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Abstract

We present an infinitary version of Multiplicative Additive Linear
Logic (SMALL) that serves as logical foundation for a Calculus of
Pure Sessions (CAPS). SMALL is infinitary not only because proof
derivations may be infinite, but also because propositions them-
selves may be infinite. In this sense, SMALL differs from other
related extensions of Linear Logic based on least and greatest fixed
points. Also, all SMALL derivations are valid proofs by construc-
tion. SMALL enables the description and implementation in CAPS of
recursive communication protocols - like authentication, coordina-
tion, consensus — in which termination is not decided autonomously
by a single process, but results from some negotiation involving two
or more interacting processes. We prove that SMALL is sound and
that it enjoys cut elimination. We also prove a relative completeness
result showing that a certain class of well-behaving CAPS processes
are well typed in SMALL. Finally, we show that SMALL can be easily
extended to address a broader class of fairly terminating processes,
those that terminate under a suitable fairness assumption.
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1 Introduction

Session types [25, 26, 28] are communication protocols in the form
of types that enable the verification and the enforcement of various
safety and liveness properties through a session type system. Since
the seminal work of Honda [25], session type systems have always
manifested some connections with linear logic [23], although it
was only in the paper of Caires and Pfenning [4] and subsequent
works [5, 36] that these connections have been developed into a
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proper Curry-Howard correspondence. According to this corre-
spondence, (linear logic) propositions are session types, proofs are
well-typed processes and cut reductions are communication steps
among processes. The fact that session type systems rest on such
logical foundations has many positive consequences. In particu-
lar, desirable safety and liveness properties of sessions such as
the absence of communication errors, deadlock and livelock free-
dom, and termination become straightforward consequences of
well-known properties of the logic, most notably cut elimination.
However, there are cases in which the logic “gets in the way”, in
the sense that it limits the class of communication protocols that
can be described and/or implemented and for which the aforemen-
tioned properties can be guaranteed. In this work we focus on some
of these limitations concerning recursive communication protocols,
those describing unbounded interactions between processes.

Extensions of linear logic that support (co)recursion have been
actively studied for quite some time [1-3, 21]. In fact, some of these
extensions have already been used as logical foundations for session
type systems featuring (co)recursive session types [8, 18, 19, 27, 30].
All of these systems share the representation of recursive propo-
sitions/types by means of least and greatest fixed point operators,
each being the dual of the other. Least and greatest fixed points fit
naturally in the setting of linear logic and substantially enhance
the expressiveness of its multiplicative additive fragment. For ex-
ample, (co)exponentials of linear logic can be encoded using fixed
points [3, 32] and small fragments of the logic become Turing com-
plete when enriched with fixed points [20]. Despite these expres-
siveness results, there exist remarkably simple interaction patterns
whose implementation does not correspond to a valid proof in any
of the known extensions of linear logic with fixed points.

To illustrate this limitation, imagine the interaction between a
player and a slot machine: the player may decide how many games
are played, but has no control over which games are won; the slot
machine may decide which games are won by the player, but has
no control over the number of played games. We can describe the
interaction protocol between the player and the slot machine (from
the standpoint of the player) as a recursive session type A such that

A = o{play : &{win : A, lose : A},stop : L} (1)

where, for now, the = relation denotes some unspecified equiva-
lence between A on the left-hand side and the (partially unfolded)
session type on the right-hand side of eq. (1). The & connective
(which we adopt in n-ary and tagged form for generality and read-
ability) describes a choice performed internally by the player. The
& connective (also in n-ary and tagged form) describes a choice
performed externally by the slot machine. After each notification
from the slot machine, the protocol restarts. Once the player has
decided to stop playing, the protocol ends (.L).
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When we define A in terms of fixed points in the aforementioned
logics, we have to decide whether A is a least or greatest solution
of eq. (1). This choice affects the set of proofs of + A, 1 (which
correspond to well-typed players of the slot machine) and of + A+
(which correspond to well-typed slot machines). If we use a least
fixed point for defining A, then each proof of + A, 1 encodes a
priori a finite upper bound to the number of games the player is
willing to play. Although this limitation appears to be generally
sensible, it prevents for example the modeling of a player who plays
relentlessly until a game is won. If we use a greatest fixed point for
defining A, then the proof of + A, 1 corresponding to the relentless
player becomes valid, but then + A' is no longer provable: by
duality, A1 would be defined by a least fixed point, thus preventing
the slot machine to offer an arbitrary number of games. Note that
the combination of the relentless player and of the slot machine
still enjoys termination, at least under the assumption that the slot
machine is not completely unfair.

In general, the use of least and greatest fixed points for defining
(co)recursive session types leads to a rough classification of well-
typed processes into two disjoint categories: those typed according
to a least fixed point internally encode the maximum number of
iterations they are willing to perform; those typed according to a
greatest fixed point let the other party to externally decide how
many iterations they perform. The space in between these two
categories, however, is not empty. It is populated by processes
where the (maximum) number of iterations is not fixed a priori, but
depends on some negotiations that take place when they execute.
Besides the relentless player and the slot machine, other typical
examples of negotiation arise in protocols for authentication, for
the orchestration and coordination of services, for the agreement
and consensus in distributed systems. Currently, these processes
fall outside the scope of all session type systems based on linear
logics with least and greatest fixed points.

The main contribution of this paper is an infinitary version of
Multiplicative Additive Linear Logic (SMALL) serving as logical
foundation for a Calculus of Pure Sessions (CAPS) in which we
can model (among other things) terminating interactions that may
involve negotiations. We dub the logic SMALL to emphasize the
fact that it is tailored towards the description of session-based com-
munication protocols, where the aforementioned behaviours are
of central interest. Unlike other logics with explicit support for
(co)recursion [1-3, 18, 19, 21], SMALL does not make use of fixed
points in propositions. Instead, SMALL propositions are possibly
infinite trees built with the usual multiplicative additive connectives
and units of linear logic. In other words, we take the equivalence
relation = of eq. (1) to be equality between possibly infinite trees.
Similarly, SMALL proofs are possibly infinite derivations built using
the usual proof rules for the multiplicative additive connectives
and units of linear logic. Not surprisingly, as it is well known from
other infinitary logics like e.g. yMALL™ [2, 3, 21], in order to re-
tain the consistency of the logic not all infinite derivations can be
considered valid proofs. For example, both the relentless player
and the unfair slot machine always sending lose represent infinite
derivations for  A,1 and + AL, respectively, but their composi-
tion through a cut results in a non-terminating process, that is a
“proof” for which the cut elimination property does not hold. In
other infinitary logics with fixed points like ytMALL® [2, 3, 21], this
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problem is prevented by imposing some global validity conditions
on derivations/processes aimed at constraining their “intensional”
behavior. In particular, these conditions ensure that a process be-
having according to a least fixed point must terminate after a fixed
number of steps, encoded by the process itself. In sSMALL we adopt a
different approach: instead of imposing a posteriori some global va-
lidity conditions on derivations, we let the intensional information
about processes emerge at the level of propositions and judgements
by extending them with appropriate modalities and annotations.
In this way, all SMALL derivations (including the infinite ones) are
valid by construction and enjoy cut elimination. These modalities
and annotations have been inspired by the line of works on resource-
aware session types [12, 13, 15, 16], which enrich session types with
quantitative information for reasoning about the amount of work
required for executing the protocol they describe.

In general, the expressiveness of SMALL is not comparable to
that of other related logics: there exist valid infinite derivations in
other logics that are not valid SMALL proofs; there are SMALL
proofs describing negotiations that do not correspond to valid
proofs in other logics. We substantiate the relative expressiveness
of SMALL in two ways: (1) we prove that if a process P yields a
(productively) terminating system when immersed in every context
supposed to be filled with a process of a given type, then there
exists a SMALL typing derivation assigning P with that type; (2)
we show a simple, conservative extension of SMALL that can serve
as foundation for a session type system that ensures the fair ter-
mination [22, 24] of binary sessions, a weaker form of termination
whereby only the fair (i.e. “realistic” or “reasonable”) executions of
a process are taken into account.

