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ABSTRACT
We propose a new method for the numerical solution of boundary value problems associated to partial differential equations.
This method is based on standard approximation techniques, like numerical differentiation of univariate functions and curve
interpolation, so it can be easily generalized to high-dimensional problems. However, the concrete implementation of this method
requires the proper solution of a routing problem for the graph associated with the discretized domain  . This graph routing
problem has an immediate solution when  has a grid structure. Instead, when  has a mesh structure or is given by sparse
points, it is possible to take advantage of methods for two classical graph routing problems, that is, the Chinese postman problem
and the Eulerian path problem. However, it will be shown that these problems do not provide a sufficiently satisfactory solution,
hence, further study for non-structured grids is needed. A numerical experiment shows the effectiveness of the proposed method
in the case of  with a grid structure.

1 | Introduction

Real-world phenomena can usually be properly simplified and
described through boundary or initial-boundary value problems
[1, 2]. A particularly important example is given by Climate
Change, indeed water is the primary medium through which Cli-
mate Change influences the ecosystem of Earth, and the fluid
dynamic equations can be used to model the hydrogeological
risks [3, 4] and the hydraulic risk [5]. Another important geo-
logical process is the diffusion of underground thermal energy,
which must be considered in the analysis of geothermal exchang-
ers through forced-convective heat transfer [6, 7], [8], and in
the optimal installation of several geothermal exchangers [9].
The study of the flow of water in porous media is important
for the management of water resources [10], and also for the
extraction of espresso coffee, which is regulated by a percolation
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model in a porous medium given by roasted and ground cof-
fee [11–13]. Medicine provides other important examples, where
the Navier-Stokes equations for non-Newtonian fluids and the
interaction between fluid and boundary are used for the hemody-
namic analysis of the human cardiovascular system [14]. More-
over, differential equations can be used to simulate human respi-
ratory function [15], to model cancer growth in the human body
[16, 17], and for pharmaceutical drug design [18, 19].

These problems give an extremely restricted subset of examples
where differential equations play a fundamental role. How-
ever, they have a clear applied relevance, with an impact on
the strategic fields of energy, medicine, environment, and sus-
tainable development. All the above-described real-world phe-
nomena have models that do not usually admit analytical solu-
tions, thus, they undergo numerical methods for approximating
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the involved partial differential equations. In particular, these
methods have to deal with different difficulties such as nonlin-
ear differential equations, domains with complex shapes, and
domains with moving boundaries. Hence we need to develop
new methods for the numerical solution of differential equations
and/or refine the existing methods such as finite difference
methods [20, 21], finite element methods [22, 23], finite vol-
ume methods [24, 25], spectral methods [26–28] and meshfree
methods [29, 30].

In this paper, we propose a new method for the numerical solu-
tion of boundary value problems for partial differential equations.
Of course, as with other similar methods, it is applicable also to
initial-boundary value problems after a semi-discrete approxima-
tion in time. This method is essentially based on two main ele-
ments: the numerical differentiation of univariate functions and
the curvilinear interpolation. The wide choice of efficient meth-
ods for solving such elementary problems constitutes a strong
point of the proposed method and allows its easy implementation
in computer codes. In particular, for the numerical differentia-
tion of univariate functions, we have considered and analysed a
spectral method based on the integral formulation of the deriva-
tive operator [31–33], [34]. The other fundamental element of the
method, that is, the interpolation curve, has to be adapted to the
spatial structure of the discretization points, which generally fall
into the following cases: grid, mesh or a set of sparse points. In the
case of the grid structure, we have considered the interpolation
curves obtained by spline functions. This choice gives satisfac-
tory results and can be immediately generalized to other different
types of curves, with a higher regularity, such as the radial basis
functions. The cases of meshes and sets of sparse points have been
analysed by using classical methods to solve graph routing prob-
lems, like the Cinese Postman problem [35] and the Eulerian Path
problem [36]. Unfortunately, the interpolating curves obtained
from the solution of these problems are not satisfactory. So, it
is necessary to refine the obtained interpolating curves or study
other techniques. Thus, the cases of meshes and sets of sparse
points are a work in progress. Instead, in the case of grids, the
proposed method has been tested by considering various partial
differential equations.

The paper is organized as follows. Section 2 presents the method
for the numerical differentiation of univariate functions and the
use of this method to approximate the partial derivatives of a
multivariate function. Section 3 gives the implementation of the
aforementioned numerical derivation method in the solution
of partial differential equations. Section 4 describes the results
obtained in a numerical experiment with the proposed method
in the case of grids. Section 5 provides some conclusions and
remarks for future investigations.

2 | Numerical Derivation in the Univariate
and Multivariate Cases

We start by introducing the main notation. Let ℕ be the set
of natural numbers, ℝ be the set of real numbers and ℝ𝑁 be
the 𝑁-dimensional real Euclidean space. An element x ∈ ℝ𝑁 is
a column vector x = (𝑥1, 𝑥2, . . . , 𝑥𝑁 )𝑇 , where the superscript 𝑇
denotes the transposition operator. We denote with ℝ𝑀×𝑁 the
space of real matrices having 𝑀 rows and 𝑁 columns. For x,

y ∈ ℝ𝑁 , ||x||1 denotes the 1-norm of x, x𝑇 y denotes the Euclidean
scalar product of x and y, and

x ∗ y = (𝑥1𝑦1, 𝑥2𝑦2, . . . , 𝑥𝑁𝑦𝑁 )𝑇 ∈ ℝ𝑁, (1)

is the element-wise multiplication of x and y.

For integers 𝑗, 𝑘, and 𝑁 > 0, we define

𝛾𝑗 = (2𝑗 − 1)𝜋
2
, (2)

𝑐𝑗,𝑘,𝑁 = cos
(
𝛾𝑗

𝑘

𝑁

)
, 𝑠𝑗,𝑘,𝑁 = sin

(
𝛾𝑗

𝑘

𝑁

)
. (3)

Let z = (𝑧1, 𝑧2, . . . , 𝑧𝑁 )𝑇 ∈ ℝ𝑁 , for 𝑝 = 1, 2, . . . , 𝑁,

(
𝐹𝑆𝑇 (3)(z)

)
𝑝
= 1√

𝑁

(
2
𝑁−1∑
𝑞=1

𝑧𝑞𝑠𝑝,𝑞,𝑁 + (−1)𝑝−1𝑧𝑁

)
, (4)

(
𝐹𝐶𝑇 (2)(z)

)
𝑝
= 1√

𝑁

𝑁∑
𝑞=1

𝑧𝑞𝑐𝑞,𝑝−1,𝑁 , (5)

(
𝐹𝐶𝑇 (3)(z)

)
𝑝
= 1√

𝑁

(
𝑧1 + 2

𝑁∑
𝑞=2

𝑧𝑞𝑐𝑝,𝑞−1,𝑁

)
, (6)

are the components of the discrete sine transform of type III of z,
the discrete cosine transform of type II of z and the discrete cosine
transform of type III of z, respectively [37].

