immersed in a bath of majority
(e.g. spin-up) fermions. In this regime, the system can be described as a Fermi liquid of
weakly-interacting quasiparticles, coherently dressed by particle-hole excitations of the
majority component Fermi sea (for a review see Ref. [168]).

In ultracold Fermi gas experiments, the energy Ep, the quasiparticle residue Z and
the effective mass m∗/m of the Fermi polaron have been characterized by studying the
radio-frequency spectra [143, 169] and the low-lying excitation modes [170] of the strongly
imbalanced system. On the theory side, the polaron problem has been approached by
means of variational [171–173], QMC [79, 82], diagrammatic Monte Carlo (DMC) [90, 92],
and diagrammatic methods [46, 49, 52, 55, 69, 73, 76]. Quite surprisingly, it turned
out that a simple theory that considered only single particle-hole excitations [46, 171]
(equivalent to the non-self-consistent t-matrix approach in the fully imbalanced case at
T = 0) is able to grasp the main features of the polaron system in the unitarity region and
agrees with more advanced QMC and DMC calculations, as well as with the experimental
data. The reason for this agreement was explained in Ref. [49], where it was shown that
higher-order particle-hole contributions almost exactly cancel each other.

In the context of t-matrix approaches, the generalization to the imbalanced case is
quite straightforward (see Sections 2.2.5 and 2.3): it is sufficient to introduce two different
chemical potentials µ↑ and µ↓ and Green’s functions G↑ and G↓ for the two spin species.
Indeed, Eqs. (2.105-2.107) were already written in this more general form. The chemical
potentials of the two species are obtained by the density equations (2.108) by fixing the
total density n = n↑ + n↓ and the spin polarization α = (n↑ − n↓)/n (or, equivalently,
the minority fraction x = n↓/n↑ = (1− α)/(1 + α)).2

However, the NSR and (G0G0)G0 approaches present a problem: the spin susceptibility
χs = dm/dh, where m = n↑ − n↓ is the magnetization and h = (µ↑ − µ↓)/2 is the
imbalancing field, is negative for the balanced system near unitarity slightly above Tc
[41, 44, 60]. This means that, for these approaches, there is a region where a small
imbalance of the chemical potentials µ↑ > µ↓ produces the unphysical result of an
opposite imbalance of the densities n↑ < n↓. To avoid this issue, it is necessary to
include (at least) some degree of self-consistency, either by introducing a quasi-particle

1In superconductors, evidence of an FFLO phase has been reported in heavy-fermion systems [164, 165].
For ultracold Fermi gases, indirect evidence for the occurrence of FFLO ordering has been reported so
far only for a one-dimensional spin-imbalanced Fermi gas [166].

2Throughout this Chapter, we assume n↑ > n↓ without loss of generality.
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energy shift in all particle lines [61], by dressing the external Green’s function G(c)
σ̄ in the

self-energies (2.105) ((G0G0)G approach) [60], or by implementing full self-consistency
((GG)G approach) [72].

In the following sections, we show some preliminary results for thermodynamic
properties of the imbalanced Fermi gas obtained within the fully self-consistent (GG)G
approach, with some comparisons with the (G0G0)G0 and (G0G0)G approaches. We first
present the phase diagram, and then we focus on thermodynamic properties of the system
in the normal phase, i.e. the chemical potentials and the energy at T = 0, the contact as
a function of the temperature, and the pair correlation function.

7.1 Critical temperature

One of the most important aspects to characterize of a spin-imbalanced attractive Fermi
gas is the temperature-coupling-polarization phase diagram. In this preliminary study,
we focus on the standard normal-superfluid transition (with pairing at Q = 0), which can
be obtained by the Thouless criterion (2.109):[

Γ(Q = 0,Ων = 0)|T=Tc

]−1
= 0. (7.1)

The region where FFLO correlations build up, instead, proved particularly difficult to
be reached due to instabilities in the convergence of the self-consistent t-matrix approach.
While these instabilities can be overcome by finely tuning the iterative algorithm, as it was
done in Refs. [72, 118], it is still not clear how the normal-FFLO transition boundary can
be reached.3 In fact, an FFLO transition would mean a divergence in the particle-particle
propagator Γ at a finite Q0:[

Γ(Q = Q0,Ων = 0)|T=TFFLO
c

]−1
= 0. (7.2)

In the limit Q→ Q0, however, Γ(Q) would diverge as (|Q| − |Q0|)−2. As it was pointed
out in Ref. [32], this divergence is non-integrable in the expression of the self-energy
(2.105), in contrast to the standard Q→ 0 case where the |Q|−2 divergence is compensated
by the factor |Q|2 of the spherical integration over Q. This problem was circumvented in
Refs. [72, 118] by choosing a small number ϵ, and setting the critical temperature TFFLO

c

when [Γ(Q = Q0,Ων = 0)]−1 = ϵ. Still, this does not solve the intrinsic problem of the
divergence when the limit ϵ→ 0 is taken.4

In Figure 7.1 the curves of Tc obtained by the Thouless criterion (7.1) within the
fully self-consistent (GG)G approach are shown as a function of the spin polarization
α = (n↑ − n↓)/n for six characteristic couplings across the BCS-BEC crossover. Here, the
units used for the temperature and the coupling are related to the average Fermi energy

3In this context, we are treating the normal-FFLO transition as second-order, as the study of a
first-order transition would require an approach working also in the broken-symmetry phase.

4Of course, this problem would be solved if the normal-FFLO phase transition was indeed first-order,
like in the weak coupling regime. In this case, the transition would happen in a region where the
divergence of Γ is still not reached.
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Figure 7.1: Critical temperature Tc (in units of TF = (3π2n)2/3/(2mkB)) as a function
of the polarization α = (n↑ − n↓)/n calculated within the fully self-consistent t-matrix
approach for various couplings (kFaF )

−1 across the crossover (reported above each line).

EF = (3π2n)2/3/(2m) as in the balanced case, so that TF = EF /kB and kF = (3π2n)1/3.
The curves are not terminated at T ≃ 0 due to convergence issues of the iterative algorithm
for T = Tc that still need to be addressed.

Note that the Tc-vs-α curves for coupling (kFaF )
−1 ≲ 0 show a reentrance at a finite

critical imbalance αc (αc ≃ 0.27 at unitarity). We expect this reentrant behavior to be
related to an underlying first-order transition, as it happens in mean-field theory. In
strong-coupling, instead, we observe the Tc curve approaching the point (Tc, α) = (0, 1).
Indeed, there is a critical coupling (kFaF )

−1
c for which, even at full imbalance (α ≃ 1),

the attractive interaction is so strong that the minority fermions form a tightly bound
molecular state with a single majority fermion, instead of behaving as dressed impurities.
This critical coupling was calculated within the self-consistent t-matrix approach in
Refs. [73, 118] and corresponds to (kFaF )

−1
c = 1.13(3), in excellent agreement with the

value (kFaF )
−1
c = 1.15(3) predicted by the DMC calculation of Ref. [92] and the value

(kFaF )
−1
c = 1.11 obtained within the diagrammatic approach of Ref. [55].

7.2 Chemical potentials and energy

We pass now to characterize the normal phase of a strongly imbalanced Fermi gas. In this
section, we focus on the chemical potentials and the energy of the system at the unitary
limit (kFaF )

−1 = 0 and low temperature, and we compare the results for the (G0G0)G0,
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(G0G0)G and (GG)G approaches. The chemical potentials are given in units of the Fermi
energy of the majority component EF↑ = (6π2n↑)

2/3/(2m) and the imbalance is specified
in terms of the minority fraction x = n↓/n↑, following the usual conventions for the
polaron regime.

Let us start with some general considerations on the energy and the chemical potentials
of a strongly imbalanced (x → 0) Fermi gas at T = 0. In the limit x → 0, the dressed
minority impurities act as free fermionic quasiparticles with effective mass m∗ and binding
energy Ep = −3

5AEF↑ (Ep is proportional to the Fermi energy of the majority component
EF↑ because it is the only energy scale of the system at x = 0). The energy of the system
in the normal phase as a function of the minority fraction x for x→ 0 can then be written
as [79, 82]

E(x) =
3

5
EF↑N↑

(
1−Ax+

m

m∗x
5/3 + Fx2

)
, (7.3)

where the coefficients A, m∗/m and F depend on the coupling (kFaF )
−1, and the term

Fx2 accounts for the interaction energy between the quasiparticles. Differentating the
expression (7.3) with respect to N↑ and N↓, one obtains the chemical potentials for the
two spin species in the x→ 0 limit:

µ↑(x) = EF↑

(
1− 2

5
Ax− 1

5
Fx2

)
, (7.4)

µ↓(x) = EF↑

(
−3

5
A− m

m∗x
2/3 +

6

5
Fx

)
. (7.5)

In Figure 7.2 we report the temperature dependence of the chemical potentials
for the minority (µ↓) and majority (µ↑) spin-components at fixed minority fraction
x = n↑/n↓ = 0.1 within the three alternative t-matrix approaches. Note that, at the
lowest reachable temperature (T/TF ≃ 0.005− 0.010), the chemical potential curves are
essentially flat, so we can assume that the low T results are essentially the ones for T = 0
(within an error of the order of 10−3). Setting T/TF = 0.01, we calculated the chemical
potentials for the two spin components as a function of the minority fraction x = n↑/n↓,
which are shown in Figure 7.3. The data are calculated up to the largest minority fraction
x where convergence could be reached. In particular, the (GG)G approach shows a strong
FFLO instability, so that the standard iterative algorithm (that does not carefully treat
the forming divergence in Γ(Q,Ων = 0) at Q = Q0) could be used only up to x ≃ 0.35.

For the minority chemical potential µ↓(x), one observes that the (G0G0)G0 and
(G0G0)G approaches recover nearly the same result. The reason is that in the self-energy
for the minority component Σ↓, the particle-particle propagator is closed by the Green’s
function for the majority component G↑, which in turn is becoming non-interacting in
the fully imbalanced x→ 0 limit. In this limit, then, the two approaches are essentially
the same as far as the minority chemical potential µ↓. On the other hand, the (GG)G
dresses also the Green’s function G↓ within the particle-particle propagator Γ, and this
has a significant effect on the self-energy and chemical potential of the minority species.

Taking the x → 0 limit of µ↓(x), one can also obtain the energy of the polaron
Ep/EF↑ = −3A/5. From the extrapolation, we obtained Ep/EF↑ = −0.606 (A = 1.01)
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Figure 7.2: Chemical potential for the minority (a) and majority (b) spin-components (in
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2/3/(2m)) at (kFaF )
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of the temperature T (in units of TF↑ = EF↑/kB) calculated within alternative t-matrix
approaches.
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for the (G0G0)G0 and (G0G0)G approaches, and Ep/EF↑ = −0.677 (A = 1.13) for
the (GG)G approach, in good agreement with the T = 0 results obtained within the
same approaches reported in Refs. [46, 49, 171]. These results can be compared with
the experimental Ep/EF↑ = −0.58(5) [160] and Ep/EF↑ = −0.60(5) [143], the QMC
Ep/EF↑ = −0.58(1) [79, 82], the DMC Ep/EF↑ = −0.615(1) [90, 92] and the diagrammatic
Ep/EF↑ = −0.616 obtained within a theory that takes into account double particle-hole
excitations [49]. One sees that the (G0G0)G0 and (G0G0)G approaches recover a value
that is in really good agreement with the QMC/DMC/experimental data, while the (GG)G
result presents a deviation of ∼ 10− 15%. This was explained in Ref. [49] by observing
that self-consistency breaks the almost complete cancellation of higher-order diagrams
by retaining only some of them, and in Ref. [92] it was shown that this disagreement
could indeed be corrected by considering higher-order diagrams. By fitting the expression
(7.5) to µ↓(x) up to x = 0.25, we also found m∗/m = 1.00 and F = 0.01 for (G0G0)G0

approach, m∗/m = 1.00 and F = 0.04 for the (G0G0)G approach, and m∗/m = 1.25
and F = 0.20 for the (GG)G approach.5 The values for the effective mass m∗/m can
be compared with the experimental result m∗/m = 1.17(10) [170], the QMC result
m∗/m = 1.09(2) [79, 82], the DMC result m∗/m = 1.23(4) [90, 92] and the diagrammatic
result m∗/m = 1.20(2) [49, 55].

