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We consider the problem of the numerical derivation of a function of several real variables. The 
proposed numerical method is based on the singular value expansion of the integral formulation 
of the derivative problem generalised to the multivariate case. The resulting derivation method 
is able to compute the partial derivatives of a multivariate function sampled at points in general 
position. The accuracy of the proposed method is analysed and cofirmed by numerical tests 
performed for different distributions of the sampling points.

1. Introduction

We consider the problem of the numerical derivation of a multivariate function known at a given sample data set  . This is a 
fundamental problem in any research field where we need to know an approximation of the derivatives of differentiable functions 
known only at discrete sampled points [1,2]. Even if the exact expressions of the derivatives are known, numerical derivation is 
preferable due to the computational cost reason. For example, in nonlinear optimisation, gradient approximations are necessary to 
construct descent directions and to verify optimality conditions. Moreover, many application problems are described by Ordinary 
Differential Equations (ODEs) and Partial Differential Equations (PDEs), which need accurate approximations of both the solutions 
and their derivatives [3--8].

Due to its importance, many methods have been presented for the numerical differentiation of a function. There are methods 
based on finite differences [9], polynomial interpolation [10--12], regularization methods [13--15], and methods based on complex 
variables techniques. These last techniques were first proposed in [16] and used in [17] to approximate the first derivative avoiding 
the subtractive cancellation errors. Additionally, they have been analysed in noisy environments [18].

Among these numerical differentiation methods, we have different orders of the approximations. Unfortunately, the numerical 
differentiation is an ill-conditioned problem and the choice of the step ℎ is crucial for the accuracy of the computed approximation; 
in particular, ℎ has to be related to the noise level [19].

In this work, we consider the computation of the first derivatives of a multivariate function starting from its values at a set of 
nodes  not necessarily structured. The proposed method is based on an algorithm for univariate function that we prove to have 
a convergence order of (ℎ4). This method can be extended to solve fractional differentiation problems, in fact, it is based on an 
integral formulation of the derivation problem and its Singular Value Decomposition (SVD) [20]. Hence, a similar approach can 
be considered for the integral formulation of the fractional derivation problem. Ultimately, the proposed derivation method and its 
generalisation to fractional derivatives can be profitably used to solve PDEs and fractional PDEs, like those studied in [21--23]. It is 
worth noting that the simple tools used, i.e., the curve fitting, one-dimensional derivation methods and linear system solution, give 
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high flexibility to the proposed numerical derivation method. This flexibility makes the method profitably usable in solving PDEs on 
complicated domains, also in consideration of the satisfactory accuracy results. Moreover, the performed numerical tests cofirm the 
accuracy and robustness of the proposed method.

Section 2 briefly introduces the numerical derivation method in the univariate case, since it is a fundamental component in the 
following method for the multivariate case. Section 3 presents the numerical method for the approximation of the partial derivatives 
of a multivariate function. Section 4 reports the numerical results obtained in a numerical experiment with the proposed method. 
Section 5 provides some conclusions and remarks for future investigations.

2. Numerical derivation in the univariate case

We begin by giving some used notations. We denote with ℕ the set of natural numbers. Let ℝ be the set of real numbers, and ℝ𝑛 be 
the 𝑛-dimensional real Euclidean space. An element in ℝ𝑛 is a column vector of the following form 𝐱 = (𝑥1, 𝑥2,… , 𝑥𝑛)𝑇 ∈ℝ𝑛, where 
the superscript 𝑇 means transposed. We denote with ℝ𝑚×𝑛 the spaces of real matrices having 𝑚 rows and 𝑛 columns. We denote with || ⋅ ||∞ the ifinity norm of a matrix or a vector depending on the entry. We begin by giving some analytic results on derivatives 
approximation.

2.1. Analytic results

Given a differentiable function 𝐺 ∶ [0,1]→ℝ, the first derivative 𝐺′ of 𝐺, satifies

𝑡 

∫
0 

𝐺′(𝑠)𝑑𝑠 =𝐺(𝑡) −𝐺(0), (1)

that is, 𝐺′ is the solution of the Fredholm integral equation having kernel 𝐾 ∶ [0,1] × [0,1]→ℝ,

𝐾(𝑡, 𝑠) =
{

1, 𝑠 < 𝑡,

0, otherwise.
(2)

The singular value expansion (SVE) of 𝐾 is given by the following,

𝐾(𝑡, 𝑠) =
∞ ∑
𝑗=1 

𝜇𝑗𝑢𝑗 (𝑡)𝑣𝑗 (𝑠), 0 ≤ 𝑡, 𝑠 ≤ 𝑡, (3)

where, for 𝑗 = 1,2,… , and 𝑡 ∈ [0,1], 𝑢𝑗 (𝑡) and 𝑣𝑗 (𝑡) are the singular functions, and 𝜇𝑗 is the corresponding singular value of the 
integral operator with kernel (2) associated to the first derivative operator; moreover, for 𝑡 ∈ [0,1], and 𝑗 = 1,2,… , we have:

𝑢𝑗 (𝑡) =
√
2 sin(𝛾𝑗 𝑡), 𝑣𝑗 (𝑡) =

√
2cos(𝛾𝑗 𝑡), 𝛾𝑗 = 𝜋

(
𝑗 − 1

2

)
,

and 𝜇𝑗 = 1∕𝛾𝑗 , see [24] for details. By using this SVE, we obtain the following representation for 𝐺′ [20],

𝐺′(𝑡) = 1
2

( ∞ ∑
𝑗=1 
⟨𝐺′, 𝑣𝑗⟩𝑣𝑗 (𝑡) + ∞ ∑

𝑗=1 
⟨𝐺′, 𝑢𝑗⟩𝑢𝑗 (𝑡)) , 0 < 𝑡 < 1, (4)

moreover

⟨𝐺′, 𝑣𝑗⟩ = −
√
2𝐺(0) + 𝛾𝑗⟨𝐺,𝑢𝑗⟩, (5)⟨𝐺′, 𝑢𝑗⟩ = (−1)𝑗−1

√
2𝐺(1) − 𝛾𝑗⟨𝐺,𝑣𝑗⟩, (6)

where ⟨⋅, ⋅⟩ denotes the usual inner product.

From the discretization of (4), (5) and (6), we obtain numerical schemes for computing the derivative of 𝐺, like the one proposed 
in [25]. The following section proposes another scheme, which is used in the subsequent section for the numerical approximation of 
partial derivatives.

2.2. The numerical approximation scheme

We suppose to know 𝐺𝑙 =𝐺(𝑡𝑙), 𝑡𝑙 = 𝑙∕𝐿, 𝑙 = 0,1,… ,𝐿, 𝐿 ≥ 4, we denote with 𝛿 = 1∕𝐿 the discretization step. In the following, 
we give a method for computing an approximation 𝑑𝑙 of the derivative of 𝐺 at 𝑡𝑙 , that is, 𝑑𝑙 ≈𝐺′(𝑡𝑙), for 𝑙 = 0,1,… ,𝐿.

