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LORENTZIAN MANIFOLDS WITH SHEARFREE CONGRUENCES

AND KÄHLER-SASAKI GEOMETRY

DMITRI ALEKSEEVSKY, MASOUD GANJI, GERD SCHMALZ, ANDREA SPIRO

Dedicated to the memory of Alexandre Mikhailovich Vinogradov

Abstract. We study Lorentzian manifolds (M, g) of dimension n ≥ 4, equipped with a
maximally twisting shearfree null vector field p, for which the leaf space S = M/{exp tp}
is a smooth manifold. If n = 2k, the quotient S = M/{exp tp} is naturally equipped with
a subconformal structure of contact type and, in the most interesting cases, it is a regular
Sasaki manifold projecting onto a quantisable Kähler manifold of real dimension 2k − 2.
Going backwards through this line of ideas, for any quantisable Kähler manifold with
associated Sasaki manifold S, we give the local description of all Lorentzian metrics g on
the total spaces M of A-bundles π : M → S, A = S1,R, such that the generator of the
group action is a maximally twisting shearfree g-null vector field p. We also prove that on
any such Lorentzian manifold (M, g) there exists a non-trivial generalized electromagnetic
plane wave having p as propagating direction field, a result that can be considered as a
generalization of the classical 4-dimensional Robinson Theorem. We finally construct a
2-parametric family of Einstein metrics on a trivial bundle M = R×S for any prescribed
value of the Einstein constant. If dimM = 4, the Ricci flat metrics obtained in this way
are the well-known Taub-NUT metrics.

1. Introduction

In this paper we study Lorentzian manifolds (M,g) of dimension n ≥ 4, equipped with
a maximally twisting shearfree null vector field p, for which the leaf space S =M/{exp tp}
is a smooth manifold and π :M → S is a principal bundle with one-dimensional structure
group A = exp(tp) isomorphic to R or S1. In case n = 2k, the quotient S = M/A is
odd-dimensional and naturally equipped with a contact distribution with a subconformal
structure. In the most interesting situations, such subconformal structure comes from
a regular Sasaki structure on S and the manifold S is the total space of an A′-bundle
π′ : S → N , A′ = R, S1, over a quantisable Kähler manifold N . Our main results concern
such Lorentzian manifolds fibering over regular Sasaki manifolds. More precisely, for any
given quantisable Kähler manifold N with associated Sasaki bundle π′ : S → N , we give
the local description of the Lorentzian metrics g on the principle A-bundles π : M → S
over S, for which the generator p of the A-action is a maximally twisting shearfree g-
null vector field. We also prove a generalization of the classical 4-dimensional Robinson
Theorem, namely for any such Lorentzian manifold we prove the existence of a non-trivial
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generalized electromagnetic plane wave, having p as the propagating direction field of the
wave. We finally construct a 2-parametric family of Einstein metrics on any trivial bundle
of the form M = R × S for any prescribed value of the Einstein constant. If dimM = 4,
the Ricci flat metrics obtained in this way are the well-known Taub-NUT metrics.

Let (M,g) be a 4-dimensional Lorentzian space-time and F a 2-form representing an
electromagnetic plane wave, i. e. an harmonic decomposable 2-form F = ϑ∧e∗, determined
by a null 1-form ϑ and a g-orthogonal space-like 1-form e∗. Any such electromagnetic field
is associated with a flag structure, namely the pair of nested distributions K ⊂W, given by
the spaces Kx = kerFx ∩ ker(∗F )x and Wx = kerϑx, respectively. These distribution have
the following physical interpretations: K is the null 1-dimensional distribution giving the
propagating directions of the wave and W is the codimension one distribution generated by
the wave fronts and the propagating directions. Note that a nested pairK ⊂W, withK null
and 1-dimensional and W of codimension one, is the flag structure of an electromagnetic
plane wav e only if the integral lines of K constitute a geodesic shearfree congruence, that
is a family of curves γ(t) tangent to K and such that

Lγ̇W ⊂W and Lγ̇g = fg + ϑ ∨ η with ϑ := g(γ̇, ·)
for some function f and a 1-form η. This fact has a famous converse, the Robinson Theorem
([11,22]): any geodesic shearfree congruence of a real analytic Lorentzian 4-manifold (M,g)
locally coincides with the family of propagation lines of a non-trivial electromagnetic plane
wave.

An analogue of Robinson Theorem holds for a large class of Lorentzian manifolds (M,g)
of higher even dimension 2k > 4, provided that the classical notion of electromagnetic plane
wave is extended as in the following definition, inspired by Trautman’s discussion in [30].
A generalised electromagnetic plane wave on (M,k) is a harmonic k-form F = ϑ∧α, which
is the wedge product of a null 1-form ϑ and a (k − 1)-form α with the property that the
null vectors in W = kerϑ are also in kerα. Any such generalised plane wave determines a
flag structure, namely the pair (K := kerF ∩ker(∗F ),W := kerϑ). As in the 4-dimensional
case, a nested pair K ⊂W of distributions might occur as a flag structure of a generalised
electromagnetic plane wave only if it satisfies certain conditions. These constraints are
satisfied if the distributionsK andW are determined by some geodesic shearfree congruence
on (M,g). Furthermore, an analogue of Robinson Theorem for generalised electromagnetic
plane waves holds on any even dimensional Lorentzian manifolds of Käher-Sasaki type, a
very large class of space-times which we present below.

These facts, together with their tight relations with sub-Riemannian, CR and Kähler ge-
ometries discussed further in this paper, motivate our interest for the Lorentzian manifolds
equipped with (geodesic) shearfree congruences. We call them shearfree Lorentzian mani-
folds. Such manifolds are particularly relevant also because they provide a large family of
examples of null G-structures, a class of structures on space-times that has recently received
attention in the context of string andM -theory (see [21] and references therein). Note also
that the properties of electromagnetic plane waves and the Robinson Theorem in higher
dimension has recently been object of intensive investigations (see e.g. [6, 7, 15–20,26]).
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In this paper we focus on a particular class of shearfree Lorentzian manifolds, the regular
ones. They are manifolds on which the shearfree congruence consists of the orbits of a one-
dimensional group A = R or S1 acting freely and properly. For the manifolds of this
kind, the orbit space S = M/A is a smooth manifold, which is naturally equipped with
a subconformal structure (D, [h]), i.e. a pair given by a codimension one distribution
D ⊂ TS and a positive definite conformal metric [h] on such distribution. If in addition M
is even dimensional and the shearfree congruence satisfies the so-called twisting condition,
the distribution D is contact and the subconformal structure is canonically associated with
a field of complex structures Jx : Dx → Dx, x ∈ M , that makes the triple (S,D, J) a
strongly pseudoconvex almost CR manifold.

The geometry of the orbit space S =M/A of the regular shearfree Lorentzian manifolds
is reacher and more interesting in case the CR structure (D, J) on S is integrable (that
is, with identically vanishing Nijenhuis tensor) and there is a free proper action of a one-
dimensional group A′ of diffeomorphisms preserving (D, J) and a contact form θ. In fact,
if these additional properties hold, the almost CR manifold (S = M/A,D, J) is a regular
Sasaki manifold and the quotient N = S/A′ = M/(A · A′) is naturally equipped with
a Kähler metric. The regular shearfree Lorentzian manifolds of this kind are called of
Kähler-Sasaki type. This is the type of space-times mentioned above, admitting several non-
trivial generalised electromagnetic plane waves propagating along the lines of the shearfree
congruence.

The first purpose of this paper is to discuss in detail each of the above mentioned rela-
tions between regular shearfree Lorentzian manifolds, strongly pseudoconvex CR manifolds,
Sasaki manifolds and quantisable Kähler manifolds (i.e. Kähler manifolds that can be ob-
tained as quotients of some regular Sasaki manifold). For instance, we fully characterise
not only the subconformal structure (D, [h]) and the almost CR structure (D, J) associ-
ated with a given regular shearfree manifold, but, conversely, also the regular shearfree
structures with a prescribed subconformal structure or almost CR structure on the obit
space. As a by-product, we establish an exact procedure for locally reconstructing all of
the regular shearfree Lorentzian metrics of Kähler-Sasaki type projecting onto a prescribed
quantisable Kähler manifold and we obtain the above mentioned higher dimensional version
of the Robinson Theorem.

The second aim is to show that the proposed construction of regular shearfree Lorentzian
manifolds can be used to describe interesting families of manifolds as, for instance, new
classes of Lorentzian Einstein manifolds.

We prove that, for any choice of a real constant Λ and of a quantisable (n − 2)-
dimensional Kähler-Einstein manifold N with associated Sasaki manifold S, there exists a
two-parameter family of Einstein metrics with Einstein constant Λ that make M = S ×R

a regular shearfree Lorentzian manifold of Kähler-Sasaki type. These metrics are explicitly
given in terms of the Kähler metric of N , the contact form of the associated Sasaki manifold
S and two functions of the fiber coordinate t ∈ R of the trivial bundle M = S × R → S.
These two functions are uniquely determined by the prescribed Einstein constant Λ of the
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metric and two arbitrary real constants B, C with C > 0. We call such metrics of Taub-
NUT type since, for the case N = CP 1 = S2, S = S3 and Λ = 0, the corresponding Ricci
flat metrics are precisely the 4-dimensional Taub-NUT metrics on S3 × R = R4 \ {0}.

We recall that any oriented 2-dimensional Riemannian manifold N is Kähler and that,
if such a surface is compact and with integer volume form, then it is also a quantisable
Kähler manifold. Therefore, for any prescribed real number Λ, our results associate a two-
parameter family of Lorentzian Einstein manifolds (M = R× S, g) with Einstein constant
Λ, admitting electromagnetic plane waves, to any given compact Riemann surface N with
integer volume form.

Shearfree congruences of null geodesics on 4-dimensional space-times have been studied
in the physics literature for a long time. In particular, their relation with the strongly
pseudoconvex CR structure on the 3-dimensional orbit spaces is well known and has been
discussed in various contexts and with diverse approaches. For an interesting and stimu-
lating overview, we refer to [9, 29] and to the extensive references therein. Here we tried
to give a unified and, as much as possible, exhaustive approach to all of the cited relations
between such four types of important geometric structures, the shearfree structures, the
CR structures, the Sasaki structures and the Kähler structures. We discuss them in full
generality, in arbitrary dimension, using a coordinate-free language.

As we mentioned above, the geometry of a shearfree Lorentzian manifold can be con-
sidered as the geometry of a space-time, in which there exists at least one electromagnetic
plane wave. However, as just a quick look at the starry sky tells us, the Universe is per-
vaded by electromagnetic plane waves. This fact together with the Copernican Principle
on the absence of privileged points of the Universe suggests that any Lorentzian manifold
describing a realistic cosmological model should satisfy the following

Copernican Principle of visual connectedness. For any two points x, y ∈M with y
in the null cone of x, there is a geodesic joining x and y which belongs to a null shearfree
congruence.

Maybe a more realistic conjecture is that such Copernican Principle is valid only locally,
for sufficiently closed points x,y. Nonetheless we think that a local version of such principle
is realistic and physically relevant. This also motivates an interesting differential geometric
problem: characterise and possibly classify the Lorentzian manifolds satisfying either the
above principle or one of its local variants. We believe that the results of this paper can
be efficiently used to attack this problem. We plan to address it in a future work.

The paper is structured as follows. In §2, we introduce and study the notion of shearfree
structure, a geometric object which underlies the metric of a shearfree Lorentzian mani-
fold. We then show how to reconstruct all Lorentzian metrics that are compatible with
a given shearfree structure. Note that the classes of Lorentzian metrics compatible with
a fixed underlying shearfree structure are in natural one-to-one correspondence with the
shearfree optical geometries of Robinson and Trautman ([23, 24]). In §3, we introduce the
notion of regular shearfree structures and we prove the one-to-one correspondence between
these structures and the subconformal structures on the orbit spaces. In §4 we study the
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twisting regular shearfree structures and prove that, on a fixed Lorentzian manifold M ,
there is a bijection between this kind of shearfree structures and the strongly pseudocon-
vex almost CR structures on the orbit space equipped with some conformal class of positive
endomorphisms. At the end of this section we introduce the regular shearfree structure
of Kähler-Sasaki type, we study their relations with the quantisable Kähler manifolds and
we prove the advertised generalisation of Robinson Theorem. In §5, we use the previous
results to determine the Einstein Lorentzian metrics of Kähler-Sasaki type associated with
a given Kähler-Einstein manifold and satisfying an appropriate ansatz. In this way we
obtain the new family of Lorentzian Einstein metric mentioned above. In an appendix, we
give the explicit expressions for the Christoffel symbols of a metric of Kähler-Sasaki type
associated with a prescribed quantisable Kähler manifold. Such expressions are the out-
comes of some tedious but very straightforward computations and are essential ingredients
for the construction of the new metrics in §5 and possibly of other types of examples.

Acknowledgments. After completing our paper, we learned that in [8, 27] A. Fino, T.
Leistner and A. Taghavi-Chabert, simultaneously and independently, obtained interesting
results on higher dimensional shearfree congruences and Taub-NUT metrics, which par-
tially overlap with and complement the results of this paper. We are sincerely grateful to
Arman Taghavi-Chabert for bringing this to our attention. We also warmly thank Marcello
Ortaggio and the anonymous referee for useful observations and suggestions.

Notation. The spaces of smooth real functions, vector fields and 1-forms of a n-dimensional
manifold M are denoted by F(M), X(M) and Ω1(M), respectively. Given a tuple of vector
fields X1,X2, . . . ∈ X(M), we indicate by 〈X1,X2, . . .〉 ⊂ TM the distribution which they

generate. Given a non-degenerate metric g, for any X ∈ X(M) we denote X♭ := g(X, ·).
For any pair of 1-forms α, β ∈ Ω1(M), the symbol α ∨ β stands for the symmetric tensor
product α ∨ β := 1

2 (α⊗ β + β ⊗ α). We write X ∈W for any vector field X tangent to a
distribution W ⊂ TM and LXW ⊂W if X preserves W.