As far as the majority chemical potential µ↑(x), instead, the behavior is quite different
among the three approaches. For the non-self-consistent (G0G0)G0 approach, the chemical
potential remains µ↑ ≃ EF,↑ up to x ≃ 0.5, completely missing the linear behavior with
x of Eq. (7.4) (i.e. A ≃ 0). For the (G0G0)G and (GG)G approaches, instead, the
subleading linear behavior is recovered. By fitting the expression (7.4) to µ↓(x) up to
x = 0.25, we obtain A = 1.26 and F = 0.23 for the (G0G0)G approach, and A = 1.13
and F = 0.19 for the (GG)G approach. Note that for both the (G0G0)G0 and (G0G0)G
approaches the coefficients A extracted by the chemical potential µ↑ does not coincide
with that extracted from µ↓, while they correctly coincide for the (GG)G approach. The
reason is that the (GG)G approach respects the thermodynamic relations µσ = ∂E/∂Nσ

(see Section 2.4), while the (G0G0)G0 and (G0G0)G approaches, being not-conserving
approximations, can violate these thermodynamic relations, as they indeed do.

Finally, we calculated the energy of the system in the normal phase as a function of
the imbalance by integrating the thermodynamic relation µ↓ = ∂E/∂N↓ for the minority
chemical potential:

E(x) = EF↑N↑

(
3

5
+

∫ x

0
dx′µ↓(x

′)

)
, (7.6)

where we used the boundary condition E(x = 0) = 3EF↑N↑/5. Note that, for non-
conserving approximations like the (G0G0)G0 and (G0G0)G approaches, the energy could
also be calculated in different ways (for example, with the linked cluster expansion of
Eq. (2.116)). The expression (7.6) then specifies the way we are calculating the energy
in this context. For the conserving (GG)G approach, instead, all the possible ways to
obtain the energy must give the same result.

5For the (GG)G approach the fit is somewhat unstable due to the comparable contributions of the
∼ x2/3 and ∼ x terms. The estimates for the errors of the fit are ∼ 3% for m∗/m and ∼ 20% for F.
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Figure 7.4: Internal energy (in units of E(x = 0) = 3n↑EF↑/5) of the normal phase
at T ≃ 0 and (kFaF )

−1 = 0 as a function of the minority fraction x = n↓/n↑ within
alternative t-matrix approaches, compared with the QMC data from from Refs. [79, 82]
(circles) and the experimental data from Ref. [160] (small crosses). The thin dotted
vertical line represent the experimental value xc = 0.53(5) for the normal-superfluid phase
separation [160].

The results for the energy of the normal phase calculated within the three t-matrix
approaches are shown in Fig. 7.4, together with the QMC data from Refs. [79, 82] (circles)
and the experimental data from Ref. [160] (small crosses).

We notice that the (G0G0)G0 and (G0G0)G approaches reproduce quite well the
experimental and QMC data up to x ≃ 0.5, while the (GG)G predicts a much lower
energy, especially in the intermediate region. Indeed, this is partially related to the
incorrect result for the polaron energy Ep = −3A/5 of the (GG)G approach, obtained
by the limit x→ 0 of µ↓(x) (see Fig. 7.3(a)), which determines the linear coefficient A
of the expression (7.3) for E(x). On the other hand, we remark that the QMC results
are obtained within a variational ansatz, so they represent only an upper bound for the
real energy of the system. In fact, in this regard the QMC approach of Refs. [79, 82]
predicts also an energy for the balanced superfluid gas at T = 0 and unitarity of
ESF/(3NEF /5) = ξ = 0.42(1), to be compared with the experimental value ξ = 0.37(1)
[122] and the (GG)G value of ξ = 0.36 [47]. Moreover, it must be recalled that for
the (G0G0)G0 and (G0G0)G approaches, it is the choice of the expression (7.6) for the
calculation of the energy which makes this comparison particularly favorable.
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7.3 Luttinger theorem

Another important property to consider for the imbalanced system is the Luttinger
theorem [106], which states that in an interacting Fermi gas in the normal phase at T = 0
the Fermi surface for the spin-σ component (σ =↑, ↓) must remain at the same wave vector
|k| = kFσ = (6πnσ)

1/3 of the non-interacting system. (see Section 2.4). In Ref. [107], it
was proved that the fully self-consistent (GG)G approach satisfies this theorem. We then
calculated the momentum distributions nσ(k) = Gσ(k, τ = β−) at the low temperature
T/TF = 0.005 within the (G0G0)G0, (G0G0)G and (GG)G approaches, and we compared
the position of the discontinuity with the Fermi wave vectors kFσ. Figure 7.5 shows the
results for coupling (kFaF )

−1 = 0 and minority fraction x = n↑/n↓ = 0.20.
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Figure 7.5: Momentum distributions for the majority (n↑(k)) and minority (n↓(k)) spin-
components calculated within alternative t-matrix approaches for coupling (kFaF )

−1 = 0,
minority fraction x = n↑/n↓ = 0.20 and T/TF = 0.005. The vertical dotted lines
correspond to the Fermi wave vectors kFσ = (6π2nσ)

1/3 for the two spin-components and
identify the Fermi surfaces of the non-interacting system.

First of all, we notice that the fully self-consistent (GG)G approach correctly recovers
the Fermi surfaces of the non-interacting system, consistently with the analytic proof
of Ref. [107]. As far as the (G0G0)G0 and (G0G0)G approaches, they both present a
similar violation of the Luttinger theorem for the minority component. For the majority
component, the violation is present only in the (G0G0)G approach, however the reason of
this apparent virtue of the non-self-consistent (G0G0)G0 approach is that the majority
component is incorrectly treated as almost non-interacting (see also Fig. 7.3(a)). This can
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also understood by noting that the (G0G0)G0 approach does not present any depletion
of the momentum distribution of the majority component for |k| ≃ 0, which is instead
present in the other two approaches.

7.4 Tan’s contact

In the experiment of Ref. [143], the contact C (see Section 2.5) was extracted by the high-
frequency tail of radio-frequency spectra of a strongly imbalanced (x = n↓/n↑ = 0.10(3))
attractive Fermi gas at unitarity for various temperatures. In Figure 7.6, we compare
the contact calculated within the three t-matrix approaches with the experimental data
(diamonds with error bars). We also show the result from the virial expansion at third
order (thin dash-dotted line) from Ref. [143]. The contact is expressed in units of 2n↓kF↑,
so that it assumes a finite value also in the limit of small minority fraction x = n↓/n↑.
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Figure 7.6: Temperature dependence of the contact C (in units of 2n↓kF↑) at (kFaF )−1 = 0
for x = n↓/n↑ = 0.10 within alternative t-matrix approaches. Also shown are the
experimental data (diamonds with error bars) and the third order virial expansion (dash-
dotted line) of the contact from Ref. [143].

Quite noticeably, only the (GG)G approach is able to reproduce a finite value of the
contact at T = 0. In fact, it can be proved analytically that the approaches that use
the bare particle-particle propagator Γ0, like the (G0G0)G0 and (G0G0)G approaches,
present a vanishing contact at T = 0 if µ↓ < 0 (as it is in the present case, see Fig. 7.3(a)).
On the other hand, dressing the particle-particle propagator Γ as in the (GG)G approach
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solves this problem. For this reason, the (GG)G approach compares better with the
experimental data, reproducing the maximum of the contact for T/TF↑ ≃ 0.4 of the
experimental data (albeit predicting slightly larger values for the contact).

7.5 Pair correlations

The last quantity that we present for the imbalanced system is the pair correlation
function g↑↓(ρ) calculated within the self-consistent t-matrix approach (see Chapter 5).
In particular, we show its evolution by varying the minority fraction x = n↓/n↑ from the
balanced case (x = 1) to the strongly imbalanced case (x = 0.01) at fixed temperature and
for various couplings. The results are shown in Figure 7.7 for the temperature T/TF = 0.3,
at which the system is in the normal phase also in the balanced case for any coupling.

The common feature that can be seen at all couplings is the formation of a maximum
at a finite ρ in the ρ2g↑↓(ρ) profile. Although the pair correlation function g↑↓(ρ) (not
multiplied by ρ2) is always monotonically decreasing, so that the maximum probability for
unit volume to find a majority fermion is still on top of a minority fermion, the maximum
in the ρ2g↑↓(ρ) profile can be interpreted as an accumulation of majority fermions around
the minority ones at a finite distance ρ (with respect to the balanced case). In the
strongly imbalanced limit, this could give an insight on the real-space shape of the Fermi
polaron. It is interesting to note that, while for the couplings (kFaF )

−1 = −0.5 and 0.0
the maximum is formed immediately when the system is imbalanced, for the couplings
(kFaF )

−1 = 0.5 and 1.0 instead there is a competition between a peak at ρ = 0, related to
the molecular two-body bound state (see Section 5.3), and the accumulation of majority
fermions at a finite ρ, so that the maximum at ρ ̸= 0 is formed only for a substantial
imbalance of the spin-populations.
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Chapter 8

Conclusions and Perspectives

In this thesis, we have presented a theoretical study of the properties of an attractive
Fermi gas in the normal phase throughout the BCS-BEC crossover for both balanced and
imbalanced spin populations. The study has been performed by means of a diagrammatic
approach based on the t-matrix approximation, where only ladder diagrams with repeated
particle-particle interactions are retained.

First of all, we have implemented the calculation for t-matrix approaches with different
degrees of self-consistency, obtained by replacing some or all the bare propagators G0

with dressed propagators G in the t-matrix self-energy diagrams. We have performed a
detailed and unbiased comparative study of the effects of the inclusion of partial or full
self-consistency on both thermodynamic and dynamical quantities for the spin-balanced
Fermi gas, and when possible these quantities have also been compared with available
QMC, DMC and experimental data. In this comparative study, we have found that the
fully self-consistent (GG)G approach works better for thermodynamic properties, both
for its behavior in the the BCS and BEC limits and for its good agreement with QMC,
DMC and experimental data at unitarity. On the other hand, a direct comparison with
recent experimental radio-frequency spectra for a homogeneous Fermi gas, has shown
that full self-consistency actually deteriorates the results for dynamical quantities, so
that for these quantities partially or non-self-consistent approaches appear to work better.
In addition, we have found that the (GG0)G0 approach breaks down in the BCS limit
when it is considered without the additional approximations that usually accompanies
its implementation in the literature, and that the fully self-consistent (GG)G approach
recovers the value aB = 1.16aF for the scattering length of the repulsive interaction
between the composite bosons in the BEC limit, instead of the value aB = 2aF which
was believed so far in the literature.

In the second part of the thesis, we have focused on pair correlations in the normal
phase. We have first calculated the pair correlation function g↑↓(ρ) and the pair coherence
length ξpair within the fully self-consistent t-matrix approach for various couplings and
temperatures. We have then developed a new approach, based on the two-body Green’s
function formalism, to calculate the number of preformed pairs in the normal phase in
order to describe the experimental data on this quantity by the group of Prof. Denschlag
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in Ulm. The method has first been implemented only in the BEC limit, by using a
two-body description for the shape ϕ(ρ) of the pairs, and then has been extended across
the whole crossover by including many-body pair correlations in the function ϕ(ρ) by
means of the pair correlation function g↑↓(ρ). In order to compare our calculation with
the experimental data, we have also extended the fully self-consistent calculation for a
system in a harmonic trapping potential, presenting its Tc curve across the crossover and
comparing our calculated axial density profiles with experimental profiles. In general,
very good agreement is found with the experimental data.

In the final part of the thesis, we have presented some preliminary results on thermo-
dynamic properties of the spin-imbalanced Fermi gas. We have shown the phase diagram
of the normal-BCS superfluid phase transition obtained within the self-consistent t-matrix
approach, and some T ≃ 0 and finite T thermodynamic quantities (i.e. the chemical
potentials, the energy and the contact) calculated within three t-matrix approaches with
different degrees of self-consistency. We have numerically verified that the fully self-
consistent t-matrix approach is the only approach that satisfies the Luttinger theorem at
T = 0 among the ones considered, and we have shown some results for the pair correlation
function g↑↓(ρ) as a function of the spin-imbalance.