Let be 𝐰 = (𝑤1,𝑤2,… ,𝑤𝑀 )𝑇 ∈ ℝ𝑀 , we denote with 𝐹𝐶𝑇 (2)(𝐰) ∈ ℝ𝑀 and 𝐹𝐶𝑇 (3)(𝐰) ∈ ℝ𝑀 its discrete cosine transform of 
type II and III, respectively, we denote with 𝐹𝑆𝑇 (3)(𝐰) ∈ℝ𝑀 its discrete sine transform of type III. More precisely, the generic 𝑚th 
components, 𝑚 = 1,2,… ,𝑀 , of such transformed vectors are dfined as follows:

(
𝐹𝐶𝑇 (2)(𝐰)

)
𝑚
= 1 √

𝑀

𝑀∑
𝑟=1 

𝑤𝑟 cos
(
𝜋

𝑀

(
𝑟− 1

2

)
(𝑚− 1)

)
, (7)
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(
𝐹𝐶𝑇 (3)(𝐰)

)
𝑚
= 1 √

𝑀

(
𝑤1 + 2

𝑀∑
𝑟=2 

𝑤𝑟 cos
(
𝜋

𝑀
(𝑟− 1)

(
𝑚− 1

2

)))
, (8)

(
𝐹𝑆𝑇 (3)(𝐰)

)
𝑚
= 1 √

𝑀

(
2
𝑀−1∑
𝑟=1 

𝑤𝑟 sin
(
𝜋

𝑀
𝑟

(
𝑚− 1

2

))
+ (−1)𝑚−1𝑤𝑀

)
, (9)

see [26] for a detailed description of discrete trigonometric transformations.

Let 𝑀 =𝐿+ 1, for 𝑗 = 1,2,… ,𝑀 , we dfine

𝑐𝑗,𝑘 = cos
(
𝛾𝑗

𝑘 
𝑀

)
, 𝑠̃𝑗,𝑘 = sin

(
𝛾𝑗

𝑘 
𝑀

)
, 𝑘 ∈ℤ,

and, for 𝑙 = 0,1,… ,𝐿,

𝛽𝑙 =
{

1, 𝑙 = 0,
2 𝑙 ≥ 1.

Theorem 1 (Numerical derivative of univariate functions). Suppose that the function 𝐺 ∶ [0,1]→ ℝ is sampled at 𝑡𝑙 = 𝑙𝛿, 𝑙 = 0,1,… ,𝐿, 
𝛿 = 1∕𝐿, and let {𝐺0,𝐺1,… ,𝐺𝐿} be the corresponding data set. For 𝑙 = 0,1,… ,𝐿, we can compute the approximation 𝑑𝑙 of 𝐺′(𝑡𝑙) by using 
the following formula

𝑑𝑙 = 𝛽𝑙
(
𝐹𝐶𝑇 (2)(𝐰)

)
𝑙+1 , (10)

where 𝐰 = (𝑤1,𝑤2,… ,𝑤𝐿+1)𝑇 ∈ℝ𝐿+1 has components

𝑤𝑗 =
(
𝐹𝐶𝑇 (3) (𝐚𝑐,0))

𝑗
+ 𝑐𝑗,1

(
𝐹𝐶𝑇 (3) (𝐚𝑐,1))

𝑗
+ 𝑐𝑗,2

(
𝐹𝐶𝑇 (3) (𝐚𝑐,2))

𝑗
+

+𝑠̃𝑗,1
(
𝐹𝑆𝑇 (3) (𝐚𝑠,1))

𝑗
+ 𝑠̃𝑗,2

(
𝐹𝑆𝑇 (3) (𝐚𝑠,2))

𝑗
, 𝑗 = 1,2,… ,𝐿+ 1, (11)

and

𝐚𝑐,𝑖 =
(
𝑎
𝑐,𝑖

0 , 𝑎
𝑐,𝑖

1 ,… , 𝑎
𝑐,𝑖

𝐿

)𝑇 ∈ℝ𝑀, 𝑖 = 0,1,2,

𝐚𝑠,𝑖 =
(
𝑎
𝑠,𝑖

0 , 𝑎
𝑠,𝑖

1 ,… , 𝑎
𝑠,𝑖

𝐿

)𝑇 ∈ℝ𝑀, 𝑖 = 1,2,

are given by (A.1)-(A.5) and depends only on 𝐺𝑙, 𝑙 = 0,1,… ,𝐿.

For the approximation (10) we have:

𝑑𝑙 =𝐺′(𝑡𝑙) +(𝛿4), 𝑙 = 0,1,… ,𝐿. (12)

Proof. See Appendix B. □

As a consequence of this theorem, formulas (10) and (11) allow the computation of the fourth order approximation 𝑑𝑙 of 𝐺′(𝑡𝑙), 𝑙 =
0,1,… ,𝐿, by knowing the values of 𝐺 at 𝑡𝑙 , 𝑙 = 0,1,… ,𝐿; these data are contained in the vectors 𝐚⋅,⋅ , whose appropriate rfinements 
can produce higher order approximation schemes. In the following section, we use this numerical method for computing the partial 
derivatives of multivariate functions.

3. Numerical derivation in the multivariate case

We describe a procedure generalizing the numerical derivation method described in Section 2 to the multivariate case. The formula 
(10) has an analogue version in the multivariate case; in particular, let 𝑓 ∶ Ω ⊆ℝ𝑛 →ℝ be a continuously differentiable function up 
to order 𝑘 ≥ 1, let be 𝐱 ∈Ω and 𝐡 ∈ℝ𝑛 a non-null vector, such that 𝐱 + 𝑡𝐡 ∈Ω for every 𝑡 ∈ [0,1]. Then for 𝑡 ∈ [0,1],

𝑓 (𝐱 + 𝑡𝐡) =
∑
|𝜶|<𝑘

𝜕𝜶𝑓 (𝐱)
𝜶! 

𝑡|𝜶|𝐡𝜶 + 𝑘
∑
|𝜶|=𝑘

𝐡𝜶
𝜶! 