For the reader’s convenience, we briefly describe a numerical
derivation method for smooth functions 𝑓 ∶ Ω → ℝ, where Ω ⊆

ℝ𝑛, since it is a fundamental element in the approximation pro-
cedure discussed in Section 3. A detailed description of these
methods can be found in [33, 38]. In particular, the case 𝑛 = 1
is reported in Section 2.1 and it provides the basis for the multi-
variate case 𝑛 > 1, described in Section 2.2.

2.1 | Numerical Derivation in the Univariate
Case

Given a sufficiently smooth function 𝐺 ∶ [0, 1] → ℝ, the follow-
ing Algorithm 1 computes the numerical derivative of 𝐺 by using
the properties of the singular value expansion of the Fredholm
integral operator associated with the first order derivative [32];
see [38], [39] for a detailed derivation of Algorithm 1.

We consider the following points in [0, 1],

 (𝑁) =
{
𝑡𝑘 = 𝑘𝛿 ∈ [0, 1] ∶ 𝛿 = 1

𝑁 − 1
,

𝑘 = 0, 1, . . . , 𝑁 − 1
}
, (7)

where we suppose 𝑁 ≥ 9; from the knowledge of 𝐺𝑘 = 𝐺(𝑡𝑘),
𝑡𝑘 ∈  (𝑁), 𝑘 = 0, 1, . . . , 𝑁 − 1, the following algorithm gives the
approximation 𝐷𝑘 of 𝐺′(𝑡𝑘).

Algorithm 1 (Numerical computation of the first-order
derivative).

INPUT: 𝑁 ≥ 9 and 𝐺𝑘 = 𝐺(𝑡𝑘), 𝑡𝑘 ∈  (𝑁), 𝑘 = 0, 1, . . . , 𝑁 − 1.
OUTPUT: the approximation 𝐷𝑘 of 𝐺′(𝑡𝑘), 𝑘 = 0, 1, . . . , 𝑁 − 1.
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1. Compute 𝛿 = 1∕(𝑁 − 1), 𝜷, c𝑗 , s𝑗 ∈ ℝ𝑁 , 𝑗 = 1, 2,

𝛽1 = 1, 𝛽𝑙 = 2, 𝑙 = 2, 3, . . . , 𝑁, (8)

c𝑗 = (𝑐1,𝑗,𝑁 , 𝑐2,𝑗,𝑁 , . . . , 𝑐𝑁,𝑗,𝑁 )𝑇 ,

s𝑗 = (𝑠1,𝑗,𝑁 , 𝑠2,𝑗,𝑁 , . . . , 𝑠𝑁,𝑗,𝑁 )𝑇 . (9)

2. Construct a𝑖,𝑐 = (𝑎𝑖,𝑐1 , 𝑎
𝑖,𝑐

2 , . . . , 𝑎
𝑖,𝑐

𝑁
)𝑇 , a𝑗,𝑠 = (𝑎𝑗,𝑠1 , 𝑎

𝑗,𝑠

2 , . . . , 𝑎
𝑗,𝑠

𝑁
)𝑇

∈ ℝ𝑁 , 𝑖 = 0, 1, 2, 𝑗 = 1, 2, in the following way. The compo-
nents 𝑎𝑖,𝑐

𝑙
, 𝑙 = 1, 2, . . . , 𝑁, and 𝑖 = 0, 1, 2, are all zero except

the following

𝑎
𝑖,𝑐

1 =

⎧⎪⎪⎨⎪⎪⎩

1
12𝛿

(
−25𝐺0 + 16𝐺3 − 3𝐺4

)
, 𝑖 = 0,

− 1
4𝛿
𝐺0, 𝑖 = 1,

1
12𝛿

𝐺0, 𝑖 = 2,

(10)

𝑎
𝑖,𝑐

2 =

⎧⎪⎪⎨⎪⎪⎩

1
24𝛿

(
−10𝐺1 + 𝐺4

)
, 𝑖 = 0,

10
6𝛿
𝐺1, 𝑖 = 1,

1
24𝛿

𝐺1, 𝑖 = 2,

𝑎
𝑖,𝑐

3 =

{
5

12𝛿
𝐺2, 𝑖 = 1,

− 35
24𝛿

𝐺2, 𝑖 = 2,
(11)

𝑎
2,𝑐
4 = − 5

24𝛿
𝐺3, 𝑎

2,𝑐
𝑁−3 = 5

24𝛿
𝐺𝑁−4, (12)

𝑎
𝑖,𝑐

𝑁−2 =

{
− 5

12𝛿
𝐺𝑁−3, 𝑖 = 1,

35
24𝛿

𝐺𝑁−3, 𝑖 = 2,
(13)

𝑎
𝑖,𝑐

𝑁−1 =

⎧⎪⎪⎨⎪⎪⎩

5
12𝛿

𝐺𝑁−2, 𝑖 = 0,

10
6𝛿
𝐺𝑁−2, 𝑖 = 1,

− 1
24𝛿

𝐺𝑁−2, 𝑖 = 2,

𝑎
𝑖,𝑐

𝑁
=

⎧⎪⎪⎨⎪⎪⎩

25
24𝛿

𝐺𝑁−1, 𝑖 = 0,

1
8𝛿
𝐺𝑁−1, 𝑖 = 1,

− 1
24𝛿

𝐺𝑁−1, 𝑖 = 2.
(14)

Among the components 𝑎
𝑗,𝑠

𝑙
, 𝑙 = 1, 2, . . . , 𝑁, and 𝑗 = 1, 2,

those non-zero are

𝑎
1,𝑠
𝑙

=

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

14
6𝛿
𝐺𝑙, 𝑙 = 1 ∨ 𝑙 = 𝑁 − 2,

13
12𝛿

𝐺𝑙, 𝑙 = 2 ∨ 𝑙 = 𝑁 − 3,
4

6𝛿
𝐺𝑙, 3 ≤ 𝑙 ≤ 𝑁 − 4,

1
8𝛿
𝐺𝑙, 𝑙 = 𝑁 − 1,

− 4
3𝛿
𝐺𝑙−4 +

1
4𝛿
𝐺𝑙−5, 𝑙 = 𝑁,

(15)

𝑎
2,𝑠
𝑙

=

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

− 1
24𝛿

𝐺𝑙, 𝑙 = 1 ∨ 𝑙 = 𝑁 − 2 ∨ 𝑙 = 𝑁 − 1,

− 37
24𝛿

𝐺𝑙, 𝑙 = 2 ∨ 𝑙 = 𝑁 − 3,

− 7
24𝛿

𝐺𝑙, 𝑙 = 3 ∨ 𝑙 = 𝑁 − 4,

− 1
12𝛿

𝐺𝑙, 4 ≤ 𝑙 ≤ 𝑁 − 5,

− 1
12𝛿

𝐺𝑙−5, 𝑙 = 𝑁.