2. Shearfree Lorentzian manifolds and shearfree structures

2.1. First definitions. Let p be a null vector field on an n-dimensional Lorentzian man-
ifold (M,g). We associate to p the following objects:

– W := p⊥ is the codimension one distribution orthogonal to p;
– the semipositive degenerate metric h = gW := g|W on W which is induced by g.

A null vector field p is called shearfree if the (local) flow of p preserves the subconformal
structure (W, [h]), that is

LpX ∈W for any X ∈W and Lph = fh for some f ∈ F(M). (2.1)

As the next lemma shows, the condition (2.1) is equivalent to

Lpg = fg + p♭ ∨ η for some function f and a 1-form η . (2.2)

This demonstrates that the shearfree vector fields can be considered as generalisations of
the null conformal vector fields.
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Lemma 2.1. A nowhere vanishing null vector field p satisfies (2.1) if and only if it satisfies
(2.2).

Proof. Assume that p satisfies (2.2). Then for any vector field X ∈W = p⊥

g(p,LpX) = p(g(p,X)) − (Lpg)(p,X) − g([p,p],X) = −fg(p,X)− (p♭ ∨ η)(p,X) = 0 ,

showing that LpX ∈W. From this we also get

Lph = (Lpg)W = fgW + (p♭ ∨ η)W = fh .

Conversely, assume that p is a nowhere vanishing null vector field satisfying (2.1). Then,
around any point xo ∈ M , we may consider a simply connected neighbourhood U and a
vector field q ∈ TU \W|U so that g(p, q) = 1. Let W′ = ker q♭

W
be the kernel of the q♭

in W|U. This determines the following direct sum decompositions of the tangent and the
cotangent bundle of U

TU = 〈p〉+W
′ + 〈q〉 , T ∗

U = 〈q♭〉+W
′∗ + 〈p♭〉 .

These decompositions determine the following direct sum decomposition of the bundle
S2T ∗U of the symmetric square

S2T ∗
U = 〈p♭〉 ∨ 〈p♭〉+ 〈p♭〉 ∨ 〈q♭〉+ 〈q♭〉 ∨ 〈q♭〉+ 〈p♭〉 ∨W

′∗ + 〈q♭〉 ∨W
′∗ +W

′ ∨W
′ .

Note that a symmetric (0, 2) tensor field vanishes identically on any pair of vector fields

in W if and only if it takes values in 〈p♭〉 ∨ 〈p♭〉 + 〈p♭〉 ∨ 〈q♭〉 + 〈p♭〉 ∨W′∗. On the other
hand, by assumption, (Lpg − fg)W|U = Lph− fh = 0. So, by the previous observation, at

the points of U we have that Lpg− fg = p♭ ∨ η for some (uniquely defined) 1-form η. The
uniqueness of η on U implies that (2.2) holds for a unique 1-form η on M .

The conditions (2.1) are mostly motivated by the fact that they correspond to the two
main properties of the propagating direction field [p] of an electromagnetic plane wave in
General Relativity. Indeed, on a 4-dimensional space-time the first condition is equivalent
to the property that p is geodesic, i.e. ∇p = λp for a function λ, and it encodes the fact
that the photons travel along null geodesics. The second condition captures the fact that
the null field property of the electromagnetic plane waves (i.e., in terms of the electric and

magnetic fields,
→
E·

→
H = |

→
E|2 − |

→
H|2 = 0) is preserved along their null propagation rays

([3]). It is also worth mentioning that if dimM = 3 and p is a null vector field satisfying
just the first condition (i.e., it preserves the 2-dimensional distribution W = (p)⊥ ⊃ 〈p〉),
then the shearfree condition Lph = fh, h := gW, is automatically satisfied.

Definition 2.2. A manifold M with a Lorentzian metric g and a shearfree vector field
p is called shearfree Lorentzian manifold. The pair (g,p) is called shearfree pair. The 1-
dimensional foliation ofM , which is determined by the integral curves of the 1-dimensional
distribution 〈p〉, is called shearfree congruence.
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2.2. Equivalent shearfree pairs. Standard and distinguished pairs.

Definition 2.3.

i) Two shearfree pairs of the form (g,p), (g′ = σg,p′ = τp) for some functions σ > 0,
τ 6= 0, are called equivalent. The equivalence class of (g,p) is denoted by ([g], [p]).

ii) A shearfree pair (g,p) with autoparallel vector field p, i.e. such that ∇pp = 0, is
called standard.

iii) A shearfree pair is called distinguished if

Lpg = p♭ ∨ η for some η ∈ Ω1(M) . (2.3)

Proposition 2.4 ([2, 23]). Let (g,p) be a shearfree pair. Then:

(i) p is a geodesic vector field, i.e. ∇pp = λp for some function λ. In other words, the
corresponding shearfree congruence is geodesic.

(ii) Locally any shearfree pair (g,p) is equivalent to a standard pair (g,p′)=(g, τp). It is
also locally equivalent to a standard and distinguished pair (g′,p′) = (σg, τp). Such
equivalent standard and distinguished pair is uniquely determined up to conformal
factors σ, τ that are constant along the p-orbits.

Proof. (i) First of all, we observe that for any g-null vector field V the following identity
holds

g(∇V V,X) = V (g(V,X)) − g(V,∇VX) =

= (LV g)(V,X) + g(V, [V,X]) − g(V,∇VX) = (LV g)(V,X) − g(V,∇XV ) =

= (LV g)(V,X) − X(g(V, V ))

2
= (LV g)(V,X) . (2.4)

Since p is null and shearfree, this implies that for any vector field X

g(∇pp,X) = Lpg(p,X) = fg(p,X)+
1

2
p♭(X)η(p) = (f+

1

2
η(p))g(p,X) = λg(p,X) . (2.5)

From this the claim (i) follows.

(ii) Let (g′ := σg,p′ := τp) be a shearfree pair which is equivalent to (g,p) and denote
by ∇, ∇′ the Levi-Civita connections of g and g′ = σg, respectively. Let also p♭ := g(p, ·)
and p′♭ := g′(p′, ·). By Koszul’s formula, for any X ∈ X(M)

g′(∇pp,X) = p(g′(X,p))− g′([p,X],p) =

= (p(σ))p♭(X) + σ
(
p(p♭(X)) − p♭([p,X])

)
= (p(σ))p♭(X) + σ(Lpp

♭)(X)
(2.2)
=

=

(
p(σ) + σf +

1

2
ση(p)

)
p♭(X)

for some function f and a 1-form η. Hence ∇pp =
(
p(σ) + σ(f + 1

2η(p))
)
p and

∇p′p
′ = τp(τ)p + τ2∇pp = τ

(
p(τ) + τ(p(σ) + σf) +

1

2
στη(p)

)
p. (2.6)
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On the other hand, Lp′g = τLpg − 2p♭ ∨ dτ = τfg + p♭ ∨ (τη − 2dτ) and

Lp′g′ = p′(σ)g + σLp′g = τ (p(σ) + σf) g + p♭ ∨ (στη − 2σdτ) . (2.7)

From (2.6) and (2.7), the local existence of a τ and a σ so that (g′,p′) is standard and/or
distinguished is a consequence of the existence of local solutions to the system of differential
equations

p(σ) = −σf , p(τ) = −1

2
στη(p) . (2.8)

This proves that any shearfree pair is locally equivalent to a standard and distinguished
pair. We leave to the reader the checking of the last claim on uniqueness.

2.3. The shearfree structure of a shearfree Lorentzian manifold. We now introduce
a geometric object that characterises the shearfree Lorentzian manifolds. For this, we
observe that an equivalence class ([g], [p]) of shearfree pairs determines the codimension

one distribution W = ker p♭ and the degenerate conformal metric [h] = [gW] on W, that is
the conformal class of the semipositive degenerate metrics induced by g. The kernel of such
conformal metric is ker[h] = 〈p〉 and the conformal metric [h] induces a positive definite
conformal metric on the so-called screen bundle W/〈p〉 (see [23]). This motivates our

Definition 2.5. Let M be an n-dimensional manifold and (W, [h]) a pair given by a
codimension one distributionW ⊂ TM and a conformal class [h] of semipositive degenerate
Riemannian metrics on W with one dimensional kernel Kh = kerh ⊂W.

(i) The pair (W, [h]) is called shearfree structure if it is preserved by one (hence each)
vector field p in Kh, that is

LpW ⊂W and Lp[h] = [h] . (2.9)

Note that the pair (W, [h]) = (ker p♭, [gW]) determined by an equivalence class ([g], [p])
of shearfree pairs is a shearfree structure.

(ii) A shearfree pair (g,p) is called compatible with a shearfree structure (W, [h]) if ker p♭ =
W and [gW]) = [h]. In this case g is called a compatible metric of the shearfree structure.

In other words, we may say that a shearfree structure is a semipositive degenerate
conformal metric [h] on a codimension one distribution W satisfying the following two
conditions: (a) the kernel Kh = ker h is one-dimensional and (b) W is invariant under any
vector field p ∈ Kh.

2.4. Shearfree structures and optical geometries. The notions of shearfree structures
and compatible metrics are tightly related with the optical geometries of Robinson and
Trautman ([24]). We recall that an optical geometry on a manifoldM is a triple (W,K, {g})
given by

• a codimension one distribution W ⊂ TM ;
• a one-dimensional subdistribution K ⊂W;
• an equivalence class {g} of Lorentzian metrics onM satisfying the following conditions:

– for any g ∈ {g}, one has g(p,W) = 0 for any vector field p ∈ K;
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– any two metrics g, g′ ∈ {g} are related by g′ = σg+α∨β for some positive function
σ :M → R and 1-forms α, β with α 6= 0 and α|W = 0.

Now, any shearfree optical geometry (W,K, {g}) (i.e. any optical geometry admitting
a shearfree vector field p ∈ K) determines an associated shearfree structure, namely the
pair (W, [h] = [gW]), g ∈ {g}). In this case, the class {g} consists of all of the compatible
metrics of such shearfree structure. Conversely, any shearfree structure (W, [h]) determines
the shearfree optical geometry (W,K = Kh, {g}) with class {g} given by the compatible
metrics of the shearfree structure.

2.5. Reconstructions of shearfree optical geometries from shearfree structures.

We now focus on the problem of reconstructing a shearfree optical geometry (W,K, {g})
starting from the associated shearfree structure (W, [h]), that is of determining all shearfree
metrics and shearfree pairs that are compatible with such shearfree structure.

Given a codimension one distribution W ⊂ TM , a 1-form ϑ such that ker ϑ = W is
called a defining 1-form for W. Note that, for any vector field q which is transversal to W,
there is a unique defining 1-form ϑ such that ϑ(q) = 1.

Definition 2.6. Let (W, [h]) be a shearfree structure on a manifoldM andKh = kerh ⊂W

the corresponding one-dimensional kernel subdistribution. A rigging for (W, [h]) is a pair
(W′, q) given by a subdistribution W′ ⊂ W, which is complementary to Kh in W, and a
vector field q which is transversal to W.

Notice that any pair given by a rigging (W′, q) and a vector field p ∈ Kh determines a
direct sum decomposition

TM = Kh +W
′ + 〈q〉

and two 1-forms p∗, q∗ satisfying the conditions

p∗(p) = 1 , ker p∗ = W
′ + 〈q〉 and q∗(q) = 1 , ker q∗ = W

′ + 〈p〉 = W . (2.10)

Note also that q∗ coincides with the defining 1-form ϑ = q∗ for W with ϑ(q) = 1 and it is
thus uniquely determined by W and q.

With a rigging (W′, q) and a degenerate metric h ∈ [h] we associate the unique Lorentzian
metric g that satisfies the conditions g(p, q) = 1, gW = h, g(p,p) = g(q, q) = 0 and
W′ = 〈p, q〉⊥. This metric is

g = h+ 2q∗ ∨ p∗ = h+ 2ϑ ∨ p∗ , (2.11)

where h is considered as a degenerate metric on TM with kernel kerh = Kh + 〈q〉.
These observations yield the following theorem, which gives a complete description of

all optical geometries that are associated with a shearfree structure.

Theorem 2.7. Let (W, [h]) be a shearfree structure on M .

(1) For any triple (h,p, (W′, q)) formed by
(a) a degenerate metric h ∈ [h],
(b) a nowhere vanishing vector field p ∈ Kh and
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(c) a rigging (W′, q),
the corresponding metric (2.11) together with the vector field p gives a shearfree pair
(g,p) which is compatible with (W, [h]).

(2) Conversely, if (g,p) is a compatible shearfree pair for (W, [h]), then locally there is
a rigging (W′, q) such that g is the metric (2.11) determined by some triple (h =
gW,p, (W

′, q)). Such a rigging can be determined in two different ways:
(a) either by choosing a subdistribution W′ ⊂ W which is complementary to K and

setting q to be the vector field with g(q,W′ + 〈q〉) = 0 and g(q,p) = 1
(b) or by choosing a vector field q which is transversal to W and setting W′ = 〈p, q〉⊥.

Proof. (1) By construction, the vector field p is a nowhere vanishing null vector field of g

with ker p♭ = W. Moreover, gW = h and p ∈ Kh = kerh. Since (W, [h]) satisfies (2.9) for
any vector field in Kh, it follows that p is shearfree for g.

