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Errors bound
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of the derivative problem generalised to the multivariate case. The resulting derivation method
is able to compute the partial derivatives of a multivariate function sampled at points in general
position. The accuracy of the proposed method is analysed and confirmed by numerical tests
performed for different distributions of the sampling points.

1. Introduction

We consider the problem of the numerical derivation of a multivariate function known at a given sample data set N'. This is a
fundamental problem in any research field where we need to know an approximation of the derivatives of differentiable functions
known only at discrete sampled points [1,2]. Even if the exact expressions of the derivatives are known, numerical derivation is
preferable due to the computational cost reason. For example, in nonlinear optimisation, gradient approximations are necessary to
construct descent directions and to verify optimality conditions. Moreover, many application problems are described by Ordinary
Differential Equations (ODEs) and Partial Differential Equations (PDEs), which need accurate approximations of both the solutions
and their derivatives [3-8].

Due to its importance, many methods have been presented for the numerical differentiation of a function. There are methods
based on finite differences [9], polynomial interpolation [10-12], regularization methods [13-15], and methods based on complex
variables techniques. These last techniques were first proposed in [16] and used in [17] to approximate the first derivative avoiding
the subtractive cancellation errors. Additionally, they have been analysed in noisy environments [18].

Among these numerical differentiation methods, we have different orders of the approximations. Unfortunately, the numerical
differentiation is an ill-conditioned problem and the choice of the step 4 is crucial for the accuracy of the computed approximation;
in particular, A has to be related to the noise level [19].

In this work, we consider the computation of the first derivatives of a multivariate function starting from its values at a set of
nodes N not necessarily structured. The proposed method is based on an algorithm for univariate function that we prove to have
a convergence order of O(h*). This method can be extended to solve fractional differentiation problems, in fact, it is based on an
integral formulation of the derivation problem and its Singular Value Decomposition (SVD) [20]. Hence, a similar approach can
be considered for the integral formulation of the fractional derivation problem. Ultimately, the proposed derivation method and its
generalisation to fractional derivatives can be profitably used to solve PDEs and fractional PDEs, like those studied in [21-23]. It is
worth noting that the simple tools used, i.e., the curve fitting, one-dimensional derivation methods and linear system solution, give
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high flexibility to the proposed numerical derivation method. This flexibility makes the method profitably usable in solving PDEs on
complicated domains, also in consideration of the satisfactory accuracy results. Moreover, the performed numerical tests confirm the
accuracy and robustness of the proposed method.

Section 2 briefly introduces the numerical derivation method in the univariate case, since it is a fundamental component in the
following method for the multivariate case. Section 3 presents the numerical method for the approximation of the partial derivatives
of a multivariate function. Section 4 reports the numerical results obtained in a numerical experiment with the proposed method.
Section 5 provides some conclusions and remarks for future investigations.

2. Numerical derivation in the univariate case

We begin by giving some used notations. We denote with N the set of natural numbers. Let R be the set of real numbers, and R” be
the n-dimensional real Euclidean space. An element in R” is a column vector of the following form x = (x;, x5, ..., x,) € R", where
the superscript T means transposed. We denote with R™ " the spaces of real matrices having m rows and n columns. We denote with
|| - |l the infinity norm of a matrix or a vector depending on the entry. We begin by giving some analytic results on derivatives
approximation.

2.1. Analytic results

Given a differentiable function G : [0, 1] = R, the first derivative G’ of G, satisfies
t
/ G'(s)ds = G(t) — G(0), (€))
0
that is, G’ is the solution of the Fredholm integral equation having kernel K : [0,1] X [0,1] —» R,
K@.9)= { (1) othse:v;se. @

The singular value expansion (SVE) of K is given by the following,

K(t,5)=Y wutw;(s),  0<t,5<t, 3
j=1

where, for j =1,2,...,and t € [0,1], u (1) and v (1) are the singular functions, and u ; is the corresponding singular value of the
integral operator with kernel (2) associated to the first derivative operator; moreover, for r € [0,1], and j = 1,2, ..., we have:

w0 =V2sing,0, v,0=V2eosn, v =x(i-1),

and p; = 1/y;, see [24] for details. By using this SVE, we obtain the following representation for G’ [20],

G’(t):%<Z<G’,U.>Uj(t)+Z(G’,uj>uj(t)>, 0<t<1, 4)
j=1 Jj=1
moreover
(G'.v;) ==V2G(0) +7,(G.u;). ®
(G'u;) = (=1Y"'V26(1) — 7,(G,v)), ®)

where (-,-) denotes the usual inner product.