𝑡 

∫
0 

(𝑡− 𝑠)𝑘−1𝜕𝜶𝑓 (𝐱 + 𝑠𝐡)𝑑𝑠, (13)

where 𝜶 = (𝛼1, 𝛼2,… , 𝛼𝑛) ∈ℕ𝑛 is a multi-index, |𝜶| = 𝛼1 + 𝛼2 +⋯+ 𝛼𝑛, 𝜶! = 𝛼1!𝛼2!⋯𝛼𝑛!, 𝐡𝜶 =
∏

𝑖∈𝐼𝐡 ℎ
𝛼𝑖
𝑖

, 𝐼𝐡 is the set of the indices 
of the non-null Cartesian components of 𝐡, and 𝜕𝜶 we denote the derivative operator associated to 𝜶, that is

𝜕𝜶𝑓 =
⎧⎪⎨⎪⎩

𝜕|𝛼|𝑓
𝜕𝑥

𝛼1
1 𝜕𝑥

𝛼2
2 …𝜕𝑥

𝛼𝑛
𝑛

|𝜶| ≠ 0,

𝑓 , |𝜶| = 0,

with the understanding that if 𝛼𝑖 = 0 then there is no partial derivation with respect to variable 𝑥𝑖 , see [27] for a detailed discussion 
on formula (13). Given the function 𝑓 and its derivatives up to the order 𝑘− 1, formula (13) can be seen as an integral equation for 
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𝑘th order derivatives of 𝑓 . As in the univariate case, we restrict our attention to the first order derivative, i.e. 𝑘 = 1, in this case (13) 
becomes

𝑓 (𝐱 + 𝑡𝐡) = 𝑓 (𝐱) +
𝑛 ∑
𝑖=1 

ℎ𝑖

𝑡 

∫
0 

𝜕𝑓

𝜕𝑥𝑖
(𝐱 + 𝑠𝐡)𝑑𝑠, 𝑡 ∈ [0,1]. (14)

We note that, given 𝐱 ∈ Ω and 𝐡 ∈ℝ𝑛, formula (14) can be easily written in terms of function 𝐹 (𝑡) = 𝑓 (𝐱 + 𝑡𝐡), 𝑡 ∈ [0,1], which 
depends on 𝐱 and 𝐡. In fact, (14) is equivalent to

𝐹 (𝑡) = 𝐹 (0) +

𝑡 

∫
0 

𝐹 ′(𝑠)𝑑𝑠, 𝑡 ∈ [0,1], (15)

which is analogous to equation (1); so, the numerical method described in Section 2 can be used to approximate 𝐹 ′(𝑡), 𝑡∈ [0,1] and 
in turn to approximate the partial derivatives of 𝑓 in a neighbourhood of 𝐱 ∈ Ω. However formulas (14) and (15) are not flexible 
enough to deal efficiently with the numerical derivation concerning a generic set of points. To this aim, we extend these formulas by 
considering a generic continuously differentiable function, 𝐠 = (𝑔1, 𝑔2,… , 𝑔𝑛)𝑇 ∶ [0,1]→Ω, and by defining 𝐺(𝑡) = 𝑓 (𝐠(𝑡)), 𝑡 ∈ [0,1]. 
In this way, by rewriting equation (15) for 𝐺, we obtain

𝑓 (𝐠(𝑡)) = 𝑓 (𝐠(0)) +
𝑛 ∑
𝑖=1 

𝑡 

∫
0 

𝑔′
𝑖
(𝑠) 𝜕𝑓

𝜕𝑥𝑖
(𝐠(𝑠))𝑑𝑠, 𝑡 ∈ [0,1]. (16)

For example, given 𝐿+1 distinct points, 𝐩0,𝐩1,… ,𝐩𝐿 ∈Ω, we can compute a continuously differentiable function, 𝐠 ∶ [0,1]→Ω, 
such that 𝐠(𝑡𝑙) = 𝐩𝑙 , 𝑙 = 0,1,… ,𝐿, 0 = 𝑡0 < 𝑡1 <… < 𝑡𝐿 = 1, that is, 𝐠 interpolates the 𝐿+1 points, 𝐩0,𝐩1,… ,𝐩𝐿 ∈Ω, at interpolation 
knots, 𝑡0, 𝑡1,… , 𝑡𝐿. Hence, given 𝐺(𝑡) = 𝑓 (𝐠(𝑡)), from the chain rule, we have

𝐺′(𝑡𝑙) =
𝑛 ∑
𝑖=1 

𝑔′
𝑖
(𝑡𝑙)

𝜕𝑓

𝜕𝑥𝑖
(𝐩𝑙), 𝑙 = 0,1,… ,𝐿, (17)

and from a numerical derivatives 𝑑𝑙 ,

𝑑𝑙 ≈𝐺′(𝑡𝑙), 𝑙 = 0,1,… ,𝐿, (18)

of the univariate function 𝐺, we have:

𝑑𝑙 ≈
𝑛 ∑
𝑖=1 

𝑔′
𝑖
(𝑡𝑙)

𝜕𝑓

𝜕𝑥𝑖
(𝐩𝑙), 𝑙 = 0,1,… ,𝐿. (19)

In the following, we describe how to use equation (19) to approximate the partial derivatives 𝜕𝑓

𝜕𝑥𝑖
(𝐩𝑙), 𝑙 = 0,1,… ,𝐿, 𝑖 = 1,2,… , 𝑛, 

but first we give an example that shows the quality of the approximation (19), when 𝑑𝑙 , 𝑙 = 0,1,… ,𝐿, are computed by the method 
described in Section 2. In particular, the function 𝐠 is chosen as the natural cubic spline interpolating some points used to sample 
the function. We recall that the cubic spline is a piecewise cubic polynomial that fits the considered points and is twice continuously 
differentiable.

Example 1. We consider a two-dimensional case, where Ω= [0,1]×[0, 𝑒] ⊂ℝ2, and the function, 𝑓 (𝐱) = sin(𝑥1𝑥2) ∈ℝ, 𝐱 = (𝑥1, 𝑥2)𝑇 ∈
Ω, is sampled at points 𝐩𝑙 = (𝑡2

𝑙
, sin(𝜋𝑡𝑙)𝑒𝑡𝑙 )𝑇 , 𝑡𝑙 = 𝑙𝛿, 𝑙 = 0,1,… ,𝐿, and 𝛿 = 1∕𝐿, see Fig. 1 for a pictorial description of such points. Let 

𝐠 ∶ [0,1]→ℝ2 be the cubic spline that interpolates these points, 𝐺(𝑡) = 𝑓 (𝐠(𝑡)), 𝑡 ∈ [0,1]. For 𝑙 = 0,1,… ,𝐿, 𝐺′(𝑙∕𝐿) is computed by 
using (17) and the approximation 𝑑𝑙 is computed by (10). In Table 1 we have reported the mean squared error 𝐸, for 𝐿 = 10,100,1000, 
that is

𝐸 =

√√√√ 1 
𝐿+ 1

𝐿 ∑
𝑙=0 

(
𝑑𝑙 −𝐺′(𝑙∕𝐿)

)2
, (20)

and the values of 𝐸∕𝛿4, which cofirm the theoretical convergence rate stated in Theorem 1. 

This example shows that the method described in Section 2 can provide an accurate approximation (18) to use in (19).

However, (19) does not provide a straightforward approximation of the partial derivatives of the function 𝑓 at 𝐩, but only an 
approximation of the scalar product of the gradient ∇𝑓 (𝐩) with the vector 𝝉(𝑡) associated to the curve 𝐠, where

𝝉(𝑡) =
(
𝑔′1(𝑡), 𝑔

′
2(𝑡),… , 𝑔′

𝑛
(𝑡)
)𝑇

, 𝑡 ∈ [0,1], (21)

is the tangent vector to the curve 𝐠(𝑡), 𝑡 ∈ [0,1], in ℝ𝑛, and 𝑡∈ [0,1] is such that 𝐠(𝑡) = 𝐩.
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Fig. 1. Points 𝐩𝑙 , 𝑙 = 0,1,… ,𝐿, where 𝐿= 10, and the corresponding spline interpolating function 𝐠. 

