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and without the hypothesis of fixed initial data.

1. INTRODUCTION

Lagrange equations of higher order.
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ABSTRACT. We consider cost minimising control problems, in which the dynamical
system is constrained by higher order differential equations of Euler-Lagrange type.
Following ideas from a previous paper, we prove that a curve of controls u.(t) and
a set of initial conditions o, gives an optimal solution for a control problem of the
considered type if and only if an appropriate double integral is greater than or equal to
zero along any homotopy (u(t,s),o(s)) of control curves and initial data starting from
Uo(t) = u(t,0) and o, = o(0). This property is called Principle of Minimal Labour.
From this principle we derive a generalisation of the classical Pontryagin Maximum
Principle that holds under higher order differential constraints of Euler-Lagrange type

In [3] the first and the third author presented a new proof of the classical Pontryagin
Maximum Principle (PMP) for controlled systems, which was crucially based on the
observation that the first order differential constraints of the system can be considered
as the Euler-Lagrange equations determined by an appropriate controlled first order
Lagrangian. Following the same ideas of that proof, we give here a generalisation of the
PMP to the control problems, in which the differential constraints are given by Euler-

More precisely, we consider cost minimising problems for dynamical system which are
controlled through the Euler-Lagrange equations determined by higher order Lagrangians
with controlling parameters, i.e. by Lagrangians depending on appropriate controls u®(t)

We do not impose any particular assumption on the initial conditions of the solutions

of the differential constraints, nor on the control curves u(t) = (u®(t)), besides merely
technical requirements of smoothness and constant rank conditions on the constraints.
In fact, in this paper we restrict our discussion just to control problems satisfying strong

regularity assumptions: this choice is only for the purpose of making as much as possible
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transparent the main ideas of our approach. An illustration on how the main results of
this paper can be generalised under much weaker regularity assumptions is given in [4].

Considering the proof of the PMP presented in [3] as a model, we are able to prove
that a curve of controls u,(t) and a set of initial conditions o, for the evolution of the
controlled dynamical system corresponds to an optimal solution if and only if a particular
double integral is greater than or equal to zero for any homotopy (u(t,s),o(s)) of control
curves and initial conditions, having u,(t) = u(¢,0) and o, = o(0) as starting point.
We called this property Principle of Minimal Labour. Using this and an appropriate
formalisation of Pontryagin’s notion of needle variation of control curves, we derive a
generalisation of the classical PMP for the control problems that are subjected to higher
order Euler-Lagrange constraints of normal type. This is a very large class of constraints
which naturally includes the classical Mayer problems to which the usual version of the
PMP applies. Actually our main result provides additional information also for the
classical first order differential constraints since it allows variations of the initial data
and establishes an innovative shortcut between the proofs of the classical PMP and the
Noether Theorem about conservation laws (see for instance the approach to Noether
Theorem based on Stokes Theorem given in [6], and compare it with the use of Stokes
Theorem in the proof of the PMP given here and in [3], as illustrated in Sect. 2 below).
A discussion in greater detail of our main results and some simple illustrations of how
they can be exploited are given in Sect. 2 and Sect. Bl

Before concluding this introduction, we would like to recall that, considering an ap-
propriate set of auxiliary variables, any control problem with higher order differential
constraints — even those of variational type for which we establish our generalised PMP
— can be reduced to an equivalent one with only first order constraints (but, in general,
no longer of variational type). By introducing other auxiliary variables, the Pontryagin
variables p;, the original higher order problem is finally transformed into an equivalent
one, which is now variational and to which the classical PMP applies. This kind of
reduction procedure demands the introduction of a (in general very large) collection of
auxiliary variables. In contrast with this, our generalised PMP directly applies to any
set of higher order constraints, with almost no need of auxiliary variables. This is a
valuable feature, which we briefly illustrate with an elementary example in Sect. [8. More
substantial examples and applications will be discussed in detail in a future work.

This paper is structured as follows. In Sect. 2, we review the main results of [3] and
give an informal presentation of the main ideas on which our results are based. A detailed
description of the Principle of Minimal Labour and of our generalisation of the PMP are
also given. In Sect. [l and Sect. Ml the needed preliminaries and a rigorous definition of
the class of control problem we are considering are given. In Sect. Bl the considered
control problems are transformed into an equivalent form, which is more appropriate for
the subsequent manipulations. The proofs of the Principle of Minimal Labour and of our
generalisation of the PMP are given in Sect. [6]l and Sect. [, respectively. In Sect. 8, we
illustrate some of the main features of our approach by discussing a couple of elementary
problems.
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2. AN OVERVIEW OF OUR APPROACH AND MAIN RESULTS

Since the results of the present paper can be considered as natural developments of the
ideas of [3], we decided to precede our discussion with a short overview of the contents
of that paper. We then briefly indicate how the scheme of such a previous paper is here
implemented to obtain our new results.

2.1. Pontryagin Maximum Principle and Stokes Theorem in a nutshell.

2.1.1. The basic scheme of a classical Mayer problem. Consider a dynamical sys-
tem, whose evolutions on a fixed time interval [0,7] are represented by curves
z(t) = (z*(t),..., 2N (t)) in RY satisfying the differential problem
dz’
dt

Here u(t) is a (measurable) function with values in a fixed subset K of RM

u(t) = (u(t),...,u™t) e K c RM

(t) = fi(t, 2" (t), u(t)) , 2'(0) = 2L e RV . (2.1)

and represents the evolution in time of control parameters. The fi(t,z,u®) are con-
tinuous functions on [0,7] x RY x K and differentiable in the x. The initial value z,
is fixed and is the same for all of the evolutions of the system. Given a terminal cost
function C' : RN — R, the corresponding Mayer problem consists of looking for a curve
u(t) of control parameters, for which the following holds: the terminal cost C(Z(T)) of
the solution T(t) to [21]) with u(t) = u(t) is less than or equal to the terminal cost of the
solution determined by any other choice of the curve u(t).

Of course, this is only one of the many variants of the classical Mayer problem. But
in what follows we limit ourselves to such a basic version. Moreover, we constantly
assume that all the data satisfy much higher regularity assumptions than those mentioned
above. Take this restriction as a sort of blanket assumption, which is adopted to easily
allow manipulations and prevent the risk of diverting the attention of the reader towards
inessential technical issues.

2.1.2. The auziliary variables p;. The classical approach to a Mayer problem is usually
based on the introduction of a set of auxiliary variables pi,...,pny and on the repre-
sentation of the dynamical system through curves (z(t),p(t)) = (z'(t),p;(t)) in R*Y (of
which, however, only the x%(t) are the interesting ones), constrained by the ([2.1)) and the
auxiliary equations

dpy —

' sz W (bt e (1) 22
The introduction of the auxiliary varlables p; and of the new constraints (2.2) has the
following effect: for each curve of control parameters u(t) = (u®(t)), the constraints on
the corresponding curve (x(t),p(t)) are the Euler-Lagrange equations of the variational
principle determined by the (controlled) Lagmngz'an

L"O(t, p, z, &) ij It z,u(t))) . (2.3)
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This Lagrangian has also the special feature of being identically vanishing along the solu-
tions of the corresponding Euler-Lagrange equations (in fact the x'(t) satisfy the 21)).

All this has the consequence that the original cost minimising problem is equivalent to
the following one. By subtracting a constant, with no loss of generality we may assume
that C'(x,) = 0. Hence by the vanishing of L®) along the constrained curves, the value
on such curves of the functional

N

wo) o [ (e : o¢
0 =1 x (t,l‘(t))
appears to be equal to
T _
0) :/ dC(z(t) dt = C(@(T)) — C(2(0)) "2 c(a(T)) . (2.5)
0 At i)

Thus the original problem turns out to be the same of looking for a curve of controls
u(t) = (u®(t)) such that, along the solution of the Euler-Lagrange equations of L), the
functional 1) takes the minimum possible value.

We also observe that, along the solutions (x(t),p(t)), the value of the above action
is independent of any boundary (initial or final) conditions for the p;(t). This means
that any value at t = 0 (or at ¢ = T') can be imposed on the p;(t), having absolutely
no consequences on the minimising problem. As we will see in the next two subsections,
among all of the possible choices for such boundary conditions, some are much more
convenient than the others.

2.1.3. A smart choice for the boundary values of the p;. Consider a homotopy of con-
trol curves u®)(-) : [0,T7] — K, s € [0,1], and denote by (a:(s)i(t),pg-s)(t)) the corre-
sponding homotopy of curves satisfying the constraints (2.I) and (2.2)). Exploiting our
blanket assumptions on the regularity of the data, we may say that the first order jets
(x(s)i(t),:t(s)i(t),pg-s)(t), 'gs)(t)), determined by the pairs (¢,s) € [0,7] x [0, 1], span a
smooth surface 8 in the first order jet space of curves in R?Y, whose boundary is formed
by four smooth curves. We denote them by v(5=0)(¢), 4=D(t), n©) (s) and 7T (s).

=D (8)

7™ (s)
7 (s)

7= (1)

Fig. 1

The first two curves correspond to the sides [0, 7] x {0}, [0, 7] x {1} of 9([0,T] x [0, 1]):
Y= (1) = (). (1) (0.5 1))

s= i - (1)1 1 (1
YD) = @V (0), 00,10 (6,55 (1)) -
The others are the curves that correspond to the remaining two sides {0} x [0, 1], {T'} x
[0, 1] of the boundary of [0,T] x [0,1]. We call them the vertical sides of 8. In [3] it was
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observed that if one imposes that the p;j(t) satisfy the terminal values conditions

oC

p;i(T) = "o ) (2.6)

(z(T))
then the integrals of the 1-form 3 = <L“(')(t,p,$,i¢) + Zf\il %km(t»x’i(t)) dt along the

two vertical sides 10 (s), nT)(s) of 8 (or, more precisely, of an appropriate modification
of B, modelled on the classical Poincaré-Cartan 1-form) are equal to 0.

This is an important property, because in combination with (235]) it implies that the
integral of (the Poincaré-Cartan type modification of) /5 along the anti-clockwise oriented
boundary 88 is equal to —C(z™M(T)) + C(z(°)(T)). On the other hand, by Stokes Theo-
rem, such an integral is equal to the integral of the exterior differential of the Poincaré-
Cartan type modification of 8 on 8. By exploiting certain properties of the actions and
of the 1-forms of Poincaré-Cartan type (it is not essential to recall them here - in Sect.
we discuss them in greater detail), such an integral reduces to a very simple form,
namely to

OH Ou®
Oz = C(zO(T :_// Aue
(z(T)) = C(=(T)) tel0,7],se[0,1] Ou® Is

dtds ,
(t,w(s)i(t),p§s) (t),u(=)a(t))
(2.7)

N
where H(t,z', pj, u”) := — ijfj(t,:nl,u“) .
j=1

The main reason of interest for this identity comes from the fact that it expresses the
difference between the two terminal costs as a double integral of an appropriate function
of the parameters (t,s) of the homotopy. From our point of view, this is a cornerstone in
the proof of the PMP.

2.1.4. The Principle of Minimal Labour and the Pontryagin Maximum Principle. An
immediate consequence of (2.7)) is the following:

Principle of Minimal Labour. If the curve u(t) € K gives a solution to the considered
Magyer problem, then for any other curve u(t) which is connected to u(t) through an
homotopy of curves u(® (t) in K, the double integral on the left hand side of (271) is less
than or equal to Q.

By considering appropriate highly localised deformations of the curve @(t) (the so-called
Pontryagin’s needle variations — see [3] or Sect. below for details) and associated
interpolating homotopies, the classical PMP can be derived as if a ‘pointwise version’
of the above principle. Indeed, adopting a very informal language, we may state the
Pontryagin Maximum Principle as follows (the literature on such a classical principle
is vast — for extensive and fundamental presentations we refer to [8, 1T}, [7 [, 2] [5] and
references therein):

If u(t) € K gives a solution (z'(t)) to the considered Mayer problem, then for any t, €
[0, 7] the value of H at the point (to, x'(to), pj(to), W (to)) is maximal among all the values
that it assumes at the points (to,a:(“)i(to),pg-w) (to),w®) determined by

(i) replacing (u®(t,)) by some other value (w®) € K,
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(i) substituting the values ' (t,) and p;i(t,) by the values z“)(t,) and pg-w) (to), which
are assumed by the solution (:E(“)i(t),p§-w) (t)) at t, of the constraints determined

by a control curve u¥)(t) taking the value u)(t,) = w in an infinitesimal neigh-
bourhood of t = t, and coinciding with the original u(t) at all other points.

2.2. Our road map towards the main results.

Let us now focus on the following two facts, pointed out in the above summary of [3].

(1) The problems, to which the classical PMP applies, are costs minimising problems on
curves x(t) = (2*(t)) that are controlled by means of first order differential equations
with parameters.

(2) By introducing auxiliary variables p; and an appropriate family of controlled La-
grangians L“(')(t, p,z, &), the differential constraints of the original control problem
are replaced by the Euler-Lagrange equations of such Lagrangians.

(3) The Lagrangians L“()(t,p,z,4) have the following peculiar property: they vanish
identically along the solutions of their corresponding Fuler-Lagrange equations. This
is a crucial fact that leads to the identity (2.5)).

(4) If appropriate boundary conditions are imposed on the p;(t), then for any given
homotopy u®)(t) of control curves, the integrals of the actions of Poincaré-Cartan
type along the “vertical sides” (% (s), n(T)(s) of the surface in Fig. 1 are identically
vanishing. This property together with (3) leads to the identity (2.7]), which expresses
the difference between two terminal costs as a double integral of an appropriate
function of the parameters of the homotopy.

