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Abstract
We investigate a generalized quantum perceptron architecture characterized by an oscillating activ-
ation function with a tunable frequency ranging from zero to infinity. Employing analytical tech-
niques from statistical mechanics, we derive the optimal storage capacity and demonstrate that the
classical result is recovered in the limit of vanishing frequency. As the frequency increases, how-
ever, the architecture exhibits enhanced quantum storage capabilities. Notably, this improvement
stems solely from the specific form of the activation function and, in principle, could be emu-
lated within a classical framework. Accordingly, we refer to this enhancement as a pseudo quantum
advantage.

1. Introduction andmotivation

Recent advancements in quantum computing have enabled the implementation of machine learning
concepts on quantum hardware [1]. This development raises the prospect of quantum neural networks
outperforming their classical counterparts, offering enhanced storage capacity and superior information
processing capabilities. In the classical framework, using statistical mechanical tools, deep connections
among neural networks, spin glasses, and information processing have been uncovered [2, 3]. A signific-
ant advantage of the statistical mechanics approach is its ability to extract global, macroscopic features
of physical systems without requiring detailed knowledge of their microscopic details. This methodology
has also enabled the characterization of artificial neural networks without requiring prior knowledge of
specific learning rules. Instead, it approaches the problem by treating network weights as random vari-
ables, a framework often referred to as Gardner’s program [4–6].

In the quantum setting, the statistical approach has already been used to estimate the storage capa-
city of continuous and discrete versions of quantum perceptrons; namely, of the fundamental building
blocks of quantum neural networks. Yet, the models that have been considered show apparently opposite
results regarding their storage capabilities. Indeed, the results in [7, 8] indicate that quantum advantages
in storage properties are unlikely. There, a natural quantum encoding of the classical patterns and a bin-
ary classification rule of the measurement outcomes are provided which yield an optimal storage capa-
city always bounded from above by the maximal classical storage capacity of αc = 2. The reason behind
such a behavior is due to the fuzziness injected into the procedure by the non-perfect distinguishability
of the quantum states encoding the classical patterns and by the intrinsic randomness of the measure-
ment results upon which the classification of the quantumly encoded classical patterns is operated.

Conversely, the results in [9] suggest that the quantum storage capacity may become twice its clas-
sical counterpart, yet this result stems from a sign ambiguity inherent to the measurement process in
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the employed perceptron model. Furthermore, in [10], the authors investigated a quantum perceptron
implemented on a quantum circuit using a repeat until success method, finding a storage capacity
almost five times larger than the classical one. Again, this advantage ought to be ascribed to the highly
non-linear form of the activation function resulting from the employed quantum perceptron model.

In this work, taking inspiration from the latter analysis, we apply Gardner’s program to a broadly
defined quantum perceptron architecture [11] featuring an oscillating activation function whose fre-
quency can range from zero to infinity. We compute analytically the storage capacity and show that,
while the classical result is recovered at vanishing frequency, increasing the frequency yields enhanced—
and even diverging—quantum storage capacity. However, since this effect arises solely from the form
of the activation function, it can, in principle, be replicated within a classical framework. Therefore, we
refer to this enhancement in storage capacity as a pseudo quantum advantage.

2. Basic tools

This section deals with the main tools and techniques necessary for our later purposes. We start by
recalling the main features of a so-called classical perceptron [12–16]. Then, we introduce the notion of
storage capacity as an appropriate parameter to characterize the perceptron performances. Finally, we
outline the essential features of Gardner’s approach to evaluate the storage capacity [2–6].

2.1. The classical perceptron
Artificial neurons are the fundamental building blocks of an artificial neural network. From the math-
ematical point of view, the output of an artificial neuron can be modeled by a map

RN 3 x 7→ f(w · x+ b) ∈ R, (1)

where x= (x1, . . . ,xN), w= (w1, . . . ,wN) represent the input patterns and the vector of weights, respect-
ively, while w · x=

∑N
i=1wixi. The constant term b ∈ R is the so-called bias, while f : R→ R is a non-

linear function—i.e. the activation function—which determines whether the artificial neuron is active
or not. In the case where the activation function is chosen to be the Heaviside theta function—that is,
f(x) = Θ(x) = 1 if x> 0, and zero otherwise—or the sign function, sgn(x), the artificial neuron is called
perceptron [12–16].

Let f(x)≡ sgn(x) and, for simplicity, set the bias b= 0 as in the standard task addressed by a classical
perceptron. The latter is the so-called binary classification problem, consisting in the assignment of a
given input vector to one of two possible classes [15, 16] specified by the values of a binary variable ξ =
±1. More precisely, let us introduce the following sets

I :=
{
xµ ∈ {−1,1}N | 1⩽ µ⩽ p

}
, X :=

{
ξ = {ξµ}pµ=1 | ξ

µ =±1
}
, (2)

which represent the input set—here we are considering input vectors with binary entries—and the label
set, respectively. Depending on the weight vectors w in RN, a classical perceptron provides a classifica-
tion of p input patterns {xµ}pµ=1 ⊂ I . Given an assigned classification vector ξ ∈ X to be implemen-
ted, with the chosen activation function the perceptron outputs sgn(w · xµ), so that the classical per-
ceptron correctly classifies the input patterns iff

sgn(w · xµ) = ξµ, ∀µ= 1, . . . ,p. (3)

Condition (3) is sometimes rephrased in terms of the so-called pattern stabilities, defined as

∆µ := ξµw · xµ . (4)

Accordingly, the classification of the input pattern is correct—w.r.t. a given chosen target classification
ξ—iff the condition

∆µ ⩾ 0 (5)

holds for any µ= 1, . . . ,p. In many practical situations, the above condition (5) is strengthened by
requiring ∆µ > κ > 0 for all µ= 1, . . . ,p. Indeed, this condition provides a higher stability of the per-
ceptron, as it prevents incorrect classification due to noise in the input pattern components.

2
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2.2. The storage capacity problem
A paramount feature of an artificial neuron is its ability to store and classify input patterns. This per-
formance is typically assessed by the so-called storage capacity; namely, by a threshold parameter associ-
ated with the volume of input patterns a classical perceptron can correctly classify when their dimension
N increases [2, 3].

A convenient statistical way to define and compute the storage capacity of a classical perceptron is
by means of Gardner’s approach [4–6]; here, one starts by introducing the normalized volume—i.e. the
Gardner volume—defined as

VN :=
1

ZN

ˆ
dµ(w)

p∏
µ=1

Θ(∆µ −κ) , (6)

where Θ is the Heaviside function, dµ(w) is the normalized uniform measure on the N-dimensional
sphere of radius

√
N:

dµ(w) =
1

CN

ˆ
dwδ

(
‖w‖2 −N

)
, CN =

ˆ
dwδ

(
‖w‖2 −N

)
=

2πN/2N(N−1)/2

Γ(N/2)
, (7)

where dw=
∏N

i=1 dwi
9, and Γ(z) is the Euler Gamma function. The Gardner volume VN quantifies the

fraction of weight vectors w ∈ RN constrained to the sphere of radius
√
N that correctly classify a set of

p input patterns. In the thermodynamic limit N→∞, one is interested in the regime where a macro-
scopic number of patterns can be stored, i.e. p= αN with fixed load α> 0. As N increases, the p= αN
classification constraints in (6) typically reduce VN at least exponentially in N. The problem becomes
unfeasible when this reduction is super-exponential, in which case VN vanishes too rapidly to allow stor-
age. The storage capacity is thus defined as the critical value αc of the load parameter α= p/N that sep-
arates the regime where VN remains exponentially small in N from the regime where it decays super-
exponentially [2, 3].