Table 1
The mean squared error 𝐸
and its convergence order 
𝐸∕𝛿4 , for the approximation 
(18) computed by the method 
described in Section 2 for 
𝐿 = 10,100,1000. The nota

tion 𝑥(𝑦) stays for 𝑥 ⋅ 10𝑦 .

𝐿 𝐸 𝐸∕𝛿4

10 6.6(-2) 0.7(3) 
100 7.2(-5) 7.2(3) 
1000 2.7(-9) 2.7(3) 

We remark that the partial derivatives of 𝑓 at a point 𝐩 ∈ Ω can be computed by considering several curves 𝐠𝑗 ∶ [0,1] → Ω, 
𝐠𝑗 = (𝑔1,𝑗 , 𝑔2,𝑗 ,… , 𝑔𝑛,𝑗 )𝑇 , 𝑗 ∈ 𝐽𝐩 (set of indices), interpolating the point 𝐩 and such that the following linear system arising from (17) 
has a unique solution

𝐺′
𝑗

(
𝑡
)
=

𝑛 ∑
𝑖=1 

𝑔′
𝑖,𝑗

(
𝑡
) 𝜕𝑓

𝜕𝑥𝑖
(𝐩), 𝑡 ∈ 𝑇 𝑗,𝐩, 𝑗 ∈ 𝐽𝐩, (22)

where 𝐺𝑗 = 𝑓 ◦ 𝐠𝑗 , 𝑇 𝑗,𝐩 = {𝑡 ∈ [0,1] ∶ 𝐠𝑗 (𝑡) = 𝐩}. When 𝑗 ∈ 𝐽𝐩, we have that 𝑇 𝑗,𝐩 has at least one element; on the other hand, 
when 𝐽𝐩 has only one element, the unique curve 𝑔𝑗 , 𝑗 ∈ 𝐽𝐩 must be self-intersecting in 𝐩 at least 𝑛 times and 𝑇 𝑗,𝑝 has at least 
𝑛 elements. We note that the solvability of the linear system (22) depends on the properties of the tangent vectors to the curves, 
𝝉𝑗 (𝑡) = (𝑔′1,𝑗 (𝑡), 𝑔

′
2,𝑗 (𝑡),… , 𝑔′

𝑛,𝑗
(𝑡))𝑇 , 𝑡 ∈ [0,1], 𝑗 ∈ 𝐽𝐩 at point 𝐩. Moreover, the solution of (22) dfines the partial derivatives of 𝑓 at 

𝐩; the corresponding approximation of these derivatives can be computed by linear system (22), by considering approximation (18), 
that is by substituting 𝐺′

𝑗

(
𝑡
)

with 𝑑𝑗 (𝑡).
We precisely dfine this method by generalising the problem to the case of the numerical derivation at a set  ⊂Ω of 𝑁 points. 

We suppose that 𝑓 is sampled at  and the following problem can be solved. We denote with 1[0,1] the set of continuously 
differentiable curves 𝐠 ∶ [0,1]→Ω.

Problem 1. Given 𝑓 sampled at  , find 𝐽 curves 𝐠𝑗 ∈ 1[0,1], 𝑗 = 1,2,… , 𝐽 , 𝐠𝑗 = (𝑔1,𝑗 , 𝑔2,𝑗 ,… , 𝑔𝑛,𝑗 )𝑇 , interpolating 𝑁𝑗 ≥ 2 points 
contained in 𝑗 ⊆ , such that

• for each point 𝐩 ∈ , curves 𝐠𝑗 , 𝑗 ∈ 𝐽𝐩 ⊂ {1,2,… , 𝐽}, interpolate 𝐩, that is 𝐩 ∈𝑗 and there exists at least an interpolation 
knot 𝑡∈ 𝑇 𝑗,𝐩 such that 𝐠𝑗 (𝑡) = 𝐩;

• for each point 𝐩 ∈ , the set of tangential vectors,{
𝝉𝑗 (𝑡) ∈ℝ𝑛 ∶ 𝑗 ∈ 𝐽𝐩, 𝑡 ∈ 𝑇 𝑗,𝐩} ,

contains 𝑛 linearly independent vectors.

When Problem 1 is solved the evaluation of the derivatives of 𝑓 can be easily done by taking into account approximation (19) and 
the following considerations. From the solution 𝐠𝑗 (𝑡), 𝑡 ∈ [0,1], 𝑗 = 1,2,… , 𝐽 , we dfine 𝐺𝑗 (𝑡) = 𝑓

(
𝐠𝑗 (𝑡)

)
, 𝑡 ∈ [0,1], 𝑗 = 1,2,… , 𝐽 . For 

each point 𝐩 ∈ and 𝑗 ∈ 𝐽𝐩, let 𝑑𝑗 (𝑡) be the approximation of 𝐺′
𝑗
(𝑡), 𝑡 ∈ 𝑇 𝑗,𝐩, then the numerical partial derivatives, 𝐷𝑖(𝐩) ≈

𝜕𝑓

𝜕𝑥𝑖
(𝐩), 

𝑖 = 1,2,…𝑛, of 𝑓 at point 𝐩 ∈ are computed by the solution of the following linear system:

𝑛 ∑
𝑖=1 

𝑔′
𝑖,𝑗
(𝑡)𝐷𝑖(𝐩) = 𝑑𝑗 (𝑡), 𝑡 ∈ 𝑇 𝑗,𝐩, 𝑗 ∈ 𝐽𝐩, (23)
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that is a linear system with 𝑛 unknowns and 𝑛𝐩 equations, where

𝑛𝐩 =
∑
𝑗∈𝐽𝐩

𝑛𝑗,𝐩,

and 𝑛𝑗,𝐩 is the cardinality of 𝑇 𝑗,𝐩. We note that 𝑛𝐩 is equal to the cardinality of 𝐽𝐩 if, for 𝑗 ∈ 𝐽𝐩, the set 𝑇 𝑗,𝐩 has only one element. 
Moreover, the approximation 𝐷𝑖(𝐩), 𝑖 = 1,2,…𝑛, of the partial derivatives 𝜕𝑓

𝜕𝑥𝑖
(𝐩) of 𝑓 at 𝐩 ∈ are well-defined by linear system (23), 

which has a unique solution as a consequence of the second point in Problem 1, which implies 𝑛𝐩 ≥ 𝑛, and this solution coincides 
with the least square solution of (23) when 𝑛𝐩 > 𝑛. The following theorem gives an error estimation of the numerical derivatives 
computed by (23) in the special case 𝑛𝐩 = 𝑛 for the sake of simplicity.

Theorem 2. If Problem 1 is solved with 𝑛𝐩 = 𝑛 for each 𝐩∈ , then linear systems (19) have order 𝑛 and invertible coefficient matrices

𝐴𝐩 =
(
𝑔′
𝑖,𝑗
(𝑡)
)
𝑡∈𝑇 𝑗,𝐩 ,𝑗∈𝐽𝐩;𝑖=1∶𝑛

.