(5) The identity ([2.7) immediately gives the Principle of Minimal Labour, from which the
PMP is derived using highly localised (needle) variations. In a sense, the Principle
of Minimal Labour can be taken as an underlying substratum for the PMP.

In this paper we consider a special class of cost minimising problems, in which the curves
are constrained by differential equations of higher order and of variational type, that is
by Euler-Lagrange equations of controlled Lagrangians of higher order (Sect. []). For
such problems we are able to follow the same circle of ideas described above and, at the
end, we reach a generalised version of the PMP that works for this wider class of cost
minimising problems.

We remark that, since our differential constraints are assumed to be of Euler-Lagrange
type, there is no need to introduce auxiliary variables and new constraints in order
to obtain the property described in the point (2) above: It is granted from the very
beginning. However, since we are no longer requiring that the controlled Lagrangian is
of a very special form, the crucial phenomena described in the points (3) and (4) are in
general not occurring. We nonetheless manage to overcome this difficulty through the
following two steps.

(a) We consider a special set of functions, denoted by hg(t), b’ ’B(t) and h” iﬁ(t), which
are completely determined by the initial and the terminal points of each controlled
curve. Such new functions are used in a convenient way to modify the controlled
Lagrangian and obtain an analogue of the phenomenon described in (4) (Sect. 51).
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(b) We introduce two auxiliary variables, called A\ and p, and we further adjust the
Lagrangian in order to obtain a new controlled Lagrangian. The purpose of this is
to get an additional property, which is analogous to the one described in (3). As a
consequence, we get an identity of the form (23] (Sect.[5.2]). We stress the fact that
the introduction of the new variables A and u is a merely technical expedient and
that such variables do not occur in the statements of the final results.

The modifications described in (a) and (b) have been found by heuristic arguments. We
do not know whether these are the only possible ones and/or there are deep reasons for
why they work (ﬂ) Nonetheless for the purposes of the present paper we only need to
know that they work. In fact, we would like to stress that their main use is basically
to re-write the sum of a particular surface integral and of two boundary line integrals
into a single surface integral. This yields an elegant expression for the Principle of
Minimal Labour, which nonetheless is by no means the only possible one. Other different
equivalent statements are admissible, which can be proven with no need of the above
mentioned modifications, but have the disadvantage of being much more involved.

Performing the steps (a) and (b) and following essentially the same ideas used in [3]
we finally get the desired analogues of the Principle of Minimal Labour and of the PMP
(Sect. [.2). An informal description of such results is given in the next subsection.

We conclude inviting the reader to consider the outline of this section as a road map
for the following constructions and to constantly keep it in mind while going through the
rest of the paper.

2.3. Main results.

The outcomes of the above described approach are basically two. The first is a principle
(Theorem [6.6]) that can be considered as a generalisation of the first version of the
Principle of Minimal Labour proved in [3]. It can be described as follows.

Principle of Minimal Labour. Consider a terminal cost minimising problem for
evolutions q(t) = (¢'(t)), t € [0,T), which are constrained by a set of smooth equations
on the initial values and by a system of ordinary differential equations of Euler-Lagrange

form
aLu¢) a d\" (or0)
5| 217 <@> pvzal
T gt B=1 a7 /) la®)
Here, L") = L“(')(t,qi, dd—‘ii, ceey Cngi) is a family of Lagrangians of order v > 1, which

smoothly depends on the values of a curve u(t) = (u*(t)) of control parameters.

A curve u(t) and admissible initial conditions determine a solution for the considered
cost minimising problem only if for any other curve u(t) and any other set of admis-
sible initial conditions, which can be joint to the previous by a smooth one-parameter

lwe guess that a more elegant approach should exist. For instance, the idea we used for the modifi-
cations described in (b) calls to mind a well known trick, which is usually exploited to translate a Bolza
problem into a Mayer problem (see e.g. [2], p. 116).
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deformation, the following inequality holds
/ ' / [ 9Pg,s) Oul)
0 0 au“ 68

e s € [0,1] is the parameter of the smooth deformation of initial data and control curves
(s)a
and 2% 8u
S

o2 ,U/

O Ot Os

ds | dt <0 . (2.8)

(t,s)
Here:

are the derivatives with respect to s of the components of the curves u(®) (t) =
(u(s “(t)) of such deformation;
o P15 is the two-parameters family of functions of the values u = (u®) defined by

)

where (¢ (t)) denotes the evolution of the system, which is determined by the control
curve u'®) (t) and the initial data associated with the deformation parameter s;

o ' = /(t,s) is the function which is defined in (6.I9)); it is indeed the time integral
between 0 and t of a certain function, which is explicitly given in that formula and it
is determined by the following three sets of objects:

(A) the curves u'®)(t) of the homotopy of the control curves;
(B) the values and the derivatives up to the order 2r of the curves (¢ (t));
(C) the infinitesimal variations of the terminal costs of these curves w.r.t. s.

dq(®)t

u(-)=u s)i d (s)i
(‘P(t,s)(u) =-L 0= <t7q( ) (t)v dt d

t,..., a

For a classical Mayer problem, where the dynamical system is described by curves

q(t) = (z'(t),p;(1)) with pi(T) = _%i(w(ﬂ) )

the above principle radically simplifies. More precisely one has that:

(2.9)

1) For any homotopy ¢®) (¢) of controlled curves of the above type, the double integral
( y y y g
fo 01 %‘ )ds dt in ([2.8) vanishes. In fact, the end-point constraints on the p;

force the components p;(t,s) := pgs) (t) of each homotopy ¢'®) (t) = (x(s)i(t),pgs) (t)) to
play the role of surrogates for the p/(t,s). Indeed each p;(t, s) is uniquely determined
by the curves u(®)(t) and () (t) = (x(9)(t)), and by the infinitesimal variations of the
terminal costs at t = T'. This occurs in perfect analogy with the properties (A), (B),
(C) of the function p/(t,s).

(2) The partial derivatives agg;f) coincide with the partial derivatives ggﬁ.

(3) The principle we just mentioned reduces to the Principle of Minimal Labour presented

in [3] (see Sect. [L4] below for details).

In contrast with all this, for other kinds of cost minimising problems, no analogues of

the auxiliary variables p; are involved and the term fo 01 %i o dsdt in (2.8) cannot

|
be expected to be zero. ()
The second main result of our paper is obtained by applying the above Generalised
Principle of Minimal Labour to the case of highly localised (“needle”) variations. Indeed,
what we obtain can be considered as an analogue of the classical PMP for the above
mentioned large class of the higher order Euler-Lagrange constraints of normal type (see
Sect. [T1] for the precise definition). It consists of a necessary condition for a control
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curve u,(t) in order to determine an optimal solution 7, and can be roughly described
as follows. Let P be the function on K defined by

P K—R, P(u®) == —L<t,’yo(t),...,dd—z,u“> i

Then, u(t) gives an optimal solution v, only if, for any T € [0,T] and any w € K, for
which the curve uy(t) admits a smooth deformation u()(t) of needle type around t = 7
with us=1(T) = w, the following inequality holds

1(T,w,e,3) _ M (rweX)
P(w) — lim inf K (1) = p (1,0)
e—0t €

w (1,w,e,%) (T,l)— % (T,w,e,%) (T,O)

< Pluy(7)) . (2.10)

Here, liminf,_ g+ 5 is a corrective term, which can be deter-
mined by means of the data of the needle variation, namely: (i) the point ¢ = 7 where
it is applied, (ii) the width e, (iii) the top value w and (iv) the 1-parameter family ¥ of
initial or terminal values for some variables, as e.g. the conditions (2.6]) in the classical
Pontryagin setting (see Sect. [7 for details). For the classical Mayer problems with first
order constraints, the above corrective term is zero and the resulting condition (210
on the function P reduces to the usual PMP on the Pontryagin function H. For what
concerns more general cases with higher order constraints, we offer a characterisation
of the needle variations, which allow to neglect such corrective term. This yields to an
alternative version of the usual PMP, which we briefly illustrate and compare with the

classical PMP through the discussion of an elementary example in Sect. [8

3. PRELIMINARIES

3.1. Notational issues.

Throughout this paper, we consider a dynamical system, whose states are represented
by the points of an appropriate N-dimensional manifold Q, which might be for instance
a configuration space or a phase space for the system. A generic set of local coordi-
nates on Q will be usually denoted by (qi)izl,,,,7N, so that the evolutions in time of
our system correspond to parameterised curves with coordinate expressions of the form
q(t) = (¢*(t),...,¢"(t)) for t in a fixed interval I C R.

Any such curve is uniquely associated with the corresponding parameterised graph
Y ICR—RxQ,  4@)=(tq), (3.1)

i.e. the associated local section of the trivial bundle R x Q over R. Due to this, from now
on we identify any evolution of our system with the associated map t — (t) = (t,q(t)).

For any such a map v : I — R x Q of class C", n > 1, we denote by ji () its n-th
order jet at the time t,. For a classical reference on jets, see for instance [9] ({1). The
collection of all these n-th order jets has a natural structure of smooth manifold and it
is called the jet bundle of order n of the (trivial) bundle R x Q over R. We denote it by
J"(QIR).

2For convenience of the reader, it might be convenient to briefly mention what we are going to adopt
as definition of an n-th order jet of a curve v in R x Q at a point t,. It is the equivalence class of all
the curves of the form 7 :] —t, — d,t0 + 6[— R x Q, whose components in some (thus, in any) set of
coordinates have values and derivatives up to order n at t, equal to those of v at such a point.
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For a fixed chart (¢°) : U — RY on some open set U C Q, we may consider the map
which sends each jet ji*(7y) into the N-tuple, N := N(n+ 1) + 1,
)

- i . i i . dqi i . d2qi i . d"qi
Ity — <t, 4oy (1) == ' (1), q(1y(t) := it J q(z)(t) := dat? L Ay () == qin
This map is well known to be a (locally defined) system of coordinates for J"(Q|R). In
a short notation, we denote such coordinates by

(ta(p)) = (t:dloys ) -+ Gy
and we call them canonical jet coordinates determined by the coordinates (¢*) of Q.

For any v(t) = (t,¢'(t)), the n-th order lift of 7y is the corresponding curve of jets
i) o)
t

Tdt |, dtn
We denote by K C RM a fixed set of real M-tuples u = (u®). In what follows,
a (continuous or k-differentiable) curve ¢ — wu(t) with values in K plays the role of a
control for our system. We stress the fact that, in the literature, the terms “control”,
“control parameter” or “control value” is usually adopted to refer just to a single value
of the curve u(t), not to the curve u(-) as a whole, in contrast with what we do in this
paper. We hope that this will not be a source of confusion.

VT — JUQIR) . A @) =R () = (Bl (8) = (ta q'(t)

We always assume that K is the closure of a bounded open subset of RM and that
the boundary 9K is smooth. This assumption is mainly made for the sake of simplicity,
since most of our arguments can be generalised to a large class of more general situations
and under weaker regularity assumptions.

3.2. Controlled Lagrangians and controlled Euler-Lagrange operators.

Let us consider a (smooth) Lagrangian with controls, that is a C*° function
L = L(t,q{5,u") : J"QR) x K - R
depending on
e the coordinates (¢, qéo), qél), . ,qfn)) of the n-th jets in J"(Q|R),
e the parameters u = (u®) arbitrarily varying in K ¢ RM,

If there is an integer r such that L is independent on all of the jets coordinates qé 3) with
B8 > r+ 1, we say that r is the actual order of L. For example, the function

. Mo N 1 M
L(t,q(g),u®) = (Z Ua)§ Z(QZU)z —3 Z(ql)z
a=1 i=1 i=1

can be surely considered as a Lagrangian with controls on any controlled jet space
J"(QIR) x K of order n > 1. If we decide that our working ambient is J"(Q|R) for
some n which is strictly larger than 1, the property that L is independent of the jet
coordinates qf2), qég), ..., is synthetically expressed by saying that r = 1 is the actual
order of L.

In our discussions, we will always assume that the order n of the controlled jet space
J"(QIR) x K is sufficiently larger than the actual order r of the considered Lagrangian L.
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This is needed for letting all of the operators considered in this paper (as, for instance,
the Euler-Lagrange operator described below) to be meaningful. As we will shortly see,
we just need that the order of the jet space J"(Q|R) satisfies the following inequality

2r+1<n, (3.2)
which, from now on, we constantly and tacitly assume to be satisfied (ﬁ)

The controlled Euler-Lagrange operator is the N-tuple E = (E;)N, of differential
operators, acting on any controlled Lagrangian L of actual order r, defined by

OL < d\" ([ oL
Bi(L) = o+ Y _(-1)° <—> <—) ., i=1,...,N. (3.3)
oq* et dt 8q25)
Here, the symbol % denotes the total derivative operator, that is the operator that trans-
forms any function f: J"(Q|R) x K — R of actual order v’ < n — 1 into the function

/- df of of
= MQR) XK — R, o -
(tais)  152n Os)

dt ot
0<o<r!

. (3.4)

Such an operator is called “total derivative” simply because, for any curve (v(t),u(t)) €
(R x Q x K)OT) with constant u(t) = u,, the evaluation of % at the points of the curve
of jets (7™ (), u(t) = u,) is equal to

7 L (7 1), )

il . for each t € [0,7] , (3.5)
At |y ),y A

t

i.e. it coincides with the derivative with respect to t of the map t — f(7(™(t),u,).
Notice that:

e The total derivative raises the actual order of a function of at most one unit and the
iterated total derivatives (%)B, 1 < B < r, raise the actual orders of at most r units.
This is one of the reasons why we assume (3.2)). Other reasons for this come from the
fact that certain arguments of the proof of Lemma below work nicely only if 2r is
actually strictly less than n.

e What we call “controlled Euler-Lagrange operator” is almost the same of the Euler-
Lagrange operator of the classical theory of variations. The only difference with respect
to the usual one is that the operators E, :% + Zgzl(_l)ﬁ (%)5 (5“(%3))’ 1<q< M,
corresponding to the infinitesimal variations of the coordinates u®, are here missing.

