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Abstract

We investigate the luminosity of the accretion disk of a static black hole surrounded by dark matter with
anisotropic pressure. We calculate all basic orbital parameters of test particles in the accretion disk, such as angular
velocity, angular momentum, energy, and radius of the innermost circular stable orbit as functions of the dark
matter density, radial pressure, and anisotropic parameter, which establishes the relationship between the radial and
tangential pressures. We show that the presence of dark matter with anisotropic pressure makes a noticeable
difference in the geometry around a Schwarzschild black hole, affecting the radiative flux, differential luminosity,
and spectral luminosity of the accretion disk.

Unified Astronomy Thesaurus concepts: Black holes (162); Schwarzschild black holes (1433); Dark matter
distribution (356); Dark matter (353); Stellar accretion disks (1579)

1. Introduction

The common disk-like particle flow lying around compact
objects, dubbed the accretion disk, permits the direct observa-
tion of the radiation emitted by the orbiting material rotating in
the gravitational field of an astronomical object (Ho et al. 1997;
Richstone et al. 1998; Abramowicz & Fragile 2013). In
particular, the corresponding spectra are commonly observed,
and so, as the accreting material fuels the region around the
central object, observers can extract information about the
properties of the whole system (Abramowicz et al. 1988). For
extremely compact objects, the relativistic effects are clearly
nonnegligible. On the one hand, the luminosity itself can be
described simply by some emission spectrum model; however,
on the other hand, the motion of particles in the disk and the
trajectory of light rays escaping the disk require Einstein’s field
equations. Thus, the exterior geometry of the accretor, namely
the central object, can be modeled through a metric with a
given symmetry, which will determine the properties of the
observed radiation (Shapiro & Teukolsky 1983; Torres 2002;
Boshkayev et al. 2021b). In this picture, one can investigate not
only black holes, white dwarfs, neutron stars, quasars, radio
galaxies, and X-ray binaries, but also more exotic, hypothetical
objects, e.g., boson stars (Torres 2002; Guzmán 2006) or
gravastars (Mazur & Mottola 2004; DeBenedictis et al. 2006).

The central object’s mass grows through accretion, and to
fully describe the disks, one requires an exterior configuration
and then solves the hydrodynamic equilibrium equations
(Hartle & Thorne 1968; Paschalidis & Stergioulas 2017).
Frequently, “exotic” matter contributions seem to be needed to

describe hypothetical objects that are massive and compact, in
order to fulfill stability criteria. Analogous examples can often
be found in the case of wormholes and for cosmological
backgrounds9 (Copeland et al. 2006; Luongo & Muccino 2018;
Capozziello et al. 2021).
In this work, we consider a static spherically symmetric

configuration composed of a central black hole surrounded by a
dark matter envelope. The gravitational field in the vacuum
region around the black hole is described by the exterior
Schwarzschild spacetime while the corresponding dark matter
distribution, located at a given distance from the black hole,
and its properties, is described by making use of the Tolman–
Oppenheimer–Volkoff (TOV) equations.
We assume that the dark matter envelope does not interact

with the baryonic matter of the accretion disk that is located
within the envelope itself. We then apply the theory of black
hole accretion developed in Novikov & Thorne (1973) for
astrophysical black hole candidates in order to model the
emitted spectrum from the accretion disk. In particular, we aim
to test the consequences of two main assumptions: (i) first, dark
matter endowed with a nonvanishing radial pressure term
entering the TOV equations, namely Pr(r)= P(r), and (ii)
second, the energy-momentum tensor being anisotropic,
leading to an additional pressure term, which is interpreted as
a nonvanishing tangential pressure, Pθ(r). We physically
motivate these two choices and characterize the dark matter
distribution accordingly by computing the difference
Pθ(r)− P(r).
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goes beyond the purpose of our work.