As a perspective, it would be interesting to explore in more detail the properties of the
spin-imbalanced Fermi gas within the fully self-consistent t-matrix approach. Specifically,
the description of the phase diagram could be enriched by studying the regions of FFLO
instability and of phase separation, and by characterizing in detail the pair correlation
function g↑↓(ρ), especially in the strongly imbalanced limit where it gives an insight on
the real-space shape of the Fermi polaron.
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Appendix A

Details of the numerical procedures
to achieve self-consistency

In this Appendix, we present in detail the numerical procedures that are needed to
implement the cycles of self-consistency depicted schematically in Fig. 2.7. Specifically,
we consider the fully self-consistent (GG)G approach whose cycle is shown in Fig. 2.7(d),
since all procedures discussed for this approach can as well be applied to the partially
self-consistent approaches. We remark that the procedures here presented for the (GG)G
approach are in line with those previously suggested in Ref. [27] and partially with those
reported in Refs. [94, 118].

All expressions reported in this Appendix are given in dimensionless units, such that
energies are in units of the Fermi energy EF = k2F /(2m) and wave vectors in units of the
Fermi wave vector kF . Accordingly, the single-particle fermionic propagator G(k, ωn) is in
units of E−1

F , the fermionic self-energy Σ(k, ωn) in units of EF , and the particle-particle
propagator Γ(Q,Ων) in units of (mkF )−1. In addition, to further shorten the notation,
here we use the symbol v = (kFaF )

−1 for the coupling and we take kB = 1.

A.1 Transforming from G(k, ωn) to G(r, τ)

The first function to be Fourier transformed in the self-consistent cycle of Fig. 2.7(d) is
the single-particle fermionic propagator G. For this function the Fourier transform can
be done in two steps, namely,

G(k, ωn)→ G(k, τ)→ G(r, τ) (A.1)

with the Fourier transform over the wave vector k following that over the frequency ωn.
In the first step, to get the Fourier transform over the frequency ωn, we note that

the dressed fermionic propagator G(k, ωn) for large frequencies behaves like the free
propagator G0(k, ωn):

G(k, ωn) ≃
ωn→∞

G0(k, ωn) =
1

iωn − ξk
(A.2)
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where ξk = k2 − µ. One can thus calculate numerically the Fourier transform from ωn to
τ of the difference

∆G(k, ωn) = G(k, ωn)−G0(k, ωn), (A.3)

which is easier to obtain than the Fourier transform of G(k, ωn) since the function (A.3)
converges like ∼ ω

−5/2
n for large frequencies. One then adds to this result the Fourier

transform of G0(k, ωn), which is known analytically in the form [108]

G0(k, τ) = e−ξkτ
(
f(ξk)− 1

)
, (A.4)

where f(ξk) = (eβξk + 1)−1 is the Fermi distribution function.
In the second step, to get the Fourier transform over the wave vector k, it is further

convenient to split the expression (A.4) in two parts:

G0(k, τ) = G
(n)
0 (k, τ) +G

(a)
0 (k, τ) (A.5)

where

G
(n)
0 (k, τ) = e−ξkτf(ξk), (A.6)

G
(a)
0 (k, τ) = −e−ξkτ . (A.7)

Here, the labels (n) and (a) signify that the term (A.6) has to be numerically Fourier
transformed over k, whereas the term (A.7) admits an analytic Fourier transform of the
form

G
(a)
0 (r, τ) = − eµτe−

r2

4τ

8π3/2τ3/2
, (A.8)

which in the limit τ → 0+ is a representation of the Dirac delta function δ3(r). This
property is related to the anticommutator between fermionic field operators that appears
in the fermionic propagator when passing from τ = 0− to τ = 0+. The term (A.8) thus
describes the singular behavior when (r, τ) → 0+, not only for the free propagator G0

but also for the dressed propagator G. It is then convenient to define a new function

∆̃G(k, τ) = G(k, τ)−G(a)
0 (k, τ), (A.9)

which can be readily Fourier transformed over k numerically. The desired Fourier
transform G(r, τ) is eventually obtained by adding G(a)

0 (r, τ) of Eq. (A.8) to the Fourier
transform of ∆̃G(k, τ).1

1Additional care is required in weak coupling, where the expressions that include the factor eµτ become
large when τ ≃ β and may then lead to numerical errors. In this case, for the k → r Fourier transform it
is useful to replace the factor eµτ in Eqs. (A.7) and (A.8) for G(a)

0 by its expansion (1 + µτ + · · · ) for
τ → 0+.
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A.2 Transforming from Γ(Q,Ων) to Γ(r, τ)

The next function to be Fourier transformed in the self-consistent cycle of Fig. 2.7(d) is
the particle-particle propagator Γ. Also in this case, the Fourier transform can be done
in two steps, namely,

Γ(Q,Ων)→ Γ(Q, τ)→ Γ(r, τ), (A.10)

with the Fourier transform over the wave vector Q following again that over the frequency
Ων .

To perform the first Fourier transform over Ων , we begin by noting that the large-
frequency behavior of the particle-particle propagator Γ(Q,Ων) coincides with that of its
non-self-consistent counterpart taken in the strong-coupling limit β|µ| ≫ 1. This is given
by the expression (2.83), that in dimensionless units reads:

Γ(Q,Ων) ≃
Ων→∞

Γsc(Q,Ων) = −
4π

v −
√

Q2

4 − µ− iΩν
2

. (A.11)

However, using Γsc(Q,Ων) as the reference function to be subtracted in the Fourier
transform may lead to problems, because for Ων = 0 the function (A.11) has a pole at
|Q| = 2

√
v2 + µ when v > 0. To the extent that we are interested only in taking care

of the large-frequency behavior of Γ(Q,Ων), we are led to introduce the new reference
function

Γ′
sc(Q,Ων) = Γsc(Q,Ων)− Γsc(Q,Ων = 0) (A.12)

with the zero-frequency term removed from the expression (A.11). Although the Fourier
transform of the function (A.12) cannot be calculated analytically, it can be computed
with limited effort by writing it as an integral over the complex z-plane as follows:

Γ′
sc(Q, τ) = T

∑
ν

e−iΩντΓ′
sc(Q,Ων) =

1

2πi

∮
C
dz

ezτ

(eβz − 1)
Γ′

sc(Q, z) (A.13)

where the contour C surrounds the poles of the Bose function b(z) = 1/(eβz − 1) on the
imaginary axis. Here, the function Γ′

sc(Q, z) has a branch cut along the negative real axis
starting at zc = 2(µ−Q2/4) as well as a pole at zp = 2v2 + zc when v > 0. The integral
in Eq. (A.13) then reduces to the calculation of an integral along the branch cut and of
the residue of the pole, and can accordingly be split in the following way:

Γ′
sc(Q, τ) = Γ(n)

sc (Q, τ) + Γ(a)
sc (Q, τ) (A.14)

+ Γres(Q, τ)− T Re[Γsc(Q,Ων = 0)]

where the first two terms are contributed by the branch cut and the third term by the
pole. Like in Eq. (A.5), the labels (n) and (a) in the first line of Eq. (A.14) signify that
these contributions are calculated numerically or analytically, respectively.

The first term in Eq. (A.14) can be cast in the form

Γ(n)
sc (Q, τ) =

8
√
2ezcτ√
τ

∫ +∞

0
dx

e−x2
x2

(e−β(zc−x2/τ) − 1)(x2 + 2τv2)
(A.15)
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for zc < 0 (that is, for µ < Q2/4), and in the form

Γ(n)
sc (Q, τ) =

8
√
2ezcτ√
τ

∫ +∞

√
τ(zc−z0)

dx
e−x2

x2

(e−β(zc−x2/τ) − 1)(x2 + 2τv2)

+ 8

√
2

τ

∫ √τ(zc−z0)

0
dx

1

e−β(zc−x2/τ) − 1

(
ezcτ−x2

x2

x2 + 2τv2
− x
√
zc

zp
√
τ

)
(A.16)

+
4
√
2zc
zp

(
z0 − zc − T ln

∣∣∣∣e−βzc − 1

e−βz0 − 1

∣∣∣∣)
for zc ≥ 0 (that is, for µ ≥ Q2/4), where z0 is a negative real number (typically, we have
taken z0 = −2T ). The second term in Eq. (A.14) has instead the semi-analytic form:

Γ(a)
sc (Q, τ) = 4

√
2π c(τ, v)

e2µτe−Q2τ/2

√
τ

(A.17)

with the coefficient c(τ, v) given by

c(τ, v) =
2√
π

∫ +∞

0
dx

x2 e−x2

x2 + 2τv2
. (A.18)

Note that this coefficient is unity for τ → 0+ or v = 0.
The term (A.17) admits also an analytic Fourier transform from (Q, τ) to (r, τ), which

is given by:

Γ(a)
sc (r, τ) =

2 c(τ, v) e2µτe−
r2

2τ

πτ2
. (A.19)

One can show that this is the leading term of the singular behavior of the full Γ(r, τ) for
(r, τ)→ 0+, not only in the strong-coupling regime but also throughout the BCS-BEC
crossover. Finally, the third term in Eq. (A.14) is the residue of the pole at z = zp, given
by:

Γres(Q, τ) = −θ(v)
16πv ezpτ

eβzp − 1
. (A.20)

One can also show that the divergence of this term for zp = 0 (that is, for |Q| = 2
√
v2 + µ)

is exactly compensated by the fourth term of (A.14), in such a way that Γ′
sc(Q, τ) is

always a smooth function of Q.
At this point, we calculate numerically the Fourier transform from (Q,Ων) to (Q, τ)

of the difference
∆Γ(Q,Ων) = Γ(Q,Ων)− Γ′

sc(Q,Ων) (A.21)

to obtain ∆Γ(Q, τ), and then add to it Γ′
sc(Q, τ) given by Eq. (A.14) to obtain Γ(Q, τ).

Finally, for the remaining Fourier transform from (Q, τ) to (r, τ), we can make use of
Γ
(a)
sc (Q, τ) defined by Eqs. (A.17) and (A.18) to subtract the leading term of the singular

behavior when (r, τ)→ 0+, similarly to what we did in Eq. (A.9). Accordingly, we define
the difference function:

∆̃Γ(Q, τ) = Γ(Q, τ)− Γ(a)
sc (Q, τ) (A.22)
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and Fourier transform it from Q to r to obtain ∆̃Γ(r, τ). The desired function Γ(r, τ)

eventually results by adding to ∆̃Γ(r, τ) the semi-analytic expression (A.19) for Γ(a)
sc (r, τ).2

A.3 Transforming from Σ(r, τ) to Σ(k, ωn)

The last function to be Fourier transformed in the self-consistent cycle of Fig. 2.7(d) is
the self-energy Σ. Also in this case, the Fourier transform is done in two steps, namely,

Σ(r, τ)→ Σ(k, τ)→ Σ(k, ωn) (A.23)

where now one first transforms from r to k and then from τ to ωn, in the reversed
direction to what was done for G (cf. Eq. (A.1)) and for Γ (cf. Eq. (A.10)). This is
because from Eq. (2.112), once G(r, τ) and Γ(r, τ) are know, Σ(r, τ) is also known.

From Eq. (2.112) one can also determine the singular behavior of Σ(r, τ) for (r, τ)→ 0+

in terms of those of G(r, τ) [cf. the discussion after Eq. (A.8)] and of Γ(r, τ) [cf. the
discussion after Eq. (A.19)]. To this end, we rewrite Eq. (2.112) in the alternative forms:

Σ(r, τ) = −2Γ(r, τ)G(−r,−τ) (A.24)
= 2Γ(r, τ)G(r, β − τ) (A.25)

(where the factor of two originates by having expressed the particle-particle propagator Γ in
terms of dimensionless quantities). In the second line we have used the spatial isotropy and
the anti-periodicity in τ of the fermionic propagator, to write G(−r,−τ) = −G(r, β − τ).
As discussed previously, both G(r, τ) and Γ(r, τ) are strongly peaked for (r, τ)→ 0+. We
then expect the singular behavior of Σ(r, τ) to be captured by the following alternative
expressions:

Σ(+)(r, τ) ≃ 2Γ(r, τ)G(r = 0, β−) (A.26)

in the limit (r, τ)→ (0, 0+) and

Σ(−)(r, τ) ≃ 2Γ(r = 0, β−)G(r, β − τ) (A.27)

in the limit (r, τ)→ (0, β−). Out of the above terms, (A.26) is the dominant one because
Γ(r, τ) [cf. Eq. (A.19)] is more strongly peaked than G(r, τ) [cf. Eq. (A.8)] in the limit
τ → 0+.