4. DEFINING TRIPLES AND GENERALISED MAYER PROBLEMS

We are now able to delineate in detail the particular class of control problems, which
is the main object of study of this paper. As we already mentioned, the dynamical
systems we are dealing with evolve according to curves, whose parameterised graphs are

3This assumption could have been safely omitted if we considered the infinite jet spaces J°°(Q|R)
in place of finite order jet spaces J"(Q|R). However this would have forced us to work with infinite-
dimensional manifolds, a category that, for simplicity of the exposition, we prefer to leave undisturbed.
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the curves () in R x Q. The independent variable ¢ (the “time”) of these evolutions is
from now on always assumed to be varying in a fixed interval [0, .

The control problems on which we focus are those given by the following ingredients.

e A set of control parameters K, i.e. a set of pairs U = (u(t), o), in which:

a) the first element u(t) is a smooth curve u : [0,7] — K in the above fixed ambient
space i C RM:

b) the second element is a jet 0 = jtzial () where r is the actual order of the controlled
Lagrangian considered below; the jet o is possibly subjected to some constraints
(as, for instance, that the 0-th component j{_,(y) = 7(0) is equal to a fixed point
¢o € Q) and is later used as the initial datum for a curve v(t) = (¢, ¢(t)), described
in the next point.

e A Lagrangian with controls L = L(t,qfﬁ),u“) of actual order r satisfying (B8.2]), which
gives the system of controlled Euler-Lagrange equations of order 2r

Ei(L)|(n (y(t))u(ey) = 0 (4.1)

for each smooth curve u : [0,7] — K. We also assume that L satisfies all needed
regularity and maximal rank conditions that guarantee the following: for each pair
U = (u(t),0) in the set X, there exists a unique solution v\U)(t) to the initial value
problem formed by the equations (A1) and the initial condition

i) =0 (4.2)

)

The curves v\“/) determined in this way are called K-controlled.

e A terminal cost function, that is a real function of the jets at the time ¢t = T of some

fixed order ¥ < n —1 (). We assume that such a terminal cost function is actually the
.. of a smooth real function of actual order r on the whole jet
space that vanishes identically on J"(Q|R)|;=o.

restriction C/|n(qr)

For any terminal cost function on the jets at ¢ = T', there are clearly infinite possibilities
for a smooth function C' on J"(Q|R) that vanishes at the jets at t = 0 and that gives the
desired cost function at ¢ = T. But in what follows we select just one of such globally
defined functions and we call it the (extended) cost function of our problem.

Any triple (X, L, C'), formed by three ingredients of the above form, is called a defining
triple. Given such a triple we may consider the following

Definition 4.1. The generalised Mayer problem determined by (X, L,C) is the problem
of looking for all K-controlled evolutions (V) for which the value of the terminal cost
C(jf:T(’y(U))) is minimal among the terminal costs of all K-controlled evolutions. For
such curves, the corresponding pairs U = (u(t), o) € K are called optimal controls.

4This condition on the actual order 7 is just a convenient technical requirement and is used only in
the proof of Lemma [5.2] below. As observed before, if we work in jets spaces of sufficiently high order,
this requirement is always easily satisfied.
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5. MODIFIED TRIPLES AND MAYER PROBLEMS IN INTEGRAL FORM

5.1. Performing the step (a) of the road map.

We now proceed according to the step (a) described in Sect. More precisely,
we canonically associate with any given curve (¢,¢(t)) in [0,7] x Q a special set of real
functions. They are

hjy(t) = Aje + Bhe ™", )
h’iﬂ( ) = A” eart + B,Z e ort + Clﬁ cos <2T > Dlﬁ sin <2T > ) (5.2)
W (t) = A"herr! + B"hemor! 4 O cos (ZT ) + D"} sin <2T > ; (5.3)

where the indices ¢ and 8 run between 1 < i < N and 0 < 8 < r — 1 (here, r is the
actual order of L) and the A%, Bé, A’ iﬁ, B’ ZB etc., are the constants that are uniquely
determined by the following conditions on the initial and terminal data of the ¢*(¢). The
Ag and Bé are determined by solving the linear equations

. . . . . . dh? & [ oL
1 1 1 1 1 7 ﬁ €
5+ Bs(=hpl,_o) = dig)|,mgr Ap— Bs(=—= | )=—=)_(-1) —< ; -
dt S (52, 7 A\ Oqis) )l
0<e<é
d—e—1=p
(5.4)
The remaining constants are set to
0
i 0
o i5)(T)
B’ . Up)
c =4 3 (_1)€£<8L L0 (@)) . (5.5)
D’ 1555 dt= \ a5y Oaigy \ At ) ) |insiqmy
0<e<é
d—e—1=p
"
o X
fl=A" : 5.6
C’B Z hi,(T) (5.6)
D" by (T)
where A is the real matrix
1 1 1 0
P T
%65 %e 27— 0
T\2 & T\2 —Z LY
(7)€ (F) ez 0 —(3F)

A tedious but straightforward check shows that the functions (B.1]) — (5.3]) are precisely
the unique solutions to the system of differential equations

dzhl d*h’ 4 d*h’" 4
i B ™ 1% 8 ™ "i
~ hj, (ZY =0, — 2 (Z) - .
A2 =0, dtt (2T) 5=0, dtt <2T) 5=0 (5.7)
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together with the set of the boundary conditions formed by the (5.4 and by

17
h'%(0) =0 a1 I 0 (5.8)
B ’ dt |, ’
7 21,71 acC
dy L e (2Lt F)
dt =) a2 |,_, Z ( )dt€ dq’ 1)
t=T t=T 1<5<r q(5) j?;T(Q(t))
0<e<é
6—e—1=0
(5.9)
h"%(0) =0 . 0 b h%(T) I h (T) . (5.10)
C Tt |, 0 dt |y PV Taer |, POV

As a matter of fact, we consider these functions just because we want them to satisfy
such a differential problem. The motivation for this requirement has been very roughly
indicated in our road map and it will be definitely clarified in the next section.

Using the functions (5.1)) — (5.3), with any given curve (¢,¢*(¢)) in [0,T] x Q we may
associate a curve (t,qi(t),hiﬁ(t), h’iﬁ(t),h”g(t)) in the enlarged manifold [0,7] x Q, Q =
Q x R3N7. Such a bijective correspondence between curves in [0, 7] x Q and in [0, 7] x Q
establishes a natural equivalence between our original control problem, determined by

the triple (X, L, ~C), and a new control problem, determined by an appropriate modified
defining triple (X, L, C') which is defined as follows.

e X is the collection of pairs U = (u(t),) in which: (a) u(t) is precisely as it occurs in
the pairs (u(t),0) € X and (b) 7 is a jet in J"(§|R)|t:0 of actual order 2max{r,2} — 1,
playing the role of the initial datum of a curve J(t) = (¢, qi(t),h%(t),h’iﬁ(t),h”iﬁ(t)),
constrained by the following conditions:

(i) the part of &, corresponding to the initial datum of v(t) = (t,¢'(t)), satisfies the
same constraints that are imposed on the data o in the pair (u(t),o) in X;

(i) the initial values for the curves h%(t), b’ Zﬁ(t) and h” Zﬁ(t) are required to satisfy the
conditions given by the (54]), (5.9) and (510)); no other condition is imposed besides
those which are naturally requested in order to be initial conditions that are fully
compatible with the Euler-Lagrange equations (5.13) and (5.14]) below (ﬁ)

e L is the controlled Lagrangian of actual order 7 = max{r, 2}

- . . 1 . . .
Lit,als) (g o) o= L5 3 <(h?3<1>)2_(h/f3<2>)2_(h”é<2))2>+

1<j<N
0<pB<r—1
+ - (h])2+ 7'('4 (h/])2_’_ﬂ-—4(h//])2 (5 11)
Z 2 VB 3274 B 3274 B ) T
1<j<N
0<B<r—1

o C is equal to C = C. The only difference between C' and C is just that its formal
domain is now J"(Q|R) (and no longer J"(Q|R)).

5As we will shortly see, such Euler-Lagrange equations are nothing but the (5.7).
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If we now replace the triple (X, L, C) by (J~<, Z, C=cC ), we have a new Euler-Lagrange
operator, consisting of the differential operators E;(-), EZB (), E Zﬁ (), E” ZB (+), correspond-
ing to the variables ¢’, hi, h’ & and h” Z, respectively. The new set of Euler-Lagrange
equations is

~ L < ,dt [ OL
B(L)i=2=+> (-1 [ 5] =0, 12
~ 5 dh - A’ 4
B _ i _ B _ B T i
B(L)] = ——5 ® + hj E(L)§ = ——7 + <—2T> b =0, (5.13)
- d*h”i AL
BLY") = ——2 + (ﬁ> W' =0 . (5.14)

From these equations, we directly see that any K-controlled curve ﬁ(ﬁ) (t) = (t, ¢'(t),
hg(t), b’ iﬁ(t), h" ’B(t)) has the following two crucial properties.

(1) Being solutions to the same differential problem, the components q'(t) of a X-
controlled curve (V) and of the corresponding K-controlled curve 4(U) are the same.
Therefore the terminal costs C | GO and C | () € coincide.

(2) The functions hj(t), h'y(t), h” ( ) have necessarlly the forms (5.10) — (5.3).

Thus the generalised Mayer problem defined by (3~C, E, 5) is perfectly equivalent to the
original one, given by (X, L,C). The bijection between the two families of controlled
curves is established by simply considering the functions defined in (5.1]) — (5.3]) as the
last components of a curve in R x Q = (R x Q) x R3N7,

5.2. Performing the step (b) of the road map.

We now go into the step (b) of Sect. Namely, we introduce two auxiliary variables
A, 1 and further modify the defining triple of the problem, so that an analogue of (2.35])
holds for any solution of the new controlled Euler-Lagrange equations.

Introducing two new variables corresponds to enlarging the manifold Q= Q x R3NT of
the prev1ous section into the new manifold Q = Q x R? parameterised by the coordinates
(t,q ,hl h” h’” , A, ). After considering such new enlarged manifold Q, we have to

introduce the further modified triple (JAC, Z, 5) defined as follows.

o K is the collection of pairs U = (u(t), o) in which: (a) u(?) is precisely as it occurs in the
pairs in K and X and (b) 7 is a jet in J" Q\]R |t , of actual order 2max{r, 2} — 1, playing
the role of the initial datum of a curve 3(t) = (¢,¢'(t), hj(t), h'};(¢), h"(¢), A(?), u(?)),
constrained by the following conditions:

(i) the part of &, corresponding to the initial datum of (¢) = (t,qi(t),hiﬁ(t),h’fﬁv(t),
h”iﬁ(t)), satisfies the same conditions that are imposed on the pairs (u(t), o) € K;

(ii) the component A|;—¢ of & (i.e. the initial value of A(¢)) is always set to be ;=g = 1;
the values of all other components of the jet giving the initial datum for A(¢) are
required to be just compatible with the Euler-Lagrange equations (5.16]) below (ﬁ)7

6By looking at those equations, one can see that this compatibility requirement simply means that all
derivatives of A(t) at ¢ = 0 must be equal to 0.
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(iii) the component pli—o of & (i.e. the initial value of p(t)) must be pl—o = 0; the other
components of that initial datum for p(t) have just to be compatible with the (5.16]).

e I is the controlled Lagrangian of actual order 7 = max{r, 2} defined by

T4 i i i i a ~ dC
L(t7 Q(5) ) hﬁ(&) ) h/ﬁ((S) ) hHﬁ(é)? )‘(5) ’ N(J)? U ) = )‘(N(l) + L) + E =

=\ (M(l) +L+g D, <( sw)" = ()" = (h"5<2>)2>+
1<i<N
0<B<r-1

b x (o () w5 o))+ s
0555—1

Here, according to (3.4)), % denotes the total derivative of the function C' = C(t, qz B))’

e C is the same of the original cost function C=C. As before, the difference between C
and C is just that we are now considering it as a function on the new jet space J"(Q|R).

If we now replace the defining triple (JNC .L,C ) of the previous section by (9/% , E, C=cC ),
we have to consider another Euler-Lagrange operator, formed not only by the previous
operators E;(-), EZB(), E’f('), E”iﬁ(-), but also by the operators Eyyy(-) and Ep,(-),
corresponding to the new variables A and pu, respectively. The new set of Kuler-Lagrange
equations is:

E(L){M}Z—EZO (= X=1),
= ~ L < d ( oL
E(L); =E\L)i = o~ —1)f— — | =0,
=~ ~ d’h’ .
B(L)} = EGL)) = _T‘f +hi=0,
~ ~ d*nh’ 4
B} = BOL] =~ + (37) W5 =0, (5.16)
~ _ d4h//i N .
B = BOLY =~ + (g7) W' =0
~ du  ~
du 1 ; . .
it 2 <( ﬁ“)>2_(h/6<2>>2—(h"5<2>)2>+
1<i<N
0<B<r—1
+ Z l (hi )2 + m (h/i )2 + m (h//i )2 —0
1Sien \2 g 321 P 3Tt A ) T
0<B<r—1

By just looking at these equations, we see that any K-controlled curve

FO() = (¢, ¢'(1), Wy (1), W), W5 (), A(H), (1)) (5-17)

has the following properties.