To compute the storage capacity, one can exploit the formal analogy between expression (6) and a
statistical mechanics partition function. Then, we will consider the patterns xµ and the labels ξµ as inde-
pendent random variables with independent and identically distributed entries, according to

P
(
xµj = 1

)
= P

(
xµj =−1

)
=

1

2
, P(ξµ = 1) = P(ξµ =−1) =

1

2
. (8)

As a consequence, the volume (6) becomes a random variable whose typical value VN ∼ eNF is charac-
terized by the free energy [17, 18]

F (α) = lim
p,N→∞
p/N=α

〈lnVN〉I ,X

N
. (9)

In order to compute the so called quenched average 〈lnVN〉I ,X , a notoriously difficult task, a most
convenient approach is the so-called replica trick [17, 19]

〈lnVN〉I ,X = lim
n→0

〈Vn
N〉I ,X − 1

n
= lim

n→0

ln〈Vn
N〉I ,X

n
, (10)

but evaluating 〈Vn
N〉I ,X for n integer.

The replica trick (10) allows us to express the expectation value 〈lnVN〉I ,X in terms of the average
volume over n replicas of the single perceptron random setting

〈Vn
N〉I ,X =

ˆ n∏
γ=1

dµ(wγ)

〈
p∏

µ=1

n∏
γ=1

Θ(ξµwγ · xµ −κ)

〉
I ,X

, (11)

which can be computed in the N→∞ limit through a saddle-point approximation. In the replica sym-
metric scenario, the computation is performed with the introduction of the order parameter q, whose

9 Note that, the measure defined as λ(E) :=
´
E dwδ(∥w∥

2 −N)
∏p

µ=1Θ(∆µ −κ), for every Borel subset E of RN, is a well defined

Radon measure on RN.

3
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value at the saddle point characterizes the typical overlap between two different replicas w1,w2 extracted
from the uniform measure within the solution space [18, 20]:

q=

〈ˆ
dµ(w1)dµ(w2)

w1 ·w2

N

p∏
µ=1

Θ(ξµw1 · xµ −κ)Θ(ξµw2 · xµ −κ)

〉
. (12)

The value of q at the saddle point depends on the value of the load parameter α in (9), and in partic-
ular one finds that it monotonically increases in α. Then, the critical value αc can be characterized as
the value of α such that q→ 1, signaling the fact that the typical volume of the solution space shrinks
to zero. In the classical perceptron, this procedure yields the final result for the storage capacity in the
form [4, 5, 16]

αc (κ) =

(ˆ +∞

−κ

dy√
2π

e−y2/2 (κ+ y)2
)−1

. (13)

Interestingly, when κ→ 0, one finds αc(0) = 2, which is the value of the storage capacity obtained
through a completely different approach, based on a geometric argument due to Cover [21].

3. Quantum storage capacity

Quantum neural networks generalize at the quantum level the notion of a feed-forward neural network.
Like their classical counterparts, the fundamental computational unit of a quantum neural network is
represented by the so-called quantum perceptron. In recent years, several proposals for implementing
a quantum perceptron have been considered [7, 8, 11, 22–35]. Regardless of the specific model, each
approach typically involves three essential steps: first, constructing an encoding circuit to map classical
input data into a quantum state; second, defining a set of trainable quantum gates—controlled by tun-
able weights wij—to realize a quantum counterpart to the non-linear output of the classical perceptron;
and finally, setting a readout operation to retrieve a classical output from the quantum system. In this
respect, notice that the quantum measurement process itself, in its selective version, amounts to a non-
linear operation.

3.1. A discrete model of quantum perceptron
In this work, we focus on a model first proposed in [11]. A perceptron is here implemented by a qubit
subjected to an external coupling that operates a unitary transformation parametrized by a classical
activation function. Specifically, the k-th qubit in a multi-layered perceptron is acted upon by a unit-
ary transformation Uk(wk, f) that depends on a non-linear activation function f and on tunable weights
wkj, j = 1,2, . . . ,k− 1, as follows:

Uk (wk, f) := exp

(
−i arcsin

√
f

(∑
j<k

wkjσ
( j)
z − bk

)
⊗σ(k)

y

)
, (14)

where σ(i)
α , α ∈ {x,y,z}, denotes the α-Pauli operator acting on the i-th qubit.

Remark 1. The above model of discrete quantum perceptron has been proved to contain the classical per-
ceptron as a limit and thus to provide a universal approximator of continuous functions [11].

In the simplest case, the quantum neural network consists of a single input layer with N qubits, and
an output layer with a single qubit. Let HN = C2N and |ΨN〉〈ΨN| denote the Hilbert space, and a pure
state of the input layer, respectively. Similarly, let Hout = C2 and |ϕ〉〈ϕ| be the Hilbert space and an ini-
tial pure state of the output quantum neuron. Without loss of generality, we can choose the initial state
of the network in a factorized form, i.e.

ρin := |ΨN〉〈ΨN| ⊗ |ϕ〉〈ϕ| . (15)

Then, setting the bias b= 0 and letting f be the Heaviside Θ function, the unitary action (14) imple-
menting the quantum perceptron reduces to

U(w,Θ) = exp
(
−i arcsin

√
Θ(w ·σz)⊗σ(out)

y

)
, (16)

4
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where σz = (σ
(1)
z ,σ

(2)
z . . . ,σ

(N)
z ), w= (w1, . . . ,wN) ∈ RN, and σ(out)

y is the y-Pauli operation performed
by the output perceptron. An input vector of binary classical data x= (x1,x2, . . . ,xN) ∈ {±}N is naturally
encoded as the tensor product of eigen-states of σz; namely,

{±}N 3 x 7→ |x〉= |x1〉⊗ |x2〉⊗ . . .⊗ |xN〉, σ( j)
z |xj〉= xj|xj〉. (17)

With this notation, the unitary in (16) reads

U(w,Θ) =
∑

y∈{±}N

|y〉〈y| ⊗ exp
(
−i arcsin

(√
Θ(w · y)

)
σ(out)
y

)
=

∑
y∈{±}N

|y〉〈y| ⊗
(√

1−Θ(w · y)I(out) − i
√
Θ(w · y)σ(out)

y

)
. (18)

By choosing the initial state in (15) as the projector onto |x〉⊗ |−1〉, where σoutz |−1〉=−|−1〉, the state
of the output qubit becomes

ρ(out)w,x = trHN

(
U(w,Θ)(|x〉〈x| ⊗ |−1〉〈−1|)U† (w,Θ)

)
(19)

= (1−Θ(w · x)) | − 1〉〈−1|+Θ(w · x) |1〉〈1|. (20)

The last readout step of the perceptron architecture evaluates the expectation value of σz w.r.t. the out-

put state ρ(out)w,x , yielding

〈σz〉w,x = 2Θ(w · x)− 1. (21)

Remark 2. The choice of the operator to measure in the readout step is completely arbitrary and should be
chosen out of convenience. A measurement in a different basis can always be thought of as an additional
fixed unitary step (independent on the data to be classified or the trainable parameter w) just before the
measurement is performed.