Accordingly, in order to perform the Fourier transform of Σ(r, τ) from r to k, we
consider the difference

∆Σ(r, τ) = Σ(r, τ)− Σ(+)(r, τ) (A.28)
2Also in this case, additional care is required to handle in weak coupling the expressions containing

the factor e2µτ . In this case, the separation of Γsc(Q, τ) in numeric and analytic parts like in Eq. (A.14)
has to be performed only for τ ≃ 0, while Γsc(Q, τ) has to be calculated as a whole for larger values of τ .
Moreover, when performing the Q → r Fourier transform, it is again useful to replace the factor e2µτ in
Eqs. (A.17) and (A.19) for Γ

(a)
sc with its expansion (1 + 2µτ + · · · ) for τ → 0+.
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with the term (A.26) only. In addition, to the extent that in Eq. (A.28) we are interested in
the leading behavior of Σ(+) for (r, τ)→ (0, 0+), we can approximate the particle-particle
propagator Γ(r, τ) in Eq. (A.26) by the analytic result (A.19) and write

Σ(+)(r, τ) = −2n e−
r2

2τ

πτ2
, (A.29)

where we have consistently set c(τ, v) → 1 and eµτ → 1 and used the expression n =
−2G(r = 0, β−) in terms of the fermionic density n (in dimensionless units).3

The expression (A.29) has the further advantage that its Fourier transform from τ to
ωn can be obtained analytically in terms of the error function [174], in the form:

Σ(+)(k, ωn) = −8πn
erf
(√

β(k2 − 2iωn)/2
)

√
k2 − 2iωn

. (A.30)

This expression correctly reproduces the leading ω
−1/2
n behavior of Σ(k, ωn) for large

frequencies.4

Once the difference (A.28) has been Fourier transformed numerically (first from r to
k and then from τ to ωn) according to the above prescriptions to obtain ∆Σ(k, ωn), one
can eventually add to it the analytic expression (A.30) and obtain the desired function
Σ(k, ωn).

3For the t-matrix approaches that use an external G0 in the place of G, the expression (A.29) needs
to be modified by replacing n by the free-fermion density n0 = −2G0(r = 0, β−).

4Similarly, Σ(−) of Eq. (A.27) can be shown to behave like ∼ ω−1
n for large frequencies [94], thereby

confirming that this is a sub-leading contribution also in the frequency domain.
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Appendix B

Optimizing the convergence towards
self-consistency

In this Appendix, we discuss the procedures that we have adopted to achieve optimal
convergence toward self-consistency within the t-matrix approaches considered in this
thesis. A judicious optimization in achieving convergence is, in fact, especially required for
those approaches that implement partial or total self-consistency in the particle-particle
propagator Γ, to the extent that these approaches become intrinsically unstable when
the temperature approaches Tc when one uses the straightforward iterative procedure
sketched in Section 2.3 (cf. Fig. 2.7 therein). The origin of this problem can be highlighted
through the following analytic considerations.

B.1 General considerations on the iterative procedure

For definiteness, we shall consider in detail the fully self-consistent (GG)G approach. The
equations (2.104)-(2.107), that need to be self-consistently solved, can be written in a
compact way as a functional equation for the self-energy Σ, in the form:

Σ(k) = F
[
Σ(p)

]
(k) . (B.1)

This is because, once Σ is know, G and Γ in Eqs. (2.104)-(2.107) can also be readily
obtained. Let us then see what happens when trying to solve Eq. (B.1) iteratively.

Suppose that ΣSC(k) = F
[
ΣSC(p)

]
(k) is the self-consistent (SC) solution to Eq. (B.1)

which the iterative method is expected to reach. At a generic iteration step (i) toward
self-consistency, the self-energy Σ(i)(k) deviates from ΣSC(k) by some amount δΣ(i)(k):

Σ(i)(k) = ΣSC(k) + δΣ(i)(k). (B.2)

Provided one is close enough to the self-consistent solution, Eq. (B.1) can be linearized
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about ΣSC, to write:

ΣSC(k) + δΣ(i)(k) = F
[
Σ(i-1)(p)

]
(k)

≃ ΣSC(k) +

∫
dp

[
δF [Σ(p)](k)
δΣ(p)

]
SC

δΣ(i-1)(p) . (B.3)

Here, the subscript SC indicates that the functional derivative is taken at self-consistency,
and the integral over p contains both an integral over the wave vector p and a sum
over the Matsubara frequency ωn. This provides a relation for the distance δΣ from the
self-consistent solution between the steps (i-1) and (i):

δΣ(i)(k) =

∫
dp

[
δF [Σ(p)](k)
δΣ(p)

]
SC

δΣ(i-1)(p). (B.4)

When Σ(k) is calculated on a k-grid of points, like in our numerical calculations, δΣ
can be regarded as a vector which is acted upon by the functional derivative matrix
[δF/δΣ]SC. The convergence of the iterative procedure, from (i-1) to (i) and so on, is
then governed by the behavior of this functional derivative matrix.

To find an explicit expression for [δF/δΣ]SC, we rewrite it in the form:

δF [Σ(p)](k)
δΣ(p)

=
δF [Σ(p)](k)
δG(p)

δG(p)

δΣ(p)
. (B.5)

Here, the factor on the right is given by

δG(p)

δΣ(p)
= G(p)2 (B.6)

with the use of Eq. (2.104), while the factor on the left can be calculated by recalling
that (cf. Eqs. (2.105) and (B.1))

F
[
Σ(p)

]
(k) = Σ(k) = −

∫
dQΓ(Q)G(Q− k) , (B.7)

yielding
δF [Σ(p)](k)
δG(p)

= −Γ(p+ k)−
∫
dQ

δΓ(Q)

δG(p)
G(Q− k). (B.8)

In this expression, the functional derivative of the particle-particle propagator Γ(Q) can
be obtained from Eq. (2.106)

δΓ(Q)

δG(p)
= −Γ(Q)2

δRpp(Q)

δG(p)
, (B.9)

where the functional derivative of the regularized particle-particle bubble Rpp(Q) is
obtained from Eq. (2.107)

δRpp(Q)

δG(p)
= 2G(Q− p). (B.10)
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Grouping all the above results together, Eq. (B.5) becomes eventually:

δF [Σ(p)](k)
δΣ(p)

= −G(p)2
[
Γ(p+ k)− 2

∫
dQΓ(Q)2G(Q− k)G(Q− p)

]
. (B.11)

When this result is used in Eq. (B.4), δΣ(i) therein can be conveniently split in two
terms

δΣ(i)(k) = δΣ
(i)
1 (k) + δΣ

(i)
2 (k), (B.12)

where we have defined

δΣ
(i)
1 (k) = −

∫
dpG(p)2Γ(p+ k) δΣ(i-1)(p) (B.13)

δΣ
(i)
2 (k) = 2

∫
dpG(p)2

∫
dQΓ(Q)2G(Q− k)G(Q− p) δΣ(i-1)(p). (B.14)

Suppose now that T = Tc. The Thouless criterion (2.109) then implies that the
particle-particle propagator Γ(Q) has a pole for Q = 0, such that one expects Γ(Q) to
be strongly peaked in the vicinity of Q = 0. The expressions (B.13) and (B.14) can be
simplified accordingly, by setting to zero the arguments of the particle-particle propagators
in the smooth functions that multiply them. For the term (B.13) we thus have:

δΣ
(i)
1 (k) ≃ −G(−k)2δΣ(i-1)(−k)

∫
dpΓ(p+ k)

= −C G(−k)2 δΣ(i-1)(−k) (B.15)

where C is the contact according to Eq. (2.131). This term poses no problem to the
convergence, since the quantity that multiplies δΣ(i-1)(−k) is finite. For the term (B.14)
we instead obtain:

δΣ
(i)
2 (k) ≃ 2G(−k)

∫
dQΓ(Q)2

∫
dpG(p)2G(−p) δΣ(i-1)(p) (B.16)

where the factor ∫
dQΓ(Q)2 =

∫
dQ

(2π)3
1

β

∑
ν

Γ(Q,Ων)
2 (B.17)

is infrared divergent at T = Tc even in three dimensions. This is because, for the term
with Ων = 0 therein, Γ(Q,Ων = 0) ∼ Q−2 when Q→ 0 at T = Tc [31].

This divergence represents a problem for the convergence of the iterative algorithm,
because it implies that, no matter how close the step (i-1) might be to the self-consistent
solution, the step (i) is bound to run infinitely away from it. This problem can affect the
convergence of the iterative algorithm also for temperatures T ≳ Tc, depending on how
much Γ(Q) is peaked about Q = 0.

The only partially self-consistent t-matrix approach not affected by this problem is the
(G0G0)G approach. This is because in this approach, by construction, the particle-particle
propagator Γ coincides with the bare Γ0, whereby δΓ0/δG = 0. As a consequence, the
second term on the right-hand side of Eq. (B.8) identically vanishes and with it the
divergent factor in Eq. (B.16).

We pass now to show how this problem can be overcome in practice, both for T > Tc
and T = Tc.
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B.2 Improved method for T > Tc

Although the iterative approach (B.4) to solve Eq. (B.1) cannot converge at exactly
T = Tc, there exists a simple method to make it converge for T ≳ Tc, with the factor
(B.17) keeping a finite (albeit large) value. This method, which has already been used
for the self-consistent calculations of electronic structures in atoms and molecules [175],
consists in redefining the iterative steps in terms of the weighted sum:

Σ(i)(k) = αF
[
Σ(i-1)(p)

]
(k) + (1− α)Σ(i-1)(k) (B.18)

where the weight factor α ranges between 0 and 1. This method is found to reduce the
effects of the divergence due to the term (B.16), thereby making the iterative process to
converge even sufficiently close to Tc. Nevertheless, the method fails upon approaching
Tc, because smaller and smaller values of α are needed for attaining convergence. A
smaller value of α, in turn, implies that more iterative steps are required for convergence,
since the contribution of a single step, too, becomes smaller and smaller. In practice, we
have found that this method can conveniently been used down to temperatures for which
(T − Tc)/Tc is of order 1%, before it becomes numerically too demanding.

B.3 Improved method for T = Tc

Alternatively, exactly at T = Tc one can rely on a different method that avoids the
convergence problem discussed above. This method can be summarized as follows:

1. One begins by fixing the value n of the density, in terms of which one obtains the
Fermi wave vector kF = (3π2n)1/3 and the Fermi energy EF = k2F /(2m). One also
fixes a guess value Tg/TF for the temperature in units of the Fermi temperature, as
well as the ratio µ/Tg between the chemical potential and the guess temperature Tg.

2. Next, one replaces the particle-particle propagator of Eq. (2.106) with the following
expression

Γ̃(Q)−1 = Rpp(Q)−Rpp(Q = 0) , (B.19)

in such a way that Γ̃(Q = 0)−1 = 0 by construction. This implies that the Thouless
criterion (2.109) is always satisfied by the modified particle-particle propagator
(B.19), no matter what was the initial guess for Tg/TF .

3. At this point one can proceed and perform the iterative procedure toward self-
consistency on the set of equations (2.104)-(2.107), with Γ(Q) therein replaced by
Γ̃(Q). It will be shown below that this replacement avoids the occurrence of the
infrared divergence that plagues instead the expression (B.16) obtained in terms of
the original Γ(Q).

4. Once self-consistency has been achieved with this modified set of equations, one can
obtain the modified density as ñ = −2 G̃(r = 0, β−), and the modified scattering
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length ãF from the expression

1

ãF
= − 4π

m
R̃pp(Q = 0) (B.20)

where R̃pp is obtained from Eq. (2.107) with G̃ replacing G. The result (B.20)
follows directly from the Thouless criterion corresponding to the modified density ñ.