1

https://orcid.org/0000-0002-1385-270X
https://orcid.org/0000-0002-1385-270X
https://orcid.org/0000-0002-1385-270X
https://orcid.org/0000-0002-8100-8797
https://orcid.org/0000-0002-8100-8797
https://orcid.org/0000-0002-8100-8797
mailto:kurmanov.yergali@kaznu.kz
mailto:kuantay@mail.ru, talgar_777@mail.ru
mailto:orlando.luongo@unicam.it
mailto:quevedo@nucleares.unam.mx
mailto:daniele.malafarina@nu.edu.kz
http://astrothesaurus.org/uat/162
http://astrothesaurus.org/uat/1433
http://astrothesaurus.org/uat/356
http://astrothesaurus.org/uat/356
http://astrothesaurus.org/uat/353
http://astrothesaurus.org/uat/1579
https://doi.org/10.3847/1538-4357/ac41d4
https://crossmark.crossref.org/dialog/?doi=10.3847/1538-4357/ac41d4&domain=pdf&date_stamp=2022-02-07
https://crossmark.crossref.org/dialog/?doi=10.3847/1538-4357/ac41d4&domain=pdf&date_stamp=2022-02-07
http://creativecommons.org/licenses/by/4.0/


It should be stressed that the theory of anisotropic fluids is
well known in the literature. In particular, it has been shown
that anisotropic fluids may be geodesic in general relativity by
Herrera et al. (2002). A general study of spherically symmetric
dissipative anisotropic fluids is given in Herrera et al. (2004).
Exact static spherically symmetric anisotropic solutions of the
field equations are obtained and analyzed in Bayin (1982) and
Herrera et al. (2008). Anisotropic stars in general relativity and
their mass–radius relations are computed in Mak & Harko
(2003). In this work, we instead study the effects of dark matter
with anisotropic pressures on test particles in the accretion disk
present within the dark matter and the spectra of the disk. In
particular, we compare the motion of particles and the accretion
disk’s spectra with the cases of isotropic dark matter and a
Schwarzschild black hole in vacuum.

This paper is organized as follows: In Section 2, we describe
a configuration that consists of a black hole surrounded by a
dark matter distribution. We then introduce the static line
element via the anisotropic energy-momentum tensor contain-
ing tangential pressure Pθ used to describe the dark matter
envelope. Afterwards, we review the definitions of flux,
differential luminosity, and spectral luminosity as presented
in the Novikov–Page–Thorne model. In Section 3, we solve the
TOV equations and calculate the metric functions fulfilling
boundary conditions in the different regions of spacetime.
Then, we compute the angular velocity, energy, and angular
momentum of the configuration and plot the modeled flux and
luminosity spectrum for various values of the parameter related
to the dark matter anisotropy. Implications of the model for
astrophysical black hole candidates are then discussed in
Section 4.

2. Black Hole Surrounded by Anisotropic Dark Matter

In the following we investigate a system composed of a
static black hole with a dark matter envelope around it, where
the dark matter is introduced only for the purpose of modifying
the geometry around the black hole. Because the black hole
represents the accretor, one can split the mass profile of the
overall configuration into three regions,
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where rg= 2MBH is the gravitational radius and MBH is the
mass of the black hole, whereas rb and rs are the inner and outer
edges (radii) of the dark matter envelope. In particular, rb
corresponds to the boundary that separates the inner vacuum
region from the outer distribution of dark matter. Accordingly,
the above configuration can be described as follows:

1. the core is modeled by the accretor in the form of a black
hole. Its mass, MBH, is a free parameter of our model;

2. the black hole is surrounded by a dark matter shell that
extends from a radius rb up to the radius rs;

3. at rs, the dark matter mass reaches its maximum value
MDM(rs) and beyond rs we assume vacuum;

4. at r� rs the total mass of the system is defined as
MT=M(rs).