(2) Let (g,p) be a compatible pair for (W, [h]), i.e. such that ker p♭ = W, gW ∈ [h] and
p ∈ Kh. Then, for any vector field q such that g(p, q) = 1, the corresponding codimension
two distributionW′ = 〈p, q〉⊥ defines a rigging (W′, q) for ([h],W) and the associated metric
g has the form (2.11). The same holds for any choice of a subdistributionW′ ⊂W, which is
complementary to 〈p〉, and the vector field characterised by the conditions g(q,W′+〈q〉) = 0
and g(q,p) = 1.

The following corollary shows that the collection of all compatible metrics for a given
shearfree structure are locally parametrised by the pairs formed by a positive function σ
and a 1-form ̟ which does not vanish on the distribution Kh.

Corollary 2.8. Let (W, [h]) be a shearfree structure on M and (go,po) be a compatible
shearfree pair, hence of the form

go = ho + 2q∗o ∨ p∗o , (2.12)

where q∗o and p∗o are the 1-forms determined by a triple (ho,po, (W
′
o, qo)) as in Theorem

2.7, and ho ∈ [h] is considered as a degenerate metric on TM with kerho = 〈po, qo〉. Then
any other compatible metric g has locally the form

g = σho + 2q∗o ∨̟ = σho + 2p♭o ∨̟ with p♭o = go(po, ·) = q∗o (2.13)

for some positive function s > 0 and a 1-form ̟ with ̟(po) 6= 0.

Proof. By Theorem 2.7, if g is a compatible metric, then there is a triple (h,po, (W
′, q)),

with h = σho ∈ [h], such that g has the form g = σh̃o + q∗ ∨ p̃∗o, where:

– h̃o is the extension of ho as a degenerate metric on TM with ker h̃o = 〈po, q〉 and
– q∗ and p̃∗o are the 1-forms defined by

p̃∗o(po) = 1 , ker p∗o = W
′ + 〈q〉 and q∗(q) = 1 , ker q∗ = W

′ + 〈po〉 = W .

It follows that

(a) there exists a function λ such that q∗ = λq∗o;

(b) 〈po〉 ⊂ ker(h̃o − ho) and hence h̃o − ho = 2q∗o ∨̟1 for some 1-form ̟1.
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Therefore g = σho + 2q∗o ∨̟ with ̟ = ̟1 + λp̃∗o and (2.13) holds.
Conversely, if g has the form (2.13), then it is a Lorentzian metric for which po is a null

vector field, p⊥o = W and po is a shearfree vector field preserving the shearfree structure
(W, [ho]). This means that g is a compatible metric.

We conclude this section by giving a local explicit description of the compatible met-
rics for a given shearfree structure (W, [h]) in terms of some frame field aligned with the
distributions W and Kh ⊂W.

Let go be a compatible metric for the shearfree structure (W, [h]) and let (ho,po, (W
′, qo))

be a triple, formed by a degenerate metric ho ∈ [h], a vector field po ∈ Kh and a rigging
(W′

o, qo), which determines g as in (2) of Theorem 2.7. Consider also a (local) frame field
on M of the form (po, e1, . . . , en−2, qo) where the vector fields ei are in the subdistribution
W′

o ⊂ W. We denote by (p∗o, e
1, . . . , en−2, q∗o) the dual coframe field. Any other rigging

(W′, q) for the shearfree structure (W, [h]) has the form

q := aqo + bpo + ciei , W
′ = 〈ei + dipo〉 (2.14)

where a, b, ci, dj are smooth functions with a 6= 0 at all points. However, since by claim (2a)
of Theorem 2.7, the subdistribution W′ can be fixed arbitrarily, with no loss of generality
from now on we assume that W′ = W′

o and dj ≡ 0.

The 1-forms p̃∗o and q∗ satisfying the conditions

p̃∗o(po) = 1 , ker p∗o = W
′
o + 〈q〉 and q∗(q) = 1 , ker q∗ = W

′
o + 〈po〉 = W . (2.15)

can be expressed in terms of the coframe field (p∗o, e
i, q∗o) as

p̃∗o = p∗o −
b

a
q∗o , q∗ =

1

a
q∗o . (2.16)

However, for any h = σho ∈ [h], the corresponding degenerate extension to TM with
ker h = 〈po, q〉 is equal to

h = σhije
i ∨ ej − 2

σcihij
a

q∗o ∨ ej +
σhijc

icj

a2
q∗o ∨ q∗o hij := ho(ei, ej) . (2.17)

Since any compatible g is as in (2.11) for some triples (h = σho,po, (W
′, q)), we conclude

that in terms of the coframe field (p∗o, e
i, q∗o) any compatible metric has the form

g = σhije
i ∨ ej + q∗o ∨

(
2

a
p∗o − 2

σcihij
a

ej +
σhijc

icj

a2
q∗o −

2b

a2
q∗o

)
=

= σ
(
hije

i ∨ ej + q∗o ∨
(
αp∗o + γihije

j + βq∗o
))
, (2.18)

where α :=
2

aσ
, γi := −2ci

a
, β := − 2b

a2σ
+
hijc

icj

a2
. (2.19)

This gives a parameterisation of all compatible metrics in terms of the (n + 1)-tuple of
functions (σ, α, β, γi), which are in turn determined by arbitrary functions σ > 0, a 6=
0, b, ci, as it is indicated in (2.19).
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Conversely, any Lorentzian metric of the form (2.18) for some tuple (σ, α, β, γi) with
σ > 0, α 6= 0, is a compatible metric for (W, [h]), since it is associated with the triple
(h = σho,po, (W

′
o, q)), in which the vector field q of the rigging (W′

o, q) is defined by

q = aqo + bpo + ciei

with a :=
2

ασ
, b :=

2

ασ

(
−β +

γℓγmhℓm
4

)
, ci := − γi

ασ
.

(2.20)

2.6. Twisting shearfree structures. Let (W, [h]) be a shearfree structure on M . The
degree at x ∈ M is the integer dx(W) := dimKer dϑ|Wx

for some (hence, for any) defining
1-form ϑ for W. The shearfree structure is said to be of constant degree d if the degree is
equal to d at all points.

Lemma 2.9. For any shearfree structure (W, [h]) with defining 1-form ϑ, the one dimen-
sional distribution Kh is in ker dϑW. In particular, if dimM = 2m, the minimal possible
degree is 1 and in this case Kh = ker dϑ|W. If dimM = 2m+1, the minimal possible degree
is 2.

Proof. Since p ∈ Kh preserves W, we have λθ = Lpϑ = dϑ(p, ·) + d(ϑ(p)) = dϑ(p, ·).
Hence dϑ(p,W) = 0.

Definition 2.10. A shearfree structure (W, [h]) is called twisting if it has constant minimal
degree.

3. Compatible shearfree metrics of Robinson-Trautman bundles

In this section we consider our main objects of interest, the regular shearfree pairs (g,p)
and the associated shearfree structures, which we call Robinson-Trautman structures. Our
aim is to characterise these shearfree structures and the corresponding optical geometries.

3.1. Regular shearfree pairs and Robinson-Trautman structures.

Definition 3.1. A shearfree pair (g,p) on a manifold M is called regular if the vector field
p is complete and generates a 1-parameter group A = etp of diffeomorphisms (isomorphic
to R or S1) acting freely and properly on M .

It is known that in this case the orbit space S = M/A is a smooth manifold and the
quotient map π : M → S = M/A is a smooth principal A-bundle. The corresponding
shearfree structure (W = ker p♭, [h] = [gW]) is A-invariant and the kernel distribution Kh

coincides with the vertical distribution T vM ⊂ TM of the bundle. This motivates the
following

Definition 3.2. A shearfree structure (W, [h]) on the total space of a principal A-bundle
π : M → S, A = R or S1, is called Robinson-Trautman (RT) structure if it is A-invariant
and the kernel distribution is Kh = T vM . A principal A-bundle π :M → S equipped with
an RT-structure (W, [h]) is called Robinson-Trautman (RT) bundle.
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We remark that on an RT bundle (π : M → S, (W, [h])) the fundamental vector field
po which corresponds to the element 1 ∈ Lie(A) = R, that is the velocity vector field
of the 1-dimensional Lie transformation group A = R or S1, gives a canonical section of
Kh = T vM .

3.2. Global standard and distinguished shearfree pairs on RT bundles. The fol-
lowing proposition can be considered as a global version of the claim (ii) of Proposition 2.4
on the RT bundles with structure group R.

Proposition 3.3. On any RT bundle (π : M → S, (W, [h])) with structure group A = R

there exists a global compatible shearfree pair (g,p), which is standard and distinguished,

i.e. with ∇pp = 0 and Lpg = p♭ ∨ η for some globally defined 1-form η.

Proof. Let {Uα} be a trivialising cover of the base manifold S. Then for each Uα we
have that M |Uα

≃ Uα × R and we may consider a shearfree pair (go,po) in which po = ∂t
for an appropriate fiber coordinate t. By the proof of Proposition 2.4, if the Uα are
sufficiently small, for each of them there is a pair (σα, τα) of strictly positive functions that
are solutions to the system (2.8) over M |Uα

= Uα × R. Let {χα} be a partition of unity
which is subordinated to the open cover {Uα} of S and {χ̃α = π∗χα} the corresponding
family of pulled-back functions on M . Notice that each χ̃α is constant along the integral
curves of the vector field pα := σαpo. This implies that the pairs (χ̃α·σα, χ̃α·τα) are
solutions to (2.8). It follows that (σ, τ) := (

∑
α χασα,

∑
α χατα) is a global solution to the

system (2.8) and determines a global standard and distinguished pair (g = σgo, p = τpo).

Remark 3.4. In Proposition 3.3 the assumption A = R is essential. In fact, by considering
appropriate quotients of such an RT bundle, one can produce examples of RT bundles with
structure group A = S1 admitting no global standard or distinguished compatible shearfree
pair.

3.3. RT structures and subconformal structures.

Definition 3.5. A sub-Riemannian (resp. subconformal) structure on a manifold S is a
codimension one distribution D ⊂ TS equipped with a Riemannian metric gD (resp. a
conformal metric [gD]) (1).

The next proposition gives a fundamental relation between the RT structures and the
subconformal structures.

Proposition 3.6. There is a natural one-to-one correspondence between the RT structures
(W, [h]) on the total space of a principal A-bundle π : M → S, A = R or S1, and the
subconformal structures (D, gD) on the base manifold S.

1We do not assume that D is bracket generating, i.e. a contact distribution. The structures with this
additional hypothesis are discussed in §4.1.1 below.
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Proof. Since the codimension one distribution W ⊂ M is A-invariant, it projects onto
a codimension one distribution D := π∗(W) on S. By a similar reason, the degenerate
A-invariant conformal metric [h] on W projects onto a conformal metric [gD] = π∗([h]) on
D. This associates a subconformal structure (D, [gD]) on S with any RT structure on M .
Conversely, given a subconformal structure (D, [gD]) on S. Then:

(a) the preimage W := π−1
∗ (D) is an A-invariant codimension one distribution onM which

contains T vM ;
(b) the pull-back [h] := (π∗)[hD] is an A-invariant degenerate conformal metric on W with

kernel Kh = T vM .

In particular, (W, [h]) is an RT structure on π :M → S.

3.4. A-invariant metrics on RT bundles. Let π : M → S be an RT bundle with
structure group A = R or S1. Denote by (W, [h]) and (D = π∗(W), [gD] = π∗([h])) the
corresponding RT structure and subconformal structure on M and S, respectively. Let
also po ∈ T vM be the fundamental vector of such principal bundle.

Consider a principal connection H ⊂ TM on M , that is an A-invariant (horizontal)
distribution complementary to the vertical distribution T vM ⊂ TM . We recall that:

(a) any vector field Y ∈ X(S) has a unique A-invariant horizontal lift Y h in H ⊂ TM
projecting onto Y ;

(b) since the kernel subdistribution Kh ⊂ W is equal to Kh = T vM , the intersection
W′ = W ∩H is an A-invariant subdistribution complementary to Kh.

It follows that for any vector field Z ∈ X(S) that is transversal to D, the pair (W′=W ∩
H, q=Zh) is an A-invariant rigging for the RT structure (W, [h]). Hence, given a sub-
Riemannian metric gD ∈ [gD] on the distribution D ⊂ TS, the triple (h = π∗(gD),po,
(W′, q = Zh)) is A-invariant and determines an A-invariant compatible metric g by (1) of
Theorem 2.7. This gives the following useful result.

Theorem 3.7. Let π : M → S be an RT bundle with fundamental vector field po, RT
structure (W, [h]) on M and subconformal structure (D, [gD]) on S as above. Any pair
(gD, Z), formed by a sub-Riemannian metric gD ∈ [gD] and a D-transversal vector field
Z ∈ X(S), determines the A-invariant compatible Lorentzian metric on M

g := π∗(gD) + ϑ ∨ p∗o where (3.1)

(a) the tensor π∗(gD) is considered as a degenerate metric on TM with kernel 〈po, Zh〉,
(b) ϑ is the defining 1-form for the distribution W = 〈po〉+W′ such that ϑ(Zh) = 1;
(c) p∗o is the A-invariant defining form of H = W′+ < q > such that p∗o(po) = 1.

The shearfree pair (g,po) is standard and distinguished, actually po is Killing.
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4. Twisting Robinson-Trautman bundles of Kähler-Sasaki type

LetM be the total space of an even dimensional twisting RT bundle (π :M → S, (W, [h]))
with structure group A = R, S1. As we will see, the assumption that the shearfree structure
is twisting is equivalent to the hypothesis that the corresponding subconformal structure
(D = kerϑ, [hD]) on S is of contact type. This subconformal structure canonically deter-
mines a strongly pseudo-convex almost CR structure and, if appropriate regularity condi-
tions are satisfied, such CR structure makes S the total space of an A′-bundle πS : S →M ,
A′ = R or S1, over a quantisable Kähler manifold (N,JN , gN ).