5. Finally, in terms of ñ one obtains the modified Fermi wave vector k̃F = (3π2ñ)1/3

and the modified Fermi energy ẼF = k̃2F /(2m). The desired value of the critical
temperature is then obtained by

Tc
TF

=
Tg

TF

EF

ẼF

(B.21)

in terms of the initial guess Tg/TF . From Eq. (B.20) the corresponding coupling
value is given by:

1

kFaF
=

1

k̃F ãF
=

1

kF ãF

kF

k̃F
= −4πR̃pp(Q = 0)

mkF

kF

k̃F
. (B.22)

There remains to explain the reason why this method is not plagued by the convergence
problem discussed above for the iterative procedure. The point is that, using the modified
particle-particle propagator (B.19) in the place of the original one, one also modifies
the structure of the functional derivative in Eq. (B.4). Specifically, for the functional
derivative of Γ̃(Q) with respect to G̃(p) one obtains (cf. Eq. (B.9)):

δΓ̃(Q)

δG̃(p)
= −Γ̃(Q)2

δ
(
R̃pp(Q)− R̃pp(Q = 0)

)
δG̃(p)

= −2 Γ̃(Q)2
[
G̃(Q− p)− G̃(−p)

]
. (B.23)

The corresponding variation of the self-energy related to this functional derivative then
becomes (cf. Eq. (B.14)):

δΣ̃
(i)
2 (k) = 2

∫
dp G̃(p)2

∫
dQ Γ̃(Q)2G̃(Q− k)

[
G̃(Q− p)− G̃(−p)

]
δΣ̃(i-1)(p). (B.24)

Comparing this result with Eq. (B.14), one notes that the singular behavior of Γ̃(Q)2

for Q → 0 is now suppressed by the presence of the factor [G̃(Q − p) − G̃(−p)]. This
feature makes it possible to reach convergence exactly at T = Tc with a limited number
of iterations, without the need for the weighted sum of Eq. (B.18).
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Appendix C

Comparison with the pseudogap
approximation at Tc

The (GG0)G0 and (GG)G0 t-matrix approaches have almost invariably been implemented
in the literature using a set of approximations (sometimes referred to as the “pseudo-gap
approximation”), which considerably simplify the numerical calculations. Specifically,
close to Tc where the particle-particle propagator Γ(Q) is strongly peaked about Q = 0,
the fermionic self-energy (2.105) has been approximated as follows [29, 40]:

Σ(k, ωn) = −
∫

dQ

(2π)3
1

β

∑
ν

Γ(Q,Ων)G0(Q− k,Ων − ωn)

≈ G0(−k,−ωn)

(
−
∫

dQ

(2π)3
1

β

∑
ν

Γ(Q,Ων)e
iΩν0+

)
≡ G0(−k,−ωn)∆

2
pg .

(C.1)

Due to this approximation for the self-energy, the dressed single-particle propagator G
(and thus also the equation for the particle number) coincides with that of BCS theory,
with the pseudo-gap energy ∆pg now playing the role in the normal phase of the BCS
gap ∆ in the superfluid phase. In addition, the Thouless criterion (2.109) for the dressed
Γ coincides with the BCS gap equation (again with the replacement ∆→ ∆pg) for the
(GG0)G0 approach [29, 40], or with the BCS gap equation plus additional corrections
(which become anyway negligible both in the BCS and BEC limits) for the (GG)G0

approach [65]. A further approximation, which is usually adopted within the pseudo-gap
approximation when calculating ∆pg by means of Eq. (C.1), is the use of an expansion of
Γ(Q,Ων) for small values of Q and Ων .

It should, however, be remarked that the pseudo-gap approximation (C.1) appears
justified only in the strong-coupling (BEC) regime (kFaF )

−1 ≳ +1, where the large
fermionic energy scale |µ| (with µ < 0) dominates over the bosonic energy scales and
the approximation (C.1) becomes fully correct. This can also be verified numerically as
shown in Fig. C.1, where a comparison is presented for the calculation of Tc between
the complete (GG0)G0 and (GG)G0 approaches (full lines) and their corresponding
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Figure C.1: Critical temperature Tc vs the coupling (kFaF )
−1 for the (GG0)G0 (panel a)

and (GG)G0 (panel b) approaches (full lines), and for their corresponding pseudo-gap
(PG) approximation (dashed lines). The BCS and BEC critical temperatures are also
reported for comparison (dotted curves on the left and right sides, respectively). The data
for the pseudo-gap approximation to the (GG0)G0 and (GG)G0 approaches are taken
from Refs. [56] and [65], respectively.
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pseudo-gap approximations (dashed lines). This comparison shows that a good agreement
between the complete and approximate calculations occurs only for (kFaF )

−1 ≳ 1, while
significant deviations result both at intermediate and weak couplings.

From Fig. C.1 one also notices that, in the weak-coupling (BCS) regime (kFaF )−1 ≲ −1,
the curves for Tc obtained within the pseudo-gap approximation converge rapidly to the
corresponding BCS curve for Tc. This is because ∆pg(T ) is bounded by the value ∆0 of
the BCS gap at T = 0 [40], which in turn vanishes exponentially in the weak-coupling
limit. This implies that the approximate self-energy (C.1), too, vanishes exponentially, in
such a way that the BCS result for Tc is recovered. Without the use of the approximation
(C.1), in weak coupling the self-energy would instead approach the value Σ0 ≃ 2πaFn/m
associated with a mean-field shift (see Section 2.2.6).

For the complete (GG0)G0 approach, whereby this shift appears in just one of the two
single-particle propagators that enter the particle-particle bubble in Γ, the equation for Tc
corresponds to that of a Fermi system in the presence of a chemical potential imbalance δµ.
This equation is known to have no solution when this imbalance about exceeds the BCS
gap ∆0 of the balanced system at T = 0 [123–125]. Given the exponential dependence of
∆0 on coupling, to be contrasted with the linear dependence δµ ≃ 2πaFn/m associated
with the mean-field shift, the condition δµ > ∆0 is readily met in the weak-coupling
regime. This explains why, in the weak-coupling regime, the (GG0)G0 approach does
not admit solution for Tc, as it was already noted in the discussion of Fig. 3.1. For
the complete (GG)G0 approach, on the other hand, the differences with respect to its
pseudo-gap approximation are overall less pronounced, albeit still significant.
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Appendix D

On the self-energy contributions to
the kernel Ξ of the T -matrix equation

In Section 2.6, we have argued that only the BSC form (2.145) of the effective two-particle
interaction Ξ is of relevance for the calculation of the pair correlation function g↑↓(ρ) of
Eq. (5.1) and the bosonic propagator GB(Q,Ων) of Eq. (6.7) (and thus of the quantity
Np of Eq. (6.3) of experimental interest). We have also anticipated that the reason for
this is to be found in the specific sequence of Nambu indices appearing in the expressions
(5.3) and (6.5).

Here, we show specifically how the diagrammatic contributions to Ξ, that would
derive from the t-matrix fermionic self-energy Σt-matrix of Eq. (2.147), cannot modify
this result. Under different circumstances, like for the calculation of the density and
spin response functions, on the other hand, the diagrams for Ξ corresponding to the
Aslamazov-Larkin (AL) and Maki-Thomson (MT) contributions would instead result
from the t-matrix self-energy Σt-matrix (see, e.g., Fig. 3 of Ref. [34]). In our case, the
importance of introducing the t-matrix approach for the self-energy arises from the need
of obtaining an accurate description of the thermodynamic properties of the Fermi gas in
the normal phase (cf. Section 3.1).

Probably the simplest way to convince oneself that the AL-type and MT-type contri-
butions to Ξ, which would result from the t-matrix self-energy taken below Tc, do not
contribute to the expressions (5.3) and (6.5) once carried over to the normal phase above
Tc, is to draw these contributions in a diagrammatic way. This is done in Fig. D.1. Here,
the series of ladder diagrams that approximate the many-particle T-matrix in the broken-
symmetry phase is reported in panel (a), while the corresponding t-matrix self-energy is
shown in panel (b). For simplicity, in these diagrams only the Nambu indices have been
explicitly indicated, while the space and imaginary time variables are not reported since
they are not essential to the following argument. The crucial point (already emphasized in
Section 2.6) is that for the T-matrix of panel (b) only combinations with Nambu indices
ℓL ̸= ℓ′L and ℓR ̸= ℓ′R occur, owing to the inter-particle interaction of the contact form
that we have adopted (cf. also Ref. [121]). In addition, only combinations with ℓL = ℓR
and ℓ′L = ℓ′R will survive when these diagrams are extrapolated to the normal phase. As
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Figure D.1: (a) Ladder diagrams for the T-matrix in the superfluid phase, where dots
delimiting potential (dashed) lines represent τ3 Pauli matrices. (b) Corresponding diagram
for the t-matrix fermionic self-energy. Examples of (c) MT and (d) AL diagrammatic
contributions to the two-particle Green function G2 (or, equivalently, to the two-particle
correlation function L) with the choice (ℓL, ℓ

′
R, ℓ

′
L, ℓR) = (1, 2, 2, 1) for the Nambu indices.

These contributions are bound to vanish when carried over to the normal phase owing to
the presence of two anomalous fermionic single-particle Green’s functions which connect
1 ↔ 2. For simplicity, only Nambu spin indices have been explicitly indicated in all
diagrams.
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a consequence, a typical example of MT contribution is shown in Fig. D.1(c), while a
typical example of AL contribution is shown in Fig. D.1(d). In all cases, it turns out
that at least two single-particle Green’s functions with off-diagonal Nambu indices would
be required to match these contributions to Ξ with the Nambu indices appearing in the
expressions (5.3) and (6.5). Since the off-diagonal (anomalous) single-particle Green’s
functions vanish in the normal phase above Tc, the MT- and AL-type contributions to Ξ
vanish, too, and do not affect the expressions (5.3) and (6.5) which are relevant for the
calculation of g↑↓(ρ) and Np above Tc. This proves our statement.
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Appendix E

Critical temperature for a
low-density trapped Bose gas

In this Appendix, we describe the procedure to calculate the superfluid critical temperature
of a low-density Bose gas in a trap, where the interaction is treated at the level of the
two-body t-matrix specified by the scattering length aB. Similarly to what we did in
Section 4.1, we assume a local density approximation and we write the local bosonic
chemical potential as

µB(r) = µ0B − VB(r)− 2 t0 nB(r). (E.1)

Here, VB(r) = mBωr
2/2 is the harmonic trapping potential for the bosons of mass mB (we

assumed ωx = ωy = ωz = ω for simplicity), and 2 t0 nB(r) is the leading approximation
to the self-energy of a dilute Bose gas in the normal phase with t0 = 4πaB/mB [111]. We
thus write for the bosonic density

nB(r) =

∫
dQ

(2π)3
1

eβ[Q2/(2mB)−µB(r)] − 1
. (E.2)

Note that, due to the presence of the local self-energy 2t0nB(r), this equation is a self-
consistent condition for the local density nB(r). Once nB(r) is known, the number of
bosons is obtained as

NB =

∫
dr nB(r). (E.3)

We are now interested in determining the critical temperature Tc for the transition to the
superfluid phase. Similarly to what happens for a trapped Fermi gas (cf. Section 4.3),
also for a trapped Bose gas the center of the trap is where superfluidity first manifests
itself upon lowering the temperature from the normal phase. The superfluid transition is
then determined by the Hugenholtz-Pines condition [176] at r = 0

µ0B = 2 t0 nB(r = 0). (E.4)

At Tc, we can then use the previous condition to write the local chemical potential (E.1)
as

µ(r) = −VB(r)− 2 t0 δnB(r) (E.5)

127



with δnB(r) = [nB(r)− nB(r = 0)], such that Eq. (E.2) becomes:

nB(r) =

∫
dQ

(2π)3
1

eβc[Q2/(2mB)+VB(r)+2t0 δnB(r)] − 1
, (E.6)

where βc = (kBTc)
−1. For any given value of r, this equation can be solved self-consistently

for the variable nB(r). This is conveniently done by fixing an arbitrary value of nB(r = 0)
and looking for a solution nB(r) such that it never exceeds the value nB(r = 0).1 Once
the entire density profile nB(r) is obtained in this way, one calculates NB from Eq. (E.3).
The value of nB(r = 0) is then varied to get a new value of NB and so on, so as to
obtain Tc as a function of NB and aB. In addition, upon measuring the values of Tc
obtained in this way in units of the critical temperature for non-interacting trapped
bosons kBTBEC

c = ω [NB/ζ(3)]
1/3, one finds that Tc/TBEC

c is a function of the scaling
variable aB

√
kBTBEC

c /mB only. By translating it back into the language of the BCS-BEC
crossover of the main text, one gets eventually that Tc/TF is a function of the coupling
parameter (kFaF )

−1 in the trap since aB is proportional to aF (cf. Fig. 4.3).

