Spin-glass quantum phase transition in amorphous arrays of Rydberg atoms
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We perform unbiased quantum Monte Carlo simulations of quantum Ising models defined on
amorphous arrays of Rydberg atoms, motivated by a recent proposal for their experimental realiza-
tion using engineered configurations of the optical tweezers. In contrast to previous studies focusing
on periodic geometries, our models are designed to possess well-controlled local structural proper-
ties while lacking long-range order. We identify a quantum phase transition from a paramagnetic
to a spin-glass phase, characterized via the Edwards-Anderson order parameter computed from the
replica overlap. The magnetic structure factor reveals short-range, isotropic antiferromagnetic cor-
relations, and the spin-overlap distribution exhibits a nontrivial form with two broad peaks and
significant weight at zero overlap. A comparison with the clean kagome lattice, which shares simi-
lar local geometry, underscores the critical role of amorphous structure in stabilizing the spin-glass
phase. Our results suggest a promising pathway for the experimental realization of quantum spin

glasses using programmable Rydberg atom arrays.

Introduction. Frustrated random interactions in Ising
models can give rise to spin-glass phases, which exhibit
a variety of intriguing phenomena, including disordered
magnetism, memory effects, and possibly the breakdown
of ergodicity [1, 2]. In the quantum case, which is the
focus of this work, random Ising models are currently
being extensively studied to determine whether quantum
annealers can achieve a quantum advantage. [3-5]. How-
ever, various fundamental questions are still unanswered,
e.g., if and where replica symmetry breaking (RSB) oc-
curs [6-12], whether the spin-glass transition survives
longitudinal fields [13—16], or how the spin-glass transi-
tion relates to the many-body localization transition [17—
20].

Today, many outstanding open theoretical questions
are being addressed by performing quantum simulations
on various experimental platforms. In fact, paradigmatic
quantum Ising Hamiltonians have been implemented us-
ing ultracold atomic gases [21, 22], trapped ions [23], su-
perconducting qubits [24], or neutral atoms precisely po-
sitioned using optical tweezers and then coupled to the
Rydberg state [25-27]. For the latter platform, previous
theoretical studies focused mainly on periodic arrange-
ments of the tweezers, including one-dimensional and
two-dimensional (2D) configurations, such as square, tri-
angular, and kagome periodic lattices [28-35]. Depending
on the specific periodic geometry, different magnetically
ordered phases have been predicted and in some cases
already been experimentally observed [36-38]. Incom-
mensurate phases that separate magnetically ordered and
paramagnetic phases have also been studied in single-leg
and double-leg chains [39-43]. However, quantum spin-
glass phases have not been discussed yet. Memory effects
associated with glassy behavior were observed in com-
puter simulations at the boundary of differently ordered
phases [44], but this finding has been questioned [45].

In general, frustration effects may be induced by the
lattice geometry and/or by random ferromagnetic and
antiferromagnetic interactions. In Rydberg-atom plat-

forms, the interatomic couplings are always antiferro-
magnetic. On the other hand, the atomic layout is es-
sentially arbitrary [46-48|, which in turn allows some
randomization of the couplings, since these depend on
the interatomic distances [49]. This flexibility has been
exploited to address combinatorial optimization prob-
lems [46, 50, 51], machine-learning tasks [52-54], and
topological phases [55, 56]. As recently shown [57], amor-
phous solids can also be realized, namely, configurations
exhibiting well-defined short-range structural order in the
absence of long-range positional or orientational order.
However, the phase diagram of quantum Ising models
with positionally disordered couplings remains largely
unexplored, and it is unclear whether antiferromagnetic
couplings alone are sufficient to induce spin-glass phases.