To model the dark matter distribution in the shell, r ä [rb, rs],
we assume an exponential sphere profile of the form

r r= - ( ) ( )r e r r, , 2b0
r

r0

where ρ0 is the dark matter density at r= 0 and r0 is the scale
radius. The exponential density profile was introduced in Sofue
(2013) to explain the rotation curve in the bulge of the Milky
Way. Indeed, it showed a better fit of the observational data
compared to the widely adopted de Vaucouleurs law in the
inner part of the galaxy. Recently, it was also applied to study
the effects of nonvanishing dark matter pressure in the entire
Milky Way (Boshkayev et al. 2021a).
As a consequence, assuming spherical symmetry, the dark

matter mass profile is given by
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for r> rb, where we have substituted x= r/r0 and xb= rb/r0.
For vanishing rb, the profile (3) reduces to the one obtained in
Sofue (2013).

2.1. TOV Equations with Anisotropic Pressure

To describe the physical properties of the system in
Equation (1), we consider the spherically symmetric line
element

q q j= - - +L ( ) ( )( ) ( )ds e dt e dr r d dsin , 5N r r2 2 2 2 2 2 2

where, as usual, we take (t, r, θ, j) as the time and spherical
coordinates, respectively, while N(r) and Λ(r) represent the
unknown metric functions.
The energy-momentum tensor is given by

r c c= + - + -ab
q

a b
q

ab
q

a b( ) ( ) ( )T P u u P g P P , 6

where uαuα= 1=− χαχα, uαχα= 0, d=a a-u e N 2
0 is the

four-velocity, and c d=a a-Le 2
1 is a unit space-like vector in

the radial direction, with dai the Kronecker symbol (Rahman-
syah & Sulaksono 2021). Using Einstein’s equations for the
line element (5) and the energy-momentum tensor (6), we
obtain the following expressions (Fayos et al. 1996):
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which generalize the TOV equations to the case of anisotropic
pressures and relate the density, ρ(r), with the radial pressure, P
(r), and the tangential term, Pθ(r). In general, this is a system of
two equations in four unknowns, and therefore two functions
must be provided in order to close it. Typically, this is done by
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specifying the equations of state that relate the pressures Pθ(r)
and P(r) to the density. In our model, however, ρ(r) is the dark
matter density given by Equation (2), whereas M(r) is given by
Equation (1); therefore, these quantities are no longer unknown
functions to be determined. Notice, however, that one unknown
function remains to be specified. This function can be taken to
be the pressure difference Pθ(r)− P(r), appearing in
Equation (7), which is not known a priori.

A possible viable strategy to employ has been discussed in
Horvat et al. (2011) and Folomeev & Dzhunushaliev (2015),
where the anisotropy function, Δ(r), has been introduced as

amD º - =q( ) ( ) ( ) ( ) ( ) ( )r P r P r r P r , 9

where α is a free constant, physically interpreted as the
anisotropy parameter, while μ is the compactness of the system
defined by

m = = - -L( ) ( ) ( )( )r
M r

r
e

2
1 . 10r

In general, μ indicates the strength of the gravitational field. If
μ= 1 the field is weak, and if μ∼ 1 the field is strong. An
interesting characteristic of Equation (9) is that μ guarantees
the required vanishing of the anisotropy of pressures at r= 0
(notice that typically M(r)∼ r3 is close to the center).
Moreover, in the weak-field limit, the anisotropy of pressure
is not expected to be important. In addition, this ansatz makes
sure that the tangential pressure vanishes at the surface of the
object (Horvat et al. 2011), in our case at the surface of the dark
matter envelope.

Notice that, according to Equation (9), α< 0 corresponds to
Pθ< P, α= 0 corresponds to the isotropic case Pθ= P, and
α> 0 corresponds to Pθ> P. The case of a static black hole
surrounded by a dark matter envelope with isotropic pressures,
i.e., α= 0, has been studied in detail by some of us in
Boshkayev et al. (2020) within a model that closely follows the
one considered here.

Furthermore, to analyze our model, we should now establish
the boundary conditions between the inner and outer solutions.