Moreover, if 𝐶𝐩 is the condition number of 𝐴𝐩 with respect to ifinity norm, the proposed method gives an approximation (𝐶𝐩𝛿4∕||𝐴𝐩||∞), 
when the numerical derivatives 𝑑𝑗(𝑡), 𝑡 ∈ 𝑇 𝑗,𝐩, 𝑗 ∈ 𝐽𝐩, in (23) are computed by (10) and

𝛿 =max
{

1 
𝑁𝑗 − 1

∶ 𝑗 ∈ 𝐽𝐩

}
.

Proof. Disregarding the interpolation error in the entries of matrix 𝐴𝐩 the approximated gradient of 𝑓 at 𝐩,

𝐃(𝐩) = (𝐷1(𝐩),𝐷2(𝐩),… ,𝐷𝑛(𝐩))𝑇 ,

𝐃(𝐩) ≈
(

𝜕𝑓

𝜕𝑥1
(𝐩), 𝜕𝑓

𝜕𝑥2
(𝐩),… ,

𝜕𝑓

𝜕𝑥𝑛
(𝐩)
)𝑇

∈ℝ𝑛,

is the unique solution of

𝐴𝐩𝐃(𝐩) = 𝐝(𝐩), (24)

where

𝐝(𝐩) =
(
𝑑𝑗 (𝑡)

)
𝑡∈𝑇 𝑗,𝐩 ,𝑗∈𝐽𝐩

∈ℝ𝑛, 𝑑𝑗 (𝑡) =𝐺′
𝑗
(𝑡) + 𝑒𝑗 (𝐩, 𝑡),

𝐺𝑗 = 𝑓 ◦ 𝐠𝑗 and 𝑒𝑗 (𝐩, 𝑡) is the error in the numerical derivation of functions 𝐺𝑗 (𝑡) at 𝑡.
We note that, if 𝑒𝑗 (𝐩, 𝑡) = 0 for each 𝑡 ∈ 𝑇 𝑗,𝐩 and 𝑗 ∈ 𝐽𝐩, the unique solution of (24) is 𝐃(𝐩) = ∇𝑓 (𝐩), the gradient of 𝑓 at 𝐩. 

Instead, if 𝑑𝑗 (𝑡) ≈𝐺′
𝑗
(𝑡), 𝑡 ∈ 𝑇 𝑗,𝐩, 𝑗 ∈ 𝐽𝐩, is computed by (10) with 𝐺 =𝐺𝑗 and 𝐿 =𝑁𝑗 − 1, then, from (12) we have that

||𝐞(𝐩)||∞ = max 
𝑡∈𝑇 𝑗,𝐩 ,𝑗∈𝐽𝐩

|𝑒𝑗 (𝐩, 𝑡)| =(𝛿4).
From standard arguments on the perturbation theory in linear systems, we have

||𝐃(𝐩) − ∇𝑓 (𝐩)||∞ ≤ 𝐶𝐩 ||𝐞(𝐩)||∞||𝐴𝐩||∞ ,

which together with ||𝐞(𝐩)||∞ =(𝛿4) complete the proof. □

4. Numerical results

We present the results of a numerical experiment to test the performance of the proposed method in the two-dimensional case. 
We consider two functions given by

• 𝑓1(𝐱) = sin(𝑥1𝑥2),
• 𝑓2(𝐱) =

𝑥1+𝑥2
𝑥22+1 

,

where 𝐱 = (𝑥1, 𝑥2) ∈ℝ2. The set of points  ⊂ℝ2, where these functions are sampled and where we want to compute their numerical 
derivatives, is chosen as the set of vertices of non-Cartesian grids; in particular, two different sets of points are considered:

•  (1) = {(𝑢ℎ,
1
2 sin(2𝜋𝑢ℎ) + 𝑣𝑘)𝑇 , 𝑢ℎ = ℎ∕𝐻 , ℎ= 0,1,… ,𝐻 , 𝑣𝑘 = 𝑘∕𝐾 , 𝑘 = 0,1,… ,𝐾},

•  (2) = {((𝑣𝑘 + 1) cos(𝜋𝑢ℎ), (𝑣𝑘 + 1 + 1
2𝑣𝑘 sin(𝜋𝑢ℎ)) sin(𝜋𝑢ℎ))

𝑇 , 𝑢ℎ = ℎ∕𝐻 , ℎ= 0,1,… ,𝐻 , 𝑣𝑘 = 𝑘∕𝐾 , 𝑘 = 0,1,… ,𝐾}.
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Fig. 2. The sets of points  (1) and  (2) for 𝐻 = 𝐾 = 10, and the corresponding values of functions 𝑓1 and 𝑓2 . A surface is drawn through such sets of points for 
pictorial reasons.

These sets of points  (1),  (2), when 𝐻 =𝐾 = 10, together the values of functions 𝑓1, 𝑓2 are shown in Fig. 2. 
The numerical partial derivatives of functions 𝑓1 , 𝑓2 are computed by the method discussed in the previous section and using the 

values of such functions sampled at points  (1),  (2). In particular, the use of grids  (1),  (2) makes easy the choice of functions 
𝐠𝑗 , 𝑗 = 1,2,… , 𝐽 , solving Problem 1. In particular, we denote with  a generic grid, where:

 = {(𝜉1(𝑢ℎ, 𝑣𝑘), 𝜉2(𝑢ℎ, 𝑣𝑘))𝑇 ∈ℝ2, 𝑢ℎ = ℎ∕𝐻, ℎ = 0,1,… ,𝐻,

𝑣𝑘 = 𝑘∕𝐾, 𝑘 = 0,1,… ,𝐾}. (25)

For each ℎ = 0,1,… ,𝐻 , we denote with 𝝌ℎ, the cubic-spline function interpolating (𝜉1(𝑢ℎ, 𝑣𝑘), 𝜉2(𝑢ℎ, 𝑣𝑘))𝑇 , 𝑘 = 0,1,… ,𝐾 , and 
for each 𝑘 = 0,1,… ,𝐾 , we denote with 𝜿𝑘, the cubic-spline function interpolating (𝜉1(𝑢ℎ, 𝑣𝑘), 𝜉2(𝑢ℎ, 𝑣𝑘))𝑇 , ℎ = 0,1,… ,𝐻 . Under 
standard arguments on geometry, when (𝜉1(𝑢, 𝑣), 𝜉2(𝑢, 𝑣)) dfines a regular surface, we have that the set of curves,

{𝐠𝑗 , 𝑗 = 1,2,… , 𝐽} = {𝝌ℎ, ℎ = 0,1,… ,𝐻} ∪ {𝜿𝑘, 𝑘 = 0,1,… ,𝐾}, (26)

solves Problem 1, in particular, for each 𝐩 ∈ the set 𝐽𝐩 has two elements and for each 𝑗 ∈ 𝐽𝐩 the set 𝑇 𝑗,𝐩 has one element, hence 
𝑛𝐩 = 2, 𝐽 = (𝐻 + 1) + (𝐾 + 1). In the proposed numerical experiment, the functions 𝝌 ⋅ and 𝜿⋅ in (26) are computed by the cubic 
spline interpolating the corresponding set of points.