1For example, by means of the bisection root-finding method in the interval nB(r) ∈ [0, nB(r = 0)].
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Appendix F

Details on the calculation of g↑↓(ρ)
and ξpair

In this appendix we give the details of the calculation of the pair correlation function
g↑↓(ρ) and of the pair coherence length ξpair introduced in Chapter 5.

F.1 Calculation of g↑↓(ρ)

The pair correlation function in the self-consistent t-matrix approach is given by the
expression (5.6):

g↑↓(ρ) =

∫
dQ

(2π)3
1

β

∑
ν

eiΩνη Γ(Q,Ων) [Π(ρ;Q,Ων)]
2. (F.1)

Let us first focus on the particle-particle bubble in ρ-space

Π(ρ;Q,Ων) =

∫
dk

(2π)3
eik·ρΠ(k;Q,Ων) (F.2)

which is the Fourier transform of the particle-particle bubble in k-space

Π(k;Q,Ων) =
1

β

∑
n

G↑(k +Q/2, ωn +Ων)G↓(k −Q/2,−ωn). (F.3)

The sum over fermionic Matsubara frequencies in (F.3) is a convolution product like the
one in the renormalized particle-particle bubble (2.107). It is then more easily computed
in τ -space, where it reads:

Π(k;Q, τ) = G↑(k +Q/2, τ)G↓(k −Q/2, τ). (F.4)

The (k, τ)→ (∞, 0+) behavior of this expression is given by:

Π(k;Q, τ) ≃ Π(a)(k;Q, τ)

= G
(a)
0↑ (k +Q/2, τ)G

(a)
0↓ (k +Q/2, τ) = e−(ξk+Q/2,↑+ξk−Q/2,↓)τ

(F.5)
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where G(a)
0 was defined in (A.7) and ξk,σ = k2/(2m)− µσ. The expression (F.5) presents

an analytical Fourier transform to the Ων space, that is given by

Π(a)(k;Q,Ων) =
1− e−β(ξk+Q/2,↑+ξk−Q/2,↓−iΩν)

ξk+Q/2,↑ + ξk−Q/2,↓ − iΩν
, (F.6)

which, in turn, is related to the (k,Ων)→∞ behavior of (F.3). It is then convenient to
define the difference:

∆Π(k;Q, τ) = Π(k;Q, τ)−Π(a)(k;Q, τ), (F.7)

which can be readily transformed over τ . The expression (F.6) can then be added to the
Fourier transform ∆Π(k;Q,Ων) to obtain the desired Π(k;Q,Ων).

The next step consists in the Fourier transform of Π(k;Q,Ων) to the ρ-space (F.2).
First of all, one notices that the leading behavior of Π(k;Q,Ων) in the (k,Ων)→∞ limit
is given by:

Πsc(k;Q,Ων) =
1

ξk+Q/2,↑ + ξk−Q/2,↓ − iΩν
, (F.8)

as the exponential in the numerator of (F.6) can be neglected when k→∞. Note that
this expression exactly corresponds to the strong-coupling limit (5.15) of Π(k;Q,Ων),
which presents the analytical Fourier transform to the ρ-space (5.16)

Πsc(ρ;Q,Ων) =
m

4πρ
e−m1/2ρ

√
Q2/(4m)−2µ−iΩν , (F.9)

where µ = (µ↑ + µ↓)/2 and ρ = |ρ|.
Also in this case, it is convenient to define a difference function1

∆̃Π(k;Q,Ων) = Π(k;Q,Ων)−Πsc(k;Q,Ων), (F.10)

and perform its Fourier transform on ρ:

∆̃Π(ρ;Q,Ων) =

∫
dk

(2π)3
eik·ρ ∆̃Π(k;Q,Ων). (F.11)

Note however that this Fourier transform cannot be performed as the other k → r
transforms, because in the integrand there is a non-trivial dependence on the angles
between k, Q and ρ. The adopted procedure is then the following.

Choose Q as the reference axis, and call γ the angle between Q and ρ, θ the
angle between k and Q and φ the angle between the components of k and ρ that are
perpendicular to Q. Note that γ is an external variable, while θ and φ are integration
variables. With this choice of variables, the φ dependence appears only in the exponential

1Note that the analytical expression (F.8) presents a singularity in k for Ων = 0 and µ > 0. Accordingly,
we set µ = 0 in the subtracted analytical expression (F.8) and in its Fourier transform (F.9) when µ is
positive.
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eik·ρ, because it is the only term that depends on the direction of ρ. The scalar product
k · ρ in the exponent is given by:

k · ρ = k⊥ · ρ⊥ + k∥ · ρ∥ = kρ sin θ sin γ cosφ+ kρ cos θ cos γ. (F.12)

where k = |k|, ρ = |ρ|, and the expression has been divided in the sum of the components
perpendicular and parallel to Q. The integral over φ can then be expressed analytically
in terms of the Bessel function of first kind and order zero J0:∫ 2π

0
dφ eikρ sin θ sin γ cosφ = 2πJ0(kρ sin θ sin γ). (F.13)

The Fourier transform (F.11) becomes then

∆̃Π(ρ;Q,Ων) =∫ +∞

0

dk

(2π)2

∫ π

0
dθ sin θ J0(kρ sin θ sin γ) e

ikρ cos θ cos γ ∆̃Π(k;Q,Ων).
(F.14)

This double integral is performed with the Gauss-Legendre quadrature method using
typically 20 points for the θ integral and 40 points for the k integral. Afterwards, the
analytical expression (F.9) can be added back to recover the desired Π(ρ;Q,Ων).2

One can now replace Π(ρ;Q,Ων) = ∆̃Π(ρ;Q,Ων) + Πsc(ρ;Q,Ων) into the integral
(F.1), obtaining three terms:

g↑↓(ρ) = g
(1)
↑↓ (ρ) + g

(2)
↑↓ (ρ) + g

(3)
↑↓ (ρ), (F.15)

where

g
(1)
↑↓ (ρ) =

∫
dQ

(2π)3
1

β

∑
ν

eiΩνη Γ(Q,Ων) [∆̃Π(ρ;Q,Ων)]
2, (F.16)

g
(2)
↑↓ (ρ) = 2

∫
dQ

(2π)3
1

β

∑
ν

eiΩνη Γ(Q,Ων)Πsc(ρ;Q,Ων)∆̃Π(ρ;Q,Ων), (F.17)

g
(3)
↑↓ (ρ) =

∫
dQ

(2π)3
1

β

∑
ν

eiΩνη Γ(Q,Ων) [Πsc(ρ;Q,Ων)]
2. (F.18)

For these three contributions one has still to perform (i) a sum over the bosonic frequencies
Ων (ii) an integral over the angle γ between Q and ρ and (iii) an integral over Q = |Q|,
in this order.3

Let us consider the sums over the bosonic frequencies. As far as the first two
contributions, it is possible to show that the high-frequency tail of the integrand is at
least ∼ Ω

−5/2
ν for (F.16) and at least ∼ Ω

−3/2
ν for (F.17), so they go to zero fast enough to

2In the µ > 0 case, when we set µ = 0 into (F.8) and (F.9), the large-k tail of the integrand of (F.14)
goes like sin(kρ)/k3 and must be integrated analytically in terms of the function Si(x) =

∫ x

0
dt sin(t)/t

and independently summed afterwards.
3The integral over the azimuthal angle φγ is trivial and gives a multiplicative 2π factor.
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be directly summed over Ων without any further effort. The sum is typically performed
by interpolating over a grid of 120 frequencies, of which 30 are fixed to be the first actual
frequencies and the remaining 90 are taken on a log scale.

The third contribution (F.18), instead, presents a high-frequency behavior that can
be ∼ Ω

−1/2
ν in the proximity of ρ = 0 (where Πsc is almost a constant). The sum over the

bosonic frequencies of this term must then be performed with extra care.
For ρ → 0, the calculation is simply given by the sum over bosonic frequencies of

Γ(Q,Ων), that was already present within the main self-consistent loop and is described
in Section A.2. Here, we generalize that scheme to work also for ρ > 0. Let us start by
defining the difference function:

∆g
(3)
↑↓ (ρ) = g

(3)
↑↓ (ρ)− g

(3a)
↑↓ (ρ)

=

∫
dQ

(2π)3
1

β

∑
ν

eiΩνη [Γ(Q,Ων)− Γsc(Q,Ων)] [Πsc(ρ;Q,Ων)]
2,
, (F.19)

where
g
(3a)
↑↓ (ρ) =

∫
dQ

(2π)3
1

β

∑
ν

eiΩνη Γsc(Q,Ων) [Πsc(ρ;Q,Ων)]
2, (F.20)

and Γsc is the strong-coupling limit of the particle-particle propagator (2.83).4 The
sum over the bosonic frequencies in (F.19) can now be performed numerically, as the
high-frequency tail is at least ∼ Ω

−3/2
ν .

What remains to be calculated is the sum over bosonic frequencies within (F.20). For
consistency with the Section A.2, the procedure is shown here in the same dimensionless
units (cf. introduction of Appendix A). In this units, the particle-particle bubble (F.9)
reads

Πsc(ρ;Q,Ων) =
e−

ρ
2

√
Q2−4µ−2iΩν

8πρ
, (F.21)

while the particle-particle propagator Γsc is given in Eq. (A.11). As in (A.13), one can
perform an analytic continuation to the complex z-plane

I(3a)(ρ;Q) =
1

β

∑
ν

eiΩνη Γsc(Q,Ων) [Πsc(ρ;Q,Ων)]
2

=
1

2πi

∮
C
dz

eβz

(eβz − 1)
Γsc(Q, z) [Πsc(ρ;Q, z)]

2

(F.22)

where the contour C surrounds the poles of the Bose function b(z) = 1/(eβz − 1) on
the imaginary axis, and we have used the periodicity in τ to replace −η → β− in the
exponential at the numerator. As in (A.13), the integrand presents a branch cut along
the negative real axis starting at zc = 2(µ −Q2/4) as well as a pole at zp = 2v2 + zc

4As we take µ = 0 in the strong-coupling expressions when µ > 0, the Ων = 0 term does not have any
singularity as it had in Section A.2. The downside of this is that for µ > 0 the high-frequency tail of the
difference function in (F.19) is only ∼ Ω

−3/2
ν instead of ∼ Ω−2

ν .
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when v > 0. The integral in Eq. (A.13) then reduces to the calculation of an integral
along the branch cut and of the residue of the pole:

I(3a)(ρ;Q) = I(3a)cut (ρ;Q) + I(3a)res (ρ;Q), (F.23)

where the first term can be cast in the form5

I(3a)cut (ρ;Q) =
8
√
2/β eβzc

(8πρ)2

∫ +∞

0
dx

e−x2
x

eβzce−x2 − 1

×
√
2βv sin(

√
2/βρx)− x cos(

√
2/βρx)

x2 + 2βv2
,

(F.24)

while the second term assumes the analytical form

I(3a)res (ρ;Q) = −θ(v) 16πv

(8πρ)2
eβzp e−2vρ

eβzp − 1
. (F.25)

Once this calculation is performed, one can integrate (F.23) over Q and γ to obtain
g
(3a)
↑↓ (ρ) and then sum it to ∆g

(3)
↑↓ (ρ) to finally obtain g(3)↑↓ (ρ).