In this section we review the main definitions and certain basic facts on subconformal
structures of contact type, Sasaki manifolds and quantisable Kähler manifolds. After that
we establish in detail the exact relations between the twisting RT bundles and such geo-
metric structures.

4.1. Subconformal structures of contact type and CR structures.

4.1.1. Sub-Riemannian and subconformal structures of contact type.

Definition 4.1. Let S be an odd dimensional manifold.

(i) A codimension one distribution D ⊂ TS on S is called contact if the 2-form ωθ =
dθ|D, where θ is a defining form for D, is non-degenerate. The defining form θ is
called contact form.

(ii) The Reeb vector field Z = Zθ of a contact form θ is the unique vector field satisfying
the conditions

Zy θ = 1, Zy dθ = 0 . (4.1)

A Reeb vector field Z = Zθ determines a direct sum decomposition TS = D+ 〈Z〉 and
preserves θ (indeed, LZθ = d(Zyθ) + Zydθ = 0) and the contact distribution D = ker θ.
The conformal class [θ] of the contact forms of D is globally defined.

Definition 4.2. A sub-Riemannian structure (D, hD) (resp. a subconformal structure
(D, [hD])) is called of contact type if the underlying distribution D is contact.

4.1.2. Almost, partially integrable and integrable CR structures.

Definition 4.3. Let D ⊂ TS be a contact structure on a manifold S and J a complex
structure on D (that is, a field J ∈ Γ(End(D)) of endomorphisms of D with J2 = − IdD).
The pair (D, J) is called almost CR structure. Moreover:

(i) An almost CR structure (D = ker θ, J) is called partially integrable if the associate
2-form hθ = ω(·, J ·), ω = dθ|D, is symmetric. It is called Levi form and its conformal
class [hθ] is globally defined.

(ii) A partially integrable structure (D, J) is called strongly pseudoconvex if the Levi form
hθ is positive (or negative) definite.

(iii) An integrable CR structure (D, J) is a partially integrable CR structure with identically
vanishing Nijenhuis tensor NJ ∈ D∗ ⊗D∗ ⊗D, defined by

NJ(X,Y ) = [X,Y ]− [JX, JY ] + J([JX, Y ] + [X,JY ]) , X, Y ∈ D.
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4.1.3. Correspondence between subconformal and CR structures.

Theorem 4.4 ([2]). Let (S,D = ker θ) be a contact manifold with a globally defined contact
form θ. There exists a one-to-one correspondence between the following two sets.

• The pairs ((D, J), B), in which (D, J) is a strongly pseudoconvex almost CR structure
with positive Levi form hθ > 0, and B ∈ End(D) is a hθ-symmetric and positive definite
field of endomorphisms;
• The sub-Riemannian structures of contact type (D, h).

Such a correspondence is given by

((D, J), B) ←−−→ (D, h := hθ ◦B) . (4.2)

Proof. It suffices to show that the correspondence ((D, J), B) 7→ (D, h := hθ ◦B) has an
inverse. To prove this, let h be a sub-Riemannian metric on D. Denote by K the field of
endomorphisms of D defined by K := h−1◦ω, ω := dθ|D. Note that K is h-skew-symmetric
and, consequently, that −K2 = −K ◦ K > 0 is h-symmetric and positive. Consider the

field of endomorphisms B := (−K2)−
1
2 > 0, i.e. the inverse of the (unique) positive square

root of −K2. Then the field of endomorphisms J := BK is a complex structure on D as
the following calculation shows

J2 = BKBK = (−K2)−
1
2K(−K2)−

1
2K =

(
(−K2)−

1
2

)2
K2 = − IdD . (4.3)

Moreover, since ω = h ◦K and B is h-symmetric, hθ := ω(·, J ·) is symmetric:

hθ(X,Y ) = ω(X,JY ) = ω(J−1Y,X) = h
(
B−1Y,X

)
= h

(
Y,B−1X

)

= −ω
(
Y,K−1B−1X

)
= ω (Y, JX) = hθ(Y,X) . (4.4)

This means that (D, J) is a partially integrable almost CR structure. Since B is positive
and hθ = h ◦ B−1, the almost CR structure (D, J) is strongly pseudoconvex. Hence, the
correspondence (D, h) 7→ ((D, J), B) is the desired inverse map.

By the above proof, the almost CR structure (D, J) depends only on the conformal class
[h] of the sub-Riemannian metric. Hence Theorem 4.4 implies the following corollary.

Corollary 4.5. On a contact manifold (S,D) there is a canonical one-to-one correspon-
dence between the subconformal structures (D, [h]) and the pairs ((D, J), [B]) formed by a
strongly pseudoconvex almost CR structure (D, J) and a conformal class [B] of fields of
D-endomorphisms that are positive definite with respect to the positive Levi forms of (D, J).

4.2. Sasaki and Kähler manifolds associated with Robinson-Trautman bundles.

4.2.1. Regular Sasaki manifolds. Let (D = ker θ, J) be a strongly pseudoconvex integrable
CR structure on a contact manifold (S,D = ker θ) equipped with a fixed contact form θ.
We recall that the Reeb vector field Z = Zθ is transversal to D and preserves θ and D.
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Definition 4.6. The CR manifold (S,D = ker θ, J) is called Sasaki if the Reeb vector field
Z = Zθ preserves J , i.e., LZJ = 0. Such Sasaki manifold is called regular if Z generates a
one-parameter group A = exp(RZ) of diffeomorphisms acting freely and properly on S.

The Sasaki metric of a Sasaki manifold (S,D = ker θ, J) is the Riemannian metric

gθ := θ2 +
1

2
hθ (4.5)

where hθ is considered as a degenerate metric on S with kernel 〈Z〉. Note that the Reeb
vector field Z = Zθ preserves the Sasaki metric gθ.

In the literature a Sasaki manifold is often defined in a different way, namely as a
Riemannian manifold equipped with a unit Killing vector field Z satisfying appropriate
conditions. The following proposition shows that the two definitions are equivalent.

Proposition 4.7. [1] Let (S,D = ker θ, J) be a Sasaki manifold with Reeb vector field
Z = Zθ and Sasaki metric g = gθ. Then Z is a unit Killing vector field for g and the pair
(g, Z) satisfies the relations

θ = g ◦ Z and J = g−1 ◦ dθ|D . (4.6)

Conversely any Riemannian manifold (S, g, Z) with a unit Killing vector field Z such that

(1) θ = g ◦ Z is a contact form;
(2) the pair (D = ker θ, J), with J := (g−1 ◦ dθ)D = ∇gZ|D, is an integrable pseudo-

convex CR structure,

determines the Sasaki manifold (S,D = ker θ, J).

4.2.2. Correspondence between Sasaki manifolds and quantisable Kähler manifolds.

Definition 4.8. A Kähler manifold (N,JN , gN ) is called quantisable if there exists a
principal A-bundle π : S → N , with A = S1 or R, with a connection 1-form θ : TS → R,
whose curvature dθ is equal to the Kähler form ωN = gN (·, JN ·), more precisely dθ = π∗ωN .

For a fixed A = S1 or R, the Kähler manifold (N,JN , gN ) is called A-quantisable if
it satisfies the above condition assuming the group is A. By [1, Prop. 1.2], N is S1-
quantisable if and only if the (Čech) cohomology class [ωN ] ∈ H2(M,R) is integral. It is
R-quantisable if and only if [ωN ] = 0.

In the next theorem we establish a natural correspondence between the regular Sasaki
manifolds and the quantisable Kähler manifolds.

Theorem 4.9. [1] Let (S,D = ker θ, J) be a regular Sasaki manifold with Reeb vector field
Z = Zθ and denote by A = {etZ} ≃ R or S1, the group of diffeomorphisms generated by
Z.

Then π : S → N = S/A is a principal A-bundle and θ is a connection 1-form for
such a bundle. Moreover, the A-invariant complex structure J and the 2-form ω = dθ|D
on D project onto an integrable complex structure JN and a symplectic form ωN on N ,
respectively, such that (N,JN , gN = ωN ◦ J) is a quantisable Kähler manifold.
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Conversely, if (N,JN , gN ) is a quantisable Kähler manifold and π : S → N is a principle
A-bundle with A = R, S1 and a connection 1-form θ such that dθ = π∗ωN , then (S,D =
ker θ, J) is a regular Sasaki manifold.

Proof. We only need to prove the second claim. For this, we observe that the equality
dθ = π∗ωN implies that θ is a contact form, whose associated Reeb vector field Z = Zθ

coincides with the fundamental vector field of the principal bundle. Let J be the field of
endomorphisms of D defined by Ju = (π∗|Du

)−1(JN
π(u)), u ∈ S. Then (D, J) is a Z-invariant

strongly pseudoconvex integrable CR structure and (S,D = ker θ, J) is a regular Sasaki
manifold.

Given a regular Sasaki manifold (S,D = ker θ, J) the associated Kähler manifold is the
quantisable Kähler manifold (N = S/A, JN , gN ) defined in the above theorem.

4.2.3. Twisting RT bundles associated with Sasaki and Kähler manifolds. The following
lemma establishes a fundamental relation between twisting RT structures and the subcon-
formal structures of contact type.

Lemma 4.10. Let (π : M → S, (W, [h])) be an RT bundle of even dimension. The RT
structure (W, [h]) on the bundle π : M → S is twisting if and only if the corresponding
subconformal structure (D, [hD]) on the base manifold S is of contact type.

Proof. Let us denote by θ a defining 1-form for the distribution D = π∗(W) ⊂ TS of the
subconformal structure on S and by ϑ := π∗θ the corresponding defining 1-form for W on
M . The claim follows immediately from the fact that dθ|D is non-degenerate if and only if
dimker dϑ|Wx

= 1 for any x ∈M , i.e. (W, [h]) is twisting.

This lemma and the previous discussion about subconformal structures of contact type
motivates the following

Definition 4.11. Let (π : M → S, (W, [h])) be a twisting RT bundle of even dimension
n = 2k + 2 and (D, [hD]) the corresponding subconformal structure of contact type on S.
Let also ((D, J), [B]) be the pair given by a strongly pseudoconvex almost CR structure and
a conformal class [B] of positive definite endomorphisms, which corresponds to (D, [hD])
by Corollary 4.5. The RT bundle (π :M → S, (W, [h])) is called of Kähler-Sasaki type if:

(a) there exists a global contact form θ for the contact distribution D = ker θ ⊂ TS;
(b) [B] = [IdD], i.e. [h

D] = [hθ] is the conformal class of the positive Levi forms of D;
(c) (S,D = ker θ, J) is a regular Sasaki manifold, i.e. it is principle A-bundle over a

2k-dimensional quantisable Kähler manifold (N,JN , gN ).

The compatible Lorentzian metrics of (M, (W, [h])) are called of Kähler-Sasaki type.
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4.3. Generalised electromagnetic plane waves. Let (M,g) be an orientable Lorentz-
ian manifold with canonical volume form volg. For any 0 ≤ p ≤ n, the usual Hodge-∗
operator ∗ : Ωp(M)→ Ωn−p(M) is defined by

α ∧ ∗β = g(α, β) volg , α ∈ Ωp(M) , β ∈ Ωn−p(M) . (4.7)

As we mentioned in the introduction, if dimM = 4, an electromagnetic plane wave on
(M,g) is a decomposable 2-form F = ϑ ∧ e∗, determined by a null 1-form ϑ and a g-
orthogonal space-like 1-form e∗, which is harmonic, that is such that dF = 0 = d(∗F ).

According to Trautman ([30]), there exist two natural possible ways to generalise the
definition of electromagnetic plane wave for the Lorentzian manifolds of higher dimension
n > 4. The first way is to consider only manifolds of even dimension n = 2k and assume
that a “generalised plane wave” is any harmonic k-form, which is locally of the form F =
ϑ∧e1∧· · · ek−1 for a 1-form ϑ with p := g−1◦ϑ null and {e1, · · · , ek−1} a set of g-orthonormal
linearly independent space-like 1-forms. A second alternatively way (which can be used
for Lorentzian manifold of arbitrary dimensions) is just to use the definition used for the
4-manifolds. However, it seems that in higher dimensions such second definition does no
longer implies that the one-dimensional distribution K = kerF ∩ ker(∗F ) is generated by
a shearfree vector field p ([15]; see also [25] ). We think that either this or some other
property should be included as a part of the definition. It is an issue that we leave to a
future work. Here we follow just the first way of generalising the notion of electromagnetic
plane wave and we adopt the following

Definition 4.12. A generalised electromagnetic plane wave on a Lorentzian manifold
(M,g) of dimension dimM = 2k is a harmonic k-form F , which is a wedge product
F = ϑ ∧ α of a null 1-form ϑ and a (k − 1)-form α with the property that any null vector
of the distribution WF = kerϑ is also in kerα.

Proposition 4.13. Let F = ϑ ∧ α be a generalised electromagnetic plane wave on an
oriented Lorentzian (n = 2k)-manifold (M,g) with n ≥ 4 and WF = kerϑ. Then:

(1) Also the dual k-form ∗F is a generalised electromagnetic plane wave, hence of the
form ∗F = ϑ ∧ β;

(2) Let KF = 〈po〉 where po = g−1 ◦ ϑ. Then KF = kerF ∩ ker(∗F ) and
Lpo

F = 0 and Lpo(∗F ) = 0 . (4.8)

(3) For any vector field p ∈ KF = 〈po〉
Lpϑ = −fϑ and thus LpWF ⊂WF , (4.9)

Lpα = fα+ ϑ ∧ γ , Lpβ = fβ + ϑ ∧ γ′ . (4.10)

where f is a function and γ, γ′ are (k − 2)-forms with KF ⊂ ker γ ∩ ker γ′.