From the discretization of (4), (5) and (6), we obtain numerical schemes for computing the derivative of G, like the one proposed
in [25]. The following section proposes another scheme, which is used in the subsequent section for the numerical approximation of
partial derivatives.

2.2. The numerical approximation scheme

We suppose to know G, =G(t)), t;=1/L,1=0,1,...,L, L >4, we denote with 6 = 1/L the discretization step. In the following,
we give a method for computing an approximation d, of the derivative of G at ¢, that is, d; ~ G'(¢)), for [ =0,1, ..., L.

Let be w = (wy,w,,...,wy)" € RM, we denote with FCT®(w) € RM and FCT®(w) € RM its discrete cosine transform of
type II and III, respectively, we denote with F.ST®)(w) € RM its discrete sine transform of type IIl. More precisely, the generic mth

components, m=1,2,..., M, of such transformed vectors are defined as follows:
1 & 1
(FCT(Z)(W)) =— >Yw cos(l (r— —)(m— 1)), 7)
m /M r=21 4 M 2
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(FCT(3)(W))m—\/L_<w1+2iw cos(—(r—l)( ;))) (8)
1

(FST®(w)), = <2Mz w,sin (22 (m— %)) +(—1)’”‘wM>, ©

r=1

see [26] for a detailed description of discrete trigonometric transformations.
Let M=L+1,for j=1,2,..., M, we define

~ k s . k
cj,k=c0s<yjﬁ>, sj’k=5m<yjﬁ>, ke,
and, for / =0,1,...,L

1, 1=0,
ﬂ"{z [>1.

Theorem 1 (Numerical derivative of univariate functions). Suppose that the function G : [0,1] — R is sampled at t; =16, | =0,1,..., L
6=1/L, and let {G,, G/, ..., G} be the corresponding data set. For [ =0, 1, ..., L, we can compute the approximation d, of G'(t;) by using
the following formula

d;=p (FCT®(w)) L1 (10)
where W = (w;, W,, ..., w )T € RET! has components
— 3) (ac0 ~ 3) (a6 = 3) (ac2
w; = (FCTY (a®Y)) +¢;, (FCTY (a®")), +¢;, (FCTY (a°%))  +
+3;, (FSTD (a™1)), +5;, (FSTY (a7?)) . j=12.....L+1, (11
and
g M P —
a = (a0, ...a") eRM, i=0,1,2,
a¥ = (a:)",a‘;", ,al") eRM =12,
are given by (A.1)-(A.5) and depends only on G}, | =0,1,...,L
For the approximation (10) we have:
=G'(t)+0@E"H,  1=0,1,...,L. 12)

Proof. See Appendix B. []

As a consequence of this theorem, formulas (10) and (11) allow the computation of the fourth order approximation d, of G'(z)), | =
0,1,..., L, by knowing the values of G att;, | =0, 1,..., L; these data are contained in the vectors a™*, whose appropriate refinements
can produce higher order approximation schemes. In the following section, we use this numerical method for computing the partial
derivatives of multivariate functions.

3. Numerical derivation in the multivariate case

We describe a procedure generalizing the numerical derivation method described in Section 2 to the multivariate case. The formula
(10) has an analogue version in the multivariate case; in particular, let f : Q CR"” — R be a continuously differentiable function up
to order k > 1, let be x € Q and h € R” a non-null vector, such that x + th € Q for every ¢ € [0, 1]. Then for 7 € [0, 1],

la|<k |a|=k

t
f(x+th)= Z o f(x)t|"|h“+k Z ():/(t—s)k_ld”‘f(x+sh)ds, (13)
0

where o = (a1, a, ...,a,) € N" is a multi-index, |a| =a; + a, + -+, a! =a;!ay! - !, h* = H,E, h , I, is the set of the indices
of the non-null Cartesian components of h, and 0* we denote the derivative operator associated to a, that is