CONTROL PROBLEMS WITH DIFFERENTIAL CONSTRAINTS OF HIGHER ORDER 17

(1) The value A(t) is constant and equal to the prescribed initial value, i.e. A(t) = 1. It
follows that the new differential constraints on the curve y(t) = (t,qi(t),hiﬁ(t), h’g(t),
h"};(t)) are identical with the original constraints (5.12) — (5.14). This, together with
the uniqueness of the solution to the differential problem for u(t), imply that there
exists a natural bijection between the class of K-controlled curves FU U) and the class
of the K-controlled curves ’y(U)

(2) Due to (1), the cost C | GO for a K-controlled curve is always equal to the cost
C | LG = =C| Jr () of the corresponding K-controlled Surve V(U).

(3) The last equation in (B.I6) implies that the 1-form A(u (1) + L)dt vanishes identically
along any curve of jets ‘y\(ﬁ)(”) (t) =jp (ﬁy\(ﬁ)> of a K-controlled curve ’y\(ﬁ).

From (1) and (2) and previous discussion, we see that the generalised Mayer problem
defined by the triple (X, L, C') is not only equivalent to the problem of Sect.[51l, determined
by the triple (9~C, E, 5), but also equivalent to this new problem, determined by the triple
(9/%, L,C). Furthermore (3) shows that the improvement, which was mentioned in the
step (b) of the road map, is now reached, In fact, if we consider the 1-form

we may observe that, for any curve of jets ’y\(ﬁ)(") (t) of a K-controlled curve 70)

T da(ﬁ)(n) T. Property (3) T dC
/0 04( 7 dt :/o Lizoympdt = /0 a

Clin =0
= C(y WO (1Y) — (VI gy T ERle=0

dt "=
FD) () (1)

FD)(n) (1)

CUrr () .
(5.19)

This means that for each X-controlled curve, the integral (5.19) is just equal to the ter-
minal cost C' \ * () and that looking for a solution to the original problem is perfectly

equivalent to lookmg for a K -controlled evolution, for which the integral (5.19) is minimal
among those of all other X-controlled evolutions.

5.3. A convenient replacement of the integrand in (5.19]).

We now want to show that we may safely substitute the 1-form (EI8]) by a different
one, which turns out to be much more convenient for our further developments. In order
to introduce such convenient replacement, we first need to recall that on the jet bundle
J ”(@\R) there exist an important class of distinguished 1-forms, namely the family of the
1-forms that vanish identically on the tangent vectors of the curves of jets 7 ( ) of the

parameterised graphs 5(t) = (t,¢'(t), hi(t), h'5(t), h"5(t), A(t), u(t))-
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It is known that such distinguished 1-forms are precisely those that are pointwise linear
combinations of the 1-forms

“loy = difs) ~ dls 41yt

wg( ) = dhﬁ((g) hlﬁ(5+1)dt s w 6(5) = dhll( 5 — h/lﬁ(5+1)dt s = 1, e ,N s

w5y = A0 — W50 dt §=0,...,n—1,

A
&{5)} = d)\( 5 — )\(5+1)dt s ({M)} = dﬂ( 5 — ,U(5+1)dt .

Since these 1-forms vanish identically on the tangent vectors of the curves 3™ (t), the
value of the integral (EI9) does not changes if « is replaced by any other 1-form
) § A §
o = a+PPwiy +QOIwh o +Q w5 +Q O o 1L >w({5)}+M( >w({§)} (5.21)

for some arbltrary choices of smooth functions ]P’Z ,Q(5 Q (5 , Q' )6 L©) M©® of
the points of J"(Q|R) x K. Following the terminology used in [10], we say that any such
o' is wvariationally equivalent to «. The invariance of (5.I9) under replacements with
variationally equivalent 1-forms might be considered as a sort of “invariance under gauge
transformations” of the cost functional.

A particular choice for the IP’Z((S),Q(‘S)Z@ , Ql(‘s)f , etc. yields to the following 1-form.

Definition 5.1. The controlled Poincaré-Cartan form associated with L is the 1-form
on J"(Q|R) x K defined by

R r 6—1 de 8E '
_ € i
=Ldt+3 D (1 g (5 | “lo-capt
6=1 =0 (0)
i i i 1 i {n} _
A ( 50 @50) ~ W@ 50y — h"ﬁ@)w"ﬁ(l)) +Awy =
1<i<N
0<p<r-1
1 i i
= (A(N(1>+L+§ > <(ha( )= (0)° —(h"a<2>)2>+
1<i<N
0<B<r—1
Lo, ™ e, T dc (5.22)
> (2 (8)* + T ()% + T (W5 )+ = Jat+
1<i<N
0<p<r—1
r = 1 & (0(L+%)
dt )

7 7 " "
+A Z (hﬁ(l)wﬁ(O) b)) — B @ byt
1<i<N
0<p<r—1

1i 1 "i "i {un}
+ 0@ 50 + D@ 6(0)> +Awg) -

Since (5.22) is variationally equivalent to o, we may safely replace a by o’¢ in (E19).
And, in fact, such a substitution is the analogue of what is done in [3] for the classical
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i ))dt
()

) dt+§:pZ da’ — &'dt) =

=1

Mayer problems, where the 1-form

a-(Zp,m— (t,z,u(t +Z(9xl

is replaced by the 1-form

<sza:— (t,z,u(t +Zax’

N
, , oC ;
= pida’ —pifi(t,z,ult)dt + > —— @(t)dt . (5.23)
, — O’

i=1 (t,z(t))
The convenience of considering the 1-form (5.23]) and, in more general situations, the
controlled Poincaré-Cartan forms (5.22]) comes from the special feature that is described
in the next lemma and which will be exploited in the proof of our first main result.

Lemma 5.2. The differential do’C of the controlled Poincaré-Cartan form has the form
do PC:E(E) wigy A di+

~ . aZ (5.24)
+ E(L); A}w({g; A dt + E(L){M}w({é‘)} Ndt 4 5 du A di+
+ linear combinations of wedges of pairs of 1-forms of the list (5.20])

Proof. The claim is an immediate consequence of a general fact concerning the classes
of variationally equivalent 1-forms on jets spaces (see e.g. [10, Prop. A2]). For reader’s
convenience, we present here a direct proof. For simplicity of notation, from now on we
denote any tuple of coordinates (¢, hg, h’g,h”g, A, p) for Q just by y = (y*), where the

index ¢ ranges between 1 and N=N (3r + 1) + 2. Accordingly, the coordinates of the
whole jet space are denoted by ¢ and by yfé), 0 < 6 < n, and the associated 1-forms of
the list (5.20) are briefly indicated as

Wis) = dY(sy = Yenydt  with 1</<N and 1<5<n—1. (5.25)
Note that, being dt A dt = 0 and d(dyfé)) = 0, for each integer 1 <6 <n—1,
dy(s) N dt = wizy Adt = —dw(s_,y - (5.26)

Hence for any function f : J"@HR) x K — R of actual order 7 <n —1

fdyfé) Adt=— fdwfé_l) =

af . of
L l m L _
d(Fwloon) + Gpdt Al + 52,:0 mdy(w N1y =

of ZT of Z
— 12 44
= —d <fw(5_1)) + Edt A W((S_l) + : 8y(6,) (5’ /\UJ((; 1) + (6, y(5/ dt A w((; 1)
1=0
df

=—d (fwf(;_l)) % dyf(;_l) Adt  modulo terms of the form wf,y Aw(y (5.27)
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If § — 1 > 1, we may iterate and apply this identity to the term —% dyfé_l) A dt which
appear in the right hand side of such identity. In this way we get that

df d>f , s

If 6 — 2 > 1, we may again apply (5.27)) to the term ‘2275 y&_m A dt and so on. After §

iterations of such use of (5.27)), we end up with

6—1
dytsy ANdt = —d _1e S —15dé—f by Adt dwly Awdsy (5.29
fdyisy Nt = —d | D (=1 2wl 1o | + (-1 25wl mod wiy) Aw(e) (5.29)
e=0

Applying (5:29) to each term g—ﬁdyfé) Adt, § > 1, appearing in the exterior differential
S
d(Ldt), we obtain

- oL "\ 9L

Y(0) 5=1 9Y(s)
e r 6—1 =~
oL _d= oL
- sy =3 (S )+
9Y o) =1 \e=0 dte Ay 5 :

dtd 9yt

: d° oL . .
+ Z(_l)ﬁl_j wh Adt mod Wiy AWiey =
6=1

r ol d€ az Vi - Vi
— £ T S

(5.30)

PC

Note that, in the simplified notation used in this proof, the 1-form "% is nothing but

T

ro_ 7 ~, e d 9L
1>
o= e=0 (6)

From this and (5:30), the lemma follows immediately. a

6. THE PRINCIPLE OF MINIMAL LABOUR

We are now ready to prove our first main result, the Principle of Minimal Labour for
generalised Mayer problems. As we mentioned in Sect. 22 this is reached by: (i) first
proving a generalisation of the identity (2.7)) for the problem associated with the modified
defining triple (5/%, E, 6’) and then (ii) deriving a corresponding identity for the original
problem, determined by (X, L, C'). These two identities are proven in Sect. and Sect.
62 respectively.
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6.1. The homotopy formula for the problem defined by the triple (JAC,Z, 6)
Let U, = (uo(t),5,(t)) be a fixed clement in X and ’y\(ﬁ") 2 [0,T] — [0,7T] x Q the
corresponding K-controlled curve. We call a smooth 1- -parameter family F'(-,s), s € [0 1]

of K-controlled curves with initial curve F (-,0) = ’y(U") a K-controlled variation of 3V
More precisely, a K-controlled variation F' is a smooth homotopy of the form

F:0,7)x[0,1] —Q,  Ft,s) =730, (6.1)
where U (s ) (u(-,8),0(s)), s € [0,1], is a smooth curve in X starting from U(0) = U,.

For each F we consider the corresponding homotopy F\" F™) in J "(§|R) x K defined by
B0 0,7] x[0,1] — JOR) x K, FO(t,5) = (7 (F( ), ult, s))

Note that, for each fixed s,, the curve t — jf(ﬁ(, S)) is nothing but the curve ‘y\(ﬁ(so))(")
of the n-th order jets of the curve ﬁ(ﬁ(s")).

Given a K-controlled variation F¥ , we denote by Xz and Y7 the vector fields — defined
just at the points of the surface 8 := F (") ([0, 7] x [0,1]) — which are determined by con-

sidering the infinitesimal variations of the first parameter ¢ and of the second parameter
s, respectively. More precisely, X and Y are the vector fields at the points of 8

L pw (o) ) _oE™
R CES .
~ P HF ™)
Vel — F*(n) v — . .
F’F(n) (t,S) <68 (t,s)> 68 (t,S) (6 3)

We remark that, for each fixed s, € [0, 1],

(1) The restriction of X to the trace of the curve

t POt s0) = (37D @), ult,50)) = (37 F (- 50),ult 50) )

coincides with the family of the tangent vectors of such a curve.
(2) The restriction of Y to the trace of the same curve is the Jacobi vector field corre-

sponding to the (infinitesimal) variation £ — F(™ (-, s, + ) of F™ (-, s,).
From (1), (2) and (5.16]), we have that the vector fields Xz and Yz must have the form

0 0 (uy O 0
Xp=—=+X5— + X} + X —+
F= ot # )8q(5) (8) a,u(ﬁ) ou
7 a 11 a " 8
T Xap g~ T X ez T e g
a(B) o(B) o(B) (6.4)
.0 (uy 0 0 '
YA - YZ 3 + Y i a + Y(l a+
P @agl, O dps du
- ) : 9 : 9
+Y — Y Y :
a(B) ght a(B) i a(B) i
Ohi ) ON’( () O (5)

for appropriate smooth real functions X (Z ) X ({é‘)} etc., defined only at the points of S.
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Theorem 6.1 (Homotopy Formula - First VersioAn). Let (70, ?'1 € K be the endpoints of
a smooth curve U( ) € X, se [0,1], and 7 :=3W0) 77 .= 5(U1) the K-controlled curves
corresponding to Uy, Uy, with terminal costs Cy := C(jPAA)) and Cy := C(iIF(A),

respectively. Furthermore

(i) for any jet j; () € J"(@HR) let Pjn(5) be the function on K defined by
Pipg) K — R, Py () = —L{'7)v*) ; (6.5)

(it) let 1= [0,T] x[0,1] = R be the function defined by pi(t,s) = ,u(ﬁ(s))(t), where
,u(U(s))(t) is the value at t of the p-component of the X-controlled curve

AT (1) = (8,7 (), 0 (@), AT () = 1,1 TN e))
Then,

0P _ 5

T 1 IR CANC)
Ch1—Co= —/ / Y 57&
0 0 u

8%%

O Ot Os

(t:)

r—1 N 82 s
17 17 i "
DI PFcas (/0 W% Y ) + 055 Y ()> s dv | dt (6.6)
B=1i=1 v
where Y%, Y’ 26(0) Y”i Bo) ore the u®-, h’%— and h”iﬁ— components, respectively, of the

vector ﬁeld Y5 defined in (6.4)), associated with the K -controlled variation F determined
by the U(s), s € [0,1],

Remark 6.2. From the definition of the functions hiﬁ(t), h’iﬁ(t) and h”%(t) and the

Euler-Lagrange equation F (E){ A} = 0, it follows immediately that the second summand
in the right hand side of (6.0) is uniquely determined by the K-controlled curves ¢ +—
A UG () = (t,qUE)i () in [0,T] x Q. It is also simple to check that the same is true
for the first summand as well. These two facts will be used in the next subsection.