Structure of the paper. Section 2 presents syntax and semantics
of CAPS, along with the termination properties ensured by SMALL.
Section 3 presents SMALL as a type system for CAPS. Section 4
states the key soundness properties of SMALL with respect to CAPS
and Section 5 establishes a cut elimination result of SMALL that
largely builds on the results in Section 4. We present the relative
completeness results of SMALL in Section 6. Section 7 discusses a
few more examples of session-based systems modeled in CAPS and
typed in SMALL. In Section 8 we show how to relax both CAPS and
SMALL to enable the description and typing of non-deterministic
processes and show that well-typed processes are fairly terminating
under a suitable fairness assumption. Section 9 discusses closely
related work more in detail and Section 10 concludes outlining
some future research directions.

Acknowledgments. We are grateful to the anonymous PPDP’24
reviewers for their comments and suggestions of improvements.

2 CaAPS: A Calculus of Pure Sessions

The syntax of CAPS (Table 1) makes use of an infinite set of channel
names (or simply channels) ranged over by x, y and z and of a
set of tags ranged over by a, b, .... CAPS is very similar to other
session calculi based on classical linear logic such as CP [36] or
pCP [30]. The term x <> y denotes a process that links x and y by
forwarding each message sent on one channel to the other. There
are two terms x[] and x().P to describe the closing of sessions, the
first one denoting a process that sends a termination signal on x
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Table 1: Syntax of CAPS (infinitary).

x> {a; : Pi}ier (offer)
(x)(P|Q) (cut)

P,Q = xeouy (link)
| x[] (close)
| x().P (wait)
| x[yI(P.Q)  (send)
| x(y).P (receive)
| x<a.P (select)
|
|

and the second one denoting a process that waits for a termination
signal from x and then continues as P. Next are the terms x[y] (P, Q)
and x(y).R respectively describing the output and input of a fresh
channel y on channel x. The sender forks into two processes P
and Q where P uses one end of y and Q continues using x. The
chosen notation highlights the asymmetry in the behavior of this
process on the channels x and y. The receiver uses both x and
the received end of y in the continuation R. The terms x < a.P
and x > {a; : Q;}ies respectively denote processes sending and
receiving a tag. The sender process elects a single tag a to be sent
on x and then continues as P. The receiver process waits for a tag
a from the set {a;};jes and then continues as Py. Finally, the term
(x)(P | Q) denotes the parallel composition of P and Q connected
by a fresh channel x. We consider both x <> y and y < x and
(x)(P| Q) and (x)(Q | P) to be syntactically equal, so that we do
not have to explicitly account for the commutativity of links and of
parallel compositions. We will often refer to a process of the form
(x)(P| Q) as a cut (on x) and we call thread any process that is not
a cut. Sometimes we use the term x-thread to emphasize that x is
the channel on which the thread is acting first. Note that x < y is
both an x-thread and a y-thread.

Note the lack of any concrete support for recursion. In this re-
spect we depart from other related logics [3, 18, 19, 21, 30] where
recursion is expressed with fixed points in propositions and dedi-
cated forms in processes. In SMALL we work directly with possibly
infinite propositions. Likewise, in CAPS we work directly with pos-
sibly infinite processes generated by the productions in Table 1. To
define (infinite) processes we make use of equations of the form
Foo(x) = P where X is a list of channel names and P is a process
term within which occurrences of Foo(y) stand for P{y/x}, namely
a copy of P with suitable substitutions applied. We require these
equations to be contractive, in the sense that Foo(y) can only occur
within threads. Finally, there is no explicit form denoting a “failed
process”. Since SMALL makes use of n-ary (as opposed to binary)
additive connectives, the failed process is conveniently represented
by the term x » { }, which offers no continuations.

The notions of free and bound channel names are defined in
the expected way, with the proviso that x[y] (P, Q) binds y in P
but not in Q. We write fn(P) (respectively, bn(P)) for the sets of
free (respectively, bound) channel names occurring in P. For each
equation C(xX) = P we also assume that fn(P) C {x}.

The operational semantics of CAPS is given in terms of two
relations called reduction — and extraction 3, both defined in Ta-
ble 2. Reductions are standard. The rule [r-Link] reduces a link by
substituting the restricted channel with the linked one. The rules
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[r-cLosE], [r-sEnD] and [r-sericT] describe the usual interactions
between dual actions. Then, [r-curt] and [r-exT] close reductions
under parallel compositions and extractions. Extractions pull the
topmost action of a y-thread out of a cut on x when x # y so as
to expose the action and possibly enable interactions with another
y-thread in parallel with the cut. Operationally, extractions play the
role of structural congruence in standard process calculi, allowing
a process to be rearranged so as to place interacting threads next to
each other and enable further reductions. From a logical standpoint,
reductions correspond to the elimination of a principal cut, whereas
extractions push a cut past an introduction rule. Reductions and
extractions are respectively called internal reductions and external
reductions in pMALL® [3, 21]. We prefer not to count extractions
as proper reductions because in general they do not reduce the
complexity of the process. The extraction relation is (implicitly) a
precongruence with respect to all language constructs.

Hereafter we write = for the reflexive, transitive closure of —.
We write P — if P — Q for some Q. We write P - if not P —. In
this case, we say that P is irreducible.

We conclude this section by introducing some standard termi-
nology on the behavior of processes and the notions of termination
that we are targeting. A reduction sequence of P is a (non-empty)
sequence Py, Py, ... such that P = Py and P; — Pj41 whenever i+ 1
is a valid index of the sequence. A run of P is a reduction sequence
of P that is either infinite or such that the last process in it, say Py,
is irreducible (i.e. P, —). The length of a finite run is the number of
processes in it minus one. That is, the length counts the number of
reductions in a run rather than the number of processes in it. We
say that a run of P is productive if it ends with some Q such that
Q 3 R and R is a thread. We say that a run of P is successful if it
ends with x[] for some x. Note that productive and successful runs
are also finite. We write P|" if every run of P is not longer than
m. In this case we say that P is terminating. We write P|"" if every
run of P is productive and not longer than m. In this case we say
that P is productively terminating. We write P} if every run of P
is successful and not longer than m. In this case we say that P is
successfully terminating. Note that | ¢ | ¢ |™. For example,
(x)(x[] | y[]) is terminating but not productively terminating and
(x)(x[] | y»{}) is productively terminating but not successfully
terminating.

Example 2.1 (buyer-seller). Consider the processes defined by the
following equations

Seller(x) = x> {add : Seller{x), pay : x[]}
Buyery(x,y) = x < pay.x().y[]
Buyer;(x,y) = x <add.Buyer;(x,y)
Buyer (x,y) = x <add.Buyer,(x,y)

modeling an e-commerce scenario. The process Seller(x) models
an online store offering its clients to add items into a shopping
cart and to pay for the purchased items. A process Buyer;(x,y)
models a client purchasing k items as it interacts with the seller
on session x and then sending a termination signal on y. The pro-
cess Buyer,(x,y) models a client that adds an infinite number of
items into the shopping cart and never pays. It is easy to see that
(x) (Buyer;(x, y) | Seller{x)) is (successfully) terminating for every
k, whereas (x)(Buyer,{(x,y) | Seller(x)) is not terminating. n
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Table 2: Operational semantics of CaPS.