Proof. (1) Since ϑ is null, there exist a null vector field po such that ϑ = p♭o = g(po, ·)
and a null vector field qo such that ϑ(qo) = g(po, qo) = 1. Consider a (local) frame field
(po, e1, . . . , e2k−2, qo) where (e1, . . . , e2k−2) is a g-orthonormal basis for E = 〈po, qo〉⊥ and
let (ϑ′, e1, . . . , ek−2, ϑ) be its dual coframe field. Note that WF = ker ϑ = 〈po, e1, . . . , e2k−2〉
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and ker gWF
= 〈po〉. Moreover, since 〈po〉 = ker gWF

⊂ kerα and α is determined up to
terms of the form ϑ ∧ γ, we may assume that

α =
∑

i1<...<ik−1

αi1...ik−1
ei1 ∧ . . . eik−1 .

Hence ∗F = ϑ ∧ β with β = ∗Eα, where we denote by ∗E the ∗-Hodge operator of the
Euclidean space E. In other words, ∗F = ϑ∧β for a (k−1)-form β such that (α∧β)E = volE
and it is therefore a generalised plane wave.

(2) Since dF = 0 = d(∗F ) and po ∈ kerF ∩ker(∗F ), the Lie derivatives along po of F and
∗F are trivial. Furthermore, p ∈ kerF ∩ ker(∗F ) if and only if pyϑ = 0 and py(α∧ β) = 0.
Since (α ∧ β)E = volE, this occurs if and only if p ∈ 〈po〉 = KF .

(3) It is sufficent to prove the claim for p = po. From (2) we have that

0 = Lpo
F = Lpoϑ ∧ α+ ϑ ∧ Lpoα , 0 = Lpo(∗F ) = Lpo

ϑ ∧ β + ϑ ∧ Lpo
β (4.11)

We expand dϑ as

dϑ = ϑ ∧ e∗ + fϑ ∧ ϑ′ +
∑

i≤j

νije
i ∧ ej +e′∗ ∧ ϑ′ (4.12)

for some e∗, e′∗ ∈ E∗ = 〈e1, . . . , e2k−2〉. Hence
Lpo

F = −fϑ ∧ α− e′∗ ∧ α+ ϑ ∧ α̃ , Lpo(∗F ) = −fϑ ∧ β − e′∗ ∧ β + ϑ ∧ β̃
where α̃, β̃ are the (k − 1)-forms such that

Lpo
α = α̃ mod

〈
ϑ ∧ γ , γ ∈ Λk−2

E
∗
〉
, Lpoβ = β̃ mod

〈
ϑ ∧ γ, γ ∈ Λk−2

E
∗
〉
.

Therefore the vanishing LpoF = Lpo(∗F ) = 0 implies that

Lpα = fα mod
〈
ϑ ∧ γ , γ ∈ Λk−2

E
∗
〉
, Lpβ = fβ mod

〈
ϑ ∧ γ , γ ∈ Λk−2

E
∗
〉

and e′∗ ∧ α = e′∗ ∧ β = 0. Since (α ∧ β)E = volE, this implies e′∗ = 0 and Lpo
ϑ = −fϑ.

Definition 4.14. Let (M,g) be a Lorentzian 2k-manifold. A flag structure on M is a
pair (K,W = kerϑ), determined by a null 1-form ϑ and a one-dimensional distribution
K = ker gW. Any generalised electromagnetic plane wave F = ϑ ∧ α on (M,g) determines
the flag structure

(KF := kerF ∩ ker(∗F ) = ker gWF
, WF := ker ϑ)

which we call the flag structure of F .

Proposition 4.13 implies the following

Corollary 4.15. Let (M,g) be a manifold of dimM = 2k, equipped with a flag structue
(K = ker gW,W = ker ϑ). A necessary condition for the existence of a generalised plane
wave F having (K,W) as its flag structure is the existence of two (k − 1)-forms α, β
satisfying the following conditions:

(a) K ⊂ kerαW ∩ ker βW;



LORENTZIAN MANIFOLDS WITH SHEARFREE CONGRUENCES 21

(b) ϑ ∧ β = ∗(ϑ ∧ α) ;
(c) any vector field p ∈ K preserves W and there is a function f such that

Lpα = fα+ ϑ ∧ γ , Lpβ = fβ + ϑ ∧ γ′

for some γ, γ′ such that ker gWF
⊂ ker γ ∩ ker γ′.

Remark 4.16. If the flag structure (K,W = kerϑ) is determined by a shearfree structure,
then the necessary conditions of Corollary 4.15 are satisfied. If in addition dimM = 4,
such necessary conditions are equivalent to say that (K,W) is the pair determined by a
shearfree structure.

4.4. The Robinson Theorem for Lorentzian manifolds of Kähler-Sasaki type.

Theorem 4.17. Let (M,g) be a (n = 2k)-dimensional Lorentzian manifold of Kähler-
Sasaki type with associated shearfree structure (W, [h = gW]). Then locally there exists a
non-trivial generalised electromagnetic plane wave F with flag structure (Kh = kerh,W).

Proof. Let π : M → S and πS : S → N be the principal bundles over the regular Sasaki
manifold (S =M/A,D = ker θ, J) and the quantisable Kähler manifold (N = S/A′, J, gN ).
Let also (z1, · · · zk−1) be local holomorphic coordinates on N and denote by ϕ = ϕ(z, z̄) and
ω = i∂∂̄ϕ a potential and the Kähler form of N . The connection 1-form θ = −1

2du− 1
2d

cϕ =

−1
2du− i

2 (∂ϕ− ∂ϕ) has curvature dθ = i∂∂ϕ = ω.
Since all arguments are local, we may assume thatM is a trivial bundle π :M = A×S →

S with A = R or S1. We denote by t its fiber coordinate. Any admissible metric on M
has locally the form

g = gN + ϑ ∨ η
where gN and ϑ are the pull-backs of the metric of N and of the 1-form θ of S, respectively,

and η ∈ Ω1(M) is a 1-form which can be locally written as η = αdt+γiϕij̄dz
j+γiϕij̄dz

j+βϑ

for some real functions α, β and complex functions γi.

Let F and F be the complex k-form F = ϑ ∧ dz1 ∧ · · · ∧ dzk−1 and the real k-form

F = ReF = ϑ ∧ (dz1 ∧ · · · ∧ dzk−1 + dz1 ∧ · · · ∧ dzk−1) ,

respectively. By Lemma 4.18 below, F is harmonic and thus it is a generalised electromag-
netic plane wave.

Lemma 4.18. The complex form F is closed and coclosed.

Proof. For the closedness, just observe that dF = d(ϑ ∧ dz1 ∧ · · · ∧ dzk−1) = ω ∧ dz1 · · · ∧
dzk−1 = 0. The co-closedness follows from the fact that ∗F = ±ik−1F (the sign depending
on the orientation) since at each point x ∈M the space 〈dθ, dz1, . . . , dzk−1〉|x is an isotropic
subspace of (TC

x M,gx).

The proof has the following consequence.
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Corollary 4.19. Assume that the Lorentzian manifold (M,g) of Kähler-Sasaki type is
globally trivial M = R × S and that the corresponding Kähler manifold (N,JN , gN ) has
a global holomorphic volume form. Then there exists on M a nowhere vanishing globally
defined generalised plane wave.

5. Einstein metrics on Robinson-Trautman bundles

Throughout this section π :M = S ×R→ S is a trivial n-dimensional principal bundle
with structure group A = R over a regular Sasaki manifold (S,D = ker θ, J) fibering over
a quantisable Kähler manifold (N = S/A′, J, gN ) with structure group A′ = R or S1. The
assumption made here that the R-bundle π :M → S is trivial is mostly chosen for the sake
of simplicity. In fact, most parts of the following discussion remain valid under the weaker
hypothesis that such a bundle is equipped with a flat connection.

The following notation is used.

– ϑ := π∗(θ) is the pull back of the contact form of S and W = ker ϑ is the corresponding
kernel distribution on M ;

– [ho] is the conformal class of the degenerate metric ho = (π ◦ πS)∗go on W;
– Ho = TS ⊂ TM is the standard flat connection of the trivial R-bundle M = S × R;
– po = ∂

∂t ∈ X(M) and qSo ∈ X(S) are the fundamental vector fields of the principal

bundles π :M → S and πS : S → N , respectively;
– qo ∈ X(M) is the horizontal lift of qSo on M with respect to the flat connection;
– for any vector field X on N we denote by:

· X(S) := Xh the horizontal lift of X in D = ker θ ⊂ TS;
· X̂ = X(S) h the R-invariant horizontal lift of X(S) in Ho ⊂ TM .

Note that (π : M = S × R → S, (W, [ho])) is an RT bundle of Kähler-Sasaki type, the
kernel distribution is Kh := ker ho = 〈po〉 and the pair (W′

o = W ∩Ho, qo) is a rigging for
the shearfree structure (W, [ho]). Moreover,

(1) W′
o ⊂ TM is the horizontal lift (with respect to the flat connection) of D = ker θ ⊂ TS;

(2) qSo is the Reeb vector field of the contact form θ;
(3) dθ|D = (πS)∗(ω) where ω := go(·, J ·) is the Kähler form of (N,J, go);

(4) for any pair of vector fields X,Y on N , the corresponding horizontal lifts X̂, Ŷ ∈ X(M)
satisfy the relations

[X̂, Ŷ ] = [̂X,Y ]− go(X,JY )qo , [X̂,po] = [X̂, qo] = [po, qo] = 0 . (5.1)

We conclude this section by observing that if (Ei) is a (local) frame field for the Kähler

manifold (N,J, go), the corresponding horizontal lifts Êi on M form a frame field for W′
o

and the tuple of vector fields (po, Êi, q) is a (local) frame field on M . We denote by

(p∗o, Ê
i, q∗o = ϑ) the corresponding dual frame field.

In this section we determine a new family of Lorentzian Einstein metrics on such RT
bundle belonging to the following special class of compatible metrics.
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5.1. Firmly compatible metrics. By Theorem 2.7, any compatible metric on (M =
S ×R,W, [h]) is locally determined by a triple (h,p, (W′, q)), given by a degenerate metric
h = σho ∈ [ho], a vector field p ∈ Kh and a rigging (W′, q). With no loss of generality, we
assume that p = po =

∂
∂t and the complementary subdistribution is W′ = W′

o.

We will consider only globally defined compatible metrics, associated with triples (h,p,
(W′, q)) where q is a global vector field of the form

q := aqo + bpo + E , a 6= 0 . (5.2)

for some (global) functions a, b and vector field E ∈W′
o. The metrics that are associated

with a vector field q, for which the coefficient a is constant, are called strongly compatible.
Our main results deal with the following even more restricted class of compatible metrics.

Definition 5.1. A compatible Lorentzian metric g on M is called firmly compatible if it
is determined by a triple (h,p, (W′, q)) as above, in which the coefficient a of q is constant
and the vector field E is zero.

Let g be a firmly compatible metric determined by a triple (h = σho,po, (W
′
o, q)).

Let also (Ei) be a local frame field of the Kähler manifold (N,J, go) and let (po, Êi, q),

(p∗o, Ê
i, q∗o = ϑ) be the corresponding frame and dual coframe fields on M . Then by (2.18)

any firmly compatible metric on M has the form

g = σhijÊ
i ∨ Êj + ϑ ∨

(
2

a
p∗o −

2b

a2
ϑ

)
= σ

(
hijÊ

i ∨ Êj + ϑ ∨ (αp∗o + βϑ)
)

where α :=
2

aσ
, β := − 2b

a2σ
. (5.3)

Since a is constant and any homothetic rescaling of the metric go on N corresponds to an
(inverse) homothetic rescaling of the Reeb vector field qo on S, with no loss of generality
we may assume that a = 2 and hence, by (5.3), that

α =
1

σ
(5.4)

and

g = σhijÊ
i∨ Êj+ϑ∨

(
p∗o + β̃ϑ

)
= σ(πS ◦π)∗(go)+ϑ∨

(
p∗o + β̃ϑ

)
where β̃ := σβ = − b

2
.

(5.5)

5.2. Einstein metrics of Taub-NUT type. In the next theorem we describe the family
of Einstein metrics we advertised in the Introduction.

Theorem 5.2. Let π : M = S × R → S and πS : S → N be as above and assume
that the quantisable Kähler manifold (N,J, go) is Einstein (2) with Einstein constant Λo.

2We recall that this occurs if and only if S is Sasaki-Einstein (see e.g. [5, Ch.11]).
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Furthermore, for any triple of real numbers (Λ, B,C) with C > 0, let σ : R → R and

β̃ : (0,+∞)→ R be the functions defined by

σ(t) :=
1

16C
t2 + C , (5.6)

β̃(t) :=
t

(t2 + 16C2)
n
2
−1

(
B −

∫ t

1

(
16C2 + s2

)n
2
−1 (

16CΛ0 − Λ
(
16C2 + s2

))

4s2
ds

)
(5.7)

Then β̃ is a rational function admitting a unique smooth extension over R and the corre-
sponding firmly compatible metric g on (M = S × R, (W, [ho]))

g = σ(πS ◦ π)∗(go) + ϑo ∨ (p∗o + β̃ϑo) . (5.8)

is Einstein with Einstein constant Λ.
Conversely, if g is a metric on M = S ×R, which is

(a) firmly compatible, hence of the form (5.8) for some functions σ, β̃ = σβ and

(b) with function σ, β̃ depending just on the coordinate t ∈ R,

then g is Einstein with Einstein constant Λ if and only if σ and β̃ are the functions defined
in (5.6) and (5.7) for some choice of the constants B and C > 0.