Proof. Consider the embedded surface § := F(™ ([0, T] x [0,1]) and the vector fields X 2
Yz defined in ([62) and (6.3). From (5.19), the property (1) of X5 and the fact that o

is a 1-form which is variationally equivalent to «, we have that for each curve 3((7(3))7

s €]0,1],
O\ g — " e X3) | dt =
(t,5) at 0 o (X5) o0

T ~
/ (F(n)*(aPC)>
0
T o~
- /0 a(Xp) | B (1,5 B = Cltr A

D
~
)
&
=
—
=

This implies that

Co— Cy = CpFOO)) — C(jrp FED))) =

[ e @) o [ e ()

(t,0) (¢,1)
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On the other hand, by property (2) of Y5 and the assumptions on the initial data of the
hg(t), h’g(t) and h”g(t), described in Sect. [5.1] we have that

_ )

{u} i _ i i _ _
Yoy lrmo.s = Y0 5mes = Y b0 Fm@s = Y sml5mes =Y bw)l5mes =0

Y50 7m0, = Y@l poo,s) -
From this we obtain

1
PC
ds = [ 0" (V3) [ o o1ls =

(0,s)
"iz /1 << 3 & [ dC . o
= (—1)7 = (== <L+—> >Y;3 +hZ61Y50>  ds=
B=1i=1"0 1<6<r dte aq(5) dt ) W7o FM(0,s)
0<e<é
d—e—1=p
r—1 N 1
de 0 dC i i (o)
=2 / (( 2 (Vg <ai <L+E>>+hﬁ<1>>y(ﬁ>> o ds =10
g=1i=1"0 1<6<r q(s) F()(0,s)
0<e<é
d—e—1=p
(6.8)

Remark 6.3. This identity is precisely what we planned to obtain by introducing the
functions h? (t) and the corresponding terms in Land L. In fact, the integral (G.8)) is
precisely the integral of a”’¢ along the first “vertical side” of 8 (see Sect. 213 and 2.2
and the functions h’ (t) have been chosen so that such an integral is always vanishing.

Let us now consider the similar line integral for t = 7. We have

1
C
ds :/0 af (Yz) |ﬁ(n)(T,s)ds =

(T,s)

S35 o (PG s
g=1i=1"70 1<6<r q(s)
0<e<é
d—e—1=p
+< %<1>Yé(o>—h'?a@)Y'%(l)—h"?a(my"?a(l)+h’%<3>Y'%<o>+h"%<3>Y"’a(o>>} ror T
1
+ / v ds. (6.9)
0 F()(T,s)

By‘ property (2) of Y and the boundary values (5.9) and (5.I0) of the curves h' ZB (t) and
h"3(t), we have that

. & (0(L+9)
L' |A _ Z (_1)5_ < _di
BR)IF(n)(T,s i
(T,s) 52, dte aq(é)
0<e<é
o—e—1=p

17
) Yrﬁ

Y! |5
(B) F(n) T,S ’
i (a(t) (2)

1) |ﬁ<n) (T,s)

50| 7o ) = B [Feo ) - Y s 5o = Yoo poo g -
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From this and (6.9]), we get that
ds =

fra e,

r—1 N »
/ <ZZ (h/z Y/z h”ﬁ(g) ”6(0)> Y(()) > )

B=1i=1 F)(T,s)

ds . (6.10)

On the other hand, by the definition of the vector field Y,

oF{n}

3(3(17 ()){x}
ﬁWKﬂQ__ s

(T, 5)

(T78) 83
Hence

1
/}@f ck:/—g /‘m dt // O gear (6.11)
0 ) (T,5) 0 Os 0,7]x[0,1] Ot D5

Remark 6.4. In analogy with what we mentioned in Remark [6.3] the purpose of the
functions h’? ( ), h'" ( ) and of the corresponding terms in L was precisely to get (G.10),

{u}
Yo)

(T,S) 83

which s1mphﬁes the mtegml of oF’C along the second “vertical side” of 8.

From (6.7), (68), (610), (6.11I) and the Stokes Theorem, we obtain that

T 1(92/7

co-c [ [
0 ! 0 (0 8t(98
r—1

N
a 1K} 17 i) "1
+;:§:at<hm3yﬁ() B Y50

1i=1

(t,s)

ds | dt =
F)(L,s)

<F n)* (apc)) Stokes:Thm.
a([0,T)x[0,1])

o 0
Bi(n)s _
/[O,T]m (FO )><6ta>dms
o 0
da"¢ ( >ﬁ@_
/[0T]><01 " )> ot’ ds

_ / o (X5, Y5) | pony 0yt ds
[0,7]x[0,1]

(6.12)

where, in the integral of the first line, the integration of F () (P is performed along
the usual counterclockwise parameterisation of 9([0,7] x [0,1]).

At this point, it suffices to recall that the controlled Euler-Lagrange equations (5.16])
are satisfied at all points of $ and that the vectors X 7 are tangent vectors to curves of
jets, determined by solutions to the controlled Euler-Lagrange equations. Indeed, due to
this, (5.24]) and the fact that each of the 1-forms (5.20]) vanish identically on the vectors
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Xz, we immediately have that (ﬁ)

oL .
Ao (X5 V)| oo 1) = (@du Adt) (X Y oo 1.0y =

R (6.13)
oL _ ., oL _,
- %Y |ﬁ(n>(t,s) - _%Y ‘ﬁm)(t,s) :
From this and (6.12]), the conclusion follows. O

6.2. The Principle of Minimal Labour.

Let us now go back to our original triple (X, L, C') and to the parameterised graphs (t)
in R x Q. We have already observed that for any X-controlled curve A Ot t) = (t, q'(t))
there is a uniquely associated element U e X and a uniquely associated K-controlled
curve of the form

’/7\(U) = (t7 qi(t)7 hzﬁ (t)v h'! (t)v h" (t)v A=1, /L(U) (t)) ’

i.e. with the same components ¢*(¢ ) of ’y(U) On the basis of this, in what follows for any

given U € X we use the Symbols U and 75U U) to denote the uniquely associated element
in X and the corresponding K-controlled curve, respectively.

Let U, = (uo(t),0,(t)) be a fixed element in X and () : [0,7] — [0,T] x Q the
corresponding K-controlled curve. Exactly as in the previous section, we may now con-
sider a X-controlled variation of this curve, i.e. a smooth l-parameter family F(-,s),
5 € [0,1], of K-controlled curves with initial curve F(-,0) = v(U). As we did in dealing
with K-controlled variations, we denote by F(™) the homotopy in J"(Q|R) x K

FM . [0,T] x[0,1] — JYQR) x K,  FM(t,s):= (G (F(,9),ult,s)) ,

determined by the homotopy of the n-th order jets of the curves v(V(s) = F(-,s) and the
homotopy u(t, s) = u(®)(t) of control curves. We may also consider the vector fields

[0 _oFt

Xrlpos) = Fe (61: (t,s)> R (019
o [ O _oF™

Yrlpooe,s) = Fx <88 (t,S)) 2 (019

defined at the points of the surface 8 := F(™([0,T] x [0,1]) € J*(QR) x K. By con-
struction, for each fixed s, € [0, 1] we have that: (a) the restriction of X to the trace of
the curve

t (YD (1), ult,5,)) = (i (F(-50)) s ult, 50))
is the family of the tangent vectors of such a curve; (b) the restriction of Y to the trace

of the same curve is the Jacobi vector field corresponding to the (infinitesimal) variation
e — FM(. s, 4¢) of F™(. s,); (c) the vector fields X and Yz have the form

) ) L0 ) .0
Xr =5 +Xs )8q()+X o YF_Y(B)&]E.B) Ve (6.16)

"This is precisely the point that motivated the substitution of the 1-form a by af°.
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Finally, we have that the curve U(s) € K determines uniquely a curve U (s) in X and
a corresponding K-controlled variation F starting from the curve 7 := 3(Y0) and ending
with the curve 7’ := ’y(Ul).

We are now ready to establish the following corollary of Theorem and Remark

Corollary 6.5 (Homotopy Formula). Let Uy, U; € K be the endpoints of a smooth curve
U(s) € K, s €[0,1], and v := ~U0) |~/ .= 41 the K-controlled curves corresponding to
Uo, Ur, with terminal costs Co := C(ji =1 (7)) and C1 = C (51" (7')), respectively. Let
also Pjniyy : K = R and p, 1"+ [0,T] x [0,1] — R be the real functions defined by

Pipn (u?) = =L (1), ") (6.17)
= — t L 1 i 2_(p' h”
pll ) = 5 > () =) (05 )+
0 1<i<N
0<B<r-1
+ Z <1 (hzﬁ)2+ 7T4 (h”g)2+ (h/m) >> dr (6 18)
1Zisy \? 521 821" AT (1)
0<p<r—1
r—1 N
/J( t S —|—ZZ/ hlz Y/z +h/lz( )Y”B(O)) ) dv (619)
B=11i=1 F)(t,0)

where we denoted by F the uniquely determined K -controlled variation described above
and by Y%(o): Y”%(o) the components in the directions of the coordinates h’%( 0)’ h’”ﬁ(o) of
the vector field Yz defined in (6.3). Let us finally denote by Y the vector field in (6.16]),
associated with the X-controlled variation F determined by the U(s), s € [0,1], Then:

(i) The difference between the terminal costs Cy and C1 is equal to

T 1 afPo(s)

Ci—Cy=— / / Yo—=
0 0 ou

(ii) For any s, € [0,1],

a2lu/
 Otds
u(s) ()

(t.s)

PC PC Ty
o™ (V5) [ponrsn = @ (V7) [0, T /0 <3tas o

Proof. By Theorem [6.1] Remark and the fact that, due to the Euler-Lagrange equa-
tions, the (6.I8]) is nothing but the explicit expression for the p-components of the curve
AU () (thus, of the function fi(t, s) of Theorem B.1]), claim (i) follows immediately.

We now prove (ii). Consider the embedded surface with boundary 8 := F® ([0, T] x
[0,1]) and the vector fields Xz, Yz, which we defined above at the points of 8. From
(519) and the fact that o’ is variationally equivalent to o, we have that

Co — C1 = C(rr () — C e (v V))) =

:/OTZ% <F‘(n)*(apc)) (to)dt—/OTz% <F\(")*(QP0))

)dt . (6.21)

" (6.22)

(t.1)
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On the other hand,

s
0

1
PC
ds = /0 (0% (YF\) |F\(n)(0,8)d8 s

L 0 1 (6.23)
/ 10 (F(")*(apc)) ds = / ofc (Yz) ’ﬁ(vl)(Ts)dS .
0 Os (T,S) 0 ’
From ([6.22]), (6:23) and the Stokes Theorem, we get that
CO — Cl — / (ﬁ(n)*(aPC’)> +
a([0,7]x[0,1]) (t,s)
1 1
+/ 10 (F(”)*(apc)> ds —/ 1o (F(”)*(apc)> ds =
0o 9 (0,) o 9 (T,s)
:/ (F\(n)*(daPC)) +
[0,T]x[0,1] (t,s)
1 1
+ /0 " (Vi) [P0, ~ /0 ol (Yg) | By (7,545 =
= do"C (X2, Y2 a0, dtds+
/[O,T]x[o,u ( F F)|F( )(t,s)
1 1
+/0 a® (Yﬁ) ’13(")(0,5) _/0 al® (Yﬁ) ’ﬁ(n)(T,S)dS .
(6.24)

As in the proof of Theorem [6.I, we now observe that the vectors Xz are the tangent
vectors to curves of jets that are solutions to the Euler-Lagrange equations (5.16l). Hence,
by Lemma [5.2], at any point of § = F(([0,T] x [0,1]), we have that

dafC (XY yaIL _ye ot 6.25
(6% ( I/:'\y ﬁ) - 8’[,[,0‘ — 8ua u(s)(t) . ( . )
From this and ([©.24)), it follows that
T 1 aipo_(.s)
Co—C) = / / Y“a—u; ds | dt+
0 \7° ul) (t) (6.26)

. 1
-1-/0 o’ (Y5) | B (0,8) — /0 o (Yp) | Ao (7,95 -

This and (i) imply that

1 ro 1 ro 1 T 52 ,U/
Y=) |~ — Y=) | a t .
/0 o ( F) |F(”)(T,s)ds /0 o ( F) |F(n)(075)d8 + /0 ( ; ot 88d > ds

This identity holds not only for the K-controlled homotopy F', but, for a fixed s, € [0, 1]
and a fixed sufficiently small £ > 0, it holds also for any other K-controlled homotopy of
the form

FGof) (¢ 7) i= F (t,80(1 — 7) + (so + €)7) , T el0,1],
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which interpolates between the curve v(U(s0)) to the curve v(U(s€)  This implies that
for any fixed choice of s, € [0,1) and any small € > 0

Sote PC So+e P So+¢€ Ta2 M’
/S a (Yﬁ) |ﬁ(n)(T7s)d8:/s @ (Yﬁ) |ﬁ<n>(078)d8+/s ( ; 8t8sdt> ds.

From this and the continuity of all involved functions, claim (ii) follows. O

The homotopy formula has the following immediate consequence, which is the first
main result that was expected according to the road map.

Theorem 6.6 (Generalised Principle of Minimal Labour). A necessary condition for
a K-controlled curve ~, := vV to be a solution to the considered generalised Mayer
problem is that for any K-controlled variation F with F(t,0) = ~, one has that

T 1 8fP (s)
/ / Ya Ty
0 0 8'1,La
In case the considered problem is such that for any two X-controlled curves v := U)

and v = U there is a K-controlled variation which has them as endpoints, the above
is also a sufficient condition.