(16)

3. For 𝑖 = 0, 1, 2, and 𝑗 = 1, 2, compute

b𝑖,𝑐 = 𝐹𝐶𝑇 (3)(a𝑖,𝑐
)
, b𝑗,𝑠 = 𝐹𝑆𝑇 (3)(a𝑗,𝑠

)
. (17)

4. Compute

b = b0,𝑐 +
∑
𝑗=1,2

(
b𝑗,𝑐 ∗ c𝑗 + b𝑗,𝑠 ∗ s𝑗

)
. (18)

5. Compute D = (𝐷0, 𝐷1, . . . , 𝐷𝑁−1)𝑇 ∈ ℝ𝑁 ,

D = 𝐹𝐶𝑇 (2)(b) ∗ 𝜷. (19)

2.2 | Numerical Derivation in the Multivariate
Case

We briefly describe the generalisation of the numerical derivation
method in Section 2.1 to the multivariate case (𝑛 > 1).

Let 𝑓 ∶ Ω ⊆ ℝ𝑛 → ℝ be a sufficiently smooth function, let x ∈ Ω
and h = (ℎ1, ℎ2, . . . , ℎ𝑛) ∈ ℝ𝑛 such that x + 𝑡h ∈ Ω for every 𝑡 ∈
[0, 1]. Then the first-order derivatives of 𝑓 satisfy

𝑓 (x + 𝑡h) = 𝑓 (x) +
𝑛∑
𝑖=1

ℎ𝑖∫
𝑡

0

𝜕𝑓

𝜕𝑥𝑖
(x + 𝑠h)𝑑𝑠, 𝑡 ∈ [0, 1], (20)

see [40] for details, the function 𝐹 (𝑡) = 𝑓 (x + 𝑡h), 𝑡 ∈ [0, 1], satis-
fies

𝐹 (𝑡) = 𝐹 (0) + ∫
𝑡

0
𝐹 ′(𝑠)𝑑𝑠, 𝑡 ∈ [0, 1], (21)

and an approximation of 𝐹 ′(𝑡), 𝑡 ∈  (𝑁), 𝑁 ≥ 9, can be com-
puted by Algorithm 1 if 𝐹 is known on  (𝑁).

Formulas (20) and (21) together with Algorithm 1 may be used to
compute the partial derivatives of 𝑓 along rectilinear segments
in Ω. However, a more flexible approach can be obtained by
considering a generic continuously differentiable function g =
(𝑔1, 𝑔2, . . . , 𝑔𝑛)𝑇 ∶ [0, 1] → Ω and by defining 𝐺(𝑡) = 𝑓 (g(𝑡)), 𝑡 ∈
[0, 1]. Indeed, we have

𝐺(𝑡) = 𝐺(0) + ∫
𝑡

0
𝐺′(𝑠)𝑑𝑠, 𝑡 ∈ [0, 1], (22)

or equivalently

𝑓 (g(𝑡)) = 𝑓 (g(0)) +
𝑛∑
𝑖=1∫

𝑡

0
𝑔′
𝑖
(𝑠) 𝜕𝑓

𝜕𝑥𝑖
(g(𝑠))𝑑𝑠, 𝑡 ∈ [0, 1]. (23)

We suppose to know 𝑓 on (𝑁) = {p0,p1, . . . ,p𝑁−1} ⊂ Ω, and
to have a function g ∶ [0, 1] → Ω such that g(𝑡𝑙) = p𝑙, 𝑡𝑙 ∈  (𝑁),
𝑙 = 0, 1, . . . , 𝑁 − 1. Then, for the corresponding function 𝐺(𝑡) =
𝑓 (g(𝑡)), 𝑡 ∈ [0, 1], we have

𝑛∑
𝑖=1

𝑔′
𝑖
(𝑡𝑙)

𝜕𝑓

𝜕𝑥𝑖
(p𝑙) = 𝐺′(𝑡𝑙), 𝑙 = 0, 1, . . . , 𝑁 − 1. (24)

Hence, by computing 𝑑𝑙 ≈ 𝐺′(𝑡𝑙)with Algorithm 1, the numerical
derivatives 𝐷𝑖(p𝑙) ≈

𝜕𝑓

𝜕𝑥𝑖
(p𝑙), 𝑖 = 1, 2, . . . , 𝑛, can be computed by

imposing that

𝑛∑
𝑖=1

𝑔′
𝑖
(𝑡𝑙)𝐷𝑖(p𝑙) = 𝑑𝑙, 𝑙 = 0, 1, . . . , 𝑁 − 1. (25)

Numerical Methods for Partial Differential Equations, 2025 3 of 11
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The accuracy of the numerical derivatives computed by (25)
increases as 𝑁 increases, in particular, in Theorem 1 of [38], we
proved that 𝑑𝑙 = 𝐺′(𝑡𝑙) + 𝑂(1∕𝑁4), 𝑙 = 0, 1, . . . , 𝑁 − 1.

However, linear system (25) does not give an immediate approx-
imation of the derivatives of the function 𝑓 at a point p ∈ (𝑁)
when 𝑛 > 1; in fact at each point p𝑙, we have 𝑛 unknowns,
𝐷𝑖(p𝑙) ≈

𝜕𝑓

𝜕𝑥𝑖
(p𝑙), 𝑖 = 1, 2, . . . , 𝑛, and only one equation which

involves these unknowns. In particular, each equation in (25)
involves the scalar product of the gradient ∇𝑓 with the tangent
vector

𝝉(𝑡) =
(
𝑔′1(𝑡), 𝑔

′
2(𝑡), . . . , 𝑔

′
𝑛
(𝑡)
)𝑇
, (26)

of the curve g(𝑡) at the discretization points 𝑡 ∈  (𝑁). Thus, for
each p ∈ (𝑁), the derivatives of 𝑓 at p can be computed when
we know at least 𝑛 curves like g interpolating p or a unique curve
g passing through p at least 𝑛 times. More in detail, we have the
following theorem.

