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Abstract
We frame Newton’s law of cooling as a gradient flow within the context of
information geometry. This connects it to a thermodynamic uncertainty rela-
tion and the Horse–Carrot theorem, and reveals novel instances of asymmetric
relaxations in endoreversible processes. We present a general criterion for pre-
dicting asymmetries using the Amari–Chentsov tensor, applicable to classical
and quantum thermodynamics. Examples include faster cooling of quantum
ideal gases and relaxations that resemble the Mpemba effect in classical ideal
gases.

Keywords: information geometry, asymmetric relaxations, gradient flow,
Hessian geometry, Newton’s law of cooling, thermodynamics

1. Introduction

A system in contact with a heat bath undergoes relaxation, ultimately reaching an equilibrium
state with the same temperature as the bath. Nevertheless, certain conditions lead to a faster
relaxation process when the system is initially colder than the bath, a phenomenon called
asymmetric relaxation [1].

To explain, consider two systems initially in equilibrium, one cooler and one hotter than
a bath with temperature Tq. After an instantaneous temperature quench, the cooler system
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relaxes faster, given thermodynamically equidistant initial temperatures [1, 2]. Here, distance
is quantified by the relative entropy of the system distributions. Faster relaxation implies that
the relative entropy between the cooler system and the target state is always lower than that
of the hotter system. This measure of distance, also known as Kullback–Leibler divergence or
generalized free energy [3], is physicallymeaningful, since it represents the difference between
the current value of the thermodynamic potential and its equilibrium value. Consequently, it
serves as an (asymmetric) measure for the distance to equilibrium.

This situation applies to systems characterized by dynamics unfolding in a quadratic poten-
tial and governed by an overdamped Langevin equation [1, 2]. While extending to systems
driven from equilibrium with a linear drift [4], it still lacks universal applicability [5, 6].

Here, we study asymmetries in relaxations that follow a generalization of Newton’s law
of cooling. To this end, we initially focus on systems that undergo endoreversible relaxation,
where each intermediate stage constitutes an internal equilibrium state, and irreversibilities
manifest only at the system-bath boundaries [7, 8]. This ensures a well-defined notion of tem-
perature throughout the process, making it possible to analyze relaxations governed by

Ṫ=−λ(T−Tq) . (1)

We begin by using information geometry to describe the latter as a well-known gradient flow
[9–13]. Then we apply the gradient flow structure as our key tool to derive the main results.
This approach allows us to extend our analysis to a wider range of relaxations, going well
beyond Newton’s original law, including systems out of equilibrium where temperature is not
defined throughout the process.

Our work is motivated by the asymmetric relaxation of Gaussian chains, whose average
potential energy and entropy during the process resemble ideal gas equations [1], and the relax-
ation has the same form of equation (1).

We start by introducing the information-geometric structure of the space of thermodynam-
ics in section 2. This allows us to depict equation (1) as a Riemannian gradient flow in section 3.
We consider the case of closed ideal gases in section 4, revealing faster warming than cool-
ing. In section 5, we demonstrate that this asymmetry transcends specific systems, depending
only on the gradient flow nature of the relaxation process and the geometric structure of the
space of states. Sections 6 and 7 illustrate the result’s utility, exhibiting asymmetry reversal
in rigid gases, quantum and classical, and a phenomenon akin to the Mpemba effect in ideal
gases. Finally, section 8 concludes with remarks and future perspectives. We include detailed
calculations that lead to the results of sections 4, 6 and 7 in appendices.

2. The information geometry of thermodynamics

The set of equilibrium states of thermodynamic systems is endowed with a geometric structure
consisting of a Riemannian metric g, and two so-called conjugate connections ∇ and ∇∗,
satisfying

X [g(Y,Z)] = g(∇XY,Z)+ g(Y,∇∗
XZ) , (2)

for any vector fields X, Y, and Z [14]. This structure, usually referred to as dual structure,
generalizes Riemannian geometry in the sense that when these two connections coincide, they
are precisely the Levi-Civita (Riemannian) connection of g.
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Let us construct this dual structure explicitly. According to the Principle of Maximum
Entropy, its equilibrium states are described by probability distributions that maximize
Shannon’s entropy,

S [p] =−
ˆ
X
p(x) logp(x)dx, (3)

while keeping certain functions F i(x) constant in average. The resulting distributions are
known as Gibbs’ distributions, and have the following form:

p(x;η) = exp
{
F i (x)ηi−ψ (η)

}
, (4)

where the ηi are Lagrange multipliers, and we use Einstein’s summation convention. For
instance, in the case of a fluid in a closed container, the ηi represent the inverse of temper-
ature T and the negative pressure P per unit temperature, respectively (see, for instance, [15]).
We will discuss the physical meaning of ψ later.

The parameters η in equation (4) allow us to identify equilibrium states with points on an
n-dimensional manifold, which is precisely the manifold of equilibrium states of the system.
If we assume that the Fi are independent, it is not hard to see that ψ is strictly convex. This
means that its Hessian matrix is positive definite, and therefore defines a metric tensor g on the
manifold of states called thermodynamic metric (more in general, to any family of probability
distributions satisfying some regularity conditions one can associate a metric called the Fisher
metric; for the case at hand, i.e. the Gibbs or exponential family, one precisely recovers the
thermodynamic metric as introduced here).

To define g in a coordinate-independent fashion, we introduce a covariant derivative ∇∗,
that allows us to write g=∇∗dψ. Of course, since gij = ∂i∂jψ in the η coordinates, the
Christoffel symbols of ∇∗ in these coordinates must vanish, whence it is a flat connection.
The η are called affine coordinates of ∇∗.

Another consequence of the convexity of ψ is that the functions θi := ∂iψ are independ-
ent. Hence, they are an alternative parameterization of equilibrium states. A straightforward
calculation shows that

θi = Eη

[
F i
]
=:

ˆ
X
F i