ol f
= lal#0,

0%f =9 ox{'oxy? ... ox,
/s || =

with the understanding that if @; = 0 then there is no partial derivation with respect to variable x;, see [27] for a detailed discussion
on formula (13). Given the function f and its derivatives up to the order k — 1, formula (13) can be seen as an integral equation for
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kth order derivatives of f. As in the univariate case, we restrict our attention to the first order derivative, i.e. k = 1, in this case (13)
becomes

af
ox;

t
Fx+th)=f(x)+ Zh,./ (x + shyds, 1[0, 1]. (19
i=1 0

We note that, given x € Q and h € R”, formula (14) can be easily written in terms of function F(¢) = f(x + th), t € [0, 1], which
depends on x and h. In fact, (14) is equivalent to

t

F@t)= F(0)+/F’(s)ds, te[o,1], (15)
0

which is analogous to equation (1); so, the numerical method described in Section 2 can be used to approximate F’(¢), t € [0, 1] and
in turn to approximate the partial derivatives of f in a neighbourhood of x € Q. However formulas (14) and (15) are not flexible
enough to deal efficiently with the numerical derivation concerning a generic set of points. To this aim, we extend these formulas by
considering a generic continuously differentiable function, g = (g, &, -.- ,gn)T : [0, 1] — Q, and by defining G(¢) = f(g(1)), t € [0, 1].
In this way, by rewriting equation (15) for G, we obtain

t
n
7]
f(g®) = f(g0)+ Z/g,-'(S)a—f(g(S))dsy 1€[0,1]. (16)
=17 Xi
For example, given L + 1 distinct points, py, p;, ..., Py € £, we can compute a continuously differentiable function, g : [0,1] = Q,

such that g(7,)=p;, I =0,1,...,L,0=7, <f, <...<f; =1, that is, g interpolates the L + 1 points, py, p;, ..., P; € €, at interpolation
knots, #y,7,...,7;. Hence, given G(f) = f(g(t)), from the chain rule, we have

n
y . of
G'in=Y g d)==@m), 1=0,1,...,L, a7
@ ;g,(,)axi(p»
and from a numerical derivatives d,,

d~G'(F), 1=0,1,...,L, (18)

of the univariate function G, we have:

n af
d~ '(f)=—@), I=0,1,..., L. 19
) ;g,(,)axi(pn (19)
In the following, we describe how to use equation (19) to approximate the partial derivatives %(p,), 1=0,1,...,L,i=1,2,...,n,

but first we give an example that shows the quality of the approximation (19), when d;, I =0, 1, ..., L, are computed by the method
described in Section 2. In particular, the function g is chosen as the natural cubic spline interpolating some points used to sample
the function. We recall that the cubic spline is a piecewise cubic polynomial that fits the considered points and is twice continuously
differentiable.

Example 1. We consider a two-dimensional case, where Q = [0, 1] X [0, ¢] C R?, and the function, f(x) = sin(x;x,) € R, x = (x|, x,)! €
Q, is sampled at points p, = 2, sin(m‘,)e”)T, t;=16,1=0,1,...,L,and 6 = 1/L, see Fig. 1 for a pictorial description of such points. Let
g:[0,1]—> R? be the cubic spline that interpolates these points, G(t) = f (g(?)), t € [0,1]. For [ =0,1,..., L, G'(I/L) is computed by
using (17) and the approximation d, is computed by (10). In Table 1 we have reported the mean squared error E, for L = 10, 100, 1000,
that is

L
1
E= \J T > (d,-G"(/L))’, 20

1=0

and the values of E/5*, which confirm the theoretical convergence rate stated in Theorem 1.

This example shows that the method described in Section 2 can provide an accurate approximation (18) to use in (19).
However, (19) does not provide a straightforward approximation of the partial derivatives of the function f at p, but only an
approximation of the scalar product of the gradient V f(p) with the vector 7(7) associated to the curve g, where

T
(1) = (g0, &0, ....g,»)" , 1€[0,1], (21)
is the tangent vector to the curve g(7), t € [0, 1], in R", and 7 € [0, 1] is such that g(¥) = p.
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e points

— interpolant

Fig. 1. Points p;, / =0,1,..., L, where L = 10, and the corresponding spline interpolating function g.

Table 1

The mean squared error E
and its convergence order
E/é*, for the approximation
(18) computed by the method
described in Section 2 for
L = 10,100,1000. The nota-
tion x(y) stays for x - 107.