Theorem 1. Given the data set 𝑓 ( ), corresponding to a func-
tion 𝑓 ∶ Ω → ℝ sufficiently smooth and to a set  ⊂ Ω having
finite cardinality equal to 𝑁 . Supposing that:

1. there exist 𝐽 curves

g𝑗 = (𝑔1,𝑗 , 𝑔2,𝑗 , . . . , 𝑔𝑛,𝑗)𝑇 ∶ [0, 1] → Ω, 𝑗 = 1, 2, . . . , 𝐽 ,
(27)

and 𝐽 subsets 𝑗 ⊆  , such that g𝑗 interpolates the points in
𝑗 at the 𝑁𝑗 nodes in 𝑗 , where

𝑗 =
{

𝑘

𝑁𝑗 − 1
∶ 𝑘 = 0, 1, . . . , 𝑁𝑗 − 1

}
⊂ [0, 1];

2. there exist the tangent vectors

𝝉𝑗(𝑡) =
(
𝑔′1,𝑗(𝑡), 𝑔

′
2,𝑗(𝑡), . . . , 𝑔

′
𝑛,𝑗
(𝑡)
)𝑇

∈ ℝ𝑛, 𝑡 ∈ [0, 1],
(28)

of the curves g𝑗 , 𝑗 = 1, 2, . . . , 𝐽 ;

3. for each point p ∈  , the set

𝐽p = {𝑗 ∈ ℕ ∶ 1 ≤ 𝑗 ≤ 𝐽 , p ∈ 𝑗} (29)

is not empty; note that this implies that for 𝑗 ∈ 𝐽p, p ∈  , the
curve g𝑗 interpolates p, and the set

𝑗,p = {𝑡 ∈ 𝑗 ∶ g𝑗(𝑡) = p} (30)

is not empty;

4. for each p ∈  , the set{
𝝉𝑗(𝑡) ∈ ℝ𝑛 ∶ 𝑗 ∈ 𝐽p, 𝑡 ∈ 𝑗,p}

spans ℝ𝑛.

Then, for p ∈  , 𝑗 ∈ 𝐽p and 𝑡 ∈ 𝑗,p, the numerical derivatives of
𝑓 , 𝐷𝑖(p) ≈

𝜕𝑓

𝜕𝑥𝑖
(p), 𝑖 = 1, 2, . . . , 𝑛, are well-defined as the solution

of the linear system:

𝑛∑
𝑖=1

𝑔′
𝑖,𝑗
(𝑡)𝐷𝑖(p) = 𝑑𝑗(𝑡), 𝑡 ∈ 𝑗,p, 𝑗 ∈ 𝐽p, (31)

where 𝑑𝑗(𝑡) is a numerical approximation of 𝐺′
𝑗
(𝑡).

Proof. The numerical derivatives 𝐷𝑖(p) ≈
𝜕𝑓

𝜕𝑥𝑖
(p), 𝑖 =

1, 2, . . . , 𝑛, of 𝑓 at points p ∈  can be computed by the
following elementary steps.

i. For 𝑗 = 1, 2, . . . , 𝐽 , compute

𝑑𝑗(𝑡) ≈ 𝐺′
𝑗
(𝑡), 𝑡 ∈ 𝑗,p, g𝑗(𝑡) = p ∈ 𝑗 ⊂  .

ii. For 𝑗 = 1, 2, . . . , 𝐽 , and 𝑖 = 1, 2, . . . , 𝑛, compute

𝑔′
𝑖,𝑗
(𝑡), 𝑡 ∈ 𝑗 .

iii. For p ∈  , compute 𝐷𝑖(p), 𝑖 = 1, 2, . . . , 𝑛, as the unique
solution of the linear system (31), which is obtained from
(25) with g𝑗 , 𝑗 ∈ 𝐽p and 𝑡 ∈ 𝑗,p. In fact, from hypothesis 4.,
the rows of the coefficient matrix in the linear system (31)
span ℝ𝑛, which implies that the rank of this matrix is equal
to 𝑛 (the number of unknowns) and the solution is unique.
We note that, regarding this last point, when the cardinality
of 𝐽p is greater than 𝑛 the solution of (25) is intended as the
unique least-square solution. ◽

Remark 1. Theorem 1 gives a constructive procedure to practi-
cally compute the partial derivative of a multivariate function𝑓 at
points  ⊂ Ω. In particular, when the curves g𝑗 , 𝑗 = 1, 2, . . . , 𝐽 ,
are obtained, the numerical derivatives 𝑑𝑗(𝑡), 𝑗 ∈ 𝐽𝑝, 𝑡 ∈ 𝑗,p of
univariate functions 𝐺𝑗(𝑡) can be computed by using Algorithm 1
with input 𝑁𝑗 and

𝑓
(𝑗

)
=
{
𝐺𝑗(𝑡𝑘) ∶ 𝑡𝑘 ∈ 𝑗 , 𝑘 = 0, 1, . . . , 𝑁𝑗 − 1

}
.

In particular, when Algorithm1 is used, the requirement 𝑁𝑗 ≥ 9
must be added in the hypotheses of the Theorem 1.

Note that the same procedure can be applied to the first-order
derivatives in place of 𝑓 for the computation of second-order
derivatives. For derivations of order greater than one, we do not
need additional conditions, the same g𝑗 , 𝑗 = 1, 2, . . . , 𝐽 , can be
used and so the same coefficient matrices are obtained in linear
systems (31).

In the following, the quality of the approximated derivatives,
computed by the procedure described in Theorem 1, is shown in
a simple example.