Proof. Consider a (local) frame field (po, Êi, q) and the dual coframe field (p∗o, Ê
i, q∗o = ϑ)

on M as described in §5.1. We set

gij := go(Ei, Ej) , ωij := go(Ei, JEj) , J j
i = gjkωki , [Ei, Ej ] = ckijEk , β̃ := βσ .

According to this notation, we have J(Ej) = Jℓ
jEℓ. As we mentioned above, in terms of

the above coframe field, any firmly compatible metric with a ≡ 2 has the form (5.5). A
tedious (but straightforward) computation based on Koszul’s formula (see §Appendix A
for details) shows that the Christoffel symbols of the Levi-Civita connection in this frame
field, i.e. the functions Γ C

AB defined by

∇Ei
Ej = Γ k

ijEk + Γ
po
ij po + Γ

qo
ij qo , ∇Ei

po = Γ k
ipo
Ek + Γ

po

ipo
po + Γ

qo
ipo

qo ,

∇Ei
qo = Γ k

iqo
Ek + Γ

po
iqo

po + Γ
qo
iqo

qo , ∇poEj = Γ
k

poj
Ek + Γ

po

poj
po + Γ

qo
poj

qo ,

∇popo = Γ
k

popoEk + Γ
po

popopo + Γ
qo

popoqo , ∇poqo = Γ
k

poqoEk + Γ
po

poqopo + Γ
qo

poqoqo ,

∇qoEj = Γ
k

qoj
Ek + Γ

po
qoj

po + Γ
qo

qoj
qo , ∇qopo = Γ

k
qopo

Ek + Γ
po

qopopo + Γ
qo

qopoqo ,

∇qoqo = Γ
k

qoqoEk + Γ
po

qoqopo + Γ
qo

qoqoqo ,
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are equal to

Γ m
ij = gmkgo(∇o

Ei
Ej, Ek) +

1

2σ
Êi(σ)δ

m
j +

1

2σ
Êj(σ)δ

m
i −

1

2σ
gijg

mkÊk(σ) ,

Γ
po
ij = gij

(
−qo(σ) + 2β̃po(σ)

)
, Γ

qo
ij = −ωij

2
− gijpo(σ) , (5.9)

Γ m
ipo

= Γ
m

poi
= −J

m
i

4σ
+ po(σ)

δmi
2σ

, Γ
po
ipo

= Γ
po

poi
= Γ

qo
ipo

= Γ
qo

poi
= 0 , (5.10)

Γ m
iqo

= Γ
m

qoi
= −β̃ J

m
i

2σ
+

qo(σ)δ
m
i

2σ
, Γ

po
iqo

= Γ
po

qoi
= Êi(β̃) , (5.11)

Γ
m

popo = Γ
po

popo = Γ
qo

popo = 0 , Γ
qo
iqo

= Γ
qo

qoi
= 0 , (5.12)

Γ
m

poqo = Γ
m

qopo = 0 , Γ
po

poqo = Γ
po

qopo = po(β̃) , Γ
qo

poqo = Γ
qo

qopo = 0 , (5.13)

Γ
m

qoqo = −g
mk

2σ
Êk(β̃) , Γ

po
qoqo = qo(β̃) + 2β̃po(β̃) , Γ

qo
qoqo = −po(β̃) . (5.14)

Using these expressions, we may directly compute the components R D
ABC of the Riemann

curvature tensor (3) in the frame (XA) = (po, Ê1, . . . , Ên−2, qo). Note that if XA, XB are
commuting vector fields of the frame, then the corresponding components R D

ABC are given
by the formula

R D
ABC = XA(Γ

D
BC )−XB(Γ

D
AC )− Γ F

ACΓ
D

BF + Γ F
BCΓ

D
AF .

By (5.1), the only non-commuting pairs in the frame are those with XA = Êi and XB = Êj .

The corresponding components R D
ijC are given by

R D
ijC = Êi(Γ

D
jC )− Êj(Γ

D
iC )− Γ F

iCΓ
D
jF + Γ

F
jCΓ

D
iF − ckijΓ D

kC + ωijΓ
D

qoC
.

Using these two expressions, we can determine all components RicAB = R D
DAB of the

Ricci tensor and write down the Einstein equations RicAB = ΛgAB . We list these equations
below. In those expressions, the terms that are struck out are those which are immediately
seen to be 0 on the base of the above expressions for the Christoffel symbols Γ C

AB. We also
use the shorthand notation

R̂icij := Êm(Γ m
ij )− Êi(Γ

m
mj )− Γ ℓ

mjΓ
m
iℓ + Γ ℓ

ijΓ
m

mℓ − crmiΓ
m
rj . (5.15)

Under the ansatz (5.23), R̂icij is equal to the pull-back on M of the Ricci tensor Rij of the
base manifold (N, go) (see the observations after (5.23) below). Using this notation, the

3Following [10], we define R by the formula RXY Z := ∇X∇Y Z −∇Y ∇XZ −∇[X,Y ]Z.
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Einstein equations for a metric of the form (5.5) take the form

Ricij = R m
mij +R

po
poij

+R
qo

qoij
=

= Êm(Γ m
ij )− Êi(Γ

m
mj )− Γ ℓ

mjΓ
m
iℓ − Γ

po
mj Γ m

ipo
− Γ

qo
mj Γ m

iqo
+

+ Γ ℓ
ijΓ

m
mℓ + Γ

po
ij Γ m

mpo
+ Γ

qo
ij Γ m

mqo
− crmiΓ

m
rj + ωmiΓ

m
qoj

+

+ po(Γ
po

ij )−
✘✘✘✘✘❳❳❳❳❳
Êi(Γ

po
poj

)− Γ
ℓ

poj
Γ

po
iℓ −✘✘✘✘✘❳❳❳❳❳

Γ
po

poj
Γ

po
ipo
−
✘✘✘✘✘❳❳❳❳❳
Γ

qo
poj

Γ
po

iqo
+

+
✟
✟
✟
✟❍

❍
❍
❍

Γ ℓ
ijΓ

po

ℓpo
+
✘✘✘✘✘❳❳❳❳❳
Γ

po

ij Γ
po

popo + Γ
qo
ij Γ

po
poqo+

+ qo(Γ
qo
ij )−

✘✘✘✘✘❳❳❳❳❳
Êi(Γ

qo
qoj

)− Γ
ℓ

qoj
Γ

qo
iℓ −✘✘✘✘✘❳❳❳❳❳

Γ
po

qoj
Γ

qo
ipo
−
✘✘✘✘✘❳❳❳❳❳
Γ

qo
qoj

Γ
qo
iqo

+

+
✘✘✘✘✘❳❳❳❳❳
Γ ℓ
ijΓ

qo
qoℓ

+ Γ
po
ij Γ

qo
qopo

+ Γ
qo
ij Γ

qo
qoqo =

= R̂icij − Γ
po

mj Γ m
ipo
− Γ

qo
mj Γ m

iqo
+ Γ

po
ij Γ m

mpo
+ Γ

qo
ij Γ m

mqo
+ ωmiΓ

m
qoj

+

+ po(Γ
po

ij )− Γ
ℓ

poj
Γ

po
iℓ + Γ

qo
ij Γ

po
poqo + qo(Γ

qo
ij )− Γ

ℓ
qoj

Γ
qo
iℓ +

+
✘✘✘✘✘❳❳❳❳❳
Γ

po
ij Γ

qo
qopo + Γ

qo
ij Γ

qo
qoqo = σΛgij (5.16)

Ricipo= R
m

mipo
+R

po
poipo

+R
qo

qoipo
=

= Êm(Γ m
ipo

)− Êi(Γ
m

mpo
)− Γ ℓ

mpo
Γ m
iℓ −✘✘✘✘✘❳❳❳❳❳

Γ
po

mpoΓ
m
ipo
−
✘✘✘✘✘❳❳❳❳❳
Γ

qo
mpoΓ

m
iqo

+

+ Γ ℓ
ipo

Γ m
mℓ +

✘✘✘✘✘❳❳❳❳❳
Γ

po
ipo

Γ m
mpo

+
✘✘✘✘✘❳❳❳❳❳
Γ

qo
ipo

Γ m
mqo
− crmiΓ

m
rpo

+
✘✘✘✘✘❳❳❳❳❳
ωmiΓ

m
qopo

+

+
✟
✟
✟
✟✟❍

❍
❍
❍❍

po(Γ
po
ipo

)−✘✘✘✘✘❳❳❳❳❳Êi(Γ
po

popo)−✘✘✘✘✘❳❳❳❳❳Γ
ℓ

popoΓ
po
iℓ −✘✘✘✘✘❳❳❳❳❳

Γ
po

popoΓ
po
ipo
−
✘✘✘✘✘❳❳❳❳❳
Γ

qo
popoΓ

po
iqo

+

+
✘✘✘✘✘❳❳❳❳❳
Γ ℓ
ipo

Γ
po

poℓ
+
✘✘✘✘✘❳❳❳❳❳
Γ

po
ipo

Γ
po

popo +✘✘✘✘✘❳❳❳❳❳
Γ

qo
ipo

Γ
po

poqo+

+
✟
✟
✟
✟✟❍

❍
❍
❍❍

qo(Γ
qo
ipo

)−✘✘✘✘✘❳❳❳❳❳Êi(Γ
qo

qopo
)−✘✘✘✘✘❳❳❳❳❳Γ

ℓ
qopoΓ

qo
iℓ −✘✘✘✘✘❳❳❳❳❳

Γ
po

qopoΓ
qo
ipo
−
✘✘✘✘✘❳❳❳❳❳
Γ

qo
qopo

Γ
qo
iqo

+

+
✘✘✘✘✘❳❳❳❳❳
Γ ℓ
ipo

Γ
qo

qoℓ
+
✘✘✘✘✘❳❳❳❳❳
Γ

po
ipo

Γ
qo

qopo +✘✘✘✘✘❳❳❳❳❳
Γ

qo
ipo

Γ
qo

qoqo = 0 (5.17)

Riciqo = R
m

miqo
+R

po
poiqo

+R
qo

qoiqo
=

= Êm(Γ m
iqo

)− Êi(Γ
m

mqo
)− Γ ℓ

mqo
Γ m
iℓ −✘✘✘✘✘❳❳❳❳❳

Γ
po

mqoΓ
m
ipo
−
✘✘✘✘✘❳❳❳❳❳
Γ

qo
mqoΓ

m
iqo

+

+ Γ ℓ
iqo

Γ m
mℓ + Γ

po
iqo

Γ m
mpo

+
✘✘✘✘✘❳❳❳❳❳
Γ

qo
iqo

Γ m
mqo
− crmiΓ

m
rqo

+
✘✘✘✘✘❳❳❳❳❳
ωmiΓ

m
qoqo+

+ po(Γ
po
iqo

)− Êi(Γ
po

poqo)−✘✘✘✘✘❳❳❳❳❳Γ
ℓ

poqoΓ
po
iℓ −✘✘✘✘✘❳❳❳❳❳

Γ
po

poqoΓ
po
ipo
− Γ

qo
poqoΓ

po
iqo

+

+
✘✘✘✘✘❳❳❳❳❳
Γ ℓ
iqo

Γ
po

poℓ
+
✘✘✘✘✘❳❳❳❳❳
Γ

po
iqo

Γ
po

popo +✘✘✘✘✘❳❳❳❳❳
Γ

qo
iqo

Γ
po

poqo+

+
✟
✟
✟
✟✟❍

❍
❍
❍❍

qo(Γ
qo
iqo

)− Êi(Γ
qo

qoqo)−✘✘✘✘✘❳❳❳❳❳Γ
ℓ

qoqoΓ
qo
iℓ −✘✘✘✘✘❳❳❳❳❳

Γ
po

qoqoΓ
qo
ipo
−
✘✘✘✘✘❳❳❳❳❳
Γ

qo
qoqoΓ

qo
iqo

+

+
✘✘✘✘✘❳❳❳❳❳
Γ ℓ
iqo

Γ
qo

qoℓ
+
✘✘✘✘✘❳❳❳❳❳
Γ

po
iqo

Γ
qo

qopo +✘✘✘✘✘❳❳❳❳❳
Γ

qo
iqo

Γ
qo

qoqo = 0 (5.18)

(5.19)



LORENTZIAN MANIFOLDS WITH SHEARFREE CONGRUENCES 27

Ricpoqo = R
m

mpoqo +R
qo

qopoqo =

=
✘✘✘✘✘✘❳❳❳❳❳❳
Êm(Γ

m
poqo)− po(Γ

m
mqo

)− Γ ℓ
mqo

Γ
m

poℓ
−
✘✘✘✘✘✘❳❳❳❳❳❳
Γ

po
mqoΓ

m
popo −✘✘✘✘✘✘❳❳❳❳❳❳

Γ
qo

mqoΓ
m

poqo+

+✘✘✘✘✘✘❳❳❳❳❳❳Γ
ℓ

poqoΓ
m

mℓ + Γ
po

poqoΓ
m

mpo
+
✘✘✘✘✘✘❳❳❳❳❳❳
Γ

qo
poqoΓ

m
mqo

+

+
✘✘✘✘✘❳❳❳❳❳
qo(Γ

qo
poqo)− po(Γ

qo
qoqo)−✘✘✘✘✘✘❳❳❳❳❳❳

Γ
ℓ

qoqoΓ
qo

poℓ
−
✘✘✘✘✘✘❳❳❳❳❳❳
Γ

po
qoqoΓ

qo
popo −✘✘✘✘✘✘❳❳❳❳❳❳

Γ
qo

qoqoΓ
qo

poqo+

+
✘✘✘✘✘✘❳❳❳❳❳❳
Γ

ℓ
poqoΓ

qo
qoℓ

+
✘✘✘✘✘✘❳❳❳❳❳❳
Γ

po
poqoΓ

qo
qopo +✘✘✘✘✘✘❳❳❳❳❳❳

Γ
qo

poqoΓ
qo

qoqo =
Λ

2
(5.20)