Table 2 shows the numerical results obtained with this method for 𝑁𝑗 constant, in particular, 𝑁𝑗 −1 =𝐿 =𝐻 =𝐾 = 10, 50, 100. 
These results are in terms of the error in the numerical approximation of the derivatives. In particular, for 𝑖 = 1,2, ℎ = 0,1,… ,𝐻 , 
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Table 2
The error parameters for the numerical derivatives of functions 𝑓1 and 
𝑓2 on grids  (1) ,  (2) with different numbers of points 𝐻 = 𝐾 =
10,50,100. The notation 𝑥(𝑦) stays for 𝑥 ⋅ 10𝑦 .

𝑓1 𝑓2
𝐿 =𝐻 =𝐾 𝐸2 𝐸𝑚𝑎𝑥 𝐸2 𝐸𝑚𝑎𝑥

10 1.3(−1) 2.6(−2) 9.3(−1) 1.4(−1)
 (1) 50 1.1(−3) 4.2(−5) 5.9(−3) 2.4(−4)

100 7.3(−5) 2.1(−6) 3.7(−4) 1.2(−5)

10 1.8(0) 2.2(−1) 1.1(0) 1.0(−1)
 (2) 50 6.3(−3) 2.7(−4) 1.6(−2) 3.3(−4)

100 3.9(−4) 1.4(−5) 6.9(−4) 1.3(−5)

𝑘 = 0,1,… ,𝐾 , we denote with 𝑑𝑖,ℎ,𝑘 the numerical approximation of the derivative with respect to 𝑥𝑖 at the generic point 𝐩 = (𝑥1,ℎ,𝑘, 
𝑥2,ℎ,𝑘)𝑇 = (𝜉1(𝑢ℎ, 𝑣𝑘), 𝜉2(𝑢ℎ, 𝑣𝑘))𝑇 ∈ ; given

𝑒𝑖,ℎ,𝑘 = 𝑑𝑖,ℎ,𝑘 −
𝜕𝑓

𝜕𝑥𝑖
(𝐩),

the error for a generic function 𝑓 is dfined by the following two indices:

𝐸2 =
1 

(𝐻 + 1)(𝐾 + 1)

𝐻∑
ℎ=0

𝐾∑
𝑘=0

√∑
𝑖=1,2

𝑒2
𝑖,ℎ,𝑘

, (27)

𝐸𝑚𝑎𝑥 =max
⎧⎪⎨⎪⎩
√∑

𝑖=1,2
𝑒2
𝑖,ℎ,𝑘

, ℎ = 0,1,… ,𝐻, 𝑘 = 0,1,… ,𝐾

⎫⎪⎬⎪⎭ . (28)

From Table 2 we can see that the performance of the method is slightly different for the four considered cases; in particular, 
function 𝑓2 seems to provide a more difficult case than 𝑓1 , likewise  (2) seems more difficult than  (1). A detailed error analysis 
has to be considered in future studies. However, the proposed method behaves satisfactorily showing a good convergence rate as the 
average distance of discretization points tends to zero.

In this test, we chose 𝐿 = 𝐻 = 𝐾 only for well reading the numerical results. It is clear that if 𝑓 is smooth, larger is 𝐿 more 
accurate is the solution, instead 𝐻 and 𝐾 are parameters related to the structure of the set  used in the test, it does not affect the 
results because we can always suppose that  is the union of (not necessarily disjoint) subsets having cardinality (𝐻 + 1)(𝐾 + 1).

The good results, obtained in this numerical test, cofirm the theoretical analysis of the accuracy of the proposed method and 
give a good starting point for applying it to the solution of PDEs, especially compared to other studies in numerical derivation of 
multivariate functions. The previously proposed methods, that had been used in [28], [29] and [30], usually have very complex 
methodological frameworks and provide accurate results comparable to ones of the proposed method.

In the numerical test, we have reported only the two-dimensional case to clearly show that the proposed method has a simple 
implementation. Similar results have been obtained in the analogous three-dimensional case, but the data were not reported for 
brevity, so we expect that for slightly higher dimensions the method also continues to work without major adjustments; however, the 
proposed method needs to be tested for much higher dimensions.

5. Conclusions

The paper proposes a new numerical derivation method for multivariate functions. This method is based on simple approximation 
techniques (like curve interpolation), numerical derivation of univariate functions and linear systems. A numerical experiment shows 
the performance of the proposed method and cofirms its consistency and stability analysis given by the two stated theorems, in 
particular, the theoretical estimation of the convergence order had been numerically regained. The results that were obtained are 
promising and deserve further analysis in different directions. Problem 1 is a crucial step for the proposed method; its solvability 
should be studied from a theoretical point of view and practically by implementing algorithms to effectively compute 𝐠𝑗 (𝑡), 𝑡 ∈ [0,1], 
𝑗 = 1,2,… , 𝐽 . More in detail, Problem 1 and its solution depend on the geometric properties of the set  and hence on the considered 
applied problem; for instance, when  is the set of vertices of a non-Cartesian grid in ℝ𝑛 we can use cubic-spline interpolating 
curves 𝐠𝑗 , as in the numerical test, or other standard uni-variate interpolation methods. Moreover, in this interpolation problem, 
the arrangement of the interpolation points is a key step, that we are trying to solve by graph routing problems, like the Chinese 
Postman problem and the Eulerian Path problem. Another important analysis is the error estimation with respect to the features of the 
function to be derived and of the sampling points as well as the property of the solution 𝐠𝑗 (𝑡), 𝑡 ∈ [0,1], 𝑗 = 1,2,… , 𝐽 , of Problem 1. 
This analysis strictly depends on the considered problem:  , 𝑓 and the set of curves 𝐠𝑗 , 𝑗 = 1,2,… , 𝐽 , satisfying Problem 1, whose 
solution in not unique. The proposed method is potentially applicable to the numerical solution of partial differential equations, 
providing an alternative approach to finite difference methods, finite elements methods and finite volume methods; this is a further 



Applied Numerical Mathematics 210 (2025) 165–176

173

N. Egidi, J. Giacomini and P. Maponi 

interesting aspect that has to be investigated by future studies. As already discussed in the introduction, we expect this procedure 
could be generalised to solve fractional derivatives of multivariate functions.