Remark 3. The discrete quantum perceptron model outlined above is closely related to another proposal
put forward in [35] whereby a unitary gate

U(z) = exp
(
iβ( j) (z)σy

)
, β( j) (z) = 2arctan

(
tan2

j

(z)
)
, (22)

is implemented by a so-called ‘repeat until success’ strategy. Namely, U(z) is a rotation around y by an angle
β( j)(z) that, in the limit for j→∞, converges to a step-wise function in the interval z ∈

[
− π

4 ,
π
4

]
.

3.2. Quantum storage capacity
In order to compute the storage capacity of the quantum perceptron presented in section 3.1, we follow
Gardner’s approach as discussed in section 2.2. We focus upon the volume (6) of those (normalized)
weight vectors w ∈ RN which correctly classify p input patterns xµ ∈ {±}N, i.e.

V
(
{xµ, ξµ}pµ=1

)
=

ˆ
dµ(w)

p∏
µ=1

Θ(ξµ〈σz〉w,x)

=

ˆ
dµ(w)

p∏
µ=1

Θ(ξµ (2Θ(w · xµ)− 1)) , (23)

where, for simplicity, we set the stabilizing threshold κ= 0. By observing that

Θ(ξµ (2Θ(w · xµ)− 1)) = Θ(ξµw · xµ) , (24)

i.e. the volume (23) is formally equivalent to the Gardner volume (6) of the classical perceptron, we get
to the conclusion that it will yield the same limiting value αc(0) = 2.

The above result suggests that, in the quantum perceptron model described in section 3.1, no
quantum advantage can be observed at the level of the storage capacity. Notice that the unitary oper-
ation in (16) contains the classical non-linear activation function Θ(w · x) depending on the rotation
angle. However, a non-linear quantum operation is built in the quantum circuit through the selective
measurement processes on the output σz that extract the eigenvalues ±1 with which the mean-value
〈σz〉w,x is constructed. We will base our subsequent considerations on the quantum non-linear effects

5
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inscribed in the above model (due to the quantum measurement), while eliminating the classical non-
linearity (due to the arcsin function). We thus modify the unitary gate of the model in [11] into

U(w,λ) := exp

(
− i

2

λ

‖w‖
w ·σz ⊗ σ(out)

y

)
. (25)

In the above unitary operator we have also included a modulation parameter λ ∈ [0,+∞) which will
allow us to vary the frequency of the oscillations. The removal of non-linearity in the controlled phase
of the unitary (25) has the advantage of simplifying the practical implementation with respect to (16).
As a matter of fact, the unitary (25) can be even easily implemented on any NISQ device, requiring only
two qubits.

When acting on the multiple eigenstates |x〉 in (17), the unitary operator U(w,λ) provides a rotation
around y by an angle w · x yielding the output readout state (see (19))

ρ(out)w,x =cos2
(
λ
w · x
2‖w‖

)
| − 1〉〈−1|+ sin2

(
λ
w · x
2‖w‖

)
|1〉〈1|+ 1

2
sin

(
λw · x
‖w‖

)
(| − 1〉〈1|+ |1〉〈−1|) . (26)

We will consider the measurement of σx on the output, whose expectation value on (26) reads

〈σx〉w,x = sin

(
λw · x
‖w‖

)
. (27)

Compared with (21) we can realize that this outcome corresponds to a (sinusoidally) oscillating activa-
tion function with frequency controlled by λ. The choice to measure σx rather than σz is just a matter
of convenience (see remark 2): For input data drawn from the distribution (8), and spherical weights w,
the argument of the sin in (27) is centered around zero, which allows one to easily match the desired
distribution of the target classifications in (8). Moreover, with this choice the classical limit just corres-
ponds to a linearization of the sin, obtained here through λ→ 0. Exchanging σx with σz in this model
would just correspond to the introduction of a fixed bias in the model, with unnecessary complications.

Inserting (27) into (6), provides the following Gardner volume

Vλ
N

(
{xµ, ξµ}pµ=1

)
=

ˆ
dµ(w)

p∏
µ=1

Θ

(
ξµ sin

(
λw · xµ

‖w‖

))
. (28)

Following the standard procedure outlined in section 2.2 we find the free energy in the replica symmet-
ric ansatz (see appendix A for the details)

F (λ,α) = lim
p,N→∞
p/N=α

〈lnVλ
N〉I ,X

N
= lim

p,N→∞
p/N=α

lim
n→0

ln〈
(
Vλ
N

)n〉I ,X

nN
= extr

0⩽q<1
G (λ,α,q) , (29)

where

G (λ,α,q) := α

ˆ
R
Dω lnΨ(λ,q,ω)+

1

2

[
q

1− q
+ ln(1− q)

]
. (30)

The saddle point equation ∂qG(λ,α,q) = 0 then yields a relation between the load parameter α and the
typical overlap q:

α(λ,q) =− q

2(1− q)2

(ˆ
dω√
2π

e−
ω2

2 ∂q lnΨ(λ,q,ω)

)−1

=− q

2(1− q)2

(ˆ
dω√
2π

e−
ω2

2
Φ(λ,q,ω)

Ψ(λ,q,ω)

)−1

, (31)

where we set

Ψ(λ,q,ω) :=
∑
k∈Z

ˆ ϵ2(λ,q,ω,k)

ϵ1(λ,q,ω,k)

dz√
2π

e−
z2

2 , Φ(λ,q,ω) := ∂qΨ(λ,q,ω) , (32)

with ϵ1(λ,q,ω,k) and ϵ2(λ,q,ω,k) given by

ϵ1 (λ,q,ω,k) :=
−λ√qω+ 2kπ

λ
√
1− q

, ϵ2 (λ,q,ω,k) :=
−λ√qω+(2k+ 1)π

λ
√
1− q

. (33)

6
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Figure 1. Left: plot of the storage capacity α in (35) as a function of λ. Right: first derivative of the storage capacity α in (35) with
respect to λ.

The critical storage capacity αc(λ) is then obtained via the limit

αc (λ) = lim
q→1−

α(λ,q) . (34)

In appendix B it is shown that the limit in (34) can be analytically computed, resulting in the λ-
dependent storage capacity

αc (λ) =

(
+∞∑
k=0

ˆ 2π/λ

0

dω√
2π

ω2 exp

(
−1

2

(
ω+

2π

λ
k

)2
))−1

. (35)

Notice that the series is uniformly convergent in λ> 0 (see appendix C) then, when λ→ 0+, only the
contribution k= 0 survives, so that

αc (0) = lim
λ→0+

αc (λ) =

(ˆ +∞

0

dω√
2π

ω2 e−
ω2

2

)−1

= 2 , (36)

and one retrieves the standard storage capacity. Furthermore, the function αc(λ) is finite and infinitely
differentiable at λ= 0; however, all derivatives vanish at that point so that the storage capacity is not
analytic there. On the other hand, limλ→+∞αc(λ) = +∞ (see also appendix D).