Ricpopo= R
m

mpopo +R
qo

qopopo =

=
✘✘✘✘✘✘❳❳❳❳❳❳
Êm(Γ

m
popo

)− po(Γ
m

mpo
)− Γ ℓ

mpo
Γ

m
poℓ
−
✘✘✘✘✘✘❳❳❳❳❳❳
Γ

po
mpo

Γ
m

popo −✘✘✘✘✘✘❳❳❳❳❳❳
Γ

qo
mpoΓ

m
poqo+

+✘✘✘✘✘✘❳❳❳❳❳❳Γ
ℓ

popoΓ
m

mℓ +
✘✘✘✘✘✘❳❳❳❳❳❳
Γ

po
popoΓ

m
mpo

+
✘✘✘✘✘✘❳❳❳❳❳❳
Γ

qo
popo

Γ m
mqo

+

+
✘✘✘✘✘❳❳❳❳❳
qo(Γ

qo
popo)−✘✘✘✘✘❳❳❳❳❳

po(Γ
qo

qopo
)−

✘✘✘✘✘✘❳❳❳❳❳❳
Γ

ℓ
qopoΓ

qo
poℓ
−
✘✘✘✘✘✘❳❳❳❳❳❳
Γ

po
qopo

Γ
qo

popo −✘✘✘✘✘✘❳❳❳❳❳❳
Γ

qo
qopoΓ

qo
poqo+

+
✘✘✘✘✘✘❳❳❳❳❳❳
Γ

ℓ
popoΓ

qo
qoℓ

+
✘✘✘✘✘✘❳❳❳❳❳❳
Γ

po
popoΓ

qo
qopo +✘✘✘✘✘✘❳❳❳❳❳❳

Γ
qo

popoΓ
qo

qoqo = 0 (5.21)

Ricqoqo = R
m

mqoqo +R
po

poqoqo =

= Êm(Γ
m

qoqo)− qo(Γ
m

mqo
)− Γ ℓ

mqo
Γ

m
qoℓ
−
✘✘✘✘✘✘❳❳❳❳❳❳
Γ

po
mqoΓ

m
qopo −✘✘✘✘✘✘❳❳❳❳❳❳

Γ
qo

mqoΓ
m

qoqo+

+ Γ
ℓ

qoqoΓ
m

mℓ + Γ
po

qoqoΓ
m

mpo
+ Γ

qo
qoqoΓ

m
mqo

+

+ po(Γ
po

qoqo)− qo(Γ
po

poqo)−✘✘✘✘✘✘❳❳❳❳❳❳
Γ

ℓ
poqoΓ

po
qoℓ
− Γ

po
poqoΓ

po
qopo −✘✘✘✘✘✘❳❳❳❳❳❳

Γ
qo

poqoΓ
po

qoqo+

+
✘✘✘✘✘✘❳❳❳❳❳❳
Γ

ℓ
qoqoΓ

po

poℓ
+
✘✘✘✘✘✘❳❳❳❳❳❳
Γ

po
qoqoΓ

po
popo + Γ

qo
qoqoΓ

po
poqo = Λβ̃ (5.22)

We decompose this system into three subsystems, namely:

(a) the set of equations (5.20) – (5.22), concerning the Ricci curvatures Ricpopo , Ricpoqo =
Ricqopo and Ricqoqo ;

(b) the equations (5.17) and (5.19), concerning the “mixed” curvatures Ricpoi and Ricqoj ;
(c) the equations (5.16).

These three subsystems are in general tightly coupled. However under the assumption

Êi(σ) = Êi(β̃) = 0 , for each 1 ≤ i ≤ n− 2 . (5.23)

the system becomes much more treatable and can be solved. Note that these equations
together with (5.1) imply

qo(σ) = qo(β̃) = 0 (5.24)

and hence that the functions σ, β̃ :M = S × R→ R depend only on the coordinate of the
fiber R. If we now assume (5.23) (and its consequence (5.24)), we have that:

(1) The Christoffel symbols Γ m
ij coincide with the functions Γ k

ij = gmkgo(∇o
Ei
Ej, Ek) and

they are equal to the (lifts toM of the) Christoffel symbols of the Levi-Civita connection
∇o of the Kähler manifold (N, go, J) with respect to the frame field (Ei). In particular,

the functions R̂icij defined in (5.15) coincide with the (lifts to M of the) components

of the Ricci curvature RicN of (N,J, go).
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(2) The equations (5.17) and (5.19) reduce to

1

4σ

(
− Êm(Jm

i ) + Êi(J
m
m ) + Γ r

imJ
m
r − Γ m

mr J
r
i + cℓmiJ

m
ℓ

)
− po(σ)

2σ

(
Γ m
im − Γ m

mi + cmmi

)
=

=
1

4σ

(
− (∇EmJ)

m
i + (∇Ei

J)mm

)
+

(
Jm
ℓ

4σ
− po(σ)δ

m
ℓ

2σ

)(
Γ ℓ
im − Γ ℓ

mi + cℓmi

)
= 0 (5.25)

β̃

2σ

(
− Êm(Jm

i ) + Êi(J
m
m ) + Γ r

imJ
m
r − Γ m

mr J
r
i + cℓmiJ

m
ℓ

)
=

=
β̃

2σ

(
− (∇o

Em
J)mi + (∇o

Ei
J)mm

)
+
Jm
ℓ

4σ

(
Γ ℓ
im − Γ ℓ

mi + cℓmi

)
= 0 (5.26)

We observe that, being the Levi-Civita connection ∇o of the Kähler manifold (N, go, J)
with trivial torsion (thus, Γ ℓ

im − Γ ℓ
mi + cℓmi ≡ 0) and such that ∇oJ = 0, it follows that

(5.25) and (5.26) are identically satisfied. This means that the query for Einstein metrics
now reduces just to looking for solutions to the equations (5.16) and (5.20) – (5.22).

Since J is a complex structure, we have Jm
m = tr(J) = 0 and Jm

ℓ J
ℓ
m = tr(J2) = −(n−2).

Using this together with the identity R̂icij = RicNij and the expressions (5.9) – (5.14), we
see that (5.16) is equivalent to

RicNij = −
(
2po(β̃)po(σ) +

(
n− 4

2σ
(po(σ))

2 − 1

4σ
+ po(po(σ))

)
2β̃ − σΛ

)
gij (5.27)

and that the equations (5.20) – (5.22) are equivalent to

2po(po(β̃)) +
(n− 2)

σ
po(β̃)po(σ) +

(n− 2)

4σ2
β̃ = Λ , (5.28)

n− 2

4σ2

(
− 2σpo(po(σ)) + (po(σ))

2 +
1

4

)
= 0 , (5.29)

2β̃

(
2po(po(β̃)) +

(n− 2)

σ
po(β̃)po(σ) +

(n− 2)

4σ2
β̃

)
= 2Λβ̃ . (5.30)

We observe that, since the left hand side in (5.27) is independent of the fiber coordinates
of the bundle πS ◦ π : M → N , such equation might be satisfied only if (N, go, J) is

Kähler-Einstein, i.e. Ric = Λog for some Einstein constant Λo, and σ and β̃ satisfy the
equation

2po(β̃)po(σ) +

(
n− 4

2σ
(po(σ))

2 − 1

4σ
+ po(po(σ))

)
2β̃ − σΛ + Λo = 0 . (5.31)

Moreover, since (5.30) is manifestly implied by (5.28) and we look for solutions in which

σ > 0 at all points, it now suffices to find solutions σ > 0 and β̃ of the system of the just
three ordinary differential equations (5.31), (5.28) and (5.29).
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Now we show that the equation (5.28) follows from the others. Indeed, using the fact
that σ > 0 and differentiating the whole term inside parentheses in (5.29) along po, we
immediately get that σ satisfies

po(po(po(σ))) = 0 . (5.32)

Using this property and replacing po(po(σ)) by the expression po(po(σ)) =
1
2σ

(
(po(σ))

2+ 1
4

)

which follows from (5.29), one can check that the derivative along po of the equation (5.31)
is the multiple by po(σ) of the equation (5.28). This proves that the latter is implied by
(5.31) in case po(σ) 6= 0.

This means that we are now reduced to find solutions σ > 0 and β̃ to the o.d.e. system

2po(β̃)po(σ) +

(
n− 4

2σ
(po(σ))

2 − 1

4σ
+ po(po(σ))

)
2β̃ − σΛ + Λo = 0 , (5.33)

− 2σpo(po(σ)) + (po(σ))
2 +

1

4
= 0 . (5.34)

We now observe that (5.32) shows that each solution σ = σ(t) to (5.34) is a quadratic
polynomial σ(t) = C2t

2 + C1t + C0. Actually, it is equivalent to say that such positive
quadratic polynomial has discriminant equal to −1

4 . So, by an appropriate coordinate
change t 7→ t+ c, we may always assume that it has the simpler form

σ(t) =
1

16C
t2 + C for some C > 0 . (5.35)

From this we get that (5.33) is equivalent to the first order linear differential equation

t

4C

dβ̃

dt
+


 n− 4

t2

16C +C

(
t

8C

)2

− 1

2
(

t2

16C + C
) +

1

4C


 β̃−

(
t2

16C
+ C

)
Λ+Λo = 0 . (5.36)

The general solutions on (0,+∞) of this equation have the form

β̃(t) := e−
∫ t

1 a(s)ds

(
B0 −

∫ t

1
b(s)e

∫ s

1 a(š)dšds

)
with

a(t) :=
8C

t


 n− 4

2
(

t2

16C +C
)
(

t

8C

)2

− 1

4
(

t2

16C + C
) +

1

8C


 =

(n − 3)t2 − 16C2

t3 + 16C2t
and

b(t) := −4C

t

(
t2

16C
+ C

)
Λ+

4C

t
Λo . (5.37)

We now observe that e
∫ t

1 a(s)ds = B1
(t2+16C2)

n
2 −1

t for some B1 ∈ R and that b(s)e
∫ s

1 a(š)dš =

B1
(16C2+s2)

n
2 −1

(16CΛ0−Λ(16C2+s2))
4s2

. Hence, since n is even, it is a rational function of s2.

Plugging these expressions into (5.37), we see that β̃(t) is a rational function that is well
defined at t = 0 and hence on the whole real axis. Setting B = B0/B1, we get (5.7).
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Remark 5.3. As a corollary of the proof, we have that if the quantisable Kähler manifold
(N,J, go) is not Einstein, there is no firmly compatible Einstein metric on the trivial R-
bundle M = S × R.

As we will shortly see, the classical Taub-NUT metrics can be considered as firmly
compatible metrics (5.7) on the 4-dimensional RT bundle π :M = S3 × R→ R, where S3

is considered as a Sasaki manifold over the round sphere S2 = CP 1. Due to this, we call
the metrics of Theorem 5.2 of Taub-NUT type.

5.3. 4-dimensional Taub-NUT metrics and higher dimensional analogues. Let
(S,D = ker θ, J) and (N,J, go) be a regular Sasaki manifold and its associated Kähler-
Einstein manifold, respectively, as in Theorem 5.2. Consider a (local) trivialisation S|U =
U × A on some open set U ⊂ N and denote by u a coordinate for the fiber A = R, S1 of
the Sasaki manifold. In this way, the contact form θ takes the form θ = du + η for some
appropriate 1-form η in Ω1(U). Then, using the coordinates (t, u) for the fiber R×A of the
(trivialised) bundle πS ◦ π :M |U = S|U ×R→ U ⊂ N , the metrics of Theorem 5.2 read as

g = σ(t)go + β̃(t)

{
(
du+ η

)
∨
(

1

β̃(t)
dt+ du+ η

)}
=

= σ(t)go + β̃(t)

((
du+ η +

1

2β̃(t)
dt

)
− 1

2β̃(t)
dt

)
∨
((

du+ η +
1

2β̃(t)
dt

)
+

1

2β̃(t)
dt

)

= σ(t)go + β̃(t)

(
du+ η +

1

2β̃(t)
dt

)2

− 1

4β̃(t)
dt2 =

= σ(t)go + β̃(t)

(
1

Λo
dv + η

)2

− 1

4β̃(t)
dt2 (5.38)

where, in the last step, we replaced the fiber coordinates (t, u) by

(t, u) 7−→
(
t, v := Λo

(
u+

∫ t

0

1

2β̃(s)
ds

))
. (5.39)

If we now take N = CP 1 = S2 as Kähler manifold and consider its standard spherical
coordinates (φ,ψ), the round metric go of constant curvature κ = Λo on N = S2 and the
associated contact form θ on the associated Sasaki manifold S3 (which fibers on S2 by
means of the Hopf map) have the coordinate expressions

go =
1

Λo
(dψ2 + sinψ2dφ2) , θ = du+ η = du+

1

Λo
cosψdφ . (5.40)

On the other hand the functions (5.7) corresponding to Ricci flat metrics (Λ = 0) are

β̃(t) = Λo

(
B̌

t

t2 + 16C2
− 4C

t2 − 16C2

t2 + 16C2

)
with B̌ :=

B

2Λo
(1+ 16C2)+ 4C(1− 16C2) .