2.2. Boundary Conditions

As stated above, the innermost region is given by a black
hole vacuum solution with the event horizon located at r= rg,
while the exterior region corresponds to the dark matter
distribution extending from a radius rb> rg to an outer radius
rs> rb. The values of density, pressures, and metric functions
at the boundary are determined from ρ(rb), P(rb), and N(rb).
They can be computed immediately, obtaining
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Consequently, the unknown metric functions, N(r) and Λ(r),
are evaluated as
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where Nr(r) is simply the function N(r) in the interval r ä [rb,
rs], which must be numerically evaluated from the TOV
equations fulfilling the corresponding boundary conditions.
It is worth noticing that if we follow this consolidated

procedure for matching different spacetimes by imposing
continuity of the first and second fundamental forms, the dark
matter pressure should vanish when r= rb. Therefore, the
condition P(rb)= Pb leads to noncontinuous matching because
the first derivatives of the metric show a jump at the boundary.
However, there is a natural physical explanation for the
discontinuity. The common interpretation is to assume the
presence of a massive surface layer at rb for which the three-
dimensional energy-momentum can be evaluated from the
matching conditions, as discussed in Israel (1966, 1967).

2.3. Radiative Flux and Spectral Luminosity

Bearing in mind the above results, we can now investigate
the flux and spectral luminosity produced by an accretion disk
in the geometry with the above proposed ansatz. The disk
extends from an inner edge ri, which is usually taken as the
innermost stable circular orbit (ISCO) for test particles,
ri= rISCO. To this end, we follow the simple approach
proposed by Novikov–Thorne and Page–Thorne in Novikov
& Thorne (1973) and Page & Thorne (1974) and write the
radiative flux  as

òp
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The above quantity depends upon m, i.e., the disk mass
accretion rate, which is unknown. In the simplest case, we can
take it as constant, and we can set =m 1, which is equivalent
to considering the normalized flux per unit accretion rate, i.e.,

( )r m . Moreover, g is the determinant of the three-
dimensional subspace with coordinates (t, r, j) and is given
by = jjg g g gtt rr . The quantities appearing in Equation (16)
are
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namely Ω=Ω(r) is the orbital angular velocity, E= E(r) is the
energy per unit mass, and L= L(r) is the orbital angular
momentum per unit mass of the test particle. Additionally, ∂r is
the derivative with respect to the radial coordinate r, a dot
represents the derivative with respect to the proper time, and u t

is the time component of the 4-velocity.
Another important quantity is the differential luminosity that

is interpreted as the energy per unit of time reaching an
observer at infinity. We denote it by ¥ and estimate it through
the flux,  , by means of the following relation (Novikov &
Thorne 1973; Page & Thorne 1974):

p=¥ ( ) ( )d

d r
r g E r

ln
4 . 21




If the radiation emission is assumed to be well described by a
blackbody, then we can express the spectral luminosity at
infinity n ¥, as a function of the radiation’s frequency ν
(Boshkayev et al. 2020):
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where y= hν/kT*, h is Planck’s constant, k is Boltzmann’s
constant, MT is the total mass, = MT

2 * , and we have taken
ri= rISCO. Also, T* is the characteristic temperature defined
from the Stefan–Boltzmann law, which reads

s
p

=
 ( )T

m

M4
, 23

T
2*

with σ the Stefan–Boltzmann constant.

To compare with a Schwarzschild black hole in a vacuum, it
is also interesting to calculate the radiative efficiency of the
source, i.e., the amount of rest-mass energy of the disk that is
converted into radiation, which is given by

= -¥  ( ) ( )m E r1 , 24ISCO

which in the case of a Schwarzschild black hole gives the
known result η= (1− E(rISCO))× 100%; 5.7%.
In Figure 1 we show a schematic representation of the

system examined here. The left panel presents a two-
dimensional diagram of the equatorial plane of the system,
whereas the right panel shows a cross section of the three-
dimensional diagram. One can see that rb< rISCO< 3rg. Thus,
the presence of dark matter alters the geometry around a black
hole and decreases the value of rISCO.

