Quantum Droplets in Two-Dimensional Bose Mixtures at Finite Temperature
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We investigate the formation of quantum droplets at finite temperature in attractive Bose mixtures
subject to a strong transverse harmonic confinement. By means of exact path-integral Monte Carlo
methods we determine the equilibrium density of the gas and the liquid as well as the pressure
vs. volume dependence along isothermal curves. Results for the equation of state and for the gas-
liquid coexistence region in quasi-2D configurations are compared with calculations in strictly two
dimensions, finding excellent agreement. Within the pure 2D model we explore the relevance of
the quantum scale anomaly and we determine the critical interaction strength for the occurrence of
the first-order gas to liquid transition. Furthermore, we find that the superfluid response develops
suddenly, following the density jump from the gas to the liquid state.

Attractive mixtures of dilute Bose gases provide a fas-
cinating test bed for novel quantum phenomena, such as
droplet formation in a liquidlike state stabilized at ul-
tralow densities, and for the perspectives of new thermo-
dynamic features emerging in the liquid-gas coexistence
region and in the critical behavior at the phase transition,
including the onset of superfluidity. Quantum droplets
in three dimensions (3D) have been observed in homonu-
clear mixtures of 3K [1, 2] and in heteronuclear mixtures
of #'K-8"Rb [3]. The evidence of self-bound clusters in
these time-of-flight experiments is well explained by a
zero-temperature (' = 0) energy functional, where re-
pulsive beyond mean-field correlations stabilize the at-
tractive mean-field interactions which would lead to col-
lapse [4]. Numerical simulations based on more micro-
scopic descriptions also confirm this scenario [5-7]. The
same stabilizing mechanism appears to be responsible for
the formation of other self-bound droplets, realized in
single-component dipolar gases [8, 9].

Determining the finite-temperature behavior requires
accurate computational techniques, since beyond mean-
field effects have to be properly accounted for even in
the critical region close to the Bose-Einstein condensa-
tion (BEC) transition. For 3D geometries, recent path-
integral Monte Carlo (PIMC) simulations [10] predicted
that balanced mixtures undergo a first-order transition
featuring a discontinuous jump of the density and that
BEC occurs discontinuously as the density jumps from
the equilibrium value of the gas to the one of the liquid.
The first-order transition line is predicted to terminate
at a critical point where the BEC transition turns second
order with a vanishing condensate fraction.

In fact, such a rich phase diagram was speculated to
emerge in attractive single-component Bose gases sta-
bilized by repulsive three-body interactions [11] or in
quantum fluids interacting with Lennard-Jones poten-
tials when the particle mass is hypothetically tuned below
the value of the *He mass [12, 13]. In this regard, attrac-
tive Bose mixtures represent a more realistic platform
where this novel and intriguing thermodynamic behavior

could be observed. However, while the predicted sizable
jump of the density at the transition would in principle be
detectable, it occurs at densities as large as nsp ~ 10'°
cm ™3, implying short lifetimes due to three-body col-
lisions thereby making it difficult to observe the liquid
droplet in thermal equilibrium with the surrounding gas
phase.

In two dimensions (2D) quantum droplets have been
predicted to occur at T' = 0, thanks again to quantum
fluctuation effects in the ground-state energy, which pro-
duce a stabilization of the interspecies attractive inter-
action [14]. In particular, a relevant role is played by
the so-called 2D quantum scale anomaly, emerging as a
logarithmic density dependence of the coupling constant
which breaks the scaling symmetry and whose signature
was observed in 2D superfluids [15]. Furthermore, in 2D
a finite-temperature BEC is ruled out by the Mermin-
Wagner theorem [16, 17], but a superfluid phase still
forms below the Berezinskii-Kosterlitz-Thouless (BKT)
transition [18, 19]. This leads one to wonder if and how
2D quantum droplets form at finite temperatures and
how a first-order gas-liquid transition would connect with
the ordinary BKT superfluid transition.

In this Letter we perform large-scale PIMC simula-
tions to investigate quantum droplet formation in a 2D
attractive Bose mixture at finite temperature. First, we
consider quasi-2D configurations where microscopic in-
teractions are 3D and the mixture is subject to a strong
transverse harmonic confinement. Simulations show the
formation of high density clusters in equilibrium with a
low density background, with changes in the size of the
simulation cell only affecting the relative volume of the
two regions, without changing the corresponding densi-
ties (see Fig. 1). In addition, the pressure along isother-
mal lines shows the typical flattening of a first-order coex-
istence region followed by a rapid increase as the density
rises in the liquid phase. The same features are found
with a pure 2D model where interactions are treated via
a density dependent coupling constant, which accounts
for the quantum scale anomaly. In particular, the pres-
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Snapshots of particle positions of component 1 (red) and component 2 (blue) particles in a quasi-2D mixture with

harmonic confinement along the z direction projected onto the z-y plane. Panels (a) and (b) refer to a system with periodic
boundary conditions along the z and y directions. Panel (¢) refers to a mixture subject to a cylindrical hard-wall confinement.