Example 1. We consider a two-dimensional case 𝑛 = 2,
where Ω = ℝ ×ℝ+ and 𝑓 (x) = log(𝑥2

1 + 𝑥2 + 1), x ∈ Ω. The func-
tion 𝑓 is sampled at the points in

 =

{
p𝑙,𝑚 =

(
𝑡𝑙 −

𝑠𝑚

3
,
𝑒𝑡𝑙

2
+
𝑠𝑚

4

)𝑇

∈ Ω ∶ 𝑡𝑙 = 𝑙∕(𝑁1 − 1),

𝑙 = 0, 1, . . . , 𝑁1 − 1, 𝑠𝑚 = 𝑚∕(𝑁2 − 1),

𝑚 = 0, 1, . . . , 𝑁2 − 1

}
, (32)

see Figure 1 for a pictorial description of such points. The
hypotheses of Theorem 1 are satisfied by the following 𝐽 = 𝑁1 +
𝑁2 curves g𝑗 , 𝑗 = 1, 2, . . . , 𝐽 , equal to the cubic splines interpo-
lating the following sets of points

4 of 11 Numerical Methods for Partial Differential Equations, 2025
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FIGURE 1 | Example 1, the points in  given in (32) where 𝑁1 = 𝑁2 = 10 and the 𝐽 = 20 cubic splines g𝑗 , 𝑗 = 1, 2, . . . , 𝐽 , with nodes  (10).

TABLE 1 | Example 1, the mean square error 𝐸 of the computed
numerical derivatives of 𝑓 in Example 1. The notation 𝑥(𝑦) stays for
𝑥 ⋅ 10𝑦.

𝑵1 = 𝑵2 𝑬

10 9.9 (−5)
20 3.7 (−6)
40 1.8 (−7)
80 1.0 (−8)

1,𝑙 = {p𝑙,𝑚 ∈  ∶ 𝑚 = 0, 1, . . . , 𝑁2 − 1},

𝑙 = 0, 1, . . . , 𝑁1 − 1,

2,𝑚 = {p𝑙,𝑚 ∈  ∶ 𝑙 = 0, 1, . . . , 𝑁1 − 1},

𝑚 = 0, 1, . . . , 𝑁2 − 1,

at nodes in 2 and 1, respectively. Table 1 shows the mean square
error 𝐸 in the numerical derivatives of 𝑓 at points of  , for 𝑁1 =
𝑁2 = 10, 20, 40, 80, computed with the procedure illustrated in
the Theorem 1 and the Algorithm 1.

3 | Numerical Solution of Partial Differential
Equations

The numerical derivation method described in the previous
section can be used to implement a procedure for solving par-
tial differential equations. We propose an easy implementation
of this method that in principle can deal with different spatial
organisation of the discretisation points , that is, grids, meshes,

and sparse points, supposing that there exist 𝐽 curves g𝑗 , 𝑗 =
1, 2, . . . , 𝐽 , satisfying the hypotheses of Theorem 1.

For the sake of simplicity, we consider the following linear
second-order equation:

𝑛∑
𝑖,𝑗=1

𝑎𝑖,𝑗(x)
𝜕2𝑢

𝜕𝑥𝑖𝜕𝑥𝑗
(x) +

𝑛∑
𝑖=1

𝑏𝑖(x)
𝜕𝑢

𝜕𝑥𝑖
(x) + 𝑐(x)𝑢(x) = f(x), x ∈ Ω,

(33)
where 𝑎𝑖,𝑗 , 𝑏𝑖, 𝑐, f ∶ Ω ⊂ ℝ𝑛 → ℝ, 𝑖, 𝑗 = 1, 2, . . . , 𝑛, are known
functions and 𝑢 ∶ Ω → ℝ is the unknown solution. The following
boundary condition is prescribed to the function 𝑢:

𝑢(x) = f𝐷(x), x ∈ 𝐵𝐷, (34)

𝜕𝑢

𝜕𝑛̂
(x) = f𝑁 (x), x ∈ 𝐵𝑁, (35)

where 𝐵𝐷 and 𝐵𝑁 are subsets of the boundary 𝜕Ω of Ω, such that
𝐵𝐷 ∪ 𝐵𝑁 = 𝜕Ω, 𝑛̂(x) denotes the outward unit normal vector to
𝜕Ω at x ∈ 𝐵𝑁 , and f𝐷 ∶ 𝐵𝐷 → ℝ, f𝑁 ∶ 𝐵𝑁 → ℝ are known func-
tions. The set 𝐵𝐷 is called the Dirichlet boundary of Ω, 𝐵𝑁 is
called its Neumann boundary, and when one of the sets 𝐵𝐷 or
𝐵𝑁 is empty the corresponding condition is dropped having in
this way only the Neumann condition or the Dirichlet condition,
respectively.

From now on, we suppose that problem (33), (34), (35) has a
unique solution. The corresponding numerical solution can be
obtained by an iterative approach applied to the linear system
associated with the discretized problem, where different tenta-
tive approximate solutions are computed, and for each one of
these solutions we need only to evaluate the residual of equations

Numerical Methods for Partial Differential Equations, 2025 5 of 11
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(33), (34), (35). In details, according to the notation introduced
in the previous sections, we denote with  the set of discretiza-
tion points in Ω where we want to compute the approximate
solution of problem (33), (34), (35). For p ∈  , we denote with
𝑈 (p) ≈ 𝑢(p) a given approximate solution and with 𝐷𝑖(p) and
𝐷2

𝑖,𝑗
(p), 𝑖, 𝑗 = 1, 2, . . . , 𝑛, the approximations of the first-order and

second-order derivatives, respectively, of the tentative solution
𝑈 (p), computed using the method described in Section 2.2, with
curves g𝑗 , 𝑗 = 1, 2, . . . , 𝐽 , satisfying the hypotheses of Theorem 1.

Let 𝐷 =  ∩ 𝐵𝐷 be the set of the discretization points belong-
ing to the Dirichlet boundary𝐵𝐷, and𝑁 =  ∩ 𝐵𝑁 be the anal-
ogous set for the Neumann boundary. Let 0 =  ⧵ (𝐷 ∪𝑁 )
be the subset of internal discretization points. In order to compute
the next tentative solution with an iterative method for linear sys-
tems, like GMRES, we only need to evaluate the residual vector
having components 𝑟(p), p ∈  , that are obtained as follows:

𝑟(p) =
𝑛∑

𝑖,𝑗=1
𝑎𝑖,𝑗(p)𝐷2

𝑖,𝑗
(p) +

𝑛∑
𝑖=1

𝑏𝑖(p)𝐷𝑖(p)

+ 𝑐(p)𝑈 (p) − f(p), p ∈ 0, (36)

𝑟(p) = 𝑈 (p) − f𝐷(p), p ∈ 𝐷, (37)

𝑟(p) = (𝐷1(p), 𝐷2(p), . . . , 𝐷𝑛(p))𝑇 ⋅ 𝑛̂(p) − f𝑁 (p), p ∈ 𝑁.