L E E/8*

10 6.6(-2) 0.7(3)
100 7.2(-5) 7.2(3)
1000  2.7(-9) 2.7(3)

We remark that the partial derivatives of f at a point p € € can be computed by considering several curves g; : [0,1] — Q,

g =(81j:82js-+8n, j)T, J € Jp, (set of indices), interpolating the point p and such that the following linear system arising from (17)
has a unique solution

n
- - 0 - ;
6, (=Y &, () L. Terr ey, 22)
i=1

where G, =fog, TP ={te[0,1] : g, =p}. When j € Jp, we have that 7/ has at least one element; on the other hand,
when J;, has only one element, the unique curve g;, j € J, must be self-intersecting in p at least n times and 7/ has at least
n elements. We note that the solvability of the linear system (22) depends on the properties of the tangent vectors to the curves,
7,(1) = (g;!j(t), g;!j(t), U 4 ¥ oT,tefo,1],j e Jp at point p. Moreover, the solution of (22) defines the partial derivatives of f at
p; the corresponding approximation of these derivatives can be computed by linear system (22), by considering approximation (18),
that is by substituting G/ (7) with d; ().

We precisely define this method by generalising the problem to the case of the numerical derivation at a set N' C Q of N points.
We suppose that f is sampled at N and the following problem can be solved. We denote with C'[0, 1] the set of continuously
differentiable curves g : [0,1] - Q.

Problem 1. Given f sampled at N, find J curves g € clo,11, j=12,...,J, g = (gl,j’gZ,j’ ,gn,j)T, interpolating N; > 2 points
contained in N; C N, such that

« for each point p € N, curves g ;> J €Jp C{1,2,...,J}, interpolate p, thatis p € J\/J and there exists at least an interpolation
knot 7 € T/P such that g;(7) = p;
« for each point p € N, the set of tangential vectors,

{r,HeR" : jeJ, ieT/?},

contains » linearly independent vectors.

When Problem 1 is solved the evaluation of the derivatives of f can be easily done by taking into account approximation (19) and
the following considerations. From the solution g;(¢), € [0, 1], j = 1,2, ..., J, we define G;() = f (gj(t)), tel0,1],j=12,...,J. For

each pointpe N and j € Jp» let d;(7) be the approximation of G}(f), f € T/P, then the numerical partial derivatives, D;(p) ~ %(p),
i=1,2,...n, of f atpoint p € N are computed by the solution of the following linear system:

n
Y e DDy =d,(), TeT?, jel, (23)
i=1
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that is a linear system with n unknowns and n, equations, where
hp = Z Rjp
i€ty
and n; ;, is the cardinality of T- JP. We note that ny is equal to the cardinality of J}, if, for j € J,, the set T/P has only one element.

Moreover, the approximation D;(p), i = 1,2, ... n, of the partial derivatives % (p) of f at p € N are well-defined by linear system (23),

which has a unique solution as a consequence of the second point in Problem 1, which implies n, > n, and this solution coincides
with the least square solution of (23) when nj, > n. The following theorem gives an error estimation of the numerical derivatives

computed by (23) in the special case n, = n for the sake of simplicity.

Theorem 2. If Problem 1 is solved with n, = n for each p € N, then linear systems (19) have order n and invertible coefficient matrices

w=(g,0)
> IETIJ’,/EJP;/:I n

Moreover, if CP is the condition number of AP with respect to infinity norm, the proposed method gives an approximation O(CPé*/|| AP|| ),
when the numerical derivatives d j(f), feTiP je Jp, in (23) are computed by (10) and

1
S=max{ —— : jEJ, ;.
{ N-1"" P}
Proof. Disregarding the interpolation error in the entries of matrix AP the approximated gradient of f at p,

D(p) = (D;(p). Dy(p)..... D, ()",

(of . of of N o
D(p) <6—M(p),a(p),..-,a(p)> eR”,

is the unique solution of
APD(p) = d(p). (24)
where
AP = (D) epin jes ER" 4,0 =G/D+e;@.D.