In this paper, we employ unbiased quantum Monte
Carlo (QMC) simulations to investigate the ground-state
properties of quantum Ising models defined on amor-
phous arrays. On the one hand, the coordination number
and the preferred bond angles are set to mimic those of
the periodic kagome lattice, as shown in Fig. 1. On the
other hand, the interactions are antiferromagnetic and
decay with the sixth power of the distance, as in Rydberg-
atom experiments. This setup is intended to combine the
frustration effects occurring in the kagome lattice with
positional disorder of the couplings. We determine the
static magnetic structure factor and the replica-overlap
Edwards-Anderson (EA) order parameter. The latter is
suitable for identifying spin-glass phases, and we indeed
find clear indications of a quantum phase transition from
a paramagnetic to a spin-glass phase. The critical trans-
verse field is determined via a finite-size scaling anal-
ysis. The magnetic structure factor indicates that, in
the spin-glass regime, the antiferromagnetic correlations
are short-ranged and isotropic, denoting the absence of
spatial ordering. We also analyze the spin-overlap distri-
bution for the feasible sizes. To highlight the role of the
amorphous structure, we make a comparison with results
corresponding to the periodic kagome lattice.
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FIG. 1. Panels (a) and (b): representation of a 2D amorphous
array (a) and of the kagome lattice (b). Segments connect
nearest-neighbor atoms. Panel (c): probability distribution
of bond-angle 6 in the amorphous arrays. The vertical lines
denote the angles of the kagome lattice (continuous lines) and
of the square lattice (dashed line), with periodic boundary
conditions.

Models and methods. We simulate a 2D transverse field
Ising Hamiltonian, which reads

N
H:ZJijUfJ]Z-—FZUf. (1)
i=1

1<j

Here, of*, for o = x, 2, are usual Pauli operators act-
ing on the spin ¢ = 1,..., N at position r;. T' is the
uniform transverse magnetic field, and the couplings J;;
follow a power-low decay with respect to the distance:
Jij = Jo/|ri — |5, Jo is set as the energy unit. These
parameters describe the Ising model that can be imple-
mented in neutral atom quantum simulators. Notice
that, to fulfill the Zs symmetry of the above Hamilto-
nian, local addressing of the detuning is required to com-
pensate longitudinal terms [58, 59]. Although not trivial,
considering the most recent experimental developments,
this compensation is feasible [60-62].

The amorphous configurations (r1,...,ry) are created
starting from the algorithm described in Ref. [57]. An ex-
emplary array is visualized in Fig. 1, panel (a). In short,
the algorithm allows us to control the coordination num-
ber C, defined as the average number of atoms closer
than the first minimum of the pair correlation function.
Here, we set C' ~ 4, which corresponds to either (clean)
kagome or square lattices. In fact, an appropriate choice
of the kernel function favors the former. More details are
provided in the Supplemental Material [63]. Indeed, the
bond-angle distribution displays sizable broad peaks at
the angles corresponding to the kagome lattice, namely
6 = 7/3 and 0 = 27/3, and essentially no weight at the
angle § = 7/2 occurring in the square lattice (see panel
(c) of Fig 1). The average nearest-neighbor distance is
1.062(2)u, where u is the length unit shown in Fig. 1.
To favor future studies, the amorphous arrays employed

in this Article are provided via the public repository at
Ref. [64]. To highlight the role of the lack of long-range
structural order, below we also discuss the QMC results
for the clean kagome lattice with periodic boundary con-
ditions and nearest-neighbor distance u.

FIG. 2. Panels (a) and (b): magnetic structure factor S(k)
versus k; and ky, with k = (ks, ky), for (ensemble-averaged)
amorphous arrays (a) and for the periodic kagome lattice (b).
In panel (b), the (white) hexagons represent the Brillouin
zones.