(38)

Thus, the flexibility of the numerical derivation method
described in Section 2.2 allows an immediate application in the
solution of the above-described differential equation, and such
procedure depends only on the initial choice of g𝑗 , 𝑗 = 1, 2, . . . , 𝐽 ,
satisfying hypothesis of Theorem 1. In the following two remarks,
we analyse how we can construct g𝑗 , 𝑗 = 1, 2, . . . , 𝐽 , depending
on the type of the discretization points in  .

Remark 2 (mesh and sparse points). When  has a mesh
structure, the various discretization points in  have a natural
list of connections provided by the edges of the mesh. Instead,
when  is given by a sparse set of points in Ω the connections
among these points are not provided, but can be computed by
analyzing the properties of  . For example, these connections
can be obtained by a proximity analysis of points and joining
directions.

So, in both cases, the set  can be equipped with a connection
map among its points, and we can construct g𝑗 , 𝑗 = 1, 2, . . . , 𝐽 ,
satisfying the hypothesis of Theorem 1 by using such information.

Analyzing in detail the above described case, where one has only
a connection map among the points in  , from this informa-
tion, we consider the (undirected) graph 𝐺 = (𝑉 ,𝐴) with vertices
𝑉 =  and with arcs 𝐴 the edges of the mesh or the connections
established between the points of  , in case of sparse points.
We recall that the degree of a vertex is defined as the number of
arcs joining this vertex with other vertices. We note that when
the degree of each vertex of 𝐺 is at least 2𝑛 − 1 we can easily
construct a unique curve g ∶ [0, 1] → Ω covering all the arcs of
𝐺, and passing through each vertex at least 𝑛 times, otherwise

FIGURE 2 | The graph 𝐺 of Example 2.

someone of the (at least) 2𝑛 − 1 arcs incident this vertex is not
covered. To this aim, the Chinese postman problem can be con-
sidered, that is: find the shortest path that visits every arc of the
graph at least once, see [35] for details. In principle, from the solu-
tion of the Chinese postman problem, we can compute a curve g
passing through the nodes  , which will be organized accord-
ing to this solution. In particular, the curve g can be computed by
using cubic-spline interpolation or RBF interpolation techniques,
and hence we can obtain the numerical derivatives from the pro-
cedure suggested in Theorem 1 and Algorithm 1. Unfortunately,
all the hypotheses of Theorem 1 are satisfied from this curve g
with the exception of hypothesis 4., which has to be checked since
it depends on the vertices position. Hence this elegant solution is
usually unable to provide satisfactory results without an ad-hoc
refinement. This fact is shown by the following example about
a simple graph and the corresponding solution of the Chinese
postman problem, for which the corresponding g does not satisfy
hypothesis 4. of Theorem 1.

Example 2. Let 𝐺 = (𝑉 ,𝐴) be the undirected graph having
vertices 𝑉 = {1, 2, 3, 4} and arcs 𝐴 = {(1, 2), (1, 4), (2, 3), (2, 4),
(3, 4)}, shown in Figure 2. For graph 𝐺, the solution of the Chi-
nese postman problem is given by the path through the following
vertices: 1, 4, 2, 4, 3, 2, 1.

From this example, we can see that, also in the simple graph
𝐺 shown in Figure 2, the solution of the corresponding Chi-
nese postman problem gives a curve g with a sharp change
in the direction of the curve; this can be seen from the part
“ . . . , 4, 2, 4, . . . ”, where the path from the vertex 4 goes to the
vertex 2 and immediately goes back to the vertex 4. Of course,
curves with sharp changes in the moving direction are not well
suited for the numerical differentiation method described in
Section 2.

A slightly better situation is obtained by considering the Eulerian
paths for the graph 𝐺 associated with  . We note that an Eule-
rian path is a trail that visits every edge exactly once [36]. So, if 𝐺
is an Eulerian graph, admitting in this way an Eulerian trail, we
cannot obtain paths passing through a vertex and immediately
going back along the same arc. This provides a relevant improve-
ment in the path regularity. Unfortunately, even for the Eulerian
graph, it is possible to obtain paths having an extremely large cur-
vature since the path is not computed by taking into account the
geometrical position of the points associated with the vertices of
the graph.

6 of 11 Numerical Methods for Partial Differential Equations, 2025
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Hence, when we have a mesh or a set of sparse points, the
computation of a regular path g, or a family of regular paths g𝑗 ,
𝑗 = 1, 2, . . . , 𝐽 , passing through all the points of  , as required
by Theorem 1, needs further investigation and shall be discussed
in a future study. This is the only point to be further investigated
in order to apply the proposed method in these cases. Instead,
when  has a grid structure, the solution is given by the follow-
ing remark.

Remark 3 (grid). When  has a grid structure the various
discretization points in  have a natural list of connections pro-
vided by the edges of the grid. In particular, we suppose that  is
the set of the 𝑁1 ⋅𝑁2 · · ·𝑁𝑛 points of an n-dimensional grid; let

𝐼 =
{

i = (𝑖1, 𝑖2, . . . , 𝑖𝑛) ∈ ℕ𝑛 ∶ 𝑖𝛼 = 1, 2, . . . , 𝑁𝛼, 𝛼 = 1, 2, . . . , 𝑛
}
,

(39)
be the set of the indices for the points in  , that is  = {pi
∈ ℝ𝑛, i ∈ 𝐼}. For 𝛽 = 1, 2, . . . , 𝑛, we define

𝐼𝛽 =
{
(𝑖1, 𝑖2, . . . , 𝑖𝛽−1, 𝑖𝛽+1, . . . , 𝑖𝑛) ∈ ℕ𝑛−1 ∶ i ∈ 𝐼

}
, (40)

𝜋𝛽 ∶ 𝐼 → 𝐼𝛽 , 𝜋𝛽 (i) = (𝑖1, 𝑖2, . . . , 𝑖𝛽−1, 𝑖𝛽+1, . . . , 𝑖𝑛), i ∈ 𝐼.