(5.41)



LORENTZIAN MANIFOLDS WITH SHEARFREE CONGRUENCES 31

Plugging (5.40) and (5.41) into (5.38), we obtain the following coordinate expression for
the Ricci flat metrics on the 4-manifold M = S3 × R = R4 \ {0}:

g =
1

Λo

(
1

16C
t2 + C

)
(dψ2 + sinψ2dφ2)+

+
1

Λo

B̌t− 4Ct2 + 64C3

t2 + 16C2
(dv + cosψdφ)2 − 1

Λo

t2 + 16C2

4
(
B̌t− 4Ct2 + 64C3)

)dt2 (5.42)

If we now set

ℓ :=
√
C . m :=

B̌

32ℓ3
=

1

32C
3
2

(
B

2Λo
(1 + 16C2) + 4C(1− 16C2)

)

and apply the coordinate change t 7−→ ť =
t

4ℓ
=

t

4
√
C

(5.43)

the metrics (5.42) take the very familiar coordinate expression of the (rescaled) Taub-NUT
metrics

g :=
1

Λo

{
(ť2 + ℓ2)(dψ2 + sin2 ψdφ2)+

+
2mť+ ℓ2 − ť2

ť2 + ℓ2
4ℓ2 (dv + cosψdφ)2 − ť2 + ℓ2

2mť+ ℓ2 − ť2dť
2

}
. (5.44)

Many other 4-dimensional Einstein metrics can be determined in exactly the same way:
it suffices to impose a different value Λ 6= 0 for the desired Einstein constant and/or to
replace the Kähler manifold N = S2 by some other compact Riemann surface, as e.g.
T 2 = S1 × S1 or a compact quotient of the unit disk ∆ ⊂ C, equipped with some metric
of constant curvature.

In order to generate explicit examples of higher dimensional Einstein metrics of Taub-
NUT type, one might follow the same procedure as above, starting, for instance, from
some higher dimensional homogeneous flag manifolds N = GC/P of a complex semisimple
Lie group, equipped with its unique (up to a homothety) invariant Kähler-Einstein metric
of positive Einstein constant Λo > 0. For instance, one might consider the 4-dimensional
manifolds N = CP 2 or N = CP 1 × CP 1 equipped with the Fubini-Study metric or the
cartesian product of two round metrics, respectively. In all these cases, for any choice of a
constant Λ ∈ R and of a Sasaki manifold (S,D = θ, J) projecting onto N (about the regular
Sasaki manifolds that are associated with the compact flag manifolds, see for instance [1]
and references therein), Theorem 5.2 and the above discussion yield explicit coordinate
expressions for Lorentzian Einstein metrics with any prescribed Einstein constant Λ over
M = S ×R.
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Appendix A. The Christoffel symbols of the Levi-Civita connection of a

Lorentzian metric of Kähler-Sasaki type

In this appendix, we give the explicit expressions of the Christoffel symbols of the Levi-
Civita connection of a compatible metric on the trivial RT bundle π :M = S × R→ S as

described in §5.1. We compute them in terms of the frame field (po, Êi, qo) and its dual

coframe field (p∗o, Ê
i, q∗o), associated with a local frame field (Ei). More precisely, we list

here the real functions Γ C
AB which determine the covariant derivatives ∇XA

XB = Γ C
ABXC

for any choice of two vector fields XA,XB of the tuple (po, Êi, qo) for a metric g of the
form (see (2.18))

g = σ
(
gijÊ

i ∨ Êj + q∗o ∨
(
αp∗o + γigijÊ

j + βq∗o

))
, gij = go(Ei, Ej) . (A.1)

First we compute the Christoffel symbols under the simplifying assumption σ ≡ 1. Then

one can directly check that the elements of the dual coframe field (p∗o, Ê
1, . . . , Ên−2, q∗o)

satisfy the identities

Êi = g

(
gikÊk −

γi

α
po, ·

)
, p∗o = g

(
2

α
qo +

1

α2

(
γmγkgmk − 4β

)
po −

γm

α
Êm, ·

)
,

q∗o = g

(
2

α
po, ·

)
. (A.2)

Using these and the expansion X = Êi(X)Êi + p∗o(X)po + q∗o(X)qo of any vector field
X ∈ X(M) in terms of our frame field, we may compute the covariant derivatives ∇XA

XB

for any pair XA,XB of vector fields of the frame {Êi,po, qo} using Koszul’s formula

g(∇XY,Z) =
1

2

(
X(g(Y,Z)) + Y (g(X,Z)) − Z(g(X,Y ))−

− g([X,Z], Y )− g([Y,Z],X) + g([X,Y ], Z)

)
. (A.3)

Note also that for any pair of commuting vector fields XA, XB one has ∇XA
XB = ∇XB

XA

because ∇ has trivial torsion. From this information and by some (long and tedious, but
very straightforward) computations we get the following list of covariant derivatives in the
case σ ≡ 1. In the next formulas we use the notation gij := go(Ei, Ej), ωij := go(Ei, JEj),
[Ei, Ej ] = ckijEk and we set

Sij|k :=
1

2

(
γℓ

2
go(Ei, JEk)go(Eℓ, Ej) +

γℓ

2
go(Ej , JEk)go(Eℓ, Ei)+

− γℓ

2
go(Ei, JEj)go(Eℓ, Ek)

)
.
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Here is the list:

∇
Êi
Êj=

(
gmkgo(∇o

Ei
Ej , Ek) + gmkSij|k +

γmωij

4

)
Êm+

(
1

2α
Êi(γ

kgjk) +
1

2α
Êj(γ

kgik)−

− 1

4α
γmγkgmkωij −

γm

α
go(∇o

Ei
Ej , Em)− γm

α
Sij|m

)
po −

ωij

2
qo . (A.4)

∇
Êi
po =

αgmkωik

4
Êm +

(
1

2α
Êi(α) +

1

2α
po(γ

k)gik −
γmωim

4

)
po (A.5)

∇
Êi
qo =

(
gmk

4
Êi(γ

tgtk)−
gmk

4
Êk(γ

tgti) +
gmk

2
βωik −

γℓ

4
ctirgtℓg

mr−

− γm

4α
Êi(α) +

γm

4α
po(γ

t)git

)
Êm+

+

(
1

α
Êi(β) +

1

4α2
γmγkgmkÊi(α) −

1

4α2
γmγkgmkpo(γ

t)git −
β

α2
Êi(α) +

1

α2
βpo(γ

t)git−

− γm

4α
Êi(γ

tgtm) +
γm

4α
Êm(γtgit)−

γm

2α
βωim

)
po +

(
1

2α
Êi(α)−

1

2α
po(γ

t)git

)
qo (A.6)

∇poÊi =
αgmk

4
ωikÊm +

(
1

2α
Êi(α) +

1

2α
po(γ

t)git −
γm

4
ωim

)
po (A.7)

∇popo = (po(log α)) po (A.8)

∇poqo =

(
1

4
po(γ

m)− g
mk

4
Êk(α)

)
Êm+

(
1

α
po(β)−

γm

4α
po(γ

i)gim+
γm

4α
Êm(α)

)
po (A.9)

∇qoÊi =

(
gmk

4
Êi(γ

tgtk)−
gmk

4
Êk(γ

tgti) +
gmk

2
βωik −

γℓ

4
ctirgtℓg

mr−

− γm

4α
Êi(α) +

γm

4α
po(γ

t)git

)
Êm+

+

(
1

α
Êi(β) +

1

4α2
γmγkgmkÊi(α) −

1

4α2
γmγkgmkpo(γ

t)git −
β

α2
Êi(α) +

1

α2
βpo(γ

t)git−

− γm

4α
Êi(γ

tgtm) +
γm

4α
Êm(γtgit)−

γm

2α
βωim

)
po +

(
1

2α
Êi(α) −

1

2α
po(γ

t)git

)
qo (A.10)
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∇qopo =

(
gmk

4
po(γ

i)gik−
gmk

4
Êk(α)

)
Êm+

(
1

α
po(β)−

γm

4α
po(γ

t)gtm+
γm

4α
Êm(α)

)
po

(A.11)

∇qoqo =

(
gmk

2
qo(γ

i)gik −
gmk

2
Êk(β)−

γm

2α
qo(α) +

γm

2α
po(β)

)
Êm+

+

(
1

α
qo(β) +

1

2α2
γmγkgmkqo(α)−

1

2α2
γmγkgmkpo(β)−

2

α2
βqo(α) +

2

α2
βpo(β)−

− γm

2α
qo(γ

i)gim +
γm

2α
Êm(β)

)
po +

(
1

α
qo(α)−

1

α
po(β)

)
qo (A.12)

We now denote by g̃ a compatible metric as above, determined by the conformal factor
σ = 1 and by g = σg̃ another compatible metric, which is determined by an arbitrary
conformal factor σ > 0. The Levi-Civita connection D of g is related with the Levi-Civita
connection ∇ of g̃ by the formula (see e.g. [4, Th. 1.159])

DXY = ∇XY +X(ϕ)Y + Y (ϕ)X − g(X,Y )grad(ϕ) , ϕ :=
1

2
log σ . (A.13)

On the other hand, by (A.2),

gradϕ = (gradϕ)ÊiÊi + (gradϕ)popo + (gradϕ)qoqo , (A.14)

where

(gradϕ)Êi := gikÊk(ϕ)−
γi

α
po(ϕ) , (A.15)

(gradϕ)po :=
2

α
qo(ϕ) +

1

α2

(
γmγkgmk − 4β

)
po(ϕ)−

γm

α
Êm(ϕ) , (A.16)

(gradϕ)qo :=
2

α
po(ϕ). (A.17)

Combining (A.4) – (A.12) with (A.13), (A.15) – (A.17), we see that the Christoffel symbols
Γ C
AB of an arbitrary compatible metric g are

Γ m
ij = gmkgo(∇o

Ei
Ej , Ek) + gmkSij|k +

γmωij

4
+

1

2σ
Êi(σ)δ

m
j +

1

2σ
Êj(σ)δ

m
i

− gij
2σ

(
gmkÊk(σ)−

γm

α
po(σ)

)
(A.18)

Γ
po

ij =
1

2α
Êi(γ

kgjk) +
1

2α
Êj(γ

kgik)−
1

4α
γmγkgmkωij −

γm

α
go(∇o

Ei
Ej , Em)− γm

α
Sij|m

− gij
2σ

(
2

α
qo(σ) +

1

α2

(
γmγkgmk − 4β

)
po(σ) −

γm

α
Êm(σ)

)
(A.19)

Γ
qo
ij = −ωij

2
− gij
ασ

po(σ) (A.20)
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Γ m
ipo

= Γ
m

poi
=
αgmkωik

4
+

1

2σ
po(σ)δ

m
i (A.21)

Γ
po
ipo

= Γ
po

poi
=

1

2α
Êi(α) +

1

2α
po(γ

k)gik −
γmωim

4
+

1

2σ
Êi(σ) (A.22)

Γ
qo
ipo

= Γ
qo

poi
= 0 (A.23)

Γ m
iqo

= Γ
m

qoi
=
gmk

4
Êi(γ

tgtk)−
gmk

4
Êk(γ

tgti) +
gmk

2
βωik −

γℓ

4
ctirgtℓg

mr−

− γm

4α
Êi(α) +

γm

4α
po(γ

t)gti +
1

2σ
qo(σ)δ

m
i −

γt

4σ
gti

(
gmkÊk(σ) −

γm

α
po(σ)

)

(A.24)

Γ
po
iqo

= Γ
po

qoi
=

1

α
Êi(β) +

1

4α2
γmγkgmkÊi(α)−

1

4α2
γmγkgmkpo(γ

t)git −
1

α2
βÊi(α)+

+
1

α2
βpo(γ

t)git −
γm

4α
Êi(γ

tgtm) +
γm

4α
Êm(γtgit)−

γm

2α
βωim−

− γt

4σ
gti

(
2

α
qo(σ) +

1

α2

(
γmγkgmk − 4β

)
po(σ) −

γm

α
Êm(σ)

)
(A.25)

Γ
qo
iqo

= Γ
qo

qoi
=

1

2α
Êi(α)−

1

2α
po(γ

t)git +
1

2σ
Êi(σ) −

γtgti
2ασ

po(σ) (A.26)

Γ
m

popo = 0 (A.27)

Γ
po

popo = po(log(ασ)) (A.28)

Γ
qo

popo = 0 (A.29)

Γ
m

poqo = Γ
m

qopo = Γ
m

qopo =
1

4
po(γ

m)− gmk

4
Êk(α)−

α

4σ

(
gmkÊk(σ)−

γm

α
po(σ)

)
(A.30)

Γ
po

poqo = Γ
po

qopo =
1

α
po(β)−

γm

4α
po(γ

i)gim +
γm

4α
Êm(α) +

1

2σ
qo(σ)−

− 1

2σ

(
qo(σ) +

1

2α

(
γmγkgmk − 4β

)
po(σ)−

γm

2
Êm(σ)

)
(A.31)

Γ
qo

poqo = Γ
qo

qopo = 0 (A.32)

Γ
m

qoqo =
gmk

2
qo(γ

i)gik −
gmk

2
Êk(β)−

γm

2α
qo(α) +

γm

2α
po(β)−

− β

2σ

(
gmkÊk(σ)−

γm

α
po(σ)

)
(A.33)

Γ
po

qoqo =
1

α
qo(β) +

1

2α2
γmγkgmkqo(α)−

1

2α2
γmγkgmkpo(β)−

2

α2
βqo(α)+

+
2β

α2
po(β)−

γm

2α
qo(γ

i)gim +
γm

2α
Êm(β)−

− β

σ

(
1

α
qo(σ) +

1

2α2

(
γmγkgmk − 4β

)
po(σ) −

γm

2α
Êm(σ)

)
(A.34)

Γ
qo

qoqo =
1

α
qo(α) −

1

α
po(β) +

1

σ
qo(σ)−

β

ασ
po(σ) (A.35)
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