In all cases, αc(λ)⩾ 2. Indeed, changing the integration variable to t=
ω√
2
+

√
2π

λ
k, one obtains

+∞∑
k=0

ˆ 2π/λ

0

dω√
2π

ω2 exp

(
−1

2

(
ω+

2π

λ
k

)2
)

= 2
+∞∑
k=0

ˆ √
2π(k+1)/λ

√
2π k/λ

dt√
π

(
t−

√
2π k

λ

)2

e−t2

= 2

ˆ +∞

0

dt√
π
t2 e−t2 + 2

+∞∑
k=0

ˆ √
2π(k+1)/λ

√
2π k/λ

dt√
π

(
2π2 k2

λ2
− 2

√
2π t

λ

)
e−t2

=
1

2
+ 2

+∞∑
k=0

ˆ √
2π(k+1)/λ

√
2π k/λ

dt√
π

2π k

λ

(
π k

λ
−
√
2 t

)
e−t2 ⩽ 1

2
, (37)

where in the last line we used the fact that for t⩾
√
2π k/λ one has

π k

λ
−
√
2 t⩽−π k

λ
⩽ 0 . (38)

Inserting the bound (37) into (35) one concludes that

αc (λ)⩾ 2 for all λ > 0. (39)

The left panel of figure 1 illustrates the behavior of α in (35) as a function of λ. The value of
α remains nearly constant at value 2 until λ approaches 2, beyond which it increases monoton-
ically and without bound. The right panel, instead, presents the derivative of α with respect to
λ, plotted against λ. The derivative remains close to zero up to λ≈ 1.6, after which it begins
to increase gradually and monotonically. An evidence of the fact that α increases nonlinearly
with λ.
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4. Conclusions and outlook

Summarizing, building on the discrete model presented in [11] for implementing a quantum perceptron,
we modified the unitary gate (25) to explore how variations in the oscillation period affect the system’s
behavior. Then, using the replica method, we analytically computed the storage capacity as a function
of the oscillation frequency λ. In the limit of vanishing frequency, the classical value of 2 is recovered.
However, as the frequency increases, we observe an indefinite enhancement in the quantum storage
capacity beyond the classical threshold. This behavior is as expected taking into account that the period-
icity of the activation function provides a ‘finer partitioning’ of the input-state space, thereby leading to
an increased perceptron storage capacity. However, as the frequency rises, this advantage may turn into
a liability, since overfitting tends to take over. This kind of drawback can be ascertained via a thorough
study of the generalization error in a teacher-student setting, where explicit overfitting effects are expec-
ted to emerge and to be accessible by means of Gardner’s approach. We plan to address this intriguing
problem in a future work together with the robustness of our results in the presence of noise in the
unitary operations. This kind of noise can be mimicked by means of either normal distributed random
weights or inputs in a statistical learning scenario [2]. Furthermore, it is also important to explore how
these results are affected by a replica symmetry breaking, for example within the one-step replica sym-
metric ansatz.

As a general remark, the observed improvement of the storage capacity beyond the classical threshold
α= 2 arises solely from the specific form of the activation function. This indicates that, in principle,
comparable enhancements could be achieved within a fully classical framework. Supporting evidence
appears in [36], where the authors argue that non-monotonic activation functions can substantially
improve neural-network performance. In particular, they show that employing a sine activation function
in a feedforward architecture enhances both generalization and learning speed relative to sigmoid activ-
ations, thereby providing a classical benchmark for our findings. Actually, in the quantum perceptron
model considered here, the nonlinearity of the activation function does not stem from an intrinsic
quantum mechanism. Instead, it emerges from taking expectation values of a measured observable–a
procedure that is effectively classical. In this sense, the nonlinearity is ‘measurement-induced’ through
averaging and could, in principle, be reproduced within a classical setting. By contrast, a genuinely
quantum source of nonlinearity could arise, for example, from a selective measurement process in which
the perceptron’s output is determined directly by a single measurement outcome rather than by an aver-
aged expectation value. Such a mechanism would introduce a form of nonlinearity that cannot be repro-
duced classically. Another potential route to quantum advantage may emerge at the level of a full neural
network, where interference between different perceptrons becomes relevant and the resulting perform-
ance gains stem from intrinsically quantum interference effects.
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Appendix A. Computation of the quantum storage capacity (34)

We now compute the expression of the storage capacity αc(λ) of Subsection 3.2. We consider a data-
set of the form {xµ, ξµ}pµ=1, where x

µ ∈ {−1,1}N, while ξµ =±1 is a binary label. Using the parity of
sin(z), the Gardner volume (28) can be rewritten as

Vλ
N

(
{xµ, ξµ}pµ=1

)
=

ˆ
dµ(w)

p∏
µ=1

Θ

(
sin

(
λ
w · rµ√

N

))
, rµ = ξµxµ. (40)

The quantity of interest is the expectation value of lnV w.r.t. the distribution of patterns and the labels.
Note that the distribution (8) on {xµ, ξµ}pµ=1 induces the distribution

P
(
rµj = 1

)
= P

(
rµj =−1

)
=

1

2
. (41)

In the following we will denote with 〈·〉 expectations with respect to the distribution (41). The compu-
tation of 〈lnVλ

N〉 is performed by the replica trick (10), which leads us to consider the following expecta-
tion value

〈
(
Vλ
N

)n〉= ˆ n∏
γ=1

dµ(wγ)

p∏
µ=1

〈
n∏

γ=1

Θ

(
sin

(
λ
wγ · rµ√

N

))〉
. (42)

Using the spin glass order parameters

qγδ :=
1

N
wγ ·wδ , (43)

the integral (42) can be rewritten as

〈
(
Vλ
N

)n〉= 1

Cn
N

ˆ
dQ

ˆ
dWδ

(
WTW−NQ

) p∏
µ=1

〈
n∏

γ=1

Θ

(
sin

(
λ
wγ · rµ√

N

))〉
, (44)

where, we introduced the N × n matrix W= (w1, . . . ,wn) whose columns are wγ , the n× n matrix Q
whose elements are qγδ and we introduced the notations

dW :=
n∏

γ=1

dwγ , dQ :=
∏
γ<δ

dqγδ, (45)
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δ
(
WTW−NQ

)
:=
∏
γ⩽δ

δ (wγ ·wδ −NQ) . (46)

Note that the integration in Q is done only over the upper off-diagonal terms, since the matrix is
symmetric by definition and the diagonal terms are fixed to qγγ = 1 by the normalization condition
wγ ·wγ = N. A standard computation (see appendix A.2 for the details) shows that to the leading order
in the thermodynamic limit N→∞:

p∏
µ=1

〈
n∏

γ=1

Θ

(
sin

(
λ
wγ · rµ√

N

))〉
δ
(
WTW−NQ

)
' eNEλ(Q)δ

(
WTW−NQ

)
, (47)

with

Eλ (Q) = α ln

(
1

(2π)n

ˆ
Σn

dz

ˆ
Rn

dyeiz·y−
λ2

2 y·Qy
)
, (48)

where z := (z1, . . . ,zn), y := (y1, . . . ,yn) and

Σ := {z ∈ R |2kπ ⩽ z⩽ (2k+ 1)π,k ∈ Z} . (49)