(41)
We define

(𝛽; j) =
{

pi ∈  ∶ i ∈ 𝐼, 𝜋𝛽 (i) = j
}
,

j ∈ 𝐼𝛽 , 𝛽 = 1, 2, . . . , 𝑛, (42)

the subset of the points of  with constant indices j =
(𝑖1, . . . , 𝑖𝛽−1, 𝑖𝛽+1, . . . , 𝑖𝑛) ∈ 𝐼𝛽 . When the grid  is smooth and
regular, the curves g𝛽;j through the points in (𝛽; j), j ∈ 𝐼𝛽 , 𝛽 =
1, 2, . . . , 𝑛, satisfy the hypotheses of Theorem 1. We note that the
curves passing through such sets of points give an optimal solu-
tion satisfying Theorem 1, in fact they pass only one time on the
arcs of 𝐺 and each vertex is crossed exactly 𝑛 times (counting also
the starting and the ending points of the curves); so, each one
of the linear systems (31) has exactly 𝑛 equations and does not
require a least square solution.

4 | Numerical Results

We present the results of a numerical experiment to test
the performance of the proposed method. For the sake of
brevity, we restrict our attention to the two-dimensional and
three-dimensional problems. The two-dimensional problems
considered in the experiment are: (1) the Poisson differential
equation

𝜕2𝑢

𝜕𝑥2
1
(x) + 𝜕2𝑢

𝜕𝑥2
2
(x) =

𝑥1𝑥2(6 + 5𝑥2
1 + 5𝑥2

2)
(1 + 𝑥2

1 + 𝑥2
2)3∕2

, (43)

with solution 𝑢(𝑥1, 𝑥2) = 𝑥1𝑥2

√
𝑥2

1 + 𝑥2
2 + 1; (2) the Helmholtz

equation
𝜕2𝑢

𝜕𝑥2
1
(x) + 𝜕2𝑢

𝜕𝑥2
2
(x) + (𝑥2

1 + 𝑥2
2)𝑢(x) = 0, (44)

with solution 𝑢(𝑥1, 𝑥2) = cos(𝑥1𝑥2). Each one of these equations
is considered in different domains and with different boundary
conditions, where the right-hand sides f𝐷, f𝑁 (see equations (34),
(35)) are computed from the explicit solution of the correspond-
ing differential equation. In the part 𝐵𝑁 of the domain boundary,
where the Neumann condition is prescribed, an explicit knowl-
edge of the outward normal vector is assumed.

We consider equations (43), (44) defined in the following
domains, see Figure 3 for a pictorial representation of these
domains:

Ω(1) =
{(

𝑡,
1
2

sin(2𝜋𝑡) + 𝑠

)𝑇

∶ 𝑡 ∈ [0, 1], 𝑠 ∈ [0, 1]
}
, (45)

Ω(2) =
{(

(𝑠 + 1) cos(𝜋𝑡),
(
𝑠 + 1 + 1

2
𝑠 sin(𝜋𝑡)

)
sin(𝜋𝑡)

)𝑇

∶

𝑡 ∈ [0, 1], 𝑠 ∈ [0, 1]
}
, (46)

where the boundary conditions (34), (35) are relative to the fol-
lowing boundary subsets:

FIGURE 3 | The sets Ω(1) and Ω(2) with the corresponding points of  (1) and  (2) joined by edges; the red part of the boundary shows the set 𝐵𝑁

where the Neumann condition is prescribed.

Numerical Methods for Partial Differential Equations, 2025 7 of 11
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TABLE 2 | The mean square error 𝐸 in the numerical solution of
boundary value problems for equations (43), (44).

𝑵 Equation (43) Equation (44)

Ω(1) 10 1.1(−2) 5.3(−3)
20 8.5(−4) 7.2(−4)
40 2.0(−5) 3.1(−5)

Ω(2) 10 2.4(−2) 2.4(0)
20 1.3(−3) 6.6(−2)
40 7.4(−5) 7.4(−4)

Note: The notation 𝑥(𝑦) stays for 𝑥 ⋅ 10𝑦.

𝐵
(1)
𝑁

=
{(

𝑡,
1
2

sin(2𝜋𝑡) + 𝑠

)𝑇

∶ 𝑡 = 1, 𝑠 ∈ [0, 1]
}
,

𝐵
(1)
𝐷

= 𝜕Ω(1) ⧵ 𝐵(1)
𝑁
, (47)

𝐵
(2)
𝑁

=
{(

(𝑠 + 1) cos(𝜋𝑡),
(
𝑠 + 1 + 1

2
𝑠 sin(𝜋𝑡)

)
sin(𝜋𝑡)

)𝑇

∶

𝑡 ∈ [0, 1], 𝑠 = 1
}
,

𝐵
(2)
𝐷

= 𝜕Ω(2) ⧵ 𝐵(2)
𝑁
. (48)

We have considered different quadrilateral grids obtained by dis-
cretizing these domains with 𝑁 = 𝑁1 = 𝑁2 steps along each
direction. The edges of the grid have been used, as suggested by
Remark 3, to obtain curves g𝑗 , 𝑗 = 1, 2, . . . , 𝐽 = 2𝑁, considered
in Theorem 1; to this aim the cubic splines interpolating these
sets of points are used. So, we have implemented the derivation
method described in Section 2.2, and in turn the iterative solution
of the discretization scheme, solved with GMRES with residuals
computed by (36) to (38).

Table 2 shows the results of the numerical simulation for the
two-dimensional problems. In particular, this table shows the
mean square error in the numerical solution, that is

𝐸 =
√

1| | ∑p∈ (𝑈 (p) − 𝑢(p))2, (49)

where 𝑢 is the exact solution, 𝑈 is the approximated solution and| | denotes the number of discretization points. We note that the
solution of the linear system, obtained from the above described
discretization scheme with residual vector given by (36) to (38),
has been computed by the GMRES method [41] implemented in
Matlab [42].