3. Discussion of Numerical Results

To compute the orbital parameters of the test particles, the
flux, and the differential and spectral luminosities of an
accretion disk, we need first to numerically solve the TOV
equations. The corresponding numerical solutions for the
pressure and metric functions must fulfill the boundary
conditions above reported in Equations (14)–(15). In particular,
holding P(r)= 0 at r= rs, i.e., at the surface radius of the dark
matter envelope, implies that N and Λ have to ensure
N(rs)=−Λ(rs) on the surface. However, the numerical value
of the function N(r), which is denoted Nn(rs), obtained from the
numerical solution of the TOV equations, is not equal to
−Λ(rs). This is related to the fact that the boundary condition

= -( ) ( )N r r rln 1b g b is imposed while solving the TOV
equations, whereas the boundary condition

= -( ) ( ( ) )N r M r rln 1 2s s s is not. Therefore, in order to
satisfy the latter boundary condition, one needs a redefinition
of the function Nn. The most suitable redefinition of Nn is the

Figure 1. Left panel: two-dimensional schematic illustration of the system at the equatorial plane. The central black disk represents a black hole of radius
rg = 2MBH = 109Me ≈ 9.866 au, the gray disk shows the dark matter distribution starting from rb = 27.133 au up to rs = 57.755 au, and the orange disk represents an
accretion disk of inner radius rISCO = 29.414 au and outer radius rs. Right panel: the cross section of the three-dimensional plot. The black sphere is the black hole, the
dark matter distribution is confined within the two gray spheres of radii rb and rs, and the accretion disk is at the equatorial plane.

4

The Astrophysical Journal, 925:210 (8pp), 2022 February 1 Kurmanov et al.



following:
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which clearly fulfills the boundary conditions in Equation (14).
The numerical analysis that follows shows that the effects of

the presence of the dark matter envelope depend on the value of
the parameter α in Equation (9). It is worth noticing that in
order to solve the TOV equations, one needs to restrict α to
negative or small positive values. The outer boundary of the
envelope rs is determined from the TOV equations by imposing
P(rs)= 0, once ρ0, Pb and α are fixed. Finally, the total amount
of dark matter in the envelope is given by MDM(rs). With these
ingredients, we fully determine the metric functions, and
therefore, we can study the motion of test particles within the
dark matter cloud under the hypothesis that dark matter does
not interact with the baryonic matter of the accretion disk, and
therefore, test particles move on geodesics in the geometry
produced by the dark matter envelope surrounding the black
hole. The value of rISCO is obtained from the evaluation of
stable circular orbits within the dark matter envelope, and it is
set as the inner edge of the disk.
A comparison of the values of rs, MDM, and rISCO for

different values of α can be found in Table 1.
It is worth noticing that, for a fixed value of ρ0 and Pb, the

TOV equations can be solved for a wide range of values of
α< 0, which implies Pθ< P. On the other hand, for α> 0, i.e.,
Pθ> P, there are maxima of α for which the TOV equations
lead to unstable dark matter configurations and the TOV
equations will not have solutions. Also, the total dark matter
mass tends to reach a maximum value of
MDM(rs); 2.12342× 10−2MBH for α;− 10−8÷ 10−9. Simi-
larly, considering a central black hole of mass
MBH= 5× 108Me≈ 4.933 au (with Me being the mass of
the Sun), the value of α affects only slightly the location of the
ISCO, while it affects significantly the outer edge of the
envelope rs, i.e., rs and MDM(rs) increase with increasing α
from negative to positive values. On the contrary, the radiative
efficiency of the accretion disk decreases as α increases. See
Table 1 for details.