In other words, in the thermodynamic limit only the overlap matrix Q is relevant, while the remaining
degrees of freedom in W are redundant. This redundancy can be integrated out, considering

eNS(Q) =

ˆ
dWδ

(
WTW−QN

)
, (50)

which represents the volume in the W space consistent with the constraints (43). The details of this
change of variables, including the evaluation of the Jacobian determinant involved, are worked out expli-
citly in [37]. The result, up to irrelevant constants, is given by

eNS(Q) ∝ det(Q)
N−n−1

2 . (51)

Therefore, to the leading order in N→∞:

S(Q)' 1

2
lndet(Q) . (52)

Using (47) and (50), equation (44) can be recast as

〈
(
Vλ
N

)n〉= ˆ dQeN[Eλ(Q)+S(Q)]. (53)

Note that Eλ(Q) is the only term containing the information on the specific problem we are consider-
ing (through the integration domain Σ), while the term S(Q) is purely geometric in nature. Therefore
they are usually called the energetic and entropic contribution, respectively. Expression (53) is well suited
for a computation of the replicated volume in the thermodynamic limit N→∞ through a saddle-point
approximation:

ln〈
(
Vλ
N

)n〉
N

= extr
Q

[Eλ (Q)+ S(Q)] . (54)

A.1. Replica symmetric ansatz
In the replica symmetric ansatz, namely qγδ = q for each γ 6= δ, (48) takes the form

Eλ (Q) = α ln

(
1

(2π)n

ˆ
Σn

dz

ˆ
Rn

dyeiz·y−
λ2

2 (1−q)∥y∥2

e−
λ2

2 q(
∑n

γ=1 yγ)
2
)
. (55)

The last exponential can be dealt with the introduction of an additional auxiliary Gaussian variable
through the Hubbard-Stratonovich transformation

e−
a
2 ξ

2

=

ˆ
R
Dω e−i

√
aξω, where Dω := dω

e−
ω2

2

√
2π
, (56)

10
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which yields factorization over the replicas:

Eλ (Q) = α ln

(ˆ
R
Dω

(
1

2π

ˆ
Σ

dz

ˆ
R
dyei(z−

√
qλ)y−λ2

2 (1−q)y2
)n)

(57)

= α ln

(ˆ
R
Dω

(
1

[2πλ2 (1− q)]1/2

ˆ
Σ

dze
− (z−

√
qλ)2

2λ2(1−q)

)n)
.

After a change of variables, we get to the expression

Eλ (Q) = α ln

(ˆ
R
Dω

(ˆ
Σ

q
λ

Dz

)n)
, (58)

where

Σλ
q :=

⋃
k∈Z

[−λ√qω+ 2kπ

λ
√
1− q

,
−λ√qω+(2k+ 1)π

λ
√
1− q

]
. (59)

The leading order of (58) in the n→ 0 limit is given by

Eλ (Q)' nα

ˆ
R
Dω ln

(ˆ
Σ

q
λ

Dz

)
= nα

ˆ
R
Dω lnΨ(λ,q,ω) (60)

where we set

Ψ(λ,q,ω) :=
∑
k∈Z

ˆ ϵ2(λ,q,ω,k)

ϵ1(λ,q,ω,k)

dz√
2π

e−
z2

2 , (61)

with

ϵ1 (λ,q,ω,k) :=
−λ√qω+ 2kπ

λ
√
1− q

, ϵ2 (λ,q,ω,k) :=
−λ√qω+(2k+ 1)π

λ
√
1− q

. (62)

To evaluate the entropic term within the replica symmetric ansatz, it is useful to note that the eigenvalue
spectrum of the overlap matrix Q can be obtained explicitly: n− 1 eigenvalues are equal to (1− q), and
a single eigenvalue is (1+ q(n− 1)). The determinant of Q thus reads

detQ= (1+ q(n− 1))(1− q)n−1
. (63)

Consequently, to the leading order in n→ 0:

S(Q) =
1

2
lndetQ (64)

=
1

2
[ln(1+ q(n− 1))+ (n− 1) ln(1− q)] (65)

=
n

2

[
q

1− q
+ ln(1− q)

]
+O

(
n2
)
. (66)

Therefore, in the replica symmetric ansatz one has

ln〈
(
Vλ
N

)n〉
nN

= extr
0⩽q⩽1

G (λ,α,q) , (67)

where

G (λ,α,q) := α

ˆ
R
Dω lnΨ(λ,q,ω)+

1

2

[
q

1− q
+ ln(1− q)

]
. (68)

The saddle-point equation ∂qG(λ,α,q) = 0 then reads

α

ˆ
Dω

∂

∂q
lnΨ(λ,q,ω)+

q

2(1− q)2
= 0, (69)

11
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which finally yields

α(λ,q) =− q

2(1− q)2

(ˆ
dω√
2π

e−
ω2

2
Φ(λ,q,ω)

Ψ(λ,q,ω)

)−1

, (70)

where we wrote explicitly the gaussian measure Dω and we set

Φ(λ,q,ω) := ∂qΨ(λ,q,ω) . (71)

A.2. Derivation of Eλ(Q)
In this section we present the detailed derivation of equations (47) and (48).

First, note that for η ∈ R

Θ(sin(η)) =

{
1 if η ∈ Σ

0 otherwise
, Σ= {η ∈ R |2kπ ⩽ η ⩽ (2k+ 1)π, k ∈ Z} (72)

admits the integral representation

Θ(sin(η)) =

ˆ
Σ

dzδ (z− η) =
1

2π

ˆ
Σ

dz

ˆ
R
dyeiy(z−η). (73)

Therefore:

p∏
µ=1

〈
n∏

γ=1

Θ

(
sin

(
λ
wγ · rµ√

N

))〉

=

ˆ
Σnp

dZ

ˆ
Rnp

dY
1

(2π)np
eiZ·Y

p∏
µ=1

〈
exp

(
−i

1√
N

n∑
γ=1

yµγwγ · rµ
)〉

, (74)

where we introduced the short-hand notation Z := (zµz )z,µ, Y := (yµγ)z,µ. Using the fact that the compon-
ents of rµ are independent and distributed according to (41), we get〈

exp

(
−i

1√
N

n∑
γ=1

yµγwγ · rµ
)〉

=
N∏

j=1

〈
exp

(
−i

1√
N

n∑
γ=1

yµγwγjr
µ
j

)〉

=
N∏

j=1

cos

(
1√
N

n∑
γ=1

yµγwγj

)
. (75)

Now note that to the leading order in N→∞:

N∏
j=1

cos

(
1√
N

n∑
γ=1

yµγwγj

)
= exp

 N∑
j=1

ln

[
cos

(
1√
N

n∑
γ=1

yµγwγj

)]
' exp

− 1

2N

N∑
j=1

n∑
γ,δ=1

yµγy
µ
δwγjwδj


= exp

−1

2

n∑
γ,δ=1

yµγy
µ
δ qγδ

 , (76)

where we used the expansion ln(cos(ε))'−ε2/2 as ε→ 0 and the definition (43). Insertion of (76)
into (75) allows to rewrite (74) as

p∏
µ=1

〈
n∏

γ=1

Θ

(
sin

(
λ
wγ · rµ√

N

))〉

=

ˆ
Σnp

dZ

ˆ
Rnp

dY
1

(2π)np

p∏
µ=1

exp

i
n∑

γ=1

zµγy
µ
γ −

1

2

n∑
γ,δ=1

yµγy
µ
δ qγδ


12
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=

(
1

(2π)n

ˆ
Σn

dz

ˆ
Rn

dyeiz·y−
λ2

2 y·Qy
)p

= eNEλ(Q), (77)

with Eλ(Q) given in (48).