The ground state of the Hamiltonian (1) is simulated
using the continuous-time projection QMC algorithm de-
tailed in Refs. [65—67]. It is verified that the possible
systematic bias due to the population control [68-70]
is below statistical uncertainties and the pure estima-
tors are obtained via the standard forward-walking tech-
nique [71]. The guiding wave function is a neural net-
work state in the form of a restricted Boltzmann ma-
chine [72], which is trained using the self-learning proto-
col of Ref. [73]. A relevant benefit of this QMC method is
the absence of imaginary time discretization errors. On
the other hand, finite-temperature path-integral Monte
Carlo simulations with discrete imaginary time would
probably allow reaching larger sizes than those consid-
ered below [74-76]. However, these simulations are per-
formed at a finite temperature and thus need a two-
parameter scaling ansatz or a rescaling criterion in the
analysis of zero-temperature phase transitions via finite-
size scaling. In general, QMC algorithms allow simulat-
ing power-law interactions without the truncations usu-
ally implemented in relevant alternative computational
methods based on tensor-network methods [77]. A vi-
able QMC algorithm might also be the stochastic series
expansion method [78, 79]. For the amorphous arrays,
open boundary simulations are performed, while for the
kagome lattice we implement periodic boundary condi-
tions and account also for the first periodic images be-
yond the fundamental simulation cell, given that the cou-
plings with further-apart images are negligible.

Magnetic structure factor. The first observable we
analyze is the static magnetic structure factor, de-
fined as S(k) = (S*(k)S*(—k)), where S*(k) =
N=1/2%" o7 exp (ik - r;), which is suitable to identify
(possibly long range) magnetic correlations both in pe-
riodic and nonperiodic systems. For the amorphous ar-
rays, the ensemble-average — denoted with [S(k)] — is
determined considering N, = 30 realizations. The re-
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FIG. 3. Main panel: rescaled (disordered averaged) EA order
parameter [<q2>] L% as a function of the transverse field T.
Different datasets correspond to different system sizes. Inset:
universal collapse of [(¢°)] L@ plotted as a function of the
transverse field (I' — ;) LYY, The critical parameters I,
1/v, and b, are obtained by optimizing the data collapse [80],
excluding the data shown as empty symbols.

sults at transverse field I' = 0.737 display a broad circu-
lar hill, corresponding to isotropic magnetic correlations
(see Fig. 2). The peak height does not scale with the
system size (see Supplemental Material [63]), meaning
that these correlations decay with distance. In the pe-
riodic kagome lattice, we again find a broad continuum,
but this follows the hexagonal structure of the Brillouin
zones. Notice that also in this case the correlations have a
short-range character, pointing to a paramagnetic ground
state, as found in previous studies addressing kagome
Ising models with nearest-neighbor antiferromagnetic in-
teractions [81, 82]. As discussed below, the system with
I' = 0.737 is in the spin-glass regime.

Replica-overlap Edwards-Anderson order parameter.
To identify the spin-glass phase, we analyze the (mean
squared) EA order parameter (¢*), which can be evalu-
ated without systematic bias considering the overlap op-
erator § between two identical replicas of the system [83];
G is defined as

1
q= N Zlag,iag,i' (2)

Here, the subscripts a and b denote the two replicas,
which are simulated within the projection QMC al-
gorithm by evolving a two-fold replicated Hamiltonian
Hy = H, + Hy [84], where H,;, are defined as in
Eq. (1) with Pauli matrices o, ;. The ensemble aver-

age [<QZ>] is performed over N, € [100 : 200] amorphous
arrays. Close to the critical point I';, one assumes the
following scaling Ansatz with a critical exponent b, [76]:
[(§%)] L% = f (z), where f(z) is a universal function of

Couplings 1/v bq I'. Ref.
50% 1 | 1.02(16) | 1.76(3) | 2.11(1) | [70]
50% 41 [0.71(24)(9)[1.73(8)(8)| 2.18(1) [74]
N(0,1) | 1.11(22) | 1.68(8) | 1.98(7) [84]

o 1/r° 1.22(45) | 1.63(12) |0.864(33)|This work

TABLE I. Critical exponents v and b, and transition point I'.
for different choices of random couplings J;;, namely, binary
random values (50% =+1) and Gaussian values A(0,1) on the
square lattice, and the positional disorder decaying as o 1/1"6
considered in this Article. Numbers in parentheses denote the
errorbar. Where two numbers are given, the first denotes the
statistical uncertainty, the second the systematic effects.