52 ,U/

O 0t 0s

ds | dt <0 . (6.27)

(t.)

Notice that the above principle admits the following equivalent formulation.

Let v, := vUo) be a fized K-controlled curve and for any K-controlled variation F with
F(t,0) = 7, consider the real function W¥ : [0,1] — R defined by

» T 1) oP (s)
WE(§) == / / ye%
(6) A bur |

Then o := v\Y) is a solution to the Mayer problem determined by (X, L,C) only if for
any K-variation as above

5?2 M/
 0tos
t)

ds | dt . (6.28)

s

WE) <0 for each 6 € [0,1] . (6.29)

It should be pointed out that an explicit check of (6.29]) is expected to be quite hard in
generic situations: it demands the study of the sign behaviour of the functions W' for any
XK-controlled variation F' of a candidate 7y,. Nonetheless it has a number of consequences,
the most elementary one represented by an infinitesimal version of Theorem [6.6, the
concluding result of this section.

Let v, := 7(U%) be a K-controlled curve associated with the pair U, = (u(t), 0,) and
denote by F the full collection of the K-controlled variations of v,. Let also denote by
Jac™ the class of all vectors fields V in T'J"(Q|R), defined just at the points of the trace
of 7§ (t), of the form Vi = Yrl o,

)
the family of all Jacobi vector fields of ’y((,") (t), which are determined by the variations of

curves of jets determined by the K-controlled variations of ~,.

for some F € F. In other words, Hac(") is

Theorem 6.7. A K-controlled curve v, := vV°) is a solution to the Mayer problem of
(X, L,C) only if the following two conditions hold for any V € Jac™ :
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1) dC (v \ ) > 0;
( ) ‘%() L)(T) = Uy

5?2 M/
: ~ Otds

dt <0.

s=0

Uo

Proof. (2) is an immediate consequence of ([6.29). For (1), one can obtain it by just

F
observing the function W¥' coincides with the map 6 LNy |roo(1,0) = Clpemrs)- The
inequality is then obtained taking the derivative of this expression at 6 = 0. |

7. THE GENERALISED PONTRYAGIN MAXIMUM PRINCIPLE

In this section we want to show that the Principle of Minimal Labour yields a strict
analogue of the classical PMP for a wide class of generalised Mayer problems of higher
order differential constraints of variational type and without the usual restriction of fixed
initial values. The class we consider is characterised by differential constraints of normal
type, which are defined in the next subsection. Immediately after this, we introduce a
generalised version of the classical Pontryagin needle variations and we finally prove the
advertised result.

7.1. Differential constraints of normal type.

As usual, we consider a Mayer problem determined by a triple (X, L, C') with controlled
Lagrangian L of actual order » > 1 and associated controlled Euler-Lagrange equations
of order at most 2r. Let us indicate such a system of differential constraints as

. . dqi d2rqz’ ‘
&t g, —,...,——,u(t) | = 1<:<N. 1
<7q7dt7 7dt2T7u() 07 >1> (7)
By considering appropriate auxiliary variables, say
dg' dg®
y't) =q'(t), vO)=¢@), ... W) = ar y" () = pTaREEEEE

the original system () can be always transformed into an equivalent system on the
new functions y*(t), which consists only of first order differential equations of the form

~ dyl dy2 dyﬁ -
B 1,2 N a /
t —_— .., = t)] =0 1<B<N 7.2

9 <7y 7y7 7y ) dt’ dt’ ) dt 7’“/() Y — —_ ( )
for some appropriate N -tuples of variables and N’ -tuples of equations, with both N and
N’ greater than or equal to N. In general, there is not a unique way to reduce the

constraints (1) into a form (7.2). For instance, the second order equation on curves
q(t) € Q= (0, +00)

d?q  (dq\’
) —ut) = .
th2+<dt> u(t) =0 (7.3)
can be reduced not only to the equivalent first order system
dy* dy’
19y~ 22 _ ., _ a2
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but also to the system (via the change of variable 7' = ¢?)

diy? dy*
A _y—g. @
dt dt
We say that the differential constraints (1)) are of normal type if they are equivalent to
at least one first order differential system ([7.2]), consisting only of first order equations

in normal form, that is having the form

~7%=0. (7.5)

dyA a
T gt yP,u (1)) (7.6)

with some smooth function g = (g2) : R x RN x K ¢ RV+M+1 _, RN Note that, in the
previous example, the system (4] does not satisfy such a regularity assumption, but
(73] does. This is good enough for us to consider the (7.3]) as a constraint of normal
type.

In case it is possible to transform the original constraints into some of the form (7.6))
A
in which the g” and the partial derivatives gZ—B | (b ) have uniform bounds we say that
they are of bounded normal type.

Remark 7.1. In dealing with localised properties of solutions of a set of differential
constraints, using cut-off functions it is in general possible to replace some (possibly
unbounded) smooth functions g? by other functions ¢’#, coinciding with the g4 on an
appropriate compact set and satisfying global bounds for their values and the partial
derivatives gg—’;. This idea is a common tool for extending estimates on solutions of
constraints of bounded normal type to those of more general constraints of normal type.

Consider now the distance function on the family of control curves u, v’ : [0,7] - K C
RM defined by

dist(u, u') := measure { t € [0,T] : u(t) #u'(¢) }

and denote by p a fixed metric on the jet space J" 1(Q|R)|;—¢ of initial values, which
generates the standard topology of such a space. The next lemma is an immediate
consequence of a classical fact on systems of controlled first order differential equations
(see e.g. [2, Prop. 3.2.2]). It gives the main motivation for considering the class of
differential constraints of normal type.

Lemma 7.2. Let (K,L,C) be a defining triple of a Mayer problem with differential
constraints of order 2r of bounded normal type and K C J" 1 (Q|R)|=o a compact subset
in the space of the (n — 1)-jets at t = 0. There exists a constant ¢, depending only on L,
such that for any two K-controlled curves

W(U)/V(U/) : [OvT] — [07T] x Q )
determined by pairs U = (u(-),0), U = (V/(+),0") with o, o' in K, one has

V@ =2 < ¢ (dist(u, ') + p(ov ")) - (7.7)



CONTROL PROBLEMS WITH DIFFERENTIAL CONSTRAINTS OF HIGHER ORDER 31

7.2. Generalised needle variations.

Let U, = (uo(-),0,) be a fixed element in K and (%) : [0,7] — [0,7] x Q the
uniquely corresponding K-controlled curve. Pick also a strictly positive time 7 € (0,7,
a point w € K and two real numbers 0 < k£ << 1 and 0 < ¢, small enough so that
[T —eo — ke2, 7+ ke2]  (0,T). After fixing k and the triple (7,w,,), we may consider
the piecewise continuous map

uo(t) if t € [0,7 — &),
u(Twsgo) 0,7] > K , u(r,w,ao)(t) =< w ifte [7’ - EO,T), (7.8)
uo(t) ifte [r,7T)]

and an appropriate associated smooth map u(7@e) [0,7] — K with values in the
convex hull K ¢ RM of a slightly larger open neighbourhood of K, described as follows.
We assume that @(7%0)(t) is equal to u(7%o)(t) for all points ¢ in [0,7] with the only
exception of those in two small intervals of the form [T — &, — ke2, 7 —¢,] and [r, T + ke?]
with k << 1, in which the function a(vavfﬂ(t) is required just to take values in K, with
no further restrictions. We call u(7%€) the needle modification of u, at t = T of ceiling
value w and width £,. Any associated smooth approximation @(7*) will be called
smoothed needle modification (see Fig. 2 and Fig. 3). There are of course several ways
to build up a smoothed needle modification for a given discontinuous one. Nonetheless,
we assume that a fixed algorithm has been chosen and that each discontinuous needle
modification has a uniquely associated smoothed one.

w —
! 1
{(T.20) |
! 1
! 1 uo (t
T Eo T T T—eo—ke2 T4ke? T
Fig. 2 Needle modification Fig. 3 Smoothed needle modification

From now on, we also assume the following convenient assumption:

The differential problems that determine the X-controlled curves are well defined and
with unique solutions also for the pairs (u(t),o), in which the initial datum o is as usual
and u(t) takes values in the convex hull K of some open neighbourhood of K.

On the basis of this assumption, we may speak of a K-controlled curve (V) U = (u(t), o),
not only when u([0, 7) is entirely included in K, but also when it is within an appropriate
convex set K D K.

In the next definition, the function ¥ = ¥(¢, s) is a continuous two-parameters family
of initial data in J" 1(Q|R)|;—o satisfying the condition X(g,0) = o, for each € € [0, &,).

Definition 7.3. The (generalised) needle variation of the K-controlled curve o) cor-
responding to the triple (T,w,e,) and led by the family ¥ = (e, s) is the one-parameter
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family of K-controlled variations
Needlel™weo3) (Vo)) .= { p(Tw:eX) - [0 T] % [0,1] — [0,T] x Q, e € (0,e0] }, (7.9)

in which the variations F(7%%¥) are determined as follows. For each ¢ € (0,¢,], let
UEs) = (ue9)(t), 0% = 5,) be the curve in K, in which:

e the initial data o(**) are given by o(**) = ¥(e, s);
e the one-parameter family of curves u(5®)(t) takes values in the convex set K and is
defined by

u®) () = (1 = s)uo(t) + sa ™) (),  se[0,1]. (7.10)
Then, we define F("%:%) a5 the K-controlled variation

F(T,w,e,E) (t, S) — V(U(s,s))(t) .

In the following, given a needle variation N cedlel ™) for each ¢ € (0, &,] we denote
by p/(TweX) - (mweX) 0, T x [0,1] — R the functions defined in (6I8), 6I9), by

means of the homotopy F(7:&3),

7.3. The generalised Pontryagin Maximum Principle.

We are now ready to prove our announced analogue of the PMP for the class of
generalised Mayer problems with differential constraints of normal type. Asin all previous
sections, we still consider a fixed generalised Mayer problem determined by one of the
triples (X, L, C') described in Sect. @l We start with a preparatory lemma.

Lemma 7.4. Let v, = ~Y) be a K-controlled curve and Needle(T’“’a"’Z)(%) =
{F(an’z),o < e < g} a needle variation of v, with associated function W (TweX)
[0,7] x[0,1] — R as defined in §[7.3 If the Mayer problem has differential constraints
of normal type, the limit lim._,q ’Pj:ww(s,s)))(w) exist and is equal to

lim ﬂ’j;(ﬂy(y(s,sn)(w) = Pjr(ywony (W) - (7.11)
Proof. First of all, we recall that, for any ¢ € (0,&,], the curve of controls U(®*) =
(w9 (t),0%) = (e, s)), s € [0,1], have all initial data ¢(*) in the compact set
3([0, ] x [0,1]) and all control curves u(&*) differ from the control curve u,(t) only
at the points of an interval of measure ¢ (more precisely, of measure € + o(¢) since we
are considering smoothed needle variations). Thus, since all of the W(U(E'S)) and their jets
lie in a compact subset of J2"*1(Q|R), by the standard use of cut-off functions described
Remark [T and Lemma [7.Z, we have that ||[y(U(=) — y(Ue)||02._1 goes to 0 for & — 0.

From this the function :Pj;(y(U(E’S))) : K — R tends to the function ‘Pj;-(,y(uo)) K —R. O

Theorem 7.5 (Generalised Pontryagin Maximum Principle). Let 7, := A Uo) be a K-
controlled curve for a generalised Mayer problem with differential constraints of normal
type determined by a triple (X, L,C). A necessary condition for v, to be a solution to
the Mayer problem is that for any Needle™=>¥)(v,) = {F(m@e¥) ( < & < g,}

Pz (o) (w) — lim inf TSI 1) — T DT 0)
Jr (Yo

e—0t €

§ (Pjg(%)(uo(T)) . (7.12)
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Proof. Let Needle™“<>¥)(v,) be a fixed needle variation and Z : (0, ¢,] — R the function
defined by

S g
(¢) A S

(s)

where, as usual, 0,”’ denotes the curve of jets a,gs) = j2(yUE)) and the Y are the
components of the vector field Yy (r«.c,») in the directions of the u®-axes. We recall that,
due to the particular construction of the homotopies F(7%:€%)

au(a,s)a(t) o ((1 _ S) ( ) + si(mw.e)a (t))

(e)a — — _ m(Twe)a _.a
yEa, s) — - AT () i) (7.14)

aQMI(T,w,E,E)

u(svs)(t) at 83 (t,s)

ds | dt , (7.13)

and (a5 — ) |[O,T] \[r—e—ke2 ryhe) = O Thus the functions Y(e)“\u(s,s)(t) are equal

to 0 at the points outside of the rectangle [7 — & — k%, T+ %‘32] x [0, 1]. By Theorem [6.6]
a necessary condition for 7, to be a solution to the Mayer problem is that Z(e) < 0 for
any € € (0,e,] . Hence we have that for any such e

1 8?0(5)
0>-2(c) = = / / yEe__%t dtds— (7.15)
€ [0,T]%[0,1] du® ) (1)
2, 1 (T,w,e,X)
= / / T guds )
oTIx[o,1]  OtIs
From (T.I4]) the first double integral in (.I5]) reduces to the sum
1 pr—e aiPU(s) aiP (5)
/ / y (E)e o dtds + / / v dtds+
0 Jr—e—ke? U u(=9) (1) u(€:9) (¢)
T+ka J(S) OCPU(S)
/ / —t dtds = / / (W —ul(t))—= dtds +O(?) .
u 0 Jr—¢ du®
w(E:3) (t) ul®:9)(t)

From this, we obtain

o= [« g
-Z(e) = = w® —ug(t -
€ o €\ Jr—e ou o 1)

Iu/('r,w,a,Z)(T 1) _ Iu/('r,w,a,Z)(T 0)

dt | ds—

- : . — 4+ 0(e) =
1 oP (s) 1(1,w,e,3) T.1) — 1(T,w,e,%) T

:/ (W' —uf(r) 5T | ds—F S 0 4 o) =

0 u(es) (1) c

1 (g,8)a oP (s) 1(T,w,e,3) T 1) — 1(7T,w,e,%) T
[ | gy B T

o Os |,_, Ou ) ) €

M/(T,w,s,E) T,1) — M/(T,W,E,E) T,0

= j)j;r_L(,\/(U(T’w’s)))(w)_fpj;’}(’\/(UO))(UO(T)) — ( ) E ( ) + O(E) )

(7.16)
From this and (C.I)) the claim follows. O
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In order to have a truly helpful theorem, the previous result should be com-
bined with some efficient way to determine the sign of the corrective term

l(‘rwsE) /(T,w,e,3) . . .
liminf,_,o+ T, 1) (09 appearing in (CI2). This can be reached
exploiting the next technlcal lemma.