Appendix B. Computation of limq→1− α(λ,q)

In order to handle the function Ψ(λ,q,ω) in (32), we write

e−
z2

2 =

ˆ +∞

−∞
dy

eiyz√
2π

e−y2/2; (78)

then, integrating

ˆ ϵ2(λ,q,ω,k)

ϵ1(λ,q,ω,k)

dz√
2π

eiyz√
2π

=
1

2π iy

(
e
iy

(2k+1)π−λ
√

qω

λ
√

1−q − e
iy

2kπ−λ
√

qω

λ
√

1−q

)

= e
iy 2kπ

λ
√

1−q e
−iy

√
qω√
1−q

e
i yπ

λ
√

1−q − 1

2π iy
. (79)

The partial sums over −n⩽ k⩽ n provide a sequence of Dirichlet kernels

n∑
k=−n

e
iy 2kπ

λ
√

1−q =
sin
(

2π y
λ
√
1−q

(
n+ 1

2

))
sin
(

π y
λ
√
1−q

) =: Dn

(
2π y

λ
√
1− q

)
. (80)

Sending n→+∞, one gets the so-called Dirac comb distribution:

lim
n→+∞

Dn

(
2π y

λ
√
1− q

)
= 2π

+∞∑
k=−∞

δ

(
2π y

λ
√
1− q

− 2kπ

)
= λ

√
1− q

+∞∑
k=−∞

δ
(
y−λk

√
1− q

)
, (81)

which, inserted into (32) finally yields

Ψ(λ,q,ω) =
1

2
+

+∞∑
k=1

e−(1−q)λ2k2/2

π k

(
1− (−1)k

)
sin(kλ

√
qω)

=
1

2
+

2

π

+∞∑
m=0

e−(1−q)λ2(2m+1)2/2

2m+ 1
sin((2m+ 1)λ

√
qω) . (82)

To compute the critical storage capacity as a function of λ, we need to compute the limit

α(λ) = lim
q→1−

α(λ,q) =−1

2

(
lim

q→1−
(1− q)2 I(λ,q)

)−1

, (83)

where we set

I(λ,q) :=

ˆ +∞

−∞

dω√
2π

e−
ω2

2
∂qΨ(λ,q,ω)

Ψ(λ,q,ω)
. (84)

Let us consider

J(λ,q) := (1− q)2 I(λ,q) = (1− q)2
ˆ +∞

−∞

dω√
2π

e−
ω2

2
∂qΨ(λ,q,ω)

Ψ(λ,q,ω)
. (85)

By differentiating (82) term by term, we get

Φ(λ,q,ω) := ∂qΨ(λ,q,ω) =
1

π

+∞∑
m=0

e−(1−q)λ2(2m+1)2/2
(
λ2(2m+ 1) sin

(
(2m+ 1)λ

√
qω
)

+
λω
√
q
cos
(
(2m+ 1)λ

√
qω
))
. (86)
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In order to deal with J(λ,q) in (85), notice that, for all integers n ∈ Z, one has

Ψ(λ,q,ω± nT) = Ψ(λ,q,ω) , (87)

Φ(λ,q,ω± nT) = Φ(λ,q,ω)± nX (λ,q,ω) , (88)

where T := 2π
λ
√
q , and

X (λ,q,ω) :=
2

q

+∞∑
m=0

e−(1−q)λ2(2m+1)2/2 cos((2m+ 1)λ
√
qω) , (89)

X (λ,q,ω± nT) = X (λ,q,ω) . (90)

One then rewrites

J(λ,q) = (1− q)2
+∞∑
n=0

(ˆ (n+1)T

nT
+

ˆ −nT

−(n+1)T

)
dω√
2π

e−
ω2

2
Φ(λ,q,ω)

Ψ(λ,q,ω)

= (1− q)2
+∞∑
n=0

(ˆ T

0

dω√
2π

e−(ω+nT)2/2 Φ(λ,q,ω)+ nX (λ,q,ω)

Ψ(λ,q,ω)

+

ˆ 0

−T

dω√
2π

e−(ω−nT)2/2 Φ(λ,q,ω)− nX (λ,q,ω)

Ψ(λ,q,ω)

)
. (91)

Changing ω into −ω in the second integral yields

J(λ,q) = (1− q)2
+∞∑
n=0

ˆ T

0

dω√
2π

e−(ω+nT)2/2

×
[
Φ(λ,q,ω)

Ψ(λ,q,ω)
+

Φ(λ,q,−ω)
Ψ(λ,q,−ω)

+ nX (λ,q,ω)

(
1

Ψ(λ,q,ω)
− 1

Ψ(λ,q,−ω)

)]
. (92)

Now, by changing the integration variable from ω to ν = ω/
√
1− q, we get

J(λ,q) = (1− q)5/2
+∞∑
n=0

ˆ 2π/
(
λ
√

q(1−q)
)

0

dν√
2π

e−
1
2 (ν

√
1−q+2π n/(λ

√
q))

2

×
[
Φ(λ,q,ν

√
1− q)

Ψ(λ,q,ν
√
1− q)

+
Φ(λ,q,−ν

√
1− q)

Ψ(λ,q,−ν
√
1− q)

+ nX
(
λ,q,ν

√
1− q

)( 1

Ψ(λ,q,ν
√
1− q)

− 1

Ψ(λ,q,−ν
√
1− q)

)]
. (93)

Setting xm := (2m+ 1)
√
1− q, so that ∆xm = xm+1 − xm = 2

√
1− q, we can recast

Ψ
(
λ,q,ν

√
1− q

)
=
1

2
+

1

π

+∞∑
m=0

∆xm
e−λ2x2m/2

xm
sin(xmλν

√
q) , (94)

Φ
(
λ,q,ν

√
1− q

)
=

λ2

2π (1− q)

+∞∑
m=0

∆xm e
−λ2x2m/2 xm sin(xmλν

√
q)

+
λν

2π
√
q

+∞∑
m=0

∆xm e
−λ2x2m/2 cos(xmλν

√
q) , (95)

X
(
λ,q,ν

√
1− q

)
=

1

q
√
1− q

+∞∑
m=0

∆xm e
−λ2x2m/2 cos(xmλν

√
q) . (96)

Notice that the discrete points xm are in the middle of the intervals[
2m
√
1− q , 2(m+ 1)

√
1− q

]
. (97)

It then follows that the series in (94)–(96) are Riemann sums such that, when q→ 1−,

Ψ
(
λ,q,ν

√
1− q

)
' 1

2
+
1

π

ˆ +∞

0
dye−y2/2 sin(yν)

y
=

1

2

(
1+ erf

(
ν/

√
2
))

, (98)
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Φ
(
λ,q,ν

√
1− q

)
' 1

2π (1− q)

ˆ +∞

0
dye−y2/2 y sin(yν) +

ν

2π

ˆ +∞

0
dye−y2/2 cos(yν)

' ν

2
√
2π (1− q)

e−ν2/2 , (99)