the reduced transverse field 2 = (I' — I'.)L'/" and v is
the correlation-length critical exponent. The linear size
is defined as L = v/N. The critical parameters are ob-
tained by optimizing the data collapse using the software
available from Refs. [80, 85], which minimizes deviations
from a self-consistently derived master curve [86]. Re-
stricting the scaling analysis to |z| < 1.34, we obtain
the following estimates: I'. = 0.864(33), b, = 1.63(12),
and 1/v = 1.22(45). Smaller fitting windows provide
comparable estimates. We empirically observe that the
universal critical parameters b, and v turn out to be con-
sistent with recent estimates for the 2D quantum EA
Hamiltonian on the square lattice with binary or Gaus-
sian random couplings [74, 76, 84], within the statistical
errorbars. The comparison is detailed in Table I. This
consistency might be attributed to the short-range char-
acter of the »—8 power-law interaction and the presence
of only short-range statistical correlations in the position-
ally randomized couplings, possibly leading to the same
universality class of the 2D quantum EA model. Taking
into account the relatively large uncertainty, our estimate
of 1/v is also consistent with the bound 1/v < D/2 [87].
Note that, due to finite-size corrections to the universal
scaling ansatz, this estimate was found to slightly de-
crease when the smallest system sizes were not included
in the scaling analysis [74]. This effect cannot be dis-
cerned here because of the large statistical uncertainty
and the limited largest sizes. In fact, large-scale QMC
simulations performed well within the spin-glass phase
are computationally demanding due to the slow stochas-
tic dynamics. On the other hand, the comparison of the
parameter b, with previous results from the literature is
more stringent. As already noted [74], the values ob-
tained for b, denote a very slow divergence of the spin-
glass susceptibility xsa = [<qA2>} L? at the critical point.

Replica overlap distribution. To shed some light on the
nature of the spin-glass phase of the amorphous arrays,
we analyze the distribution of the ensemble-averaged
replica spin-overlap P(q) = [P;(¢)] at I’ = 0.67; for
a single realization, this distribution is computed as:
Pj(q) = (6(¢ — ¢)). Simulations of P(q) are often used
to assess the applicability of any of the most prominent
theories of the spin-glass phase, in particular the droplet-
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FIG. 4. Distribution of the replica spin-overlap distribution
P(q) for the (ensemble averaged) amorphous arrays (left ver-
tical axis) and for the kagome lattice (right vertical axis).
Different datasets correspond to different sizes L. The trans-
verse field is I' = 0.67 < ..

picture or the RSB scenario [88, 89]. While the first the-
ory predicts two d-function peaks in the thermodynamic
limit, the latter predicts a nontrivial distribution with a
sizable weight at ¢ = 0. Our QMC results at I' = 0.67 are
shown in Fig. 4. For the feasible sizes, we find a distribu-
tion with two (symmetry related) broad peaks and sizable
values of P(q = 0). Yet, approaching the thermodynamic
limit . — oo is notoriously problematic and, given the
limited system sizes we address, it is not possible to per-
form a reliable extrapolation [90-92]. Furthermore, while
for the smaller sizes essentially all realizations satisfy the
expected symmetry Pj;(q) = Pj(—q), with the largest
size L = 80 some realizations break the symmetry for the
feasible simulation time, leading to a small asymmetry of
P(q). It is worth comparing the replica overlap distribu-
tion of amorphous arrays with the one corresponding to
the periodic kagome lattice at the same transverse field.
In the latter case, we find a narrow single-peak distribu-
tion that shrinks in the thermodynamic limit. Further-
more, the spin-glass susceptibility does not increase with
system size, at least in the range I' € [0.67,1.34] [63].
This highlights the important role of the absence of long-
range structural order of the optical tweezers, compared
to a periodic lattice with similar local structural proper-
ties.