Reductions
[r-11vk] ()(x & y | P) - Py/x} y ¢ fn(P)
[R-CLOSE] (x)(x[] | x(O).P) > P x ¢ fn(P)
[R-sEND] () (x[y](P, Q) [ x(y)-R) — (y)(P | (x)(Q | R))
[rR-seLecT]  (x)(x <ag.P | x> {a; : Qi}ier) — (x)(P | Q) kel
[r-cuT] (x)(P|R) = (x)(Q|R) P—-Q
[R-EXT] P—>R PJQ—R
Extractions
[E-sEND-1] (x)(y[z](P,Q) |R) 3 y[=](P, (x)(Q|R)) x € fn(Q) \ (fn(P) U {y,z})
[E-sEND-R] (x)(y[=](P,Q) | R) 3 y[z]((x)(P|R),Q) x € fn(P) \ (fn(Q) U {y, z})
[E-rECV] () (y(2)-P | Q) 3 y(2).(x)(P|Q) x ¢ {y.z},z ¢ fn(Q)
[B-oFFER] () (yr>{ai: Pitier 1Q) 2 yri{ai: (x)(Pil Qlier x#y
[E-sELECT] (x)(y<aP|Q) T y<a.(x)(P|Q) X#yY
[e-warT] (x)(yO-P1Q) 2 yO.(x)(P| Q) x#y
[e-FarL] ) (ye{}IP) 2 yr{} x#y

Example 2.2 (slot machine). Consider the processes
Sloto(x) = x> {play : x « win.Slot; (x), stop : x[]}
Slot1{x) = x> {play : x «lose.Sloto(x), stop : x[]}
UnfairSlot(x) = x> {play : x < lose.UnfairSlot(x), stop : x[]}

}

modeling the hypothetical behaviors of three slot machines and
of one player, connected by a channel x. Each slot machine offers
to play an unbounded number of games and the player chooses
to play or to stop. After each game, the slot machine notifies the
player by sending a tag win or lose. The process Sloty (respec-
tively, Slot1) models a slot machine in which the player wins every
even (respectively, odd) game. The process UnfairSlot models a slot
machine in which the player never wins. The player modeled by
Play relentlessly plays until one game is won. It is easy to see that
P; = (x)(Play({x,y) | Slot;(x)) is (successfully) terminating for ev-
ery i =0, 1. In particular, we have Py|}* but not Po|}® and Py |}° but
not P1|}°. On the other hand, (x)(Play{x, y) | UnfairSlot(x)) is not
terminating. [ |

win : x < stop.x().y[]

Play(x,y) = x <play.x»> {]ose : Play(x,y)

3 sMALL: A Type System for CaAPS

In this section we present SMALL as a type system for CAPS. We
start from the description of the type system directly related to clas-
sical linear logic (Section 3.1) and then its extension with features
for the amortized analysis of processes (Section 3.2).

3.1 Basic Type System

We let A, B and C range over propositions/types. Types are (possibly
infinite) terms generated by the following productions:

AB:=1|L|A®B|AXB|&{a;:Aiticr | &{ai : Ai}ier

The constants 1 and L describe channels used for sending and
receiving a termination signal. The types A ® B and A% B describe
channels used for sending and receiving another channel of type A
and then continuing according to B. Finally, the types @{a; : A;}ies

and &{a; : A;}jes describe channels used for sending and receiving
a tag a; and then continuing according to Ag. We assume that in
each occurrence of these types the set I is finite and the tags a; are
pairwise disjoint.

The analogies between types and propositions of multiplicative
additive linear logic are obvious, with only two major differences.
First, the additive connectives @ and & are n-ary instead of bi-
nary and each branch is identified by an annotated tag. Also, the
types ®{ } and &{ } (with no branches) play the role of the additive
constants 0 and T. Second, types may be infinite so as to enable
the description of unbounded communication protocols. We de-
fine possibly infinite types as solutions of equations A = B where
occurrences of the metavariable A in B are guarded by a connective.

The notion of duality is defined in the expected (but corecursive)
way. In particular, we have:

15 =1 @fai: A} = &fai s Af ier

&fa; : Ai}iep = ©{ai s Af Yier

(A®B)t = A+ B+

1t=1 (A% Bt =At @Bt

Typing judgments have the form P +' T where P is the process
being judged, I € N is a measure associated with P and I" is a typing
context used to track the types of the channels occurring free in
P, as usual. Intuitively, the measure of P is an upper bound to the
number of reductions that are necessary in order to eliminate all
the bottom-most applications of the cut rule in a typing derivation
for P. Since this quantity is finite by nature, the derivability of
a judgment P +! T will entail that P is productively terminating.
Hereafter we will use I, m, n to range over natural numbers.

We model typing contexts as partial maps from channel names to
types. We let I" and A range over typing contexts, we write x : A for
the singleton typing context that associates x with A and we write
I, A for the union of I and A when they have disjoint domains.

The typing rules for CAPS and the proof rules of SMALL are
shown in Table 3. Structurally the typing rules are standard in
the sense that they are modeled after the proof rules of MALL
and they are found in similar forms in most session type systems
based on linear logic. Only two aspects are worth noting. First, the
rules are meant to be interpreted coinductively, namely P ! T is



sMALL CAPS

Table 3: Typing rules for CAPS and proof rules of sMALL.

[cuT] [LINK]
PHNx:A Q™ Ax:A*

x)(P|Q) H*™ T, A

x<—>y|—1+1x:Ai,y:A

(1] (L]

pelr
x[] il x i1 x().P Hrx: L
[®] [%]
PH'Iry:A QF"Ax:B PHIy:Ax:B

x[y](P,Q) H**" A x: A®B x(y).PH Ax: A% B

[e]

P T x: Ay
kel

xaap.P F T x s @fa; : Ardier

[&]
Viel: P Mx:A;
xo{a;: Pidier H Tox s &fay : Aibier

derivable if there is an arbitrary (finite or infinite) derivation built
using the rules in Table 3. Second, the rules [®] and [&] are n-ary
generalizations of the rules for the binary additive connectives of
linear logic. Note that no rule allows the introduction of a type &{ }
(as expected, there is no introduction rule for 0) and the n-ary form
of [&] covers the standard introduction rule for T when I = 0: we
can always derive x > { } FoTx: &{ } for every [ and I

The key aspect of the type system is the presence of measures in
typing judgments. As we have anticipated, the basic idea is that the
measure / found in a judgment P +! I is meant to (over)estimate the
number of reductions needed to terminate a (well-typed) process.
Since each reduction stems from the interaction between a positive
unit/connective (1, ®, ®) and its dual (L, %, &), the measure only
accounts for each introduction of a positive unit/connective. This is
the reason why only the rules [1], [®] and [@] increase the measure
in the conclusion, while the rules [ L], [?¥] and [&] do not. Let us
see how each rule determines the measure in detail, starting from
[cut]. The measure of a cut (x)(P | Q) combines that of P and Q.
This is consistent with the idea that terminating a parallel composi-
tion means terminating both components running in parallel. The
processes x <> y and x[] can have any strictly positive measure.
The 1 unit accounts for their reduction by [r-Link] and [r-cLOSE],
respectively. The fact that the measure can be greater than 1 is
consistent with the idea that the measure may overestimate the
actual effort needed to terminate a process. This flexibility can be
useful in typing some processes, as we will see in Example 3.3. The
measure of processes of the form x().P or x(y).P in inherited from
the continuation P. Since these processes are threads, and therefore
they are terminated, one could expect their measure to be arbitrary.
However, the continuation P may require further reductions if the
process is put in appropriate contexts. For this reason, the measure
cannot be lower than that of the continuation P. The measure of
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a process x[y](P, Q) is 1 + [ + m where [ and m are the measures
of P and Q respectively and the 1 term accounts for the [r-senp]
reduction. The measure of a process x < a.P is 1 plus the measure
of the continuation of P where, again, the 1 term accounts for the
reduction [r-seLect]. Finally, the measure of a process of the form
x> {a; : Pi};eg coincides with that of its branches. Note that x> { }
can be given any measure.