Table 1
Physical Parameters of the Dark Matter Envelope with Fixed

ρ0 = 0.85 × 10−5 au−2 and Pb = 2.356 × 10−8 au−2

α rISCO rs 10−2MDM(rs) MT η

( )rT ( )rT ( )MT ( )M108 (%)

−0.10 2.928 5.750 1.7761957 5.0904157 5.866

−0.08 2.925 5.912 1.8099900 5.0921677 5.856

−0.06 2.921 6.124 1.8488401 5.0941833 5.845

−0.04 2.916 6.427 1.8954049 5.0966012 5.830

−0.02 2.909 6.957 1.9561495 5.0997589 5.808

−0.01 2.903 7.498 1.9982066 5.1019474 5.789

−10−3 2.891 9.359 2.0609501 5.1052160 5.747

−10−5 2.882 13.268 2.0786001 5.1061361 5.706

−10−7 2.879 17.343 2.0792547 5.1061703 5.686

− 10−9 2.876 21.534 2.0792725 5.1061712 5.674

0 2.875 24.086 2.0792729 5.1061712 5.670

6.78 × 10−11 2.874 28.626 2.0792729 5.1061712 5.664

6.85 × 10−11 2.874 29.726 2.0792730 5.1061712 5.662

6.887 × 10−11 2.872 39.936 2.0792730 5.1061712 5.655

Note. In addition, the black hole mass MBH = 5 × 108 Me ≈ 4.933 au, the
corresponding gravitational radius rg = 2MBH, the inner edge of the dark matter
envelope rb = 5.5MBH are the model free parameters and therefore are also
fixed. The choice of the anisotropic parameter α determines the innermost
stable circular orbit radius rISCO, the radius of the dark matter envelope rs, and
its total mass MDM(rs). The first column shows various values of α, the second
rISCO in units of the gravitational radius rT corresponding to the total mass of
the system MT = rT/2, the third rs in units of rT, the fourth MDM(rs) in units of
MT, the fifth MT in units of solar mass, and the sixth the radiative efficiency of
the source η = (1 − E(rISCO)) × 100%.

Figure 2. Left panel: numerical evaluation of the orbital angular velocity Ω
*

of test particles in the accretion disk around a static black hole of mass
MBH = 5 × 108 Me ≈ 4.933 au in the presence of anisotropic dark matter as a function of r/MT. Right panel: numerical evaluation of the orbital angular momentum
L

*
of test particles in the accretion disk as a function of r/MT. In both figures, the solid black curves represent the case of a static black hole without dark matter while

the other curves represent anisotropic dark matter envelopes with ρ0 = 0.85 × 10−5 au−2.
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With the above numerical setup, in Figure 2 we plot
Ωå=MTΩ and Lå= L/MT, i.e., the dimensionless orbital
angular velocity and orbital angular momentum of test particles
in the presence of a dark matter envelope, as functions of r/MT.
The solid curves represent the case of a static black hole
without dark matter, namely, ρ0= 0, and are easily distin-
guished from the other curves. For other curves, the values of
density and pressure are fixed as ρ0= 0.85× 10−5 au−2 and
Pb= 2.356× 10−8 au−2, and α is varied. In particular, the
distinction is more marked for the orbital angular momentum
Lå, especially for large values of r/MT.

Similar plots for Eå and  , namely, the energy per unit
mass of test particles and the disk’s flux, are obtained in
Figure 3. In the case of energy, one can see that for smaller
r/MT, E

å is larger than the pure vacuum case while it becomes
smaller as r/MT increases. Consequently, for each α, there is an
intersection point of the ρ0= 0 curve with the
ρ0= 0.85× 10−5 au−2 curve, which produces the same energy.
In the case of flux, it is noticeable that the presence of
anisotropic dark matter with different α increases the maximum
compared to the ρ0= 0 case.