The average 2D density is na? = 0.4 [panel (a)], na? = 0.8463 [panel (b)] and na? = 0.625 [panel (c)].

Furthermore, the

number of particles is N1 + N2 = 16384, the temperature is kgT/(hw.) = 0.2, and intraspecies, interspecies scattering lengths
are a/a, = 0.03162 and ai12 = —1.1a, respectively. In panels (a) and (b) the squares indicate tiles identified as liquid region
(green), gas region (cyan), and interface region (brown). Notice how the volume reduction from panel (a) to panel (b) results
in a larger droplet leaving the average density of both the liquid and the gas unaltered.

ence of this quantum anomaly is crucial to stabilize the
liquid state and to reproduce quantitatively the results
of quasi-2D simulations. Within the pure 2D model,
the weak breaking of scale invariance leads to an only
marginal deviation from the universal temperature de-
pendence of the equation of state, and we also analyze
the emergence of a critical point as a function of the
interspecies coupling where the first order transition ter-
minates. Our results indicate the possibility of observing
the rich physics of quantum droplets and liquid-gas tran-
sition in 2D attractive Bose mixtures for densities and
coupling parameters easily achieved in current experi-
ments. Furthermore, these predictions are universal in
terms of the 2D coupling constants.

Our simulations of mixtures with transverse harmonic
confinement are based on the following Hamiltonian
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Here, a, = /h/mw, is the oscillator length of the con-
fining harmonic potential in the z direction and r;; =
|r; — r;| indicate interparticle distances with r; and r;
referring to the first and second component of the mix-
ture having number of particles, respectively, N; and
Ns. Interaction potentials are modeled by repulsive hard
spheres of diameter a for v(r) and by a pseudopotential
with a negative scattering length ajs for via(r). Fur-
thermore, we consider equal mass m for the two compo-

nents and equal particle numbers Ny = Ny = N/2. The
simulations are performed using the PIMC algorithm de-
scribed in Refs. [20, 21]. Both periodic boundary condi-
tions (PBC) in the z-y plane and a planar hard-wall cir-
cular confinement are implemented. Quasi-2D kinematic
conditions are ensured by the temperature being a small
fraction of the transverse confinement kg1 = 0.2hw.
and by the small ratio of scattering to oscillator length
a/a, = 0.03162 which is easily achievable in experiments
with ultracold gases [22-25].

Results with PBC are shown in Fig. 1 [panels (a) and
(b)]. The figure corresponds to a snapshot of particle
positions projected onto the x-y plane. The large system
size allows us to clearly identify a region of high density
(droplet) surrounded by a region of low density. By re-
ducing the volume of the simulation cell the droplet occu-
pies a larger portion of it while the densities of the inner
and outer regions remain constant (see Fig. 2). This be-
havior is characteristic of a liquid droplet in equilibrium
with the surrounding gas. A similar behavior is observed
for the mixture subject to a cylindrical hard-wall con-
finement [panel (c) in Fig. 1]. An algorithm is devised
to divide the z-y plane of the simulation box into tiles
and determine from snapshots of the projected particle
positions the local 2D density n. By comparing the den-
sity in neighboring tiles we identify which tiles belong to
the droplet, gas, or interface region. An example of this
classification is shown in panels (a) and (b) of Fig. 1.
For the parameters of panels (a) and (b), the liquid (in-
terface) region comprises approximately 10% (15%) and
53% (27%) of the total particles, respectively. The ob-
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FIG. 2. Average densities within the liquid droplet njqa?