G;=fog; and e (P, 7) is the error in the numerical derivation of functions G () at f.
We note that, if e; (p,7) = 0 for each 7 € T/ and j € J,, the unique solution of (24) is D(p) = V f(p), the gradient of f at p.
Instead, if dj(i) ~ G;(f), feT/P, jeJ,, is computed by (10) with G = G; and L = N, — 1, then, from (12) we have that

lle(P)llo = max [e;(p.D)| = O(*).
teT/vP,/er

From standard arguments on the perturbation theory in linear systems, we have

el

D(p) -V <CP ,
ID®) = V/ @)l < CPEe

which together with ||e(p)||,, = O(5*) complete the proof. []
4. Numerical results

We present the results of a numerical experiment to test the performance of the proposed method in the two-dimensional case.
We consider two functions given by

* f1(x) = sin(x; x,),

- ==

)
2 b
x2+1

where x = (x|,x,) € R2. The set of points N C R?, where these functions are sampled and where we want to compute their numerical
derivatives, is chosen as the set of vertices of non-Cartesian grids; in particular, two different sets of points are considered:

« N = {(uh,%sin(Znuh)+uk)T, u,=h/H,h=0,1,....H, v, =k/K, k=0,1,...,K},
« N@ = {((vy + D) cos(muy), (v, + 1+ %vk sin(nuh))sin(ﬂuh))T, u,=h/H,h=0,1,....H, v, =k/K, k=0,1,...,K}.
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151

-0.5

set N’ fi: ND SR

SN
L \\Qﬁ\\ﬁ\x oo #

set/\/(z) fliN(Z)%R fziN(z)HR

Fig. 2. The sets of points N'® and N'® for H = K = 10, and the corresponding values of functions f, and f,. A surface is drawn through such sets of points for
pictorial reasons.

These sets of points N'W, N'@, when H = K = 10, together the values of functions f;, f, are shown in Fig. 2.

The numerical partial derivatives of functions f;, f, are computed by the method discussed in the previous section and using the
values of such functions sampled at points NV, N'®_ In particular, the use of grids NV, A’® makes easy the choice of functions
g, j=12,....J, solving Problem 1. In particular, we denote with N a generic grid, where:

N = (& Wy v) &y 0)T €R?, wy =h/H, h=0,1,....H,

v, =k/K, k=0,1,...,K}. (25)

For each h =0,1,..., H, we denote with y,, the cubic-spline function interpolating (£, (u, vy), &y, v)7, k=0,1,...,K, and
for each k=0,1,..., K, we denote with x, the cubic-spline function interpolating (& (u, vy), éz(uh,vk))T, h=0,1,...,H. Under
standard arguments on geometry, when (&; (1, v), & (u, v)) defines a regular surface, we have that the set of curves,

{g; j=12,.... 0 ={xp, h=0,1,.... H} U {Ky, k=0,1,...,K}, (26)

solves Problem 1, in particular, for each p € N the set I has two elements and for each j € I the set T/P has one element, hence
ny = 2, J =(H + 1)+ (K + 1). In the proposed numerical experiment, the functions y. and x. in (26) are computed by the cubic
spline interpolating the corresponding set of points.

Table 2 shows the numerical results obtained with this method for N ; constant, in particular, N ;—1=L=H=K=10, 50, 100.
These results are in terms of the error in the numerical approximation of the derivatives. In particular, for i = 1,2, h=0,1,...,H,
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Table 2

The error parameters for the numerical derivatives of functions f, and
f, on grids NV, N'@ with different numbers of points H = K =
10,50, 100. The notation x(y) stays for x - 10”.

hi 12
L=H=K EZ Emax E2 Emax
10 13=1)  26(=2) 93(=1) L4(=1)
ND 50 L1(=3)  42(=5) 59(=3) 24(-4)
100 73(=5)  2.1(=6) 37(-4)  1.2(-5)
10 1.8(0) 22(-1)  L10) 1.0(=1)
N® 50 6.3(-3)  27(-4) 1.6(-2) 33(-4)
100 39(-4)  L4(=5)  69(-4)  1.3(=5)
k=0,1,...,K, we denote with d, , , the numerical approximation of the derivative with respect to x; at the generic point p = (x; ; 4,
Xz,h,k)T = (& (up, vp), &(up, Uk))T € N; given
of
ink =dipk = —(P)

the error for a generic function f is defined by the following two indices:

B = (H+1)(K+1)ZZ Z i (27)

h=0k=0 | i=1,2

Emax:Inax Ze[zhk’ h=0,1,...,H, k=0,1,...,K 7. (28)
v i=1,2

From Table 2 we can see that the performance of the method is slightly different for the four considered cases; in particular,
function f, seems to provide a more difficult case than f|, likewise N'® seems more difficult than N (1. A detailed error analysis
has to be considered in future studies. However, the proposed method behaves satisfactorily showing a good convergence rate as the
average distance of discretization points tends to zero.