The code of the proposed algorithm is available upon request to the corresponding author.
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Appendix A. Reorganization of data

The data {𝐺0,𝐺1,… ,𝐺𝐿} are reorganized in the following vectors

𝐚𝑐,𝑖 =
(
𝑎
𝑐,𝑖

0 , 𝑎
𝑐,𝑖

1 ,… , 𝑎
𝑐,𝑖

𝐿

)𝑇 ∈ℝ𝑀, 𝑖 = 0,1,2,

𝐚𝑠,𝑖 =
(
𝑎
𝑠,𝑖

0 , 𝑎
𝑠,𝑖

1 ,… , 𝑎
𝑠,𝑖

𝐿

)𝑇 ∈ℝ𝑀, 𝑖 = 1,2,

whose components are:

𝑎
𝑐,0
𝑙

=

⎧⎪⎪⎪⎨⎪⎪⎪⎩

1 
12𝛿

(
−25𝐺0 + 16𝐺3 − 3𝐺4

)
, 𝑙 = 0,

1 
24𝛿 (−10𝐺1 +𝐺4), 𝑙 = 1,
0, 2 ≤ 𝑙 ≤𝐿− 2,
5 
12𝛿 𝐺𝐿−1, 𝑙 =𝐿− 1,
25 
24𝛿 𝐺𝐿, 𝑙 =𝐿,

(A.1)

𝑎
𝑐,1
𝑙

=

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

− 1 
4𝛿 𝐺0, 𝑙 = 0,

10 
6𝛿 𝐺1, 𝑙 = 1,
5 
12𝛿 𝐺2, 𝑙 = 2,
0, 3 ≤ 𝑙 ≤𝐿− 3,
− 5 

12𝛿 𝐺𝐿−2, 𝑙 =𝐿− 2,
−10 

6𝛿 𝐺𝐿−1, 𝑙 =𝐿− 1,
1 
8𝛿 𝐺𝐿, 𝑙 =𝐿,

(A.2)

𝑎
𝑐,2
𝑙

=

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

1 
12𝛿 𝐺0, 𝑙 = 0,
1 
24𝛿 𝐺1, 𝑙 = 1,
− 35 

24𝛿 𝐺2, 𝑙 = 2,
− 5 

24𝛿 𝐺3, 𝑙 = 3,
0, 4 ≤ 𝑙 ≤𝐿− 4,
5 
24𝛿 𝐺𝐿−3, 𝑙 =𝐿− 3,
35 
24𝛿 𝐺𝐿−2, 𝑙 =𝐿− 2,
− 1 

24𝛿 𝐺𝑙, 𝑙 =𝐿− 1, 𝑙 =𝐿,

(A.3)
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𝑎
𝑠,1
𝑙

=

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

14 
6𝛿 𝐺1, 𝑙 = 0,
13 
12𝛿 𝐺2, 𝑙 = 1,
4 
6𝛿 𝐺𝑙+1, 2 ≤ 𝑙 ≤𝐿− 4,
13 
12𝛿 𝐺𝐿−2, 𝑙 =𝐿− 3,
14 
6𝛿 𝐺𝐿−1, 𝑙 =𝐿− 2,
1 
8𝛿 𝐺𝐿, 𝑙 =𝐿− 1,
− 4 

3𝛿 𝐺𝐿−3 +
1 
4𝛿 𝐺𝐿−4, 𝑙 =𝐿,

(A.4)

𝑎
𝑠,2
𝑙

=

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

− 1 
24𝛿 𝐺1, 𝑙 = 0,

− 37 
24𝛿 𝐺2, 𝑙 = 1,

− 7 
24𝛿 𝐺3, 𝑙 = 2,

− 1 
12𝛿 𝐺𝑙+1, 3 ≤ 𝑙 ≤𝐿− 5,

− 7 
24𝛿 𝐺𝐿−3, 𝑙 =𝐿− 4,

− 37 
24𝛿 𝐺𝐿−2, 𝑙 =𝐿− 3,

− 1 
24𝛿 𝐺𝑙+1, 𝑙 =𝐿− 2,𝐿− 1,

− 1 
12𝛿 𝐺𝐿−4, 𝑙 =𝐿,

(A.5)

where we recall that 𝛿 = 1∕𝐿.

Appendix B. Convergence of the algorithm for univariate functions

We will prove Theorem 1, that is,

|𝐺′(𝑡𝑙) − 𝑑𝑙| =𝑂(𝛿4), 𝑙 = 0,1,… ,𝐿,

where 𝛿 = 1∕𝐿. Let be 𝑀 =𝐿+ 1, 𝜉𝑘 = 𝑘∕𝑀 , 𝑘 ∈ℤ, then, from the definition given in Section 2.2, we have

𝑑𝑙 = 𝛽𝑙
(
𝐷𝐶𝑇 (2)(𝐰)

)
𝑙+1 , 𝑙 = 0,1,… ,𝐿.

and for 𝑗 = 1,2,… ,𝑀 ,

𝑤𝑗 =
(
𝐹𝐶𝑇 (3)(𝐚𝑐,0)

)
𝑗
+ 𝑐𝑗,1

(
𝐹𝐶𝑇 (3)(𝐚𝑐,1)

)
𝑗
+ 𝑐𝑗,2

(
𝐹𝐶𝑇 (3)(𝐚𝑐,2)

)
𝑗
+

+𝑠̃𝑗,1
(
𝐹𝑆𝑇 (3)(𝐚𝑠,1)

)
𝑗
+ 𝑠̃𝑗,2

(
𝐹𝑆𝑇 (3)(𝐚𝑠,2)

)
𝑗
,

𝑐𝑗,1𝑐𝑗,𝑘 =
1
2
(
𝑐𝑗,𝑘−1 + 𝑐𝑗,𝑘+1

)
, 𝑐𝑗,2𝑐𝑗,𝑘 =

1
2
(
𝑐𝑗,𝑘−2 + 𝑐𝑗,𝑘+2

)
,

𝑠̃𝑗,1𝑠̃𝑗,𝑘 =
1
2
(
𝑐𝑗,𝑘−1 − 𝑐𝑗,𝑘+1

)
, 𝑠̃𝑗,2𝑠̃𝑗,𝑘 =

1
2
(
𝑐𝑗,𝑘−2 − 𝑐𝑗,𝑘+2

)
,

(−1)𝑗−1 = 𝑠̃𝑗,𝐿+1, 𝑐𝑗,𝐿+1+𝑘 = −𝑐𝑗,𝐿+1−𝑘.