(blue squares) and in the gas region ngasa> (red circles), as a
function of the global average density naZ. Open symbols cor-
respond to the box with PBC, while full symbols correspond
to the cylindrical hard-wall confinement. The other param-
eters are as in Fig. 1. The dashed horizontal line indicates
the critical density of the BKT transition for a homogeneous
mixture without interspecies interactions.

tained average densities of the liquid and gas tiles are re-
ported in Fig. 2 as a function of the global average density
both for PBC and circular wall configurations. We ob-
serve a distinctive jump from the gas density, na? ~ 0.3,
to the liquid density, na? ~ 2.5, which is independent of
the average global density in the simulation cell and of
the geometry (PBC vs circular). While the core liquid
density does not depend on the droplet size, we find it
varies with the scattering length ratio ai2/a (see, e.g.,
Ref. [26]). The almost 10x increase of the density is as-
sociated with the first order gas to liquid transition and
the discontinuity An corresponds to the Isinglike scalar
order parameter. We emphasize that in 2D the complex
order parameter emerging from the breaking of the U(1)
symmetry is destroyed by thermal fluctuations according
to the Mermin-Wagner theorem. Nonetheless, the scalar
order parameter shown in Fig. 2 is well defined and is
characteristic of attractive Bose mixtures close to the re-
gion of mean-field collapse. The situation is different in
3D droplets, where the gas-liquid transition is accompa-
nied by BEC and the condensate density, being zero in
the gas phase and finite in the liquid, accounts for the
density discontinuity [10]. We also notice that njq in
Fig. 2 is significantly larger than the predicted critical
density for the BKT transition corresponding to a homo-
geneous fluid in the absence of interspecies interactions,
pointing toward superfluidity in the liquid state.

The gas-liquid coexistence is also investigated analyz-
ing the behavior of the pressure vs. inverse density. In
Fig. 3 we report the results for two choices of the inter-
species scattering length: in one case (a12 = —0.8a) the
pressure is a monotonically increasing function with de-
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FIG. 3.  Pressure as a function of the inverse density for
the quasi-2D mixture with scattering lengths a2 = —0.8a
(orange open symbols) and a12 = —a (blue open symbols).

Temperature and intraspecies coupling constants are such
that: Ar/a. = 5.605 and a = 0.01995a.. The system size
is N1 + N2 = 256. Solid symbols refer to pure 2D simulations
with matching parameters for temperature and couplings. In
particular pale symbols correspond to simulations where 2D
coupling strengths are constant and do not contain the loga-
rithmic dependence on density.

creasing inverse density indicating a continuous crossover
from a low-density to a high-density fluid without tran-
sition. On the contrary, in the other case, a2 = —a, the
pressure exhibits an S-shape curve, typical of finite-size
systems with a liquid-gas coexistence. Only in the ther-
modynamic limit one expects a horizontal pressure line.
At higher density, the pressure increases again once the
mixture is in the homogeneous liquid phase.

To gain understanding on the universality of the
droplet formation and the observed behavior of the pres-
sure, we perform simulations using a pure 2D model. The
dimensionless 2D coupling constant for the intraspecies
repulsion is defined as [27-29]

go
= 2
9= 15 2 log(A/na2) @)

with logarithmic accuracy. Here go = v8ma/a. = 0.1,
A = 0.2285 is a numerical coefficient and n is the total
density of the mixture. The log term in Eq. (2) gives
rise to the quantum anomaly breaking 2D scaling invari-
ance. An expression analogous to Eq. (2) holds for the
dimensionless interspecies coupling constant g;2 upon the
substitution of go with (g12)o = V8maia/a.. A couple of
remarks on Eq. (2) are in order. First, the coupling de-
pendence on the density exhibits different behaviors for
repulsive and attractive interactions, specifically the for-
mer becomes stronger with increasing density, whereas
the latter becomes weaker. Second, the 2D gas is as-
sumed to be homogeneous. While this assumption is vi-
olated within the liquid-gas coexistence region, the mild



logarithmic dependence allows one to employ Eq.(2) with
the average density n even in separated systems, provided
the densities of the liquid and the gas are not too differ-
ent.

In a PIMC simulation based on the pair-product
ansatz [30] interaction effects are included in the two-
body density matrix

prel(r, v, 7) = p° (v, 0, T) + i/ dkke~TH"K*/m
81 Jo

X [Jo(kr)Yo(kr') + Yo(kr)Jo(kr')] . (3)

where p (r,r',7) = #e’(r*r/)zm/(‘”ﬁ) is the nonin-
teracting pair density matrix in 2D as a function of the
particle positions r and r’ in the z-y plane and of the
inverse temperature step 7. Furthermore, g is the di-
mensionless 2D coupling strength given in Eq. (2). The
functions Jo(z) and Yp(x) in Eq. (3) are Bessel functions
of the first and second kind depending on the products kr
and kr’ of the relative wave vector k and the modulus of
position vectors. Equation (3) refers to intraspecies inter-
actions between pairs of particles in the same component.
For interspecies interactions we use a similar expression
for the corresponding two-body density matrix where the
coordinates r and r’ indicate pairs of particles in different
components and g is replaced by g12. The above expres-
sion for the pair density matrix has been already used in
PIMC studies of 2D Bose gases [31]. It accounts only for
the spherical (¢ = 0) contribution to scattering and holds
to lowest order in the coupling constant [32].