In this test, we chose L = H = K only for well reading the numerical results. It is clear that if f is smooth, larger is L more
accurate is the solution, instead H and K are parameters related to the structure of the set N used in the test, it does not affect the
results because we can always suppose that N is the union of (not necessarily disjoint) subsets having cardinality (H + 1)(K + 1).

The good results, obtained in this numerical test, confirm the theoretical analysis of the accuracy of the proposed method and
give a good starting point for applying it to the solution of PDEs, especially compared to other studies in numerical derivation of
multivariate functions. The previously proposed methods, that had been used in [28], [29] and [30], usually have very complex
methodological frameworks and provide accurate results comparable to ones of the proposed method.

In the numerical test, we have reported only the two-dimensional case to clearly show that the proposed method has a simple
implementation. Similar results have been obtained in the analogous three-dimensional case, but the data were not reported for
brevity, so we expect that for slightly higher dimensions the method also continues to work without major adjustments; however, the
proposed method needs to be tested for much higher dimensions.

5. Conclusions

The paper proposes a new numerical derivation method for multivariate functions. This method is based on simple approximation
techniques (like curve interpolation), numerical derivation of univariate functions and linear systems. A numerical experiment shows
the performance of the proposed method and confirms its consistency and stability analysis given by the two stated theorems, in
particular, the theoretical estimation of the convergence order had been numerically regained. The results that were obtained are
promising and deserve further analysis in different directions. Problem 1 is a crucial step for the proposed method; its solvability
should be studied from a theoretical point of view and practically by implementing algorithms to effectively compute g;(?), 1 € [0, 1],
j=1,2,...,J. More in detail, Problem 1 and its solution depend on the geometric properties of the set A" and hence on the considered
applied problem; for instance, when N is the set of vertices of a non-Cartesian grid in R" we can use cubic-spline interpolating
curves g;, as in the numerical test, or other standard uni-variate interpolation methods. Moreover, in this interpolation problem,
the arrangement of the interpolation points is a key step, that we are trying to solve by graph routing problems, like the Chinese
Postman problem and the Eulerian Path problem. Another important analysis is the error estimation with respect to the features of the
function to be derived and of the sampling points as well as the property of the solution g;(#),  €[0,1], j = 1,2,...,J, of Problem 1.
This analysis strictly depends on the considered problem: A, f and the set of curves g ;> J=1,2,...,J, satisfying Problem 1, whose
solution in not unique. The proposed method is potentially applicable to the numerical solution of partial differential equations,
providing an alternative approach to finite difference methods, finite elements methods and finite volume methods; this is a further
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interesting aspect that has to be investigated by future studies. As already discussed in the introduction, we expect this procedure
could be generalised to solve fractional derivatives of multivariate functions.
The code of the proposed algorithm is available upon request to the corresponding author.
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Appendix A. Reorganization of data

The data {G(, G|, ...,G } are reorganized in the following vectors
a% = (a¢',a",....a%") eRM, i=0,1,2
= 0 24y o0 dp 5 =Y, 1,4
S, _ S, s, 8,0 T M P
a —(ao,al,...,aL) eR™, i=1,2,

whose components are:

1—%(5(—25G0+16G3—3G4), 1=0,
735 (—10G| +Gy), =1,
ajﬂ: 0, 2<I<L-2, (A1)
%GH, I=L-1
2 —
26, I=L,
1 _
]—OEGO, 1=0,
_Gl’ l:l’
6g B
=G, 1=2,
a'=30, 3<I<L-3, (A.2)
5 = —_
@GH, I=L-2,
_IQGL—I’ l=L—1,
=01, I=L,
1 —
@GO, 1=0,
el
—253(;2, 1=2,
=) "m0 =3 (A3)
! ) 4<I<L—4,
%GH, I=L-3,
26, I=L-2,
1 —_7 _ —
4G, I=L-1I=L,
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615301, 1=0,
13—502, I=1,
=Gy, 2<i<L-4,
ol = %GL—% I=L-3, (A.4)
e
iﬁig +4G I:L ’
36 "L-3T g5 L4 T
¥o o
—ﬁG% 1:2,
45 3 -
af’2—< E I+ ?fiﬁ_i—i (A.5)
2347ISGH’ =13
$ L2 t=L-=3
?Glﬂv ;:i_zsL_ls
126 L-4 T

where we recall that §=1/L.
Appendix B. Convergence of the algorithm for univariate functions