6

Let us conclude with some considerations on the remaining integrations over γ and
Q = |Q|. In the (F.18) term the integration over γ is trivial, because the integrand does
not depend on γ. For the (F.16) and (F.17) terms, instead, the integral must be performed
numerically. However, by careful inspection of the expression (F.14) one can see that the
integrands of (F.16) and (F.17) are even under the transformation γ → π−γ. This means
that the integral can be performed only on the interval γ ∈ [0, π/2] and then multiplied
by 2. The integrations over γ and Q = |Q| are then performed with the Gauss-Legendre
quadrature method with a typical number of points of 15 and 40, respectively.

F.2 Calculation of ξpair

The pair coherence length ξpair is defined in terms of the pair correlation function g↑↓(ρ)
as (5.2)

ξ2pair =

∫
dρρ2g↑↓(ρ)∫
dρ g↑↓(ρ)

. (F.26)

While this calculation can be performed by directly integrating g↑↓(ρ) in ρ-space, this
procedure is somewhat unstable at low temperature and in weak coupling due to the
noise in the oscillations at large ρ, that is amplified in the numerator of (F.26) because
g↑↓(ρ) is multiplied by ρ2. It is then more convenient to calculate the denominator and

5Note that here we assumed µ ≤ 0, so zc is always negative. If one wants to generalize the calculation
also to positive zc, the procedure is similar to what is done in Eq. (A.16).

6To convert back in dimensional units, the relation is g↑↓(ρ)/k6F = 2 g̃↑↓(ρ), where the factor of 2
originates by the expression of Γ in dimensionless units.
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numerator of (F.26) directly in momentum space as in (5.9) and (5.10)

I0 =
∫
dρ g↑↓(ρ) =

∫
dQ

(2π)3
1

β

∑
ν

eiΩνη Γ(Q,Ων)

∫
dk

(2π)3
[Π(k;Q,Ων)]

2, (F.27)

I2 =
∫
dρρ2 g↑↓(ρ) =

∫
dQ

(2π)3
1

β

∑
ν

eiΩνη Γ(Q,Ων)

∫
dk

(2π)3
[∇k Π(k;Q,Ων)]

2. (F.28)

The procedure to calculate the particle-particle bubble Π(k;Q,Ων) has been already
described in the first part of the previous section. What remains to be done is (i) an
integral over k (which includes an integral over the angle θ between k and Q), (ii) a sum
over the bosonic frequencies Ων and (iii) an integral over Q = |Q|. When it is not stated
otherwise, the numerical integrations over Q and k and the sum over Ων are performed
with same methods and grids of the previous section. For the numerator (F.28), the
derivative ∇k Π(k;Q,Ων) is performed numerically. Also here, it is useful to define the
difference function (F.10)

∆̃Π(k;Q,Ων) = Π(k;Q,Ων)−Πsc(k;Q,Ων), (F.29)

where Πsc(k;Q,Ων) is given in (F.8).7

Let us start with the denominator I0 of Eq. (F.27). By inserting the difference function
(F.29) within it, one obtains

I0 = I(1)0 + I(2)0 + I(3)0
(F.30)

where

I(1)0 =

∫
dQ

(2π)3
1

β

∑
ν

eiΩνη Γ(Q,Ων)

∫
dk

(2π)3
[∆̃Π(k;Q,Ων)]

2, (F.31)

I(2)0 = 2

∫
dQ

(2π)3
1

β

∑
ν

eiΩνη Γ(Q,Ων)

∫
dk

(2π)3
Πsc(k;Q,Ων)∆̃Π(k;Q,Ων), (F.32)

I(3)0 =

∫
dQ

(2π)3
1

β

∑
ν

eiΩνη Γ(Q,Ων)

∫
dk

(2π)3
[Πsc(k;Q,Ων)]

2. (F.33)

Out of these expressions, the integrand of the third term (F.33) is the one that has the
leading behavior for (k,Ων) → ∞, and it is the only one that requires extra care in
the integration over k and the sum over Ων . The integration over k can be performed
analytically, yielding:∫

dk

(2π)3
[Πsc(k;Q,Ων)]

2 =
m3/2

8π
√

Q2/(4m)− 2µ− iΩν

. (F.34)

7Here, similarly to the previous section, we set µ/EF = −0.01 in the subtracted analytical function
Πsc(k;Q,Ων) when µ/EF > −0.01. The choice of the value −0.01 instead of 0 is to facilitate the
integration over Q.
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Note that this term multiplied by Γ(Q,Ων) has an high-frequency tail that goes like
∼ Ω−1

ν . A subtraction is then needed to perform the sum over the bosonic frequencies.
Similarly to (F.19), one can define the difference function

∆I(3)0 = I(3)0 − I
(3a)
0 =∫

dQ

(2π)3
1

β

∑
ν

eiΩνη [Γ(Q,Ων)− Γsc(Q,Ων)]

∫
dk

(2π)3
[Πsc(k;Q,Ων)]

2,
(F.35)

and perform the sum over the bosonic frequencies of the term

I(3a)0 (Q) =
1

β

∑
ν

eiΩνη [Γsc(Q,Ων)]

∫
dk

(2π)3
[Πsc(k;Q,Ων)]

2, (F.36)

on the complex plane. With a procedure analogous to (F.22), and within the same
dimensionless units of Section A.2, the expression (F.36) reduces to the calculation of an
integral over the branch cut on the negative real axis starting at zc = 2(µ−Q2/4) and
(when v > 0) of the residue of the pole at zp = 2v2 + zc

I(3a)0 (Q) = I(3a)0,cut(Q) + I(3a)0,res(Q) (F.37)

where the first term can be cast in the form

I(3a)0,cut(Q) =
eβzc

eβzc − 1

[√
2βv

2π

∫ x0

0
dx

1− e−x2

(eβzce−x2 − 1)(x2 + 2βv2)

− 1

2π
arctan

(√
2βv

x0

)
+

sgn(v)
4

] (F.38)

with the cutoff x0 chosen so that e−x2
0 ≪ 1, while the second term is given by

I(3a)0,res(Q) = −θ(v)
2

eβzc

eβzc − 1
. (F.39)

The expression (F.37) can then be integrated over Q and added to (F.35) to finally obtain
I(3)0 .

Let us now consider the numerator I2 of Eq. (F.28). By inserting the difference
function (F.29) within (F.28), one obtains

I2 = I(1)2 + I(2)2 + I(3)2
(F.40)

where

I(1)2 =

∫
dQ

(2π)3
1

β

∑
ν

eiΩνη Γ(Q,Ων)

∫
dk

(2π)3
[∇k ∆̃Π(k;Q,Ων)]

2, (F.41)

I(2)2 = 2

∫
dQ

(2π)3
1

β

∑
ν

eiΩνη Γ(Q,Ων)

∫
dk

(2π)3
∇kΠsc(k;Q,Ων) · ∇k ∆̃Π(k;Q,Ων),

(F.42)

I(3)2 =

∫
dQ

(2π)3
1

β

∑
ν

eiΩνη Γ(Q,Ων)

∫
dk

(2π)3
[∇k Πsc(k;Q,Ων)]

2. (F.43)
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First of all, notice that the derivatives of the kind ∇k Π are expressed in spherical
coordinates as

∇k Π =
∂Π

∂k
k̂ +

1

k

∂Π

∂θ
θ̂ (F.44)

where k = |k|, θ is the polar angle with respect to Q, and the derivative with respect to
the azimuthal angle φ is not shown because it is zero. The square of this expression is
then given by

|∇k Π|2 =
(
∂Π

∂k

)2

+
1

k2

(
∂Π

∂θ

)2

. (F.45)

For the term ∆̃Π, this derivative must be performed numerically. For the analytic term
(F.8), instead, the derivative (F.44) is given by

∇k Πsc(k;Q,Ων) =
2k/m

k2/m+Q2/(4m)− 2µ− iΩν
, (F.46)

and its square is

[∇k Πsc(k;Q,Ων)]
2 =

4k2/m2

(k2/m+Q2/(4m)− 2µ− iΩν)2
. (F.47)

Like for the denominator I0, the integrand of the third term (F.43) is the one with
the leading behavior for (k,Ων) → ∞ and the integration over k can be performed
analytically, yielding∫

dk

(2π)3
[∇k Πsc(k;Q,Ων)]

2 =
m1/2

16π[Q2/(4m)− 2µ− iΩν ]3/2
. (F.48)

This time, however, the overall high-frequency behavior of this term multiplied by Γ(Q,Ων)
is ∼ Ω−2

ν , so it can be directly summed without numerical effort.
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Appendix G

Details on the calculation of the
pairing fraction

In this appendix we give the details of the calculation of the pairing fraction np/nσ
introduced in Chapter 6.

From Eq. (6.3), the pair density np is defined as:

np = −
∫

dQ

(2π)3
1

β

∑
ν

eiΩνη GB(Q,Ων). (G.1)

The bosonic propagator GB(Q,Ων) that appears in this equation is given by Eq. (6.8):

GB(Q,Ων) = −F2(Q,Ων)−F1(Q,Ων)
2 Γ(Q,Ων), (G.2)

where

Fj(Q,Ων) =

∫
dp

(2π)3
ϕ(p+Q/2)j

1

β

∑
n

G(p+Q, ωn +Ων)G(−p,−ωn) (G.3)

and Γ is the particle-particle propagator (2.106) within the self-consistent t-matrix
approach. This means that the pair density np can be calculated as the sum of the
“unbound” and “bound” contributions

np = n(u)p + n(b)p , (G.4)

where

n(u)p =

∫
dQ

(2π)3
1

β

∑
ν

eiΩνη F2(Q,Ων), (G.5)

n(b)p =

∫
dQ

(2π)3
1

β

∑
ν

eiΩνη F1(Q,Ων)
2 Γ(Q,Ων). (G.6)

For the function ϕ(p) within Eq. (G.3), we assume the form (6.16)

ϕ(p) =
2π3/2N (aF , b)√

b p
Im
{
exp

[(
a−1
F − ip

)2
4b

]
erfc
(
a−1
F − ip
2
√
b

)}
, (G.7)
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with

N (aF , b) =
1

π3/4

( b
2

)1/4 exp[− 1
4ba2F

]√
erfc[ 1√

2baF
]
, (G.8)

where b is the parameter obtained by the fit of the pair correlation function g↑↓(ρ) (as
explained in Section 6.4), and erfc(z) is the complementary error function of (complex)
argument z [174].

The first thing to do is to calculate the form factors Fj(Q,Ων). By performing the
substitution p→ p−Q/2 in the momentum integral of Eq. (G.3), one can bring all the
Q dependence within the Green’s functions G and express Fj(Q,Ων) as

Fj(Q,Ων) =

∫
dp

(2π)3
ϕ(p)j

1

β

∑
n

G(p+Q/2, ωn +Ων)G(p−Q/2,−ωn)

=

∫
dp

(2π)3
ϕ(p)j Π(p;Q,Ων),

(G.9)

where we identified the particle-particle bubble Π(p;Q,Ων) introduced in Eq. (F.3) for
the calculation of the pair correlation function. Similarly to Section F.1, it is convenient
to work in τ -space where the convolution product within Π(p;Q,Ων) becomes the simple
product (F.4)

Π(p;Q, τ) = G(p+Q/2, τ)G(p−Q/2, τ). (G.10)

One can then can define the transformed form factors as

Fj(Q, τ) =

∫
dp

(2π)3
ϕ(p)j Π(p;Q, τ). (G.11)

For the “unbound” contribution n(u)p , the sum over the bosonic frequencies of Eq. (G.5)
simply corresponds to take τ = β− in the expression (G.11) with j = 2, so one has:

n(u)p =

∫
dQ

(2π)3
F2(Q, τ = β−) =

∫
dQ

(2π)3

∫
dp

(2π)3
ϕ(p)2Π(p;Q, τ = β−). (G.12)

Here, the integrations over p = |p|, Q = |Q| and the angle θ between p and Q can be
performed with the Gauss-Legendre quadrature method (with typically 30-40 points for
the p and Q integrals, and 20 points for the θ integral) without any additional effort.