In particular for 𝑗 = 1,2,… ,𝐿+ 1, we have

𝑤𝑗 =
1 √
𝑀

[(
𝑎
𝑐,0
0 + 𝑎

𝑐,1
0 𝑐𝑗,1 + 𝑎

𝑐,2
0 𝑐𝑗,2

)
+

+2
𝐿 ∑

𝑚=1

(
𝑎𝑐,0
𝑚
𝑐𝑗,𝑚 + 1

2
(
𝑎𝑐,1
𝑚
𝑐𝑗,𝑚−1 + 𝑎𝑐,1

𝑚
𝑐𝑗,𝑚+1 + 𝑎𝑐,2

𝑚
𝑐𝑗,𝑚−2 + 𝑎𝑐,2

𝑚
𝑐𝑗,𝑚+2

))
+

+2
𝐿−1 ∑
𝑚=0

1
2
(
𝑎𝑠,1
𝑚
𝑐𝑗,𝑚 − 𝑎𝑠,1

𝑚
𝑐𝑗,𝑚+2 + 𝑎𝑠,2

𝑚
𝑐𝑗,𝑚−1 − 𝑎𝑠,2

𝑚
𝑐𝑗,𝑚+3

)
+

+1
2

(
𝑎
𝑠,1
𝐿
𝑐𝑗,𝐿 − 𝑎

𝑠,1
𝐿
𝑐𝑗,𝐿+2 + 𝑎

𝑠,2
𝐿
𝑐𝑗,𝐿−1 − 𝑎

𝑠,2
𝐿
𝑐𝑗,𝐿+3

)]
=

= 1 √
𝑀

[
𝑎
𝑐,0
0 + 𝑎

𝑐,1
0 𝑐𝑗,1 + 𝑎

𝑐,2
0 𝑐𝑗,2+

+
𝐿 ∑

𝑚=1

(
2𝑎𝑐,0

𝑚
𝑐𝑗,𝑚 + 𝑎𝑐,1

𝑚
𝑐𝑗,𝑚−1 + 𝑎𝑐,1

𝑚
𝑐𝑗,𝑚+1 + 𝑎𝑐,2

𝑚
𝑐𝑗,𝑚−2 + 𝑎𝑐,2

𝑚
𝑐𝑗,𝑚+2

)
+

+
𝐿−1 ∑
𝑚=0

(
𝑎𝑠,1
𝑚
𝑐𝑗,𝑚 − 𝑎𝑠,1

𝑚
𝑐𝑗,𝑚+2 + 𝑎𝑠,2

𝑚
𝑐𝑗,𝑚−1 − 𝑎𝑠,2

𝑚
𝑐𝑗,𝑚+3

)
+
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𝑎
𝑠,1
𝐿
𝑐𝑗,𝐿 + 𝑎

𝑠,2
𝐿
𝑐𝑗,𝐿−1

]
=
(
𝐷𝐶𝑇 (3) (𝐰̃)

)
𝑗
,

where

𝑤̃𝑗 =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

𝑎
𝑐,0
0 + 𝑎

𝑐,1
1 + 𝑎

𝑐,2
2 + 𝑎

𝑠,1
0 + 𝑎

𝑠,2
1 , 𝑗 = 1,

𝑎
𝑐,1
0 + 2𝑎𝑐,01 + 𝑎

𝑐,1
2 + 𝑎

𝑐,2
3 + 𝑎

𝑐,2
1 + 𝑎

𝑠,1
1 + 𝑎

𝑠,2
2 + 𝑎

𝑠,2
0 , 𝑗 = 2,

𝑎
𝑐,2
0 + 2𝑎𝑐,02 + 𝑎

𝑐,1
3 + 𝑎

𝑐,2
1 + 𝑎

𝑐,2
4 + 𝑎

𝑠,1
2 − 𝑎

𝑠,1
0 + 𝑎

𝑠,2
3 , 𝑗 = 3,

2𝑎𝑐,0
𝑗−1 + 𝑎

𝑐,1
𝑗

+ 𝑎
𝑐,1
𝑗−2 + 𝑎

𝑐,2
𝑗+1 + 𝑎

𝑐,2
𝑗−3+

+𝑎𝑠,1
𝑗−1 − 𝑎

𝑠,1
𝑗−3 + 𝑎

𝑠,2
𝑗

− 𝑎
𝑠,2
𝑗−4, 4 ≤ 𝑗 ≤𝑀 − 2,

2𝑎𝑐,0
𝐿−1 + 𝑎

𝑐,1
𝐿

+ 𝑎
𝑐,1
𝐿−2 + 𝑎

𝑐,2
𝐿−3+

+𝑎𝑠,1
𝐿−1 − 𝑎

𝑠,1
𝐿−3 − 𝑎

𝑠,2
𝐿−4, 𝑗 =𝑀 − 1,

2𝑎𝑐,0
𝐿

+ 𝑎
𝑐,1
𝐿−1 + 𝑎

𝑐,2
𝐿−2 − 𝑎

𝑐,2
𝐿
+

−𝑎𝑠,1
𝐿−2 − 𝑎

𝑠,2
𝐿−3 + 𝑎

𝑠,2
𝐿−1, 𝑗 =𝑀.

We recall that from standard properties of discrete Fourier transforms

𝐷𝐶𝑇 (2)(𝐰) =𝐷𝐶𝑇 (2) (𝐷𝐶𝑇 (3)(𝐰̃)
)
= 𝐰̃,

so that from (10), for 𝑙 = 0,1,… ,𝐿,

𝑑𝑙 = 𝛽𝑙
(
𝐹𝐶𝑇 (2)(𝐰)

)
𝑙+1 = 𝛽𝑙𝐰̃𝑙+1.

In particular by using the Taylor expansion of 𝐺𝑘, 𝑘 = 1,2,3,4, at 𝑡0, we have

𝑑0 = 𝛽0𝑤̃1 = 𝑎
𝑐,0
0 + 𝑎

𝑐,1
1 + 𝑎

𝑐,2
2 + 𝑎

𝑠,1
0 + 𝑎

𝑠,2
1 =

= 1 
24𝛿

(
−50𝐺0 + 32𝐺3 − 6𝐺4 + 40𝐺1 − 35𝐺2 + 56𝐺1 − 37𝐺2

)
=

= 1 
24𝛿

(
−50𝐺0 + 96𝐺1 − 72𝐺2 + 32𝐺3 − 6𝐺4

)
=

= 1 
24𝛿

(
− 50𝐺0 + 96

(
𝐺0 +𝐺

(1)
0 𝛿 +𝐺

(2)
0

𝛿2

2 +𝐺
(3)
0

𝛿3

6 +𝐺
(4)
0

𝛿4

24 + 𝑔0,1𝛿
5
)
+

−72
(
𝐺0 + 2𝐺(1)

0 𝛿 + 4𝐺(2)
0

𝛿2

2 + 8𝐺(3)
0

𝛿3

6 + 16𝐺(4)
0

𝛿4

24 + 𝑔0,2𝛿
5
)
+

+32
(
𝐺0 + 3𝐺(1)

0 𝛿 + 9𝐺(2)
0

𝛿2

2 + 27𝐺(3)
0

𝛿3

6 + 81𝐺(4)
0

𝛿4

24 + 𝑔0,3𝛿
5
)
+

−6
(
𝐺0 + 4𝐺(1)

0 𝛿 + 16𝐺(2)
0

𝛿2

2 + 64𝐺(3)
0

𝛿3

6 + 256𝐺(4)
0

𝛿4

24 + 𝑔0,4𝛿
5
))

=

=𝐺
(1)
0 + 𝑔̃0𝛿

4,

where 𝐺(𝑘)
0 denotes the 𝑘th derivative of 𝐺 at 𝑡0, while 𝑔0,𝑘 and 𝑔̃0 are values that depends of 𝐺(5) on the interval [𝑡0, 𝑡4].

With similar computations we obtain

𝑑𝑙 =𝐺(1)(𝑡𝑙) + 𝑔̃𝑙ℎ
4, 𝑙 = 0,1,… ,𝐿,

with 𝑔̃𝑙 a constant that depends on 𝐺(5).
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