X
(
λ,q,ν

√
1− q

)
' 1

λ
√
1− q

ˆ +∞

0
dye−y2/2 cos(yν) =

1

λ

√
π

2(1− q)
e−ν2/2 , (100)

where, in passing from the first line to the second one in equation (99), we have only retained the dom-
inant diverging contribution when q→ 1− and, in (98), we have introduced the error function

erf(z) =
2√
π

ˆ z

0
dte−t2 . (101)

Then, as q→ 1−, the dominant behavior of J(λ,q) in (93) is determined by (98) and (99), the latter

diverging faster than (100), as
1

1− q
against

1√
1− q

. Therefore,

J(λ,q)' (1− q)3/2
+∞∑
n=0

ˆ 2π/(λ
√
1−q)

0

dν

2π
ν exp

(
−ν

2

2
− 1

2

(
ν
√
1− q+

2πn

λ

)2
)

×

(
1

1+ erf
(
ν/

√
2
) − 1

1− erf
(
ν/

√
2
)) . (102)

Going back to the integration variable ω = ν
√
1− q, one gets

J(λ,q)' (1− q)1/2
+∞∑
n=0

ˆ 2π/λ

0

dω

2π
ω exp

(
− ω2

2(1− q)
− 1

2

(
ω+

2πn

λ

)2
)

×

 1

1+ erf
(
ω/
√
2(1− q)

) − 1

1− erf
(
ω/
√
2(1− q)

)
 . (103)

From the asymptotic behavior

erf(z)' 1− 1√
πz

e−z2 when z→+∞ , (104)

one obtains the expression (35); indeed,

J(λ,q)' (1− q)1/2
+∞∑
n=0

ˆ 2π/λ

0

dω

2π
ω exp

(
− ω2

2(1− q)
− 1

2

(
ω+

2πn

λ

)2
)

×
(
1

2
−
√

π

2(1− q)
ω exp

( ω2

2(1− q)

)
'−

+∞∑
n=0

ˆ 2π/λ

0

dω

2
√
2π

ω2 exp

(
−1

2

(
ω+

2πn

λ

)2
)
. (105)

Appendix C. Uniform convergence of the series in (35)

Setting 1
λ := s, consider the sequence{

fk (s) :=

ˆ 2π s

0

dω√
2π
ω2e−

1
2 (ω+2π sk)2

}
k

. (106)

Taking the derivative with respect to s we obtain

d

ds
fk (s) =

√
2π (2π s)2 e−

1
2 (2π s)2(1+k)2 −

ˆ 2π s

0

dω√
2π

2π k(ω+ 2π ks)ω2 e−
1
2 (ω+2π sk)2 . (107)

Then, observing that

e−x2 ⩽ 1

1+ x2
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and that the second integral is always positive,

d

ds
fk (s)⩽

√
2π (2π s)2

1+ 2π2s2 (k+ 1)2
⩽ 2

√
2π

(1+ k)2
. (108)

On the other hand, we know that

4π√
2π

∞∑
k=0

1

(1+ k)2
=

4π√
2π

π2

6
<+∞, (109)

therefore, using the Weierstrass M-test (see e.g. [38]), we can conclude that the sequence { d
ds fk(s)}k

is uniformly convergent in any open interval of the kind (0,S), with S<∞. It is also clear that the
sequence {fk(s)}k converges in s= 0. Then, as a consequence of theorem 1.23 in [38], we have that
{fk(s)}k is uniformly convergent in any compact interval [0,S].

Appendix D. Analytical approximation ofΦ(λ,q,ω)

In the following, we provide an approximated expression of the function Φ(λ,q,ω) introduced in (32) as
a linear combination of special functions. As a byproduct, we will also derive another proof of the fact
that limλ→+∞α(λ) = +∞. The function Φ(λ,q,ω) := ∂qΨ(λ,q,ω) is given by

∂q

(∑
k∈Z

ˆ ϵ2(λ,q,ω,k)

ϵ1(λ,q,ω,k)

dz√
2π

e−
z2

2

)
=
∑
k∈Z

exp

(
−
(
π+ 2kπ−λ

√
qω
)2

2λ2 (1− q)

)(
−ωλ+√

qπ (1+ 2k)

2λ
√
q(1− q)3/2

)

− exp

(
−
(
2kπ−λ

√
qω
)2

2λ2 (1− q)

)(
−ωλ+ 2kπ

√
q

2λ
√
q(1− q)3/2

)
, (110)

where we have used the explicit expression of ϵ1(λ,q,ω,k) and ϵ2(λ,q,ω,k),

ϵ1 (λ,q,ω,k) :=
−λ√qω+ 2kπ

λ
√
1− q

, ϵ2 (λ,q,ω,k) :=
−λ√qω+π+ 2kπ

λ
√
1− q

. (111)

To construct the desired approximation of Φ(λ,q,ω), we replace the Gaussian terms appearing in (110)
with Lorentzian functions, namely, we set

exp

(
−
(
π+ 2kπ−λ

√
qω
)2

2λ2 (1− q)

)
' 1

1+
(π+2kπ−λ

√
qω)

2

2λ2(1−q)

=
2λ2 (1− q)

2λ2 (1− q)+
(
π+ 2kπ−λ

√
qω
)2 , (112)

and

exp

(
−
(
2kπ−λ

√
qω
)2

2λ2 (1− q)

)
' 1

1+
(2kπ−λ

√
qω)

2

2λ2(1−q)

=
2λ2 (1− q)

2λ2 (1− q)+
(
2kπ−λ

√
qω
)2 . (113)

Note that, these approximation are the more accurate, the closer is q to 1 from below, or the greater is
λ. Inserting (112) and (113) into (110) yields a new function Φ̃(λ,q,ω):

Φ̃(λ,q,ω) =
∑
k∈Z

λ
√
q
√
1− q

(
−ωλ+√

qπ (1+ 2k)

2λ2 (1− q)+
(
π+ 2kπ−λ

√
qω
)2

−
−ωλ+ 2kπ

√
q

2λ2 (1− q)+
(
2kπ−λ

√
qω
)2
)
. (114)

We now show that the series in (114) can be exactly summed, and provides an approximation of the
function Φ(λ,q,ω). Indeed, consider first the term
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λ
√
q
√
1− q

∑
k∈Z

−ωλ+√
qπ (1+ 2k)

2λ2 (1− q)+
(
π+ 2kπ−λ

√
qω
)2

=
λ

√
q
√
1− q

∑
k∈Z

−ωλ+√
qπ (1+ 2k)(

π+ 2kπ−λ
√
qω+

√
2λ2 (q− 1)

)(
π+ 2kπ−λ

√
qω−

√
2λ2 (q− 1)

)
=

2λ
√
q−ω

√
2λ2 (q− 1)

8π
√
q
√
1− q

∑
k∈Z

1

k+

(
1
2 +

√
2λ2(q−1)−λ

√
qω

2π

)

+
ω
√
2λ2 (q− 1)+ 2

√
qλ

8π
√
q
√
1− q

∑
k∈Z

1

k+

(
1
2 −

λ
√
qω+

√
2λ2(q−1)

2π

) . (115)

Let us consider separately the contribution to the series for k ∈ [−∞,−1] and k ∈ [0,∞]. For the negat-
ive values of k, we have:

2λ
√
q−ω

√
2λ2 (q− 1)

8π
√
q
√
1− q

−1∑
k=−∞

1

k+

(
1
2 +

√
2λ2(q−1)−λ

√
qω

2π

)

+
ω
√
2λ2 (q− 1)+ 2

√
qλ

8π
√
q
√
1− q

−1∑
k=−∞

1

k+

(
1
2 −

λ
√
qω+

√
2λ2(q−1)

2π

)

=−
2λ

√
q−ω

√
2λ2 (q− 1)

8π
√
q
√
1− q

+∞∑
k=1

1

k−
(

1
2 +

√
2λ2(q−1)−λ

√
qω

2π

)

−
ω
√
2λ2 (q− 1)+ 2

√
qλ

8π
√
q
√
1− q

+∞∑
k=1

1

k−
(

1
2 −

λ
√
qω+

√
2λ2(q−1)

2π

) , (116)

where we have changed the sign of k to −k. It is worth observing that the series in (116) is divergent,
as one expects upon considering that the series (115) will converge only considering the values of k ∈
[−∞,+∞]. Indeed, sending k into k+ 1, and adding and subtracting the factor 1

k+1 in (116), we get

−
2λ

√
q−ω

√
2λ2 (q− 1)

8π
√
q
√
1− q

+∞∑
k=0

1

k+

(
1
2 −

√
2λ2(q−1)−λ

√
qω

2π

)

−
ω
√
2λ2 (q− 1)+ 2

√
qλ

8π
√
q
√
1− q

+∞∑
k=0

1

k+

(
1
2 +

λ
√
qω+

√
2λ2(q−1)

2π

)
=

4
√
qλ

8π
√
q
√
1− q

γ−
4
√
qλ

8π
√
q
√
1− q

+∞∑
k=1

1

k+ 1

+
2
√
qλ−ω

√
2λ2 (q− 1)

8π
√
q
√
1− q

ψ(0)

(
1

2
−
√
2λ2 (q− 1)−λ

√
qω

2π

)

+
ω
√
2λ2 (q− 1)+ 2

√
qλ

8π
√
q
√
1− q

ψ(0)

(
1

2
+
λ
√
qω+

√
2λ2 (q− 1)

2π

)
, (117)

where γ is the so-called Euler–Mascheroni constant, while ψ(0)(z) is the digamma function [39, 40]—
namely, the function defined as
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ψ(0) (z) :=
Γ ′ (z)

Γ(z)
=−γ+

+∞∑
k=0

1

k+ 1
− 1

z+ k
, Rez> 0. (118)

As anticipated above, a divergent term appears in (117). Nevertheless, considering the contribution to
the series (115) for k ∈ [0,+∞] yields

2λ
√
q−ω

√
2λ2 (q− 1)

8π
√
q
√
1− q

+∞∑
k=0

1

k+

(
1
2 +

√
2λ2(q−1)−λ

√
qω

2π

)

+
ω
√
2λ2 (q− 1)+ 2

√
qλ

8π
√
q
√
1− q

+∞∑
k=0

1

k+

(
1
2 −

λ
√
qω+

√
2λ2(q−1)

2π

)

=−
4λ

√
q

8π
√
q
√
1− q

γ+
4λ

√
q

8π
√
q
√
1− q

∞∑
k=0

1

k+ 1

−
2λ

√
q−ω

√
2λ2 (q− 1)

8π
√
q
√
1− q

ψ(0)

(
1

2
+

−λ√qω+
√
2λ2 (q− 1)

2π

)

−
ω
√
2λ2 (q− 1)+ 2

√
qλ

8π
√
q
√
1− q

ψ(0)

(
1

2
−
λ
√
qω+

√
2λ2 (q− 1)

2π

)
. (119)

Combining equations (117) and (119), we obtain the final expression

λ
√
q
√
1− q

∑
k∈Z

−ωλ+√
qπ (1+ 2k)

2λ2 (1− q)+
(
π+ 2kπ−λ

√
qω
)2

= C1 (λ,q,ω)

(
ψ(0)

(
1

2
+Z(λ,q,ω)

)
−ψ(0)

(
1

2
−Z(λ,q,ω)

))
+C2 (λ,q,ω)

(
ψ(0)

(
1

2
+W(λ,q,ω)

)
−ψ(0)

(
1

2
−W(λ,q,ω)

))
, (120)

where we set

Z(λ,q,ω) =
λ
√
qω−

√
2λ2 (q− 1)

2π
, W(λ,q,ω) =

λ
√
qω+

√
2λ2 (q− 1)

2π

C1 (λ,q,ω) =
2
√
qλ−ω

√
2λ2 (q− 1)

8π
√
q
√
1− q

, C2 (λ,q,ω) =
ω
√
2λ2 (q− 1)+ 2

√
qλ

8π
√
q
√
1− q

, (121)

and where, as expected, the divergent contributions are no longer present. Analogously, we can sum the
second term in the series (114) thus arriving at the following final expression of the function Φ̃(λ,q,ω):

Φ̃(λ,q,ω) = C1 (λ,q,ω)

(
ψ(0)

(
1

2
+Z(λ,q,ω)

)
−ψ(0) (1+Z(λ,q,ω))+ψ(0) (−Z(λ,q,ω))

−ψ(0)

(
1

2
−Z(λ,q,ω)

))
+C2 (λ,q,ω)

(
ψ(0)

(
1

2
+W(λ,q,ω)

)
−ψ(0)

(
1

2
−W(λ,q,ω)

)
+ψ(0)

(
−W(λ,q,ω)

)
−ψ(0)

(
1+W(λ,q,ω)

))
. (122)

A close inspection of the function Φ̃(λ,q,ω) shows that its modulus,
∣∣Φ̃(λ,q,ω)∣∣, actually provides

an upper bound to Φ(λ,q,ω), which is consistent with the approximation of Gaussian functions by
Lorentzian ones considered in (112) and (113).

Using the well known asymptotic expansion of the digamma function [40]:

ψ(0) (z)∼ lnz− 1

2z
, |z| →+∞, (123)

we can also derive the asymptotic expansion of the function Φ̃(λ,q,ω), for λ→∞, i.e.
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Φ̃(λ,q,ω)
λ→∞' C1(λ,q,ω)

(
ln

(
π−

√
2λ2(q− 1)+λ

√
qω

2π+λ
√
qω−

√
2λ2(q− 1)

)
(124)

− ln

(
π−λ

√
qω+

√
2λ2(q− 1)

−λ√qω+
√
2λ2(q− 1)

))

+C2(λ,q,ω)

(
ln

(
π+λ

√
qω+

√
2λ2(q− 1)

π−λ
√
qω−

√
2λ2(q− 1)

)
− ln

(
2π+λ

√
qω+

√
2λ2(q− 1)

−λ√qω−
√
2λ2(q− 1)

))
,

(125)

from which, it is not difficult to show that limλ→∞ Φ̃(λ,q,ω) = 0. On the other hand, taking into
account that limλ→∞Ψ(λ,q,ω) = 1/2 (see (82)), it follows that limλ→∞ Φ̃(λ,q,ω)/Ψ(λ,q,ω) = 0, from
which we can argue, once again, the limit limλ→∞α(λ) = +∞.
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