As far as the “bound” contribution n(b)p of Eq. (G.6), instead, the calculation is more
complicated because one cannot work directly in τ -space. To transform F1 back to
the Ων-space, it is first convenient to subtract the leading τ → 0+ contribution. To
determine this leading contribution, one can remember that the leading (p, τ)→ (∞, 0+)
contribution of the particle-particle bubble Π(p;Q, τ) is given by Eq. (F.5), so one has

F1(Q, τ) ≃
τ→0+

∫
dp

(2π)3
ϕ(p) e−(ξp+Q/2+ξp−Q/2)τ

= eτ
(
µ−Q2

2m

) ∫
dp

(2π)3
ϕ(p) e−τ p2/m

=
eτ
(
µ−Q2

2m

)
τ1/2

∫
dp′

(2π)3
ϕ(p′/τ1/2)

τ
e−p′2/m,

(G.13)
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where, in the last line, we have performed the substitution p′ = τ1/2p. It is evident now
that to take the τ → 0+ limit of the integrand one has to take the p→∞ limit of the
function ϕ(p) of Eq. (G.7), which is given by

ϕ(p) ≃
p→∞

4πN (aF , b)

p2
, (G.14)

where the property erfc(x) ≃ e−x2
/(π1/2x) for x → ∞ has been used. Inserting the

expression (G.14) in (G.13), performing the integral over p′ and taking τ = 0 in the
exponential that multiplies the expression, one obtains

F1(Q, τ) ≃
τ→0+

F (a)
1 (Q, τ) =

m1/2N (aF , b)

4π3/2τ1/2
. (G.15)

This expression can be analytically transformed to the frequency space, obtaining

F (a)
1 (Q,Ων) =

m1/2N (aF , b)

4π

erf
[√−iβΩν

]
√−iΩν

(G.16)

where erf(z) is the error function of (complex) argument z [174].
One can then define the difference function

∆F1(Q, τ) = F1(Q, τ)−F (a)
1 (Q, τ), (G.17)

Fourier transform it on τ , and then sum (G.16) to its Fourier transform to obtain the
desired F1(Q,Ων). The expression found can be then used in (G.6) to calculate the
“bound” contribution to the pair density n(b)p . Note that the expression to be summed
over the bosonic frequencies in (G.6) has a large frequency tail ∼ Ω

−3/2
ν , so it can be

directly summed by interpolating over a grid of (typically 200) frequencies on a log scale.
To improve the precision on the sum over the fermionic frequencies, we also analytically
summed the large-frequency tail of the integrand (obtainable from Eqs. (G.16) and (A.11))
from the frequency cutoff (Ων)max to Ων →∞. The integral over Q is then performed
equivalently to (G.12).
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Appendix H

Comparison between the quantum
many-body approach and the
statistical atom-molecule model for
the pairing fraction

It is interesting to determine under what physical circumstances the expressions for the
total number of pairs Np and for the total number of spin-σ fermions Nσ of our fully
quantum many-body approach reduce to those of a statistical model of a fermion-boson
mixture at equilibrium [4, 153].

To this end, we consider a homogeneous system, for which Np = V np and Nσ = V nσ
are expressed in terms of the respective densities. By our quantum many-body approach,
np is given by Eq. (6.17) with GB given by the expression (6.8), while nσ is given by the
expression (2.108). To recover the physics of a fermion-boson (or atom-molecule) mixture,
one requires the fermionic coupling to be sufficiently strong in the BEC regime and the
temperature sufficiently low, for the internal structure of the composite bosons (dimers)
to become irrelevant.

In this limit, the fermionic chemical potential µ becomes the largest energy scale
of the problem and is written in the form µ = (µB − ε0)/2, where ε0 = (ma2F )

−1 is
the dimer binding energy and µB the dimer chemical potential (cf. Section 2.2.6). The
particle-particle bubble Π within Eq. (G.9) then reduces to

Π(p;Q,Ων) ≃
1

2ξ(p)
, (H.1)

which, together with the expression (6.12) for ϕ(p) appropriate to this limit, yields the
the following approximate form for the form factors (6.9) [121]:

F1(Q,Ων) ≃
√
m2aF
8π

, F2(Q,Ων) ≃
ma2F
4

. (H.2)
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This implies that, in the BEC limit where aF → 0+, the “unbound” term F2 vanishes
faster than F1 and can be neglected in the expression (6.8). In addition, in the same
limit the particle-particle propagator Γ(Q,Ων) of the “bound” term in the expression (6.8)
acquires the polar form (2.85):

Γ(Q,Ων) ≃ −
8π

m2aF

1

iΩν − Q2

4m + µB
. (H.3)

Combining these results together, one gets eventually for the bosonic density:

np ≃ −
∫

dQ

(2π)3
1

β

∑
ν

eiΩνη

iΩν − Q2

4m + µB
=

∫
dQ

(2π)3
1

eβξB(Q) − 1
(H.4)

in terms of the Bose-Einstein distribution of argument ξB(Q) = Q2

4m − µB.
To determine nσ in the BEC limit at sufficiently low temperature, the procedure is

analogous to the one presented in Section 2.2.6. We consider the expression (2.108) where
we expand the single-particle Green’s function (2.104) in series of the self-energy Σ

G(p, ωn) ≃ G0(p, ωn) +G0(p, ωn) Σ(p, ωn)G0(p, ωn) + · · · (H.5)

where G0(p, ωn) = [iωn − ξ(p)]−1 is the non-interacting single-particle Green’s function,
by relying on the fact that the fermionic chemical potential µ entering ξ(p) = p2/(2m)−µ
is the largest energy scale in the problem. We thus obtain:

nσ ≃
∫

dp

(2π)3
1

β

∑
n

eiωnη G0(p, ωn)

+

∫
dp

(2π)3
1

β

∑
n

G0(p, ωn)
2Σ(p, ωn) + · · ·

≡ n(0)σ + n(1)σ .

(H.6)

Here,

n(0)σ =

∫
dp

(2π)3
1

β

∑
n

eiωnη G0(p, ωn) =

∫
dp

(2π)3
1

eβξ(p) + 1
(H.7)

coincides with the density nf of fermions (or atoms) expressed in terms of the Fermi-Dirac
distribution of argument ξ(p), and

n(1)σ =

∫
dp

(2π)3
1

β

∑
n

G0(p, ωn)
2Σ(p, ωn)

≃ −
∫

dp

(2π)3
1

β

∑
n

G0(p, ωn)
2G0(−p,−ωn)

∫
dQ

(2π)3
1

β

∑
ν

eiΩνη Γ(Q,Ων)

(H.8)

owing to the approximate form for the self-energy (2.105) which is valid in this limit.
With the polar approximation (H.3) for Γ(Q,Ων) and the further approximate result∫

dp

(2π)3
1

β

∑
n

G0(p, ωn)
2G0(−p,−ωn) ≃ −

m2 aF
8π

, (H.9)
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the expression (H.8) reduces to

n(1)σ =

∫
dQ

(2π)3
1

eβξB(Q) − 1
(H.10)

which coincides with the density np of bosons (or molecules) given by Eq.(H.4). A
combination of Eqs. (H.6), (H.7), and (H.10) yields eventually the result:

nσ = nf + np =

∫
dp

(2π)3
1

eβξ(p) + 1

+

∫
dQ

(2π)3
1

eβξB(Q) − 1
. (H.11)

At this point, the fermionic chemical potential µ can be eliminated from Eq. (H.11) by
fixing the value of nσ therein, with the bosonic chemical potential µB = 2µ+ ε0 following
in a consistent way.

There remains to find an explicit connection with the expressions of the fermion-boson
(or atom-molecule) model, which were obtained in Refs. [4, 153] in the classical limit and
used in Ref. [105] to account for the experimental data in the BEC regime of the phase
diagram. To this end, we consider the classical limit of the expressions (H.11) by neglecting
±1 in the denominators, and perform the trap average by replacing µ→ µ− Vf(r) and
µB → µB − Vp(r) and integrating over the space variable r, similarly to what was done
in Section 4.1. Here,

Vf/p(r) =
1

2
Mf/p

(
ω2
xx

2 + ω2
yy

2 + ω2
zz

2
)

(H.12)

is the (anisotropic) harmonic oscillator potential commonly considered for ultracold gases,
with Mf = m for fermions (or atoms) and Mp = 2m for bosons (or molecules). The results
for the total number of fermions Nf and the total number of bosons Np then become:

Nf ≃
∫
dr

∫
dp

(2π)3
e
−β

[
p2

2m
+Vf(r)−µ

]
=

(
kBT

ω̄

)3

eµ/kBT (H.13)

and

Np ≃
∫
dr

∫
dQ

(2π)3
e
−β

[
Q2

4m
+Vp(r)−µB

]
=

(
kBT

ω̄

)3

eµB/kBT (H.14)

where ω̄ = (ωxωyωz)
1/3 is the average trap frequency (cf., e.g., Refs.[177, 178]). From

these results it follows that

N2
f

Np
=

(
kBT

ω̄

)3

e(2µ−µB)/kBT =

(
kBT

ω̄

)3

e−ε0/kBT , (H.15)

from which, by replacing ω̄ = EF /(6Nσ)
1/3 where EF is the Fermi energy for the trap,

one recovers the expression reported in Appendix A of Ref. [105]. More generally, Np and
Nf for the trapped case could be obtained in closed form directly from Eqs. (H.4) and
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(H.7), in terms of Li3(eβµB ) for bosons and Li3(−eβµB ) for fermions (where Lin(z) is the
poly-logarithmic function of index n and argument z). The expression (H.15) generalizes
to a harmonically trapped system the law of mass action valid for a homogeneous system
[179].

Finally, it is worth summarizing what is lost when passing from the fully quantum
many-body approach to its simplified version obtained above. To get this simplified version,
in Eq. (6.8) we have (i) neglected the “unbound” term −F2(Q,Ων), (ii) approximated ϕ(p)
in the expression (6.9) for F1(Q,Ων) by the two-body form (6.12) and taken µ = −ε0/2
therein with ε0 ≫ kBT , and (iii) approximated Γ(Q,Ων) by the polar form (H.3); while
in Eq. (2.108) we have performed the expansion (H.5) with the typical approximations
that apply to the BEC limit at low temperature when µ is the largest energy scale in
the problem. None of these approximations, however, is valid either away from the BEC
limit when approaching unitarity at any temperature, or in the BEC limit itself for
sufficiently high temperature. In both these cases, the fermionic nature of the “preformed
pairs” manifests itself and only fermionic correlations remain physically relevant. On
physical grounds, the results of the quantum many-body approach and of the statistical
fermion-boson model differ from each other to the extent that the latter bears essentially
on the chemical reaction (dimer ←→ spin-↑ + spin-↓) for molecules that break up into
atom pairs and vice-versa, with no regard on the way the molecules are formed by the
laws of quantum mechanics and on the effects that the surrounding environment might
exert on them through the inter-particle collisions.

In this context, it is interesting to explicitly verify to what extent the results of the
quantum many-body approach (Q) and of the classical statistical model (C) differ from
each other in the BEC limit of the homogeneous system at sufficiently high temperature.

To this end, Fig. H.1 shows the temperature dependence of the relative difference
δnp/n

(Q)
p for the couplings (kFaF )

−1 = (0.5, 1.0, 1.5), where δnp = n
(Q)
p − n(C)

p . One sees
that this relative difference can be substantial in all cases. In particular, for kBT ≲ ε0 the
relative difference increases with increasing temperature and decreases with increasing
coupling, as expected. The following apparent reduction of the relative difference for
kBT ≳ ε0 then turns into a substantial increase (in absolute value) when kBT ≫ ε0.
Again in favor of the results obtained by the quantum many-body (t-matrix) approach,
one should recall that in the high-temperature limit this approach correctly recovers the
controlled high-temperature (virial) expansion to second order [43]. Specifically, when
this high-temperature expansion is made on the self-energy, keeping both the bound-state
(pole) and scattering (continuum) contributions to the particle-particle propagator Γ of
Eq. (2.106) turns out to be essential to correctly recover the virial expansion. Since the
statistical model includes only the bound-state contribution, it unavoidably fails in the
high-temperature limit.
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Figure H.1: Temperature dependence of the relative difference δnp/n
(Q)
p with δnp =

n
(Q)
p −n(C)

p between the quantum many-body (Q) and classical statistical (C) calculations
of the pair density np for the homogeneous system at various couplings. The vertical lines
indicate the corresponding binding energies ε0 (in units of EF ), for increasing coupling
from left to right.
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