The comparison between quasi-2D and pure 2D mod-
els is shown in Fig. 3. The coupling strengths of the 2D
simulations are matched to the 3D values using Eq. (2)
and the 2D density nA2 matches the value na? with
Ar = 5.605a, where Ap = +/27h?/mkgT. The nice
agreement of the two results for the pressure, both at
a12 = —0.8a and a12 = —a, indicates the reliability of
the pure 2D model. Crucially, we find that the quan-
tum anomaly term is essential for reproducing the quasi-
2D results of the pressure in the regime of high density
and, in particular, for the gas-liquid coexistence region in
the balanced case a12 = —a. In Fig. 3, we demonstrate
this by neglecting the log term of the density in Eq. (2),
i.e., imposing constant values for the coupling strengths
g = go and g12 = (g12)o-

Having established the applicability of the pure 2D
model, we use it to explore different values of the in-
terspecies coupling strength as well as the superfluid re-
sponse provided by the winding number estimator [34, 35]

pPs mkpT 2

where W = Zi]\;l[ri(ﬂ) —r;(0)] in terms of the initial
(t = 0) and final (7 = @) time-step position of all the
particles in the mixture. The results are shown in Fig. 4,
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FIG. 4. Pressure as a function of the inverse density for the
pure 2D model for three values of the interspecies coupling
strength (gi2)o reported in the legend. The intraspecies cou-
pling is go = 0.1 and N; 4+ N2 = 1024. The solid lines are a
guide to the eye and the horizontal gray band gives the coexis-
tence region as obtained from the Maxwell construction [33].
The vertical dotted line represents the expected location of
the BKT transition for the noninteracting mixture. Inset:
the superfluid fraction as computed from eq. (4), vs the in-
verse density 1/nA%, for the (g12)o = —0.09 case. Red crosses
represent the data for N1 + N2 = 2048. The shaded area is
the coexistence region, where the winding formula is not ap-
plicable.

where inverse density and pressure are plotted in natu-
ral units of the pure 2D system. In these units, pres-
sure lines exhibit only a very weak, logarithmic, temper-
ature dependence due to the quantum anomaly. In fact,
they are mostly determined by the values of the cou-
pling strengths go and (g12)o. The critical point of the
gas-liquid transition occurs for a value of (g12)o slightly
lower than (g12)o = —0.08. For (g12)¢ > —0.08 the pres-
sure increases monotonically without featuring a density
jump, while for stronger attraction a gas-liquid coexis-
tence line can be drawn using the Maxwell construc-
tion. Neglecting interspecies interactions, the mixture
is expected to cross the BKT transition at n/2 = ngkr,
with npxr the critical density of a single-component gas
nprTA5 = log(£/go) where ¢ ~ 380 [36]. For systems
featuring the gas-liquid transition, the corresponding in-
verse density lies within the coexistence region, as shown
in Fig. 4 for the (g12)p = —0.09 case, indicating that the
transition is first order and takes place from a normal
gas to a superfluid liquid. This result is confirmed by
the calculation of the superfluid component defined in
Eq. (4) and reported in the inset of Fig. 4. This calcu-
lation is well defined in the homogeneous gas and liquid
phases, while it has no meaning in the coexistence region
where the mixture consists of liquid droplets separated
by gas. As a consequence of this granularity, the results
of ps/p in the coexistence region exhibit a significant



size dependence. Outside this region we find that ps/p
is compatible with zero in the gas phase and jumps to
ps/p =~ 0.8 in the liquid phase.

In conclusion, we have carried out a thorough anal-
ysis of attractive Bose mixtures in planar geometries
with strong transverse confinement using exact PIMC
methods. We observe the formation of liquid droplets in
equilibrium with the gas in regimes of 2D densities easily
achievable in current experiments. The first-order gas
to liquid transition is accompanied by a tenfold increase
of the density. The use of a pure 2D model allows us
to establish that the results are universal in terms of
the 2D coupling strengths and, in particular, depend
crucially on the quantum scale anomaly. Furthermore,
within the pure 2D model, we analyze how the first-order
transition terminates for increasing interspecies coupling
strengths, as well as how the superfluid fraction jumps
at the first-order gas to liquid transition.
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