We will prove Theorem 1, that is,
|G'(t)—d)|=0©%, 1=0,1,...,L,
where 6=1/L.Letbe M =L +1, §, =k/M, k € Z, then, from the definition given in Section 2.2, we have
d;=p, (DCT@(w))
and for j=1,2,..., M,

e 1=0.1 L.

w; = (FCTO @), +¢;, (FCTV@™D) + &, (FCTP @), +
551 (FSTO@™), +5,, (FSTO @) .

U 1, - U 1, -

&G =5 (Camt + Eaent) s Ea8u= 5 (Guma+Eua)

I 1. - - 1, -

SjaSjik =5 (a1 = Gjaet) s 552570 = ) (&7k-2 = Ees2)
il =5 ¢ =

Y7 =801 G rptek =G Le1-k-

In particular for j =1,2,..., L + 1, we have

1 c,0 ¢~ 2~
w;=—— (ao +a0 cj,l+a0 cj,2)+

M
< 1
c,0~ c,l~ c,l~ c,2~ 2~
+2 Z (am Jj.m + E (am Jj.m—1 +a, Cjm+1 +a, Cjm=2 +a, Cj,rn+2)) +
m=1
L-1 1
s,1 ~ PN B~ 5,2 ~ _ 82
22,5 (@' Eon = ' G+ €7 C it = 078 ) +
m=0
1 5,1~ 5,1~ 5,2 ~ 5,2 ~ _
T3\ G = G TG T G ) | =

1 c.0 c.l~ 2~
= ay tag ¢ tay it

sl lx 5,2 _ o s2x
+ (am jm Ay Cjma2 T4 Ci i — A,y cj,m+3) +

S,
m
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ay'e +a’e | = (DCTO W),

JAR
where
04 ai’l +a§’2 + a(s)’l + ai’z, j=1,
s Za‘;’o + ag’l + a§’2 + ac’2 + as’l + a;’2 + a(s)’z, j=2,
24 Zac’o c’l + ai’z +a 24 asl a(s)’l + a;’z, j=3,
c,0 cl c,2 c,2
Zaj_l +as' 4 a’,tai +a i+
N +aS.’1 —a?" +a?—a*?, 4<j<M-2,
W; =1 /—1 j-3 J Jj—4
2a¢° +a Y4a®! +a%? 4+
L-1 PR S
:IaL—l C_Z”L—a :Z“L—zv j=M-1
2a° +aL (ta i, —ar+
_as,l _as,2 +as,2 -M
L2~ 9% 3Tq J :

L

We recall that from standard properties of discrete Fourier transforms

DCT@(w)=DCT? (DCTO(W)) =W
so that from (10), for / =0,1,...,L,

=B (FCTO W), =Wy

In particular by using the Taylor expansion of G, k =1,2,3,4, at ¢j, we have
c,2 s,1 5.2 _
do—ﬂowl—a +a +a2 tay +a”=

245 (=50Gy +32G5 — 6G, +40G, — 35G, + 56G, — 37G,) =

2411  (~50Gy +96G, ~72G, + 3263 — 6G;) =

_ 1 (1) <2>6 38 OF) 5
=5 50G0+96<G0+G 54+G6P L +6PL 1.6l 24+g0,15)+

1 2) 62 3) 83 4) 6
—72<G0+2G()6+4G() +8602 +16G(())24+g0255>

+32(Gy+365+ 96 L +276) 2 i 81GS L +036° ) +

-6 (GO +4676 +1662 % 1646 Z 425660 % + g 455) -

S

where G(()k) denotes the kth derivative of G at #,, while g, , and g, are values that depends of G on the interval [f,1,].
With similar computations we obtain

d=GV@)+gh*, 1=0,1,...,L

with g a constant that depends on G©.
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