Lemma 7.6. Let the triple (X,L,C) and the curve v, := vU°) be as in Theorem [7.5,
For any Needle™“=o¥) (7,) = {Fe%) 0 < e < e,} of 7, one has that

Iu/(q—,w,e,E)(T7 1) _ M/(T,w,e,E) (T7 0) — C‘p(r,w,s,z)(n)(ﬂl) - C ’yt()")(T)_

- T
—/0 L|F(T,w,s,z)(n)(t,1)dt+/0 L‘vﬁ”)(t)dt—i_

1T 1€d5 oL V)i d
* ) > (1o gl V)5 (1) | pr e mron 5 85—

1 6—1
d° oL ,
. e ) vy e ds . (717
/0 (=1) o <8q25)) (Yr)(s (a+1))|F( @, 2) () (0, ) (7.17)
Proof. Let II and II”C be the 1-forms on J"(§|R) defined by

1 i i i
.= {5 3 <( 6(1))2—(11/6(2))2—(}1//5(2))2)+
1<i<N

0<p<r-1
+ > Dty + m (W52 + m (h"5)* ) pdt (7.18)
— \2 77 T 3ort A T 3o ’ '
1<i<N
0<B<r—-1
PC . _ i i "i //z
=T04A Y (hﬁ(l)wﬁ(O) b0y @1y = W)@ 5y +
1<i<N
0<B<r—1

+ 'l 5@ o) + 5@ "%(m) (7.19)

(for the definitions of the 1-forms wﬁ(é) cte., see (5.20)). Consider the variation F =

F(mwe®) in the extended space R x Q which is unlquely associated with one of the F' =
F(mweX) helonging to the considered needle variation, as we indicated at the beginning
of Sect. Let also denote by Xz and Yj, the corresponding vector fields in & =

F([0,T] x [0,1]), as defined in (6I14) and (6I5). Since I and IIFC are variationally
equivalent (see definition in Sect. 5.3)) and, at each point of 8, the vector field X is

tangent to curves of jets of one of the curves in Q determined by the homotopy F , we
have

T T
- /0 7 (X 5) | pon 1yt + /0 7 (X5) [ o 0t =
T T
- _/0 I (Xp) |pon oyt + +/0 H(XE) [ uy =

T T
_ N(T,M,&,E)(T7 1) — M(T,w,s,E)(Tyo) _|_/0 L‘ﬁ(")(ul)dt —/0 L‘—yg")(t)dt . (7.20)
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On the other hand, by the Stokes Theorem

T T 1
- /0 e (Xﬁ) |ﬁ(n)(t71)dt +/0 e (Xﬁ) |ﬁ(n)(t7o)dt = /0 e (Yﬁ) ‘ﬁ(n)(o,s)ds_

1
— | TP (V2) | a0 ds+// dIPC (X2, Y 2o, odtds  (7.21
/0 ( F) ‘F( )(T,s) 0.7]%[0,1] ( F F)|F( )(t,s) ( )
We claim that the third summand in the right hand side of (Z.2I]) is 0. Indeed, by the
same arguments of the proof of Lemma [5.2] the differential dII¥C is equal to a sum
of 2-forms that are (a) either identically vanishing on the vector field Xz or (b) have

coefficients that vanish identically along the solutions of the Euler-Lagrange equations
determined by

L':{% > <(h?3(1>)2—(h'?3< )= (") >+

1<i<N
0<B<r—1
+ l(hz )2+ LN (h/i )2+ (hm)
Z 2 VB 32744 P 3274 '
1<i<N

0<p<r—1

Since we are integrating along the points of the surface S (whose components h%(t),
h’ iﬁ(t), h” Zﬁ are solutions precisely to such Euler-Lagrange equations), the claim follows.

From this, ((.20) and (21]), we obtain

T T

1 1
= [ 0 ot~ [ 10D lpwrader rzm
r—1

2.0 / ( S0 Y 50 + 1Y "0

=1 1i=1

dv .
FO)(Tw)

We now recall that the initial and terminal conditions on the functions hiﬁ(t), b’ %(t), h” ZB
have been selected such a way that the three terms of the right hand side of (T.22]) are
equal to minus the corresponding integrals along the two “vertical sides” of 98 of the
1-form

d (o(L+L)N
_1\¢ Y dt i
(=1 2% ( oqy, ) o) (7.23)
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(see Remarks [6:3] and [64]). From this and the fact that the cost function C vanishes
identically on J"(Q|R):~o, it follows that

T T
Iu/(T,w,s,E)(T’ 1) — M/(T,w,E,E) (T,0) = —/0 L‘ﬁ(n)(t,l)dt + /0 L‘,Y(gn)(t)dt‘F

r —1
ds oL
1)
/0 = :0 dt{( (a))YF(5 (¢ For s
r 7.24
/ 1 <d<<aL>Y,~ | ds-+ o
o | TEE-+0)) | FM(0,s
0 55 ¢ 0 dt¢ \ Ogy) (©2)
r —1

& o [(dC
CdtCaq()< >YF(5 (¢+1) ‘F(”)(Ts)d

g

We now observe that the fifth summand in (7.24) is equal to the sum along the two
“vertical sides” of 08 of the 1-form

=0

dC < 0 dC ,
PC ,_ E § ¢ 7

This 1-form is variationally equivalent to the 1-form (§ := %dt. Hence, by Stokes Theo-
rem and the properties of the variationally equivalent 1-forms

/0 o= 1< 0
dC dt + / / 4T (X7, Yp)
F()(t,0) [0,T]x[0,1]

17“61

d 0 (dC)

1)¢ : Vil ‘ ds =
dt€ dqt (6 CH)IFC)(T,s

dt¢ Oqis) \ dt (T>s)

dC dtds =

F)(t,s)

/ dC
0 dt Fm(£1) dt
Cla —C| // dBPC (X, Y-
= !p( )(T,1) ‘ A (T) [0,T]x[0,1] | ! F)

Using once again the proof of Lemma [5.2] and that the curves F () (.,s), s € [0,1], have
tangent vectors on which the holonomic 1-forms vanish identically, we obtain that the
double integral in (7.25]) reduces to the integral of a linear combination of 2-forms with
coefficients given by the Euler-Lagrange operator applied to the Lagrangian %. By
the well-known property that an Euler-Lagrange operator on a total differential gives an
identically vanishing function, we conclude that | f 0.7]x[0,1] dpre(x Y5) ‘ B ms)dt ds =

0. From (Z.25)) and (Z.24]) the lemma follows. O

dtds . (7.25)
F() (t,s)

Corollary 7.7 (Generalised Pontryagin Maximum Principle — IT Version). Let (X, L, C)
be as in Theorem [7.5 and for any K-controlled curve v = ~+ ) denote by GoodN(~y) the
class of needle variations Needle™* 0¥ () = {FT@e2) 0 < ¢ < g,} of 7o, which
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satisfy the following inequality for any e € (0,¢&,]

! L L dt 1 9C (v
0 [Feemm |'y§")(t) + 0 _5%)( F)(p)

F(1,w,e,8)(n) (T,s)

r 0—1
_de [ oL )
S5 () Ol it
6=1¢=0 9(s)
1 r 6-1
/ Z Z dta < 7(, )> (YF)(5_(€+1)) ‘F(T’“”E’Z)(”)(O,s)ds > 0. (726)
6=1 e=

Uo)

A K-controlled curve v, = vV°) is a solution to the Mayer problem only if for any needle

variation in G00dN(v,)
in;(%)(w) < ij;L(%)(uO(T)) . (727)

Proof. From Lemma [[.6] if a needle variation satisfies (Z.20]), then the expression
B /(TWEE)(Tl) /(TWEE)(TO)

is non-negative for any ¢ € (0,¢,]. From this and Theo-
rem [7.5] the necessary condition (7.27]) holds. O

7.4. The classical Pontryagin Maximum Principle.

Consider now a classical Mayer problem, i.e. a problem as described in Sect. 2.I1.1l Let
us represent the controlled evolutions of the system by curves z(t) = (z!(t),... 2z (1)),
t € [0,T], in some RY ". They are constrained by the conditions:

(a) z(0) = x, for a fixed initial value x,;
(b) they satisfy the differential constraints di = fi(t,z(t),u(t)).

As pointed out in Sect. [Z1.2] if we add the auxiliary variables p = (p1,...,pn7), impose

. £
that they are solutions to the equations Cg:; =—p g]; (t,z(t),u(t)) and set

q1::x17"'7qN ::‘TN7qN+1 ::pla"'7q2N = DN,
such a classical problem can be considered as a generalised Mayer problem on J?(RN|R),
N =2N’ (ﬁ) with the defining triple given by:

e the set K of the pairs U = (u(t), o), in which u(t) is a smooth curve u : [0,7] - K C
RM and 0 = (A* = 2%(0), By = pe(0)) is a 0-th order jet where 2(0) = z, and p(0) is
(provisionally) unconstrained.

e the controlled Lagrangian
L(t,Q{g)aua) =D <$21) - fi(tafpiaua)) .

e a cost function C : J3(RV|R) — R which is of actual order r = 0 and coincides on
J3 (RN |R) ;=1 with a classical terminal cost function, depending just on the coordinates
x'. With no loss of generality, we assume that C' depends just on the z* at all points.

8We consider a jet bundle of order 3 just to be sure that ([B.2)) is satisfied by the actual order r = 1 of
the controlled Lagrangian defined below.
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Such a (generalised) Mayer problem is manifestly of normal type, as defined in Sect. [[1],
and Corollary [.7] applies. Let us therefore determine what are the needle variations of
the class GoodN for this setting. First of all, we observe that along any solution of the
controlled Euler-Lagrange equations of this problem, the function L vanishes identically.
Hence, since the actual order r of the Lagrangian is » = 1, the characterising inequality

(T.26]) reduces to

ox’

1
C|F(T,w,s,2)(n)(T71) — C‘y,ﬁ")(T) < —/0 pig ds .

1 8$2
ds + / Pi——
F(rw.e,%)(T,s) 0 05 [prwem (o)
(7.28)
Here, we denoted by z’ = 2%(t, s) the component in the x’-direction of the K-controlled
variation F(t,s) = F(™<%¥)(t s) of a considered generalised needle variation. We now
observe that

L acC oz

C‘F(T'“'E'E)(")(TJ) B O"yf)n)(T) - o Ozt Js ds

F(rw.e2)(Ts)

and 2%(0, s) = !, so that 2= = 0. Thus, (7.28)) is equivalent to

|F(T"*”5’E)(O7s)

_/1 oc ) ozt
0 8$Z pi Js

We now recall that we are free to impose any initial condition on the auxiliary variables
pj. Furthermore, by the particular form of the differential constraints on the curves
p;(t), it is certainly possible to determine a family ¥ = X(e, s) of initial data for a needle
variation, with the property that the corresponding functions p;(t, s) of the K-controlled

ds > 0. (7.29)
F(rw,e3) (T,S)

curves of a homotopy F(7%%) gatisfy the terminal conditions
oC
pi(T,s) = —2—= ) (7.30)
' oz’ z(T,s)

provided, of course, that such terminal conditions are satisfied in the first place by the
components p;o(T) = p;(T,0) of v,(T). (see also [3| Sect. 5.1]). This and (7.29) has
the following crucial consequence: if 7, satisfies p;(T) = —% o(T) all of the needle
variations of ~y,, which are led by a ¥ forcing ([T30), are in the class 00dN(7,) described
in. Corollary [77 In particular, there is a needle variation Needle™<o*)(~,) in the
class GoodN(~,) for any choice of 7 € (0,T], w € K and ¢, sufficiently small. Thus, by
Corollary [77, a necessary condition for such a curve 7, = 4(U°) to be a solution of the
Mayer problem is that the inequality (Z.27]) holds for any needle variation as above.