Example 3.1. In order to find typing derivations for Seller and
Buyer;. in Example 2.1, consider the type A that satisfies the equa-
tion A = @{add : A pay : L}. We show that Buyer; (x,y) is well
typed by induction on k. In the base case we derive

—) (1]
yll+'y:1

Oyl Fx: Ly 1
Buyery(x,y) Fx:Ay:1

(L]
(]

and in the inductive case we derive

Buyer; (x,y) PRz o tAy:1

(]
Buyer,, (x,y) FP x 1 Ay 1

Concerning Seller we derive

(1]
Seller(x) ' x : A* x[]F'x:1

Seller(x) r' x : A+
therefore we have (x)(Buyer;(x,y) | Seller(x)) "™ y : 1 for every
k. Note that there is no k such that Buyer,, (x,y) F¥ x : A is deriv-
able, which is consistent with the observation made in Example 2.1
that (x)(Buyery,(x,y) | Seller(x)) is not terminating. n

k+3

It should be quite obvious that none of the processes Slot, and
Play in Example 2.2 is well typed. According to the typing rules in
Table 3, the measure is monotonically nondecreasing when reading
the rules from top to bottom. Moreover, each output action strictly
increases the measure. Since every infinite branch in both Slot,
and Play goes through infinitely many output actions, it is clear
that neither process can be given a finite measure. This is a serious
limitation of the type system as it stands. Hence, we now introduce
a mechanism to make measure management more flexible.

3.2 Amortized Measure Analysis

If we look carefully at the typing rules in Table 3, it is quite obvious
that the lack of accuracy in estimating the number of reductions
needed to terminate a process is mainly due to the rule [&], requiring
every branch P; of a process x > {a; : P;};cs to be given the same
measure . The reason for this formulation of the rule is that we
do not know which tag a; is going to be received from the channel
x. Without this information, the best we can do to compute the
number of reductions needed to terminate the process is to pretend
that every continuation P; has the same, possibly overapproximated
measure.

The basic idea to compute measures in a more precise way is to
realize some form of amortized measure analysis, by allowing some
dependency between the received tag a; and the measure of the
corresponding branch P;. We do so following some recent works
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on RAST [12, 13, 15, 16], and augmenting processes and types with
constructs that allow the transfer of measure within a session. These
constructs are not meant to alter the semantics of processes or the
structure of the protocols they implement. Rather, they should be
merely considered as a form of code and type instrumentation that
improves the accuracy of the measure analysis performed by the
type system. At the level of processes we introduce two prefixes
<«x and »x for respectively sending and receiving some measure
through the session x

P,Qu=---| «4x.P | »x.P

and, at the level of types, we introduce two corresponding modali-
ties <" and »" describing the effect of these prefixes:

AB:=---| <"A|»"A

The two modalities are meant to be dual of one another. That is,
(«"A)t = »"AL and (»"A)L = €"AL. Note that the amount of
transferred measure is not affected by duality. This is important to
ensure that the overall measure of a session is not altered despite
such transfers. Unlike the works on RAST where «x.P and »x.P
have been introduced, we do not specify the amount of transferred
measure in the processes, since such amount is not operationally rel-
evant in our case. This is clear by looking at the additional reduction
and structural precongruence rules that concern these prefixes:

[e-puT] ()(«w.P|Q) I w.(x)(P|Q) x#y
[-GET] X)(>y.P[Q) I »y.(x)(P|Q) x#y
(r-puT] (%) (4x.P | #x.Q) = (x)(P] Q)

The rules [e-put] and [e-GeT] respectively pull «x and »x prefixes
outside of unrelated cuts in order to enable further synchronizations.
The new [r-put] reduction expresses a mere synchronization be-
tween two processes without any actual exchange of meaningful in-
formation. In fact, we could have dispensed CAPS from these forms
and simply augmented types and the typing rules with the measure
transfer modalities. However, having explicit process forms that
correspond to such modalities simplifies the proofs because the
type system remains syntax directed.

Below are the typing rules for the newly introduced measure
transfer forms in processes and modalities in types:

[puT] [cET]
PHMx:A P T x: A

«x.P thn MNx:<"A bx.Prl Mx:»"A

These rules formalize the effect of transferring some amount n
of measure through a session x: [put] charges that amount on the
sender, while [ceT] discharges the same amount from the continua-
tion of the receiver. We make the assumption that «” is a positive
connective and therefore we charge an additional unit of measure
on the sender to account for the [r-put] reduction.

Example 3.2. To illustrate the kind of amortized analysis enabled

by the machinery introduced in this section, consider the processes
Q=x>{a:pxx().y[]l,b: »x.R}

P=x<a.«xx[]

where R is some well-typed process with a large measure n > 4,
thatis R +" x : A,y : 1. Note that P selects the a-tagged branch of Q
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which quickly leads to termination without requiring the execution
of R. For the process P we derive

[+ x:1
[puT]

wx[]FPx: <1

(@]

x<aaxx[]F x:@{a: «11,b: <"AL}
and for the process Q we derive
— (1]
yll+y:1
: 1L
xOyllF x:Ly:1
pxx(Oy[]F0x:»lily:1
xo{a:»xx(Oy[l,b:»xR}FOx: &fa:»'Lb:»"AT}y:1

R+ x: AN y:1
[GET] 0 n [GET]
x.RE x:»"A"y: 1
[&]

We have been able to assign Q a null measure thanks to the »x
prefixes in its body. Basically, the actual measure of Q is “received”
from x after the process at the other end of the session x has selected
the desired branch to be taken. In this way, the amount of received
measure can match exactly what is needed for typing the selected
continuation of Q, namely 1 in the case of the a-tagged branch and
n in the case of the b-tagged branch. Since P selects the a-tagged
branch of Q, the amount of measure discharged from Q and charged
on P is just 1, as witnessed by the typing derivation for P, and the
overall measure of the composition (x)(P | Q) is 4 which is much
smaller than n by assumption. [ ]

Example 3.3. Let us consider again the processes Play and Slot;
defined in Example 2.2. In order to find a typing derivation for them
we consider the following instrumented versions, where we have
inserted appropriate <«x and »x operations to transfer measure
depending on the actual branches selected by the processes:

Sloto(x) = x> {play : »x.x <win.Slot; (x), stop : x[]}
Slot1{x) = x> {play : »x.x < lose.«x.Sloty(x), stop : x[]}

win : x < stop.x().y[]}

Play(x,y) = x «play.<x.x> {lose : »x.Play(x,y)

We also consider the types A and B that satisfy the equations
A=@a{play: ©°B;stop: L} and B=&{win:A,lose: »’A}

Now we derive

—[1]
yll+'y:1

x().yll Floxc: Ly:1 -

Play(x,y) ¥’ x : Ay : 1

2 2 7 [cET]
x<stop...F x:Ay:1 Px... Fx:»'Ay:1
(&]
xl>{win:...,lose:...}l—zx:B,y:I
3 s [puT]
«.x>{win:...,lose:...} " x: «’B,y: 1

[e]
Play(x,y) ¥ x: Ay : 1



SMALL CaPS
as well as

Sloti{x) > x : A+

x <win.Sloty (x) +® x : B+

[GeT] ————[1]
»x.x <win.Sloty (x) +! x : » B+ x[]+' x:1
I T (&]
Sloto{x) F x: A (pot]
PUT
<x.Sloty(x) + x : <’ A+
x <lose.«x.Sloto(x) F1¥ x : B+ | |
[eer] ——[1
»x.x <lose.«x.Sloto(x) > x : »° B+ x[]F x:1
[&]
Slot1{x) > x : A+
therefore we conclude (x)(Play{x, y) | Slot;(x)) +'* y : 1 with one

application of [cut].

It is far from obvious that the measure annotations in A and B
are the “right ones” in order to obtain a well-typed composition
of Play and Slot;. However, we can make sense of those annota-
tions by accounting carefully the “cost” in terms of measure of
performing the actions that occur in types. For instance, we know
that a slot machine implementing the protocol A% cannot send lose
tags forever: performing each such action charges 9 units on the
measure of the slot machine in contrast to only 5 units gained when
it receives play. Insisting on sending lose tags would eventually
exhaust the slot machine’s balance. This is also the reason why a
process like Play is well typed: we know that sooner or later Play
will receive the tag win, thus reaching successful termination. m

The instrumentation of the processes in Example 2.2 into those
in Example 3.3 may seem like wizardry at first. In fact, there is not a
unique way in which a process can be instrumented in order to make
it well typed. However, recalling the role of the modalities «”* and
»" in enabling the amortized measure analysis of a process, there
is an effective rule of thumb that works well in a large number of
cases: insert «x right after a selection x <a and insert »x right after
every case x > {a; : Pi}jcr. This strategy can be improved in a few
ways: there is usually no need to instrument finite processes; when
the amount of transferred measure turns out to be 0 the modalities
can be omitted altogether. Another family of (infinite) processes
that may require the careful placement of instrumentation in order
to be finitely measurable are those modeling infinite streams. We
will discuss an instance of this case in Section 7.1.

4 Soundness

Here we present the soundness properties of the type system. We
start with two standard results stating that extractions and reduc-
tions preserve typing. For extractions we have:

LEmMA 4.1. IfP H T andP 3 Q, thenQ +' T.

Note that extractions preserve not only typing, but also the mea-
sure. This is somewhat expected since the measure only accounts
for the number of actions that need to be performed and extractions
preserve this number except for the relation (x)(y>{} |P) Jy>{}.
However, the rule [&] is formulated in such a way that a process
y»>{ } can be given any measure, therefore the measure is preserved
also in this case.

Next is typing preservation by reductions:
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THEOREM 4.2. IfP FH TandP — Q, then Q +" T and m < 1.

This result clearly shows that the measure of a process decreases
after each reduction. Then, the fact that every well-typed processes
is terminating follows as a simple corollary.

COROLLARY 4.3. IfP K I, thenPLl.

Corollary 4.3 assures us that if we keep reducing a well-typed
process P we eventually reach an irreducible one Q —. In principle,
Q might be irredubile because it is somewhat ill formed (for example,
Q could model a deadlocked network configuration like (x)(x[] |
y[1)). The next result shows that this is not the case.

THEOREM 4.4. IfP w! I, then PJ,I.

That is, once P has reached an irreducible process, it always
exposes some observable behavior in the form of a thread. This
property is key both for the successful termination result below and
also for the cut elimination property that we discuss in Section 5.

COROLLARY 4.5. IfP + x : 1, then P|)!.

5 Cut Elimination

Cut elimination means that the rule [cut] is admissible: every se-
quent that can be proved with applications of [cut] can be proved
also without [cuT]. In the case of SMALL, a sequent is just a typing
context. It is easy to see that SMALL enjoys cut elimination using
the results of Section 4. Of course, since SMALL derivations may
be infinite, there are cases in which all cuts are eliminated only
“in the limit”, that is after an infinite number of (cut) reductions.
However, we can argue that each layer of the cut-free derivation
can be obtained in finite time. Then, a corecursive application of
the same argument allows us to build the whole cut-free derivation.

Let us describe the cut elimination procedure more in detail. We
start by defining a function C that computes the set of continuations
of a process. The function is defined by the equations

C(x().P) = C(x(y).P) =C(x <a.P) = {P}
C(«x.P) = C(»x.P) = {P}
Cx[yl(P,Q)) = {P,Q}
C(x»>{aj : Pitier) = {Pi}ier
and C(P) = 0 for any other form P.

Now suppose that P +-! T is derivable. In order to find a cut-free
derivation for the sequent I, we reduce P as much as we can until
we reach an irreducible process Q such that P = Q —-». We know
that such Q exists from Corollary 4.3 and we know that Q +™ T" with
m < lis also derivable from Theorem 4.2. Moreover, Theorem 4.4
and Lemma 4.1 assure us that R +™ T is also derivable for some
thread R. Thus, we have found a derivation for the sequent I" that
necessarily ends with the application of a rule other than [cur].
In other words, we have built the first layer of the cut-free proof
of I'. In order to iterate this argument and obtain more layers of
the cut-free proof of T', the only technical difficulty may arise from
the fact that the judgment R +™ T" may have a measure (m) that
is strictly smaller than (hence different from) the one (I) in the
original judgment P + T. Conveniently, we can always increase the
measure of a judgment without altering the structure of the proof.

LemMa 5.1. IfP+ T andl < m, then P +™ T.
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Now let C(R) = {Pi,...,Pp} where Py,..., P, are all the con-
tinuations of R. For each continuation there is a premise P; pli I;
above the line of the rule that derives R +"" I'. We iterate the same
procedure for each continuation P;, where each iteration builds one
more layer of the derivation tree for the original sequent I

Example 5.2. Consider the type A = &{a : »'A,b: »!1} and the
processes Foo(x) = x> {a : »x.(y)(y[] | y().Foo{x)),b : »x.x[]}
and Bar{x) = x> {a : »x.Foo{(x),b : »x.x[]}. We derive

Foo(x) F x : A

1 0 [1]
y[IF y:1 y()...r x:A,y:J_[CUT] »
W (Y[l 1 y().Foo(x)) +' x : A el x[]Fl—xl font]
»x.(y) (y[] | yO).Foo(x)) H* x : »1A px[] 0 x el «

Foo(x) F x : A
which contains infinitely many cuts and is cut free up to depth 2. At
the bottom of the derivation we find a thread with two continuations
»x.(y)(y[] | y().Foo(x)) and »x.x[], where the second one is cut-
free and the first one is a thread with one continuation derived with
a [cuT]. By applying the procedure outlined above we obtain

x[]+ x:1 o

0

Foo(x) Fl x : A

[cET] [GET]

»x.x[] F
Bar(x) ' x : A
which is cut-free up to depth 4. Note that it is necessary to use

Lemma 5.1 to turn the derivation of Foo(x) +° x : Ainto a derivation
of Foo{x) ' x : A to be able to apply the rule [GeT]. ]

»x.Foo(x) F x : 1A x:»l1

(&]

6 A relative completeness result

In this section we provide a relative completeness result for sMALL.
More precisely, we characterize the typeability of processes in CAPS
in terms of their operational behavior using the notion of produc-
tive termination as reference property. In other words, we provide
sufficient conditions to invert a suitable generalization of Theo-
rem 4.4. This result is quite challenging because, in order to build a
typing derivation for P+ T, it is not enough to observe the (essen-
tially unique) reduction that leads P to termination, but rather, we
must take into account all the contexts in which P can be used and,
in doing so, we must be able to infer properties of [ and I" solely by
performing observations on the behavior of P in such contexts. For
these reasons, we prove a completeness result under the following
assumptions and leave its generalization to future work.
e We assume that P is cut-free and link-free.
e We only consider types built using 1, L, the additive connec-
tives @ and & and modalities </ and »/.
o We assume that I is inhabited in a sense that will be made
precise shortly. This key assumption allows us to synthetize
a suitable set of tests to observe the behavior of P.
Let us introduce some terminology that helps us defining the
notion of inhabited context.

Definition 6.1. We say that A is a server type (and that A+ is a
client type) if there exist P, Q, I and m such that P t x : Aand
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Q+™ x : AL,y : 1. We say that I is server context if ' = x : A,y :
Bi,....Yg : Br,z1 : T,...,zp : T where A is a server type and B; is
a client type for 1 < i < k. We say that I' is T-free if h = 0.

Intuitively, a client/server type is a type that corresponds to a
protocol according to which at least two processes can communi-
cate. From a logical standpoint, a server type is logically equivalent
to 1. Indeed, from the definition it follows immediately that the
sequents + 1, A and ¢ AL 1 are provable. Note that T and 0 are
neither server nor client types. We say that P is a server if there
exists a derivation for P +/ T in which every context (including I")
is a server context. We can prove that server contexts are inhabited.

PROPOSITION 6.2. If T is a server context, then there exist | and a
server P such that P+ T.

We now formalize the notion of observation that we perform on
a process P to build a derivation for P F T. We start by introducing
a refined notion of reduction context, where the hole is decorated
with the expected measure (I) and typing context (I') of the process
being observed (P). Also, we require that other processes occurring
in the reduction context are servers. A (I;")-context is generated
by the following grammar

C:=[1p | )(P|C)
where I is a T-free server context and P is a server. We write
C F™ A when the (I;T)-context C is well typed in A and has
measure m according to the following inductive rules:
[c-cut]
PHTI,x:A CH"Ax:A*

(LT (x)(P|C) F*™ T, A
We say that a (I;T)-context C is an (m;[;T)-test if C F'™ A for
some A and dom(T") C bn(C). Intuitively, a (m;[; T)-test provides
a way to observe the behavior of a process P through all channels in
I" using well-behaved processes, i.e. well-typed servers. We are now
ready to state our relative completeness result with respect to pro-
ductive termination. Recall that P|" means that P is productively
terminating in at most m reductions (cf. Section 2).

[c-HOLE]

THEOREM 6.3. Let P be a cut-free and link-free process. If C[P]]™
for every (m;I;T)-test C, then P FoT

Note that the inverse of this result is an immediate consequence
of Theorem 4.4, since when P fLr holds, we can easily derive
C[P] +™ A for every (m;[;T)-test C. Therefore, Theorem 6.3 says
that a cut-free and link-free process P is well typed in a context
I with measure [ if and only if C[P] is productively terminating
in at most m steps for all (m;[;T)-tests C. FD questo vale sotto le
assunzioni

Remark 6.4. Theorem 6.3 holds under several assumptions. We
believe that including the multiplicative connectives is doable, even
though we have not worked out all of the details yet, whereas in-
cluding cuts and axioms seems to be more challenging. For example,
the theorem as it stands does not hold for the axiom x < y: it is
easy to see that C[x < y]|™ holds for every (m; 1;T")-test C, where
Ml=x:®{a:1,b:1},y: &{a: L}, butclearly x & y +' T is not
derivable, as the types in the context are not dual to each other. This
suggests that extending Theorem 6.3 may require a relaxation of
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SMALL to incorporate some form of subtyping, whose development
is an interesting direction per sé.

7 Examples in sSMALL CaPS

7.1 Stream Processing

In this section we illustrate an example of stream processing, which
is a paradigmatic application domain for corecursive types. In par-
ticular, we aim at defining a (well-typed) process that negates the
(infinitely many) elements of a stream of boolean values.

We start by encoding the type of boolean values as Bool = &{ff :
1,tt : 1}. This type describes a process that sends either ff or tt
on a channel and then closes the channel. For this reason, Bool is
the type of a boolean value “being produced” and its dual Bool*
describes a boolean value “being consumed”.

Now, the process Neg(x, y) defined by the equation

ff: y«rt.xo.y[]}

Neg(x,y) =x» {t’[ cy < ff.x().y(]

consumes a boolean value from x and produces its negation on y.
It is easy to come up with a typing derivation for the judgment
Neg(x,y) +* x : Bool*,y : Bool showing that Neg(x,y) is well
typed. The measure 2 accounts for the messages sent on channel y.

We now model a stream of boolean values. This is an entity
providing infinitely many boolean values, thus it is naturally mod-
elled by the type S = Bool ® S. However, any non-trivial process P
adhering to S would have an infinite measure. This is reasonable,
because its dual S+ is inhabited by a process Q with 0 measure and
so the composition (x)(P | Q) would be non-terminating.

In order to turn S into a type that is inhabited by an interesting
process P, the idea is that P may charge the cost of producing each
element on the consumer of the stream. Therefore we consider the
type of streams BoolS,, = »" (Bool ® BoolS,) where each produced
element of the stream requires a transfer of n units of measure
from the consumer.It is now easy to find well-typed processes that
produce streams of type BoolS,,. For instance we have Trues(x) I-°
x : BoolS3 where Trues(x) = »x.x[y](y < tt.y[], Trues(x)) is the
stream providing infinitely many tts. Now we can define the process
NegS(x, y) that negates a stream of boolean values as follows

NegS{x,y) = »y.«x.x(u).y[v] (Neg(u, v), NegS(x,y))

and it is a simple exercise to find a typing derivation for
NegS{x,y) +° x : BoolS;;, y : BoolS,+4 showing that NegS(x, y)
is well typed and has null measure. Note that the output stream
y requires 4 more units of measure to produce each element com-
pared to input stream x. This additional measure accounts for the
cost required to produce each single element of the stream.

It is interesting to observe that the problem discussed above
in finding a non-trivial inhabitant for the tentative stream type S
now resurfaces for the type BoolS;; = <" (Bool* % BoolSy). Every
non-trivial process adhering to this type has an infinite measure.
This makes sense: if we were able to finitely measure a “pure stream
consumer” (a process that consumes a stream without producing an-
other one), then we would also be able to obtain a non-terminating
composition by cutting this process against e.g. Trues(x).
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7.2 Consensus

In this example we model a simple distributed system in which
an arbiter process Ar(x,y, z) orchestrates a consensus protocol
between two agents which try to agree on some value (either a or
b). The arbiter is modeled thus:

a:mxy> a:pyx<tty<attx().y().z[]
b:wy.x < ff.ax.y<ff.ay.Ar{x,y, z)
Ar{x,y,z) = x>
bwxys |2 7YXS ff.ax.y <« ff.4y.Ar(x, y, z)
PRI »y.x <ty <tt.x().y().z[]

The two agents are connected to the arbiter by means of the chan-
nels x and y and they repeatedly propose a value to the arbiter. In
doing so, they also transfer a certain amount of measure to allow
the arbiter to work. The arbiter compares the two proposed values:
if they coincide then consensus is reached, the arbiter notifies the
agents with tt and it signals termination on z; if the proposed values
differ, then the arbiter notifies the agents with ff and the protocol
is iterated. Note that in the latter case the arbiter also refunds the
agents with some measure, so that the protocol can continue.

For this example we consider the agents Voter, and Voter}, below
such that Voter, always sends a and Voter}, sends b once before
behaving as Voter,:

Voter,(x) = x < a.«x.Poller(x)
Votery(y) = y < b.«y.Poller(y)
Poller{z) = zv> {tt : z[], ff : »z.Voter,(z)}

It is easy to see that the composition of Ar(x,y, z) with Voter,(x)
and Votery, (y) successfully terminates. In order to come up with a
typing derivation for this composition we have to find the appro-
priate amount of measure to be exchanged between the arbiter and
the agents. Consider for instance the type A = ®{a : «’B,b: «*B}
where B = &{tt : 1, ff : »2A} which describes the behavior of an
agent interacting with the arbiter. By looking at the annotations
within A we can argue that A describes an agent that cannot vote a
infinitely many times since the loop within A that goes through the
output of b is not sustainable forever in the economy of measures:
each vote b “costs” 10 units of measure against a “gain” of just 2
units if consensus is not reached. On the contrary, the loop that
goes through the output of a is perfectly balanced: each vote a costs
2 units, which are completely “refunded” in case consensus is not
reached. Indeed, we obtain the derivation

—— [@]
Voter,(x) F> x : A

[GET]
»x.Voter, (x) k! x : »2A

Poller{x) +' x : B

x[]+ x:1

[&]

- [puT]
<«x.Poller +* x : <°B

Voter,(x) F> x : A

as well as the derivation

&
Poller(y) +' y : B 1

[puT]
<«y.Poller(y) v'° y : «°B

Voter, (y) vl y: A
showing that both Voter,(x) and Voter, (y) are well typed.
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It is easy to obtain a typing derivation for Ar(x,y,z) > x : AL,y :
A*, z : 1. With this we finally derive (x)(Votera(x) | (y) (Ar{x, y, z)|
Voter,(y))) +'7 z: 1.

We conclude this example with a few observations. First of all,
note that A describes a communication protocol where termination
is decided by an external entity (the arbiter), not by the agent
behaving as A. In the type A, this translates to the fact that the only
constant 1 is found as immediate leaf of a & type. If we were to seek
for a derivation for + A in one of the logical systems based on dual
fixed points, A would have to be modeled by a largest fixed point.
But then the typing derivation for the arbiter would be invalid,
since its branches would only unfold least fixed points.

Second, observe that different voting policies will usually result
in different annotations in types which identify a “consensus be-
havior” to which the agents have to eventually adhere. Above, A
requires the agents to eventually agree on a.

Finally, in the given example we have instrumented the arbiter
uniformly so that measure transfers take place after each vote,
even if they are not really needed. For instance, for the voters
above it is clear that after sending a we could avoid sending some
measure, as witnessed by the 0 annotation in the type A. However,
figuring out a priori which instrumentation is really necessary can
be challenging. The given implementation of the arbiter can be used
in combination with voters adhereing to different voting policies,
although the amount of measure exchanged between the arbiter
and the agents will be different in each case.

8 Fair Termination

Some of the processes that we have discussed so far, like the slot
machines in Examples 2.2 and 3.3 or the agents participating to a
consensus protocol in Section 7.2, exhibit a purely deterministic
behavior that we do not expect to experience in practice. Our mod-
eling of these processes would benefit from the ability to describe
a non-deterministic choice between winning and losing a game or
between sending a and sending b, without necessarily describing
in full detail how these choices are made. In this section we study a
simple extension of CAPS and a corresponding conservative exten-
sion of SMALL that allow us to address a larger family of processes
that can perform internal non-deterministic choices.
The basic idea is to extend the syntax of CAPS in this way

PQ=---|P®Q

where P @ Q is a non-deterministic choice among the behaviors P
and Q that reduces according to the rule [r-croice] defined as

PieP, - P;

for every i = 1,2. We can now model a non-deterministic slot

machine that emits win and lose messages according to some undis-

closed algorithm:

Slots (x) = x» play : »x.(x < win.Slot>{(x) @ x < lose.4x.Slot7{x))
stop : x[]

The addition of non-deterministic choices to CAPS has a pro-
found impact on its metatheory. To see why, consider the composi-
tion (x)(Play(x,y) | Slot>{x)) where Play(x, y) is the same player
defined in Example 2.2. Even though both Slot;(x) and Slot;(x)
allow for infinitely many outputs of both win and lose tags, the
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composition (x)(Play(x,y) | Slot;(x)) is terminating whereas the
composition (x)(Play(x, y) | Slot>(x)) is not. Indeed, there exists an
infinite run of this composition in which the slot machine always
sends lose. This is rather unfortunate since it is reasonable to as-
sume that no implementation of the slot machine should behave like
this. Yet, from a purely technical standpoint, the system modeled
using the non-deterministic slot machine is no longer terminating
and therefore no longer in the scope of SMALL, even in light of the
completeness result of Section 6.

This problem has received considerable attention in the literature
and has lead to the definition of fair termination [22, 24], a weaker
form of termination in which only the runs that are considered to be
“realistic” (technically, “fair”) should be taken into account. We now
show how to extend SMALL in such a way that well-typed processes
are guaranteed to be fairly terminating. A similar extension has
already been studied for yMALL®™ [10].

The first step is to formalize the fairness assumption that we
make, which turns out to be an instance of full fairness [35]. We
say that P is weakly (productively/successfully) terminating if it has
a (productive/successful) run of length at most [. In these cases we
write P L\l;veak (respectively, Plf;veak and PUfNeak). We say that P is
diverging if it is not weakly terminating. We say that a run is fair if
it contains finitely many weakly terminating processes. In words,
a run is fair either if it is finite or if it is infinite and contains a
diverging process. If this description is still uninspiring, it may be
useful to think of its complement: a run is unfair if it consists of
infinitely many weakly terminating processes. That is, along an
unfair run the process has always the chance to terminate, but it
stubbornly refuses to do so.

Now, the notions of fair termination, productive fair termination
and successful fair termination follow from their counterparts of
Section 2 by considering fair runs only. We write P Léair if every fair

run of P is finite and P L\l;veak'

terminating. We write Pléair if every fair run of P is productive and

In this case we say that P is fairly

P‘Lfiveak‘ In this case we say that P is fairly productively terminating.

We write Plléair if every fair run of P is successful and PUfN eak: I

this case, we say that P is fairly successfully terminating. Note that
the measure annotation in the various fair termination predicates
has a rather different meaning compared to the non-fair versions of
the same predicates. The point is that in general there is no upper
bound to the length of fair runs (see Example 8.7). However, that
annotation plays an important role in connection with the measure
annotation in typing judgments (Theorem 8.5). Occasionally we
omit the measure annotation in the weak and fair termination
predicates. In these cases, the annotation is existentially quantified.
It has been observed that the above notion of fair termination
can be characterized without mentioning fair runs at all [6, 10].

THEOREM 8.1. P, if and only if P = Q implies Q | weak-

Similar results can be proved for productive and successful fair
termination. The relevance of Theorem 8.1 in our setting is that
its right-to-left implication provides a proof principle for proving
the soundness of SMALL extended with non-deterministic choices.
Indeed, if we manage to extend SMALL in such a way that well-
typed processes are guaranteed to be weakly terminating, then by
virtue of subject reduction and Theorem 8.1 we can conclude that
well-typed processes are guaranteed to be fairly terminating.



sMALL CAPS

An extension of SMALL with this property makes use of the
following typing rule for non-deterministic choices

[cHOICE]
Vi=1,2:P 0T
Py P, I—I+lk r
where we measure a non-deterministic choice with the successor
of the measure of one of its branches. Since we strive to look for

derivations in which the measure is finite, in general this amounts
to choosing k as the index of the branch with the least measure. In

ke {1,2}

the rest of this section we write P I-éair ' whenever the judgment

P +! T is derivable by the rules in Table 3 extended with [cHo1cE].

Let us now discuss the properties of this extension. While subject
extraction (Lemma 4.1) holds unchanged since extractions have not
been modified, subject reduction (Theorem 4.2) no longer guaran-
tees that the measure strictly decreases because of [croice]. Instead
we have:

THEOREM 8.2. IfP '_f’air Iand P — Q, then Q +" T for some m.

However, it is possible to show that every reducible process may
be reduced in such a way so as to decrease the measure.

ProposITION 8.3. IfP '_éair I"and P —, then Q v, T for some Q
and m < I such that P — Q.

As a consequence, well-typed processes are weakly terminating
and their measure is an upper-bound to the length of at least one
of their runs.

1 1
ProposiTiON 84. IfP v T, then Pl ..

Now, by combining Theorem 8.2 and Proposition 8.4 we can
prove the soundness of (non-deterministic) SMALL with respect
to fair termination using the characterization of fair termination
given in Theorem 8.1.

THEOREM 8.5. IfP +.

fair
For the particular context I' = x : 1, Theorem 8.5 can be strength-
ened to entail fair successful termination.

T, then P|L

fair”

Example 8.6. Consider again the types A and B defined in Exam-
ple 3.3. We derive

Slota (x) ! x : At

«x.Sloty{x) +° x : </ AL

Slots (x) F* x : A+

x <win.Sloto{x) > x : B*

x<lose... % x:B*

x<awin...@x<lose... % x: Bt

bx.x<win...@x<lose... F x:» Bt

x[]+ x:1

Slota(x) k! x : A*

and therefore (x)(Play(x,y) | Slot>(x)) +'° y : 1 with one appli-
cation of [cur]. By Theorem 8.5 we deduce that (x)(Play{x,y) |
Slot(x)) is fairly successfully terminating. Note that, in the deriva-
tion above, the right branch of the application of [choicE] has a
measure that is strictly larger than that of the choice itself. Each
time the reduction of (x)(Play(x, y) | Slot>{x)) follows that branch,
its measure increases as the path that leads to termination must go
through (at least) one more game. [ ]
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Example 8.7. In this example we show that there exist well-typed
processes for which there is no finite upper bound to their mea-
sure. If we consider the definition Walk(x) = x[] & (y)(Walk(y) |
y(). Walk(x)) we derive

Walk(x) +* x : 1

Walk(y) ¥ y:1 y().Walk(x) > x:1,y: L ]
A F xi1 () (Walkig) | g0 Walk(x) et
[cHOICE]

Walk(x) +* x : 1

and now for every n € N there exists Qp, such that Walk(x) —" Q,
such that Q, '_?:ir x: 1 [ ]
We conclude this section by observing that the cut elimination
result of Section 5 can be easily extended to non-deterministic
SMALL. The only aspect one has to be careful about is that, in
reducing a process as much as possible, choices should be reduced
by picking the k-tagged branch in accordance with [cuoice]. The
obtained derivation is not only cut free but also choice free.

9 Related Work

The literature on session types and on their connection with Linear
Logic is vaste. Here we focus on two areas more closely related to
the present work: proof systems for Linear Logic with fixed points
and session type systems enforcing termination-related properties.

The common way of enabling forms of recursion within a logical
system, the (modal) p-calculus being a typical example, is by adding
(least and greatest) fixed point operators. The study of the proof the-
ory of such extensions for classical Linear Logic goes back to Baelde
[1] and has been subsequently developed in an infinitary system
called yMALL® by Baelde et al. [3] and Doumane [21]. uyMALL®
allows possibly infinite proof derivations built using standard rules
of MALL together with two additional rules for unfolding fixed
point formulas. Allowing arbitrary infinite proofs in general leads
to inconsistency. For this reason, yMALL® imposes a validity con-
dition on derivations which, roughly speaking, requires all infinite
branches of the derivation to be supported by the infinite unfolding
of the same greatest fixed point. This validity condition suffices
to prove cut elimination, thus ensuring consistency, but it does
not interact well with cuts and axioms. In particular, validity is
not necessarily preserved by cut introduction. To overcome these
limitations, Baelde et al. [2] propose a more sophisticated (but un-
decidable in general) validity condition that takes cuts and axioms
into account. The resulting proof system still enjoys cut elimination
and proves the same sequents as the original one, but enlarges the
set of valid proofs. This is important from a computational point of
view because, more valid proofs means more well-typed programs.

Derakhshan [18] and Derakhshan and Pfenning [19] study an
analogous extension for the subsingleton fragment of intuitionistic
Linear Logic. Instead of using fixed point operators in formulas,
they represent fixed point formulas by means of a set of mutually
recursive equations, each of them interpreted either inductively
or coinductively. Equations need to be appropriately stratified in
order to avoid mutual recursion between inductive and coinductive
equations. This is achieved by labelling equations with natural
numbers representing priorities. Infinite derivations in this system
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still need a validity condition to preserve cut elimination but, thanks
to the aforementioned labelling, this condition can be checked
locally, resulting in better compositionality compared to pMALL®™.

The logic proposed in this paper differs from the above sys-
tems in several ways. First of all, sSMALL abandons the approach
based on fixed point operators in favor of infinite propositions. This
choice grants the maximum flexibility, especially in the session-
based setting that SMALL is targeting, where there is a relevant
class of protocols whose semantics eludes the crude classification
into least and greatest fixed points. Typical examples of such pro-
tocols are those involving a negotiation between two (or more)
parties, like the slot machine (Examples 2.2 and 3.3) or the con-
sensus (Section 7.2) protocols. Second, previous logical systems
require validity conditions on infinite derivations in order to retain
cut elimination and therefore consistency. Also, the proof of cut
elimination of pyMALL® is quite complex and requires a careful
setup [21]. In contrast, SMALL derivations are valid by construc-
tion and cut elimination is straightforward, but the heavy use of
annotations in formulas and of corresponding prefixes in processes
makes them more difficult to understand (see e.g. Section 7.2).

We achieve these results by leveraging on well-established tech-
niques from resource-aware session types [12, 13], which provide
the foundation for the RAST language [15] and its extensions [16].
Resource-aware session types are designed for analyzing the total
work done by a process: they associate a cost to certain actions
and introduce annotations for trasferring such costs between the
two sides of a communication channel. These annotations can be
either attached to each type constructor [13] or treated themselves
as constructors with their corresponding term formers [12]. These
systems are proved to be sound with respect to a cost semantics
that keeps track of the total work performed by a process. However,
these soundness results cannot be used, as they are formulated, to
infer any general termination property for well-typed processes.
Another somewhat related technique that enriches session types
with quantitative information is arithmetic refinements [14], which
extends types with expressions and assertions from a decidable
arithemtics to measure typing judgements. Somayyajula and Pfen-
ning [34] apply this technique to ensure termination of a process
calculus extracted from the semi-axiomatic sequent calculus, which
models a form of concurrency based on futures.

Despite the fact that the ability to describe “infinite computations’
is considered to be a key testbench for many models of concurrent
systems, termination remains a key property since, in combination
with deadlock freedom, it entails valuable liveness properties akin
to productivity such as lock freedom [29] and strong progress [19].
Many session type systems based on Linear Logic [9, 30, 36] ensure
termination-related properties as direct consequences of cut elimi-
nation. As these type systems make use of least and greatest fixed
points, they are unable to capture some communication patterns
involving negotiations. Other type-based techniques to enforce ter-
mination in z-calculi have been proposed by Deng and Sangiorgi
[17], Sangiorgi [33], Yoshida et al. [37]. In particular, Deng and
Sangiorgi [17], Sangiorgi [33] propose a technique based on anno-
tated types which superficially look similar to our own, although
their annotations are priority levels used to constraint the order
in which different channels are used and are not directly related
to the measure of a process. Paulus et al. [31] compare (a variant
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of) this approach with those based on intuitionistic Linear Logic,
showing that it can capture more terminating processes.

As we have seen in Section 8, non-determinism may have a dis-
ruptive effect on an otherwise well-behaved model in the sense
that diverging but unrealistic computations may easily compromise
termination. To tame this phenomenon, weaker versions of termi-
nation like fair termination [22, 24] have been proposed. Ciccone
and Padovani [8] and Ciccone et al. [6, 7] propose session type
systems ensuring the fair termination of respectively binary and
multiparty sessions. These type systems share with SMALL the idea
of annotating judgements with measures. However, they are not
as closely related to Linear Logic as SMALL and they do not make
use of measure annotations in types. As a result, many processes
that are well-typed in SMALL cannot be typed in such systems
(the non-deterministic slot machine in Example 8.6 being one such
example). Ciccone and Padovani [9] propose an interpretation of
UMALL®™ proofs as processes in the linear z-calculus, into which
a session calculus like CAPS can be encoded [11]. They present
an extension of yMALL® with non-deterministic choices and a
consequent refinement of pMALL™’s validity condition proving
that well-typed processes are fairly terminating. Being based on
HUMALL®, their type system is affected by the limitations that we
have described in Section 1 and that have motivated this paper.

10 Concluding Remarks

SMALL is an infinitary version of multiplicative-additive linear logic
without fixed points but with possibly infinite propositions. This
feature finds natural applications in the description of session-based
communication protocols, particularly those based on negotiations
which are out of scope of other logical foundations for sessions.

We have already pointed out that SMALL is incomparable to
other systems based on linear logic in terms of valid proofs. How-
ever, the exact relationship between SMALL and other extensions
of Linear Logic with fixed points requires further investigations
to be fully appreciated. On the one hand, the reasoning on posi-
tively/negatively balanced loops in types (Section 7.2) suggests that
measure annotations may provide enough information to interpret
(some) types as least or greatest fixed points. On the other hand,
it seems that measure annotations intrinsically limit the class of
typeble processes, by imposing constraints on their complexity. For
instance, we conjecture that a process implementing the multiplica-
tion of Peano natural numbers, which has a non-linear complexity,
cannot be typed. Intuitively, this would be due to the fact that this
process must duplicate one of the provided natural numbers and
use one of the copies in the recursive call; this copy necessarily
stores less measure than the original number as the duplication
process has to split the measure between the two copies, which
conflicts with the fact that it is used in a recursive call. It should
also be pointed out that, while it is relatively easy to find examples
of “non-linear” processes that are difficult or apparently impossible
to type, they tend not to correspond to the typical communication
protocols we expect to be able to model in CaPS.

Looking ahead, we are confident that some of the assumptions
needed by the completeness result in Section 6 can be relaxed
(Remark 6.4) and we think that a similar completeness result should
be provable with respect to fair productive termination (Section 8).
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