The three-dimensional problems considered in the experiment
are: (1) the Laplace differential equation

𝜕2𝑢

𝜕𝑥2
1
(x) + 𝜕2𝑢

𝜕𝑥2
2
(x) + 𝜕2𝑢

𝜕𝑥2
3
(x) = 0, (50)

with solution 𝑢(x) = 𝑒−(𝑥1+𝑥2) cos(
√

2𝑥3); (2) the Helmholtz
equation

𝜕2𝑢

𝜕𝑥2
1
(x) + 𝜕2𝑢

𝜕𝑥2
2
(x) + 𝜕2𝑢

𝜕𝑥2
3
(x) + 3

(1 + 𝑥2
1 + 𝑥2

2 + 𝑥2
3)2

𝑢(x)

=
6𝑥1𝑥2𝑥3

(1 + 𝑥2
1 + 𝑥2

2 + 𝑥2
3)(3∕2)

, (51)

with solution 𝑢(x) = 𝑥1𝑥2𝑥3√
𝑥2

1+𝑥
2
2+𝑥

2
3+1

. As in the two-dimensional

problems, the boundary data 𝑓𝐷, 𝑓𝑁 are computed from the
explicit solution of the corresponding differential equation. These
equations are defined in the following domains, see Figure 4 for
a pictorial representation of these domains,

Ω(3) =
{(

𝑡,
1
2

cos(𝜋𝑡) + 𝑠, 𝑟 + 𝑟𝑡

2

)𝑇

∶

𝑡 ∈ [0, 1], 𝑠 ∈ [0, 1], 𝑟 ∈ [0, 1]
}
, (52)

Ω(4) =
{(

(𝑠 + 1) cos(𝜋𝑡),
(
𝑠 + 1 + 𝑠

2
sin(𝜋𝑡)

)
sin(𝜋𝑡)

×
(

1 + 𝑠

2

)
, 𝑟(1 + 𝑠𝑡)

)𝑇

∶ 𝑡 ∈ [0, 1], 𝑠 ∈ [0, 1], 𝑟 ∈ [0, 1]}.

(53)

The boundary conditions are relative to the following boundary
subsets:

𝐵
(3)
𝑁

=
{(

𝑡,
1
2

cos(𝜋𝑡) + 𝑠, 𝑟 + 𝑟𝑡

2

)𝑇

∶ 𝑡 = 0, 𝑠 ∈ [0, 1], 𝑟 ∈ [0, 1]}
}
,

𝐵
(3)
𝐷

= 𝜕Ω(3) ⧵ 𝐵(3)
𝑁
, (54)

𝐵
(4)
𝑁

=
{(

(𝑠 + 1) cos(𝜋𝑡),
(
𝑠 + 1 + 𝑠

2
sin(𝜋𝑡)

)
sin(𝜋𝑡)

×
(

1 + 𝑠

2

)
, 𝑟(1 + 𝑠𝑡)

)𝑇

∶ 𝑡 ∈ [0, 1], 𝑠 = 0, 𝑟 ∈ [0, 1]
}
,

𝐵
(4)
𝐷

= 𝜕Ω(4) ⧵ 𝐵(4)
𝑁
. (55)

We have considered different hexahedral grids obtained by dis-
cretizing these domains with 𝑁 = 𝑁𝑖, 𝑖 = 1, 2, 3, steps in each
direction. Also in the three-dimensional problems, Remark 3
has been followed to satisfy the hypotheses of Theorem 1, that
is to obtain curves g𝑗 , 𝑗 = 1, 2, . . . , 𝐽 = 3𝑁2. To this aim, the
cubic splines interpolating these sets of discretisation points of
the grid lines are used. So, the proposed discretization scheme
has been implemented using the derivation method described in
Section 2.2.

Table 3 shows the results of the numerical simulation for the
three-dimensional problems providing the mean square error
(49) in the numerical solution. Also in this case, the solution of
the discretization scheme (36) to (38) has been computed by the
GMRES method [41] implemented in Matlab [42].

From Tables 2 and 3, we can observe a quite satisfactory perfor-
mance of the proposed method, also in consideration of previ-
ous works on similar problems [43–45]. An exception is given by
Equation (51), which is numerically solved with a mean square
error 𝐸 < 6(−2) but this error does not decrease when the dis-
cretization parameters increase. The strength of the proposed
method, when compared to the methods presented in [43, 44]
and [45], is the simplicity of the various elements that compose it:
curve interpolation, numerical derivation of univariate functions,
numerical solution of linear systems. The modular structure of
the method facilitate its improvement procedures and its adap-
tation to different application problems; in addition, its structure
seems to be highly suitable for parallel computations. However,
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FIGURE 4 | The sets of points in Ω(3) and Ω(4); the red part of the boundary shows the set 𝐵𝑁 where the Neumann condition is prescribed.

TABLE 3 | The mean square error 𝐸 in the numerical solution of
boundary value problems for equations (50), (51).

𝑵 Equation (50) Equation (51)

Ω(3) 10 2.2(−4) 8.7(−3)
20 1.1(−5) 9.3(−3)
40 5.8(−7) 9.6(−3)

Ω(4) 10 1.9(−3) 5.2(−2)
20 1.5(−4) 5.6(−2)
40 9.3(−6) 5.8(−2)

Note: The notation 𝑥(𝑦) stays for 𝑥 ⋅ 10𝑦.

the convergence properties of the proposed method need fur-
ther investigation, as well as the efficient computation of smooth
curves g𝑗 , 𝑗 = 1, 2, . . . , 𝐽 , in the case of discretization points 
having the structure of meshes and sparse points. In particu-
lar, this last advance would allow exploiting the flexibility of the
proposed method to obtain general algorithms for the numerical
solution of partial differential equations.

5 | Conclusions

We have proposed a numerical method for the solution of par-
tial differential equations. This method is based on a numeri-
cal differentiation procedure that makes use of standard approx-
imation techniques like curve interpolation, numerical deriva-
tion of univariate functions, and numerical solution of linear
systems. So, the proposed method can be easily generalized to
the solution of boundary value problems in complex domains or
in high-dimensional spaces. However, the concrete implemen-
tation of this method is based on the construction of curves g𝑗 ,

𝑗 = 1, 2, . . . , 𝐽 , considered in Theorem 1; these curves can be eas-
ily obtained in the case of the discretized domain  having a
grid structure. On the other hand, in the cases of meshes and
sparse points, the computation of such curves can be in prin-
ciple connected to routing problems on the graph 𝐺 associated
with . Standard problems like the Chinese postman problem or
the Eulerian path are analyzed with a negative outcome, if we do
not perform some refinement on the obtained solution. The main

difficulty with such graph problems is their independence of the
position of vertices with the consequent low geometric regularity
of the corresponding solution.

The paper has also presented a numerical test of the proposed
method, where the numerical solutions of boundary value prob-
lems, for elliptic differential equations in two-dimensional and
three-dimensional domains, are considered. The results obtained
in this numerical experiment are satisfactory and they encour-
age us to deepen the study of this method. In particular, differ-
ent aspects of the proposed method deserve further analysis. The
first and most important one is the computation of curves g𝑗 , 𝑗 =
1, 2, . . . , 𝐽 , in the case of meshes and sparse points through spe-
cific graph routing problems or direct curve-fitting approaches.
Another important study is the analysis of the convergence prop-
erties of the proposed method.
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