We finally observe that, for the classical Mayer problem considered in this section, we
have ing(%)(u“) = (pzfl(t, ot u®) — pixél)) ‘J’tl(%)' Hence, if for each (¢, 2%, p;) € RxR2NV'
we denote by H(t,z',p;) : K — R the classical Pontryagin function

Nl
H(t, 2", pi)(u®) =D pifi(t,a',u®),
=1

for any needle variation we have Pj1(, ) (w®) = H(, 2", pi) |y (1) (W) — (pixl('l)> |j§ (1) From
this, we immediately derive the following version of the classical Pontryagin Maximum
Principle.
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Corollary 7.8 (Pontryagin Maximum Principle). A K-controlled curve 7o 1= o),

with components p;(t) satisfying p;(T) = —% 1s a solution to the Mayer problem

_ z(T)’
determined by the above described triple (X, L, C) only if for any 7 € (0,T] and w € K C
RM the following inequality holds:

Hrp 7y (W) < Hlyy () (U0) - (7.31)

8. A DISCUSSION OF A BASIC EXAMPLE AND SOME CONCLUDING REMARKS

8.1. Comparison of different approaches to an elementary problem:
the controlled linearised pendulum.

Let z(t) € R, t € [0,T], be the coordinate which describes the position in time of a
linearised pendulum controlled by a force u(t), that is a dynamical system subjected to
the differential constraint &(t) = —x(t) + u(t). Assume also that the force u(t) is bound
to take values in K = [—1,1] C R and that the initial position for the pendulum is
constrained to be z(0) = 0 and the initial velocity #(0) is bound to be in [—vmax, Vmax]
for some vpmax > 0. We want to discuss the Mayer problem corresponding to finding
a time-dependent force u(t), under which the position x(¢) at ¢ = T is maximised or,
equivalently, the terminal cost C(x(T')) := —x(T') is minimised.

The classical approach to such a problem is the following. First, let us reduce the
differential constraint to a system of first order. This can be done by introducing an
auxiliary variable, i.e. by representing the dynamical system with curves (x!(t),22(t)) €
R? with x'(t) = z(¢t) and 2%(t) = #'(¢). In this way the evolution of the system is
described by curves (t,z'(t), z2(t)), subjected to the differential constraints

z1(0)=0. (8.1)
@2 (t) = —a!(t) +u(t)

In these coordinates the terminal cost is determined by the function C(z!,2?) = —z'.

Second, the Pontryagin auxiliary variables pi(t) and po(t) are introduced and the
evolutions of the system is now described by curves v(t) = (t,2'(t), 2%(t), p1(t), p2(t)) in
R x Q, Q = R*, constrained by the (8] and, at the same time, by

pi(t) = pa(t) , (1) =G| =1, .
8.2
p2(t) = —p1(t) , p2(T) = —% (1) = 0.

The ([82) and the (81]) are uncoupled. This allows to determine explicitly the components
p;(t) for each curve v(t) = (t,z'(t), 22(t), p1(t), p2(t)). They are

p1(t) = cos(T —t) , po(T) =sin(T —t) .

Due to this, for each given 7,(t) = (¢, zL(t),22(t), po1(t), po2(t)) satisfying the above
constraints, the associated Pontryagin function H : K — R takes the form

H(w) = cos(T — t)x2(t) +sin(T — t)(—x(t) +w) .
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Then, the usual PMP implies that an optimal control curve w,(t) must satisfy the fol-
lowing conditions:

Uo(t) =+1 when sin(T"—t) >0,

(8.3)

Uo(t) = =1 when sin(T —t) <0 .
The meaning of this result is the following: for any initial velocity v € [—Vmaz, Vmaz], if
u(t) is different from [83)), there exists at least one needle modification u(t) of u(t), such
that the controlled curve determined by the pair U = (a(t),o0 = (x(0) = 0,2(0) = v))
has a cost which is smaller than the cost of the curve determined by U = (u(t),a =
(z(0) = 0,4(0) = v)). Thus, if an optimal control (ue(t),o) exists, it must have u(t)
as in (83]). After establishing this, by varying only the initial datum o (i.e. the initial
velocity v,), it is quite straightforward to find that an optimal control exists and it is
U = (uo(t),0 = (2(0) = 0,3(0) = vmax))-

Let us now see how our results offer an alternative way to solve the same problem.
Let us consider just one auxiliary variable, say p, and the controlled Lagrangian on
J(QR) x K, Q =R, K = [~1,1], of actual order r = 2:

L(t,x,&,%,p,u) :=p(@+x —u) . (8.4)

The corresponding controlled Euler-Lagrange equations are only two and are
i+x—u=0, p+p=0. (8.5)
Our problem can be now recognised as the generalised Mayer problem determined by the
triple (X, L, C), where C : J°(Q|R) — R is the smooth function C(j?(x)) = —x(t) and
XK is the set of pairs U = (u(t), o), given by a control curve taking values in K = [—1, 1]

and initial conditions o = j7_,(v) = (x(0),%(0),%(0),...,p(0),p(0),5(0),...) subjected
to no restrictions except for the value z(0) = 0.

In this setting, given a controlled curve 7, = (V) the condition (Z.26)), which char-
acterises the needle variations Needlel™@o %) (~,) = {F(Twe¥) ( < ¢ < g,} in the class
G00dN(,) is very simple and we give it in the next formula (8.0l), where we denote by
(z(t,s),p(t,s),@(t,s),p(t,s),...) the components of the jets homotopy F(™«>)05) (¢ s),
associated with the curve U(s) € K

U(s) = (u(t,s), (z(0,s) = 0,p(0,s),2(0,s) = 0,p(0,s), .. )) .
S e (e

L/ ox >
huted ds >0 . (8.6)
/0 < 88 (t:T,S) 68 (t:T,S) 88 (t:T’s)

Since we are free to choose any initial condition for the variable p, we may consider a
family ¥ = X(e, s) of initial data so that the corresponding functions p(t, s) satisfies the
terminal conditions

It is
o

p(T,s) =0, p(T,s) = —1. (8.7)
For such X, the condition (8] is automatically satisfied. This means that, for any
choice of 7, w and ¢,, the class GoodN(+,) is not empty and contains all needle variations
satisfying (87)). Note also that (87) together with the differential constraint p + p = 0
completely determines the function ¢ — p(t, s) which is

p(t,s) =sin(T —t) for any s . (8.8)
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On the other hand, given a controlled curve v, (t) = (¢, 2,(t), po(t)) with p,(t) as in (8],
the corresponding function Pj2(,,) : K — R is

Pioyy (W) = —sin(T —t) (& + = —w) . (8.9)

From the above observations and our Generalised Pontryagin Maximum Principle (Corol-
lary [T7), it follows that a curve ~,(t), determined by a control curve u,(t) is a solution
to our Mayer problem only if it is as in (83]), as prescribed by the classical approach
a la Pontryagin. As before, this condition completely determines a (non-smooth) opti-
mal control curve u,(t) and, by the same argument of before, it follows that there is an
optimal control and it is the pair (u,(t), 0,) with o, := (2(0) = 0,%(0) = Vmax)-

Remark 8.1. The control curve u,(t) determined via (89]) is clearly non smooth and
hence not fitting the simplifying assumptions adopted throughout this paper. However,
using the results of this paper and standard approximation techniques, one can rigorously
prove that the above (discontinuous) curve u,(t) is the only measurable control curve,
for which there exists no needle modification corresponding to a curve with a strictly
smaller terminal cost. A detailed proof of this claim is given in [4].

We stress the fact that this second (new) approach to the addressed Mayer problem
involves just one auxiliary variable, instead of the three used in the classical approach. In
fact, the same circle of ideas can easily find solutions to the large class of similar Mayer
problems with one control variable u € [—1, 1], one dependent variable z(t), t € [0,T],
constrained by a differential problem of order m of the form

m
d'z dx dm 1y
U7 = U, z(0) = — =...=— =0
ZZ:% dt dt|,_, datm=11,_,
with constant coefficients ay, and the cost function C = —z. By considering just one

auxiliary variable p and the controlled Lagrangian L(t,x(g),p) = p(zznzo apg(p — u),
one can find the optimal control u,(t), t € [0,T], of such a Mayer problem with the same
arguments of before. It is u,(t) = sign(p,(t)), where p,(t) is the unique solution to the
differential problem

> (—Day=5=0 in [0,T]

pare dt

d AN -2

=2 = =2 P -0, 2B -

with terminal conditions p(T) = dt|_, = Nz T,
(8.10)

Of course, the same solution can be easily found also using the classical approach and
the classical PMP, provided that, instead of the above single auxiliary variable p, one
introduces and handles 2m — 1 auxiliary variables: In fact, one needs m — 1 auxiliary vari-
ables to reduce the constraint to a system of first order equations, and the m Pontryagin
auxiliary variables p;.

We conclude showing that there exists also a third different approach to the above
linearised pendulum problem. In fact, with no need of auxiliary variables, this problem
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can be immediately seen to be a generalised Mayer problem (in the sense of this paper)
with differential constraints given by the controlled Lagrangian

1 1
L:PRR)xK =R, L(t,x,&,u) := 5 i — 59@2 + ux K=1[-1,1] . (8.11)

We now restrict to the cases in which T' # 7k for any k € N. Under this assumption, a
direct inspection of the general solutions of the differential constraints shows that, for a
given control map u : [0,7] — K, the map

p:R=R, o) :=29(T), U= (ut),o=(x(0)=0,2(0)=0v)), (812)

is surjective (here, as usual, we denote by z(0) (t) the unique solution of the differential
constraints with initial datum ¢ and control curve u(t)). Due to the particularly simple
form of the cost function, this information immediately leads to the conclusion that if
there exists an optimal control U, = (uy(t),0,), then the initial velocity must take an
extremal value. However, there is also an enlightening (but longer) argument based on
the generalised PMP yielding to the same conclusion. Using the surjectivity of the map
(BI2]), one can see that for v # +vyax and u(t) arbitrary, there exist good needle variation
for any pair (7,w) € (0,T) x K, provided that w is sufficiently close to u(7). From this and
the explicit expression of the map {Pj?(vw)) : K — R, it follows that if v € (0, vyax) and if
u(T) # —sign(z(7)) at some 7 € (0,7), then there is an appropriate needle modification
and an appropriate change of the initial velocity, which gives a curve with a strictly lower
terminal cost. By studying the terminal costs determined by the control curves of the
form w(t) = —sign(z(t)), one concludes (once again) that the desired optimal control
U, = (ue(t),0,) must have initial velocity v, = £vmax.

It now remains to look for an optimal control U, in the restricted family of pairs U =
(u(t),0,) in which the initial value is completely fixed o, = (z(0) = 0,2(0) = £Vmax)-
In this subclass, ©(0) = vpax is no longer modifiable and there is no way of constructing
good needle variations. Our Corollary [[7] gives no exploitable condition in this situation.
Thus, the easiest way to conclude is now to go back to one of the previous approaches
and determine explicitly the control curve u,(t) using auxiliary variables. Nonetheless,
with a not so big effort (the details are omitted just for not weighing the reader down),
all terms in (7.12]) can be made fully explicit for any needle variation and, from Theorem
[C.5 the previously determined optimal control is once again derived.

8.2. Concluding remarks.

In Sect. Bl we showed how a very simple case of a control problem with a differential
constraint of higher order can be studied with no need of reducing it to an equivalent
system of first order constraints. The same approach can be adopted in much less trivial
situations. Just to fix the ideas, consider a control problem determined by a differential
constraint of the third order

T = f(t,x, &, %, u) (8.13)

with v = (u®) varying in a compact set K C R™ and terminal cost function C =
C(x(T),z(T),z(T)). By introducing a dual variable p, the constraint (8I3]) can be
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identified as one of the Euler-Lagrange equations of the controlled Lagrangian
L(t,x,&,& p,u) = p(T — f(t 2, & & u)) . (8.14)

Indeed, the Euler-Lagrange equation corresponding to p is precisely (8I3]), while the
Fuler-Lagrange equation corresponding to x is

OL _d (OLY & (OL\ 4 (oL
Or dt \ 0% dt? \ 01 a3 \ o7 )

_ of of of (Of of Of
—p<a *a(&ﬂ dﬁ<50>+p&% 2a 2:)) Paz P =0
(8.15)
Given a control curve u,(t) and an initial condition o,, there is a uniquely associated

controlled curve y(t) = (¢, z(t), p(t)), in which z(t) satisfies (8.13]) and the initial condition
j2_o(z) = 0,, and p(t) satisfies (8IF]) and the terminal conditions

oC . aC |
p(T) = pry=-L1 ,
0 0% | .2 0% |, 2
2 2(e) j2.(x) (mi u(T)) (8.16)
. aC af a of of '
x j%(w) 4’3 (j%(wm(T)) | (j2.(2),u(T)) L/ (j2.(), u(T))

These conditions are the higher order analogues of the terminal condition (7.30) used
in the classical case of first order differential constraints. In fact, they are specially
designed to make the left hand side of (28] equal to 0 for any generalised needle vari-
ation that consists of homotopies of curves satisfying the above two-point boundary
problem (see [4]). This means that any such generalised needle variation is in SoodN(+y)
and that the generalised PMP given by Corollary [7.7] holds at all points of a solution
~v(t) = (t,z(t),p(t)) of the above problem, in perfect analogy with the case of differential
constraints of first order.

We stress the fact that, for each control curve w(t) and associated solution z(t) to
(BI4), the corresponding curve p(t) is completely determined by the terminal conditions
([BI6]) and the linear equation (RI5]) with time-dependent coefficients. Such linearity of
the equation for p is a general and quite useful fact. Indeed, it holds for any control
problem determined by an r-th order differential system of n equations the form

d"x i dT—lxj
= f" |t ey ————,u® 1
= 1 (0 S ) (5.17)

provided that such constraints are coupled with all other Euler-Lagrange equations of
the controlled Lagrangian

) d— 1 ) ) ) dr—lxj
L <t,x](t),..., dtr 1 ,p‘]7 > = D; (IE%T) —fz <t,x](t),...,w,ua>> . (818)

On the other hand, as we mentioned in Remark R, standard approximation techniques
yield to versions of the above generalised PMP that hold under much weaker regularity
assumptions ([4]). We expect that the above described two-point boundary problems

together with such extended versions of the PMP can be helpful also for the direct
computations of the optimal controls under higher order constraints. Investigations on
this aspect are left to future work.
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