The differential luminosity as a function of r/MT is reported
in the left panel of Figure 4. The numerical evaluation is scaled

in powers of 10−2 and shows how the absence of dark matter
produces lower luminosity compared to the case with dark
matter for small radii up to r/MT; 15, and higher luminosity
for larger values of r/MT. This suggests that the accretion disk
in the presence of dark matter should emit more energy
compared to the accretion disk in vacuum for high frequencies,
as can be seen from the right panel of Figure 4, which shows
the spectral luminosity of the accretion disk as a function of the
radiation frequency in a log–log plot. In fact, all frequency
ranges for α> 0 possess higher luminosity compared to the
ρ0= 0 case, i.e., Schwarzschild. However, for α� 0, the
situation is different and at lower frequencies, the luminosity is
lower and at higher frequencies the luminosity is higher than
the Schwarzschild case.
It is relevant to note that, although our approach is model

dependent because it relies on the assumptions made on
compactness—see Equation (9)—the various possible values of
α do not impact significantly on the physics of the disk’s
emission. This can be seen from the fact that the cases with
anisotropic pressures are similar to each other and to the
isotropic case, i.e., α= 0, when compared with the vacuum
case (solid line in the plots), suggesting that the effects on the

Figure 3. Left panel: numerical evaluation of energies E
*

of test particles in the accretion disk around a static black hole of massMBH = 5 × 108 Me ≈ 4.933 au in the
presence of anisotropic dark matter as a function of r/MT. Right panel: numerical evaluation of the flux  divided by 10−5 of the accretion disk as a function of r/MT.
In both figures, the solid black curves represent the case of a static black hole without dark matter while the other curves represent anisotropic dark matter envelopes
with ρ0 = 0.85 × 10−5 au−2.

Figure 4. Left panel: numerical evaluation of the differential luminosity of the accretion disk scaled in powers of 10−2 as a function of r/MT. Right panel: numerical
evaluation of the spectral luminosity of the accretion disk as a function of hν/kT*, i.e., as a function of frequency. In both figures, the solid curves represents the case
of a static black hole without dark matter. The intersection points are listed in Table 2.
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spectrum are due mostly to the presence of dark matter rather
than to the possible anisotropies.

From an experimental perspective, in principle, it would be
possible to obtain information about the presence of dark
matter from the spectra of accretion disks, if the other relevant
quantities, such as the black hole mass and the disk’s ISCO,
can be determined independently. Last but not least, it is
important to remember that even the observable properties of
the dark matter distribution are also model dependent because
they rely on the choice made in Equation (2). Although the
choices of different density profiles in Equation (2) and
equations of state and prescriptions for the anisotropies in
Equation (9) would modify the values of quantities such as
rISCO and the flux of the accretion disk, we may expect that the
overall qualitative features due to the presence of dark matter
would remain unchanged.

The case when α= 0, or Pθ= P, has been considered in
Boshkayev et al. (2020). In principle, one can expect that
tangential pressures alone, i.e., in the absence of radial
pressures, also known as an “Einstein cluster” (Einstein 1939;
Gilbert 1954; Hogan 1973), could also reproduce analogous
results providing de facto a degeneracy between the different
approaches. The case of vanishing radial pressures is interest-
ing in itself as it may approximate a rotating fluid while
keeping the advantage of making the equations much easier,
and it has been used to model the properties of dark matter
halos in Böhmer and Harko (2007). The observational features
of accretion disks in the Einstein cluster will appear in a
separate article (K. Boshkayev 2022, in preparation.).

For the sake of clarity, in Figure 5 we show the difference in
luminosity between the ρ0= 0 (Schwarzschild) case and the
cases with different values of α (with fixed
ρ0= 0.85× 10−5 au−2 and Pb= 2.356× 10−8 au−2). The
intersection points indicate that there exist frequencies for
which the ρ0≠ 0 case with various α can mimic the
Schwarzschild case. However, the overall spectrum for the
cases in the presence of dark matter differs from that of the
Schwarzschild case, and the deviation, which appears to be
larger at smaller frequencies, may help constrain the values of
α and ρ0 from observations.

In Table 2 we show numerical values of the intersection
points illustrated in Figure 5. For fixed ρ0= 0.85× 10−5 au−2

and Pb= 2.356× 10−8 au−2 and increasing values of α, the
difference in luminosity decreases and so does the frequency.

These numbers show the frequency at which the disk
surrounding a Schwarzschild black hole in a vacuum can be
mimicked by that of a black hole surrounded by dark matter
with a given value of α.
Finally, in Figure 6 we plot the efficiency of the source as a

function of α for different densities r = 0.850
* , 0.80, and 0.75,

where r r= - -( )10 au0 0
5 2* . It is evident that a negative α will

yield a larger efficiency compared to the Schwarzschild black
hole in vacuum (5.72%) and for a positive α, the efficiency will
be slightly smaller than 5.72%. For numerical values of the
efficiency, see Table 1.

4. Final Outlooks

We considered a spherically symmetric configuration
composed of a central black hole surrounded by a spherical
dark matter envelope with anisotropic pressures. We studied
the spectra produced by the accretion disk surrounding the
central object assuming that the baryonic matter in the disk
does not interact with the dark matter particles in the envelope.
Under a series of assumptions for the dark matter component

of the system, namely the density profile, anisotropies, and
inner boundary, we solved the TOV equations to determine the
geometry inside the dark matter envelope and consequently the
motion of test particles within the disk. We then numerically
evaluated the flux and luminosity of the disk in the presence of

Figure 5. The difference of the spectral luminosity of the accretion disk
between different α curves (with fixed ρ0 = 0.85 × 10−5 au−2 and
Pb = 2.356 × 10−8 au−2) and the vacuum case, i.e., ρ0 = 0.

Table 2
Intersection Points between Several Luminosity Curves with

ρ0 = 0.85 × 10−5 au−2 and Pb = 2.356 × 10−8 au−2 and Different Values of α
and the Luminosity Curve of a Schwarzschild Black Hole in Vacuum ρ0 = 0

α n( )h kTlog10 * n n ¥( )log10 ,

−9 × 10−9 −0.603 −1.764

−10−9 −0.651 −1.670

0 −0.756 −1.606

6.78 × 10−11 −12.254 −33.397

6.85 × 10−11 −14.683 −39.156

Note. The first column shows the different values of α considered. The second
and third columns show the frequencies of the emitted radiation and the
spectral luminosity illustrated in Figure 5.

Figure 6. Efficiency η = (1 − E(rISCO)) × 100% vs. α. The black solid line
corresponds to the efficiency of the Schwarzschild black hole. The color curves
show the efficiency in the presence of dark matter with different densities.
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dark matter and compared it with the isotropic case and the
vacuum case.

We showed that there exist frequencies in the spectrum of
the accretion disk that bear the mark of the presence of dark
matter and that are also affected by the anisotropies. This
suggests that if other relevant quantities, such as the mass of the
central black hole and the ISCO, can be determined
independently, it could be possible, at least in principle, to
distinguish different cases. In addition, we also estimated how
the radiative efficiency of the source is affected by the presence
of dark matter anisotropies and found that the efficiency
increases compared to that of a Schwarzschild black hole
immersed in isotropic dark matter when Pθ< P.

Of course, the scenario presented here is just a simple toy
model to highlight the qualitative features that the presence of
anisotropies may bear on the accretion disk’s spectrum.
Astrophysical black holes are expected to be rotating and,
therefore, the assumption of staticity, while simplifying the
equations, is not particularly realistic. However, we expect
similar results to hold in the presence of rotation of the central
object, and we aim to investigate those in future works.

At present, our knowledge of the dark matter distribution
near the center of galaxies is very limited, with most studies
providing estimates for the dark matter density at distances of
the order of several parsecs from the galactic center in the
Milky Way. Similar estimates for other galaxies are missing.
Similarly, we still do not know whether the geometry near
compact objects at the center of galaxies is well described by
the Kerr metric. We showed here that the presence of dark
matter may affect the spectrum of the black hole’s accretion
disk and, therefore, provide valuable information on the nature
of dark matter itself. The hope is that future observations will
allow us to test such ideas and further constrain the properties
of viable dark matter candidates.
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