Summary. We have investigated the ground-state
properties of quantum Ising models with positional disor-
der using unbiased neural QMC simulations. The Hamil-
tonian was designed to describe Rydberg atoms arranged
in 2D amorphous arrays, whose local structural proper-
ties mimic those of kagome lattices. Notably, the finite-
size scaling analysis of the EA order parameter revealed
the occurrence of a quantum phase transition from a
paramagnetic to a spin-glass phase. The critical expo-
nents turned out to be consistent, within the statistical
uncertainties, with those corresponding to the 2D EA

model with transverse field. By contrast, the results cor-
responding to the periodic kagome lattice display no hint
of glassy behavior. This highlights the important role
of the aperiodic structure of the amorphous arrays and
suggests that frustration effects in clean periodic systems
are not sufficient to induce a spin-glass phase. Both the
amorphous and the kagome setups host short-range anti-
ferromagnetic correlations. However, these are isotropic
in the former case, whereas they display a six-fold ori-
entational symmetry in the latter. Notably, the ground
state of the kagome lattice is paramagnetic in the ex-
plored parameter regime.

Outlook. Our results indicate that positionally dis-
torted antiferromagnetic interactions can give rise to a
spin-glass quantum phase transition. This finding opens
a promising pathway to experimentally observe this phe-
nomenon in Rydberg-atom platforms, which would allow
addressing outstanding open problems on the nature of
the spin-glass phase via quantum simulations. As next
steps, it would be interesting to explore if and how spin-
glass behavior occurs in Hamiltonians without local de-
tuning compensations and how the spin-glass phase could
be prepared using quantum annealing protocols. The
former issue is related to the possible existence of the
quantum Almeida-Thouless line [13, 14], i.e, to whether
RSB occurs also in the presence of longitudinal fields, or
whether, instead, a paramagnetic or a replica-symmetric
spin-glass phase forms. The most recent studies on the
quantum Sherrington-Kirkpatrick model found that RSB
occurs also at finite longitudinal fields [13, 93], although
the spin-glass transition might be broadened [16]. Little
is known about finite-dimensional lattices —let alone re-
alistic Rydberg Hamiltonians — and addressing this issue
lies beyond the scope of this initial study. Temperature
effects are also worth studying. It is known that, in the
case of power-law decaying random interactions on pe-
riodic lattices, the classical spin-glass phase transition
might occur at finite or zero temperature depending on
the power [94-96]; on the other hand, the case of finite-
temperature amorphous arrays has not been studied.
Anyway, the 2D quantum phase transition has strong
effects in the critical dynamics [76], meaning that spin-
glass phenomena are anyway expected also at finite tem-
perature. The possible connection between the spin-glass
and the many-body localization transitions is also worth
investigating [97-99], and this would probably require
entering the small transverse field regime. The spin-
glass phase could also be characterized using entangle-
ment measures [100-102]. Paradigmatic spin-glass mod-
els can also be implemented in quantum annealers built
with superconducting-flux qubits [76], but these devices
do not allow readout at finite transverse fields, except in-
directly via anneal-pause protocols [82]. Trapped ions are
promising alternative platforms. Many-body localization
has already been observed in a chain of ten ions [103].
Yet, ion traps are still limited to one-dimensional geome-
tries and fewer spins, although small 2D crystals have
recently been implemented [104]. On the other hand, 2D



arrays of several thousands of neutral atoms have already
been realized [105, 106]. Future studies could address
other types of positional disorder, other forms of corre-
lated aperiodic couplings, e.g., quasi-crystals featuring
long-range orientational order, randomly distorted frus-
trated lattices, or longer-range interactions relevant for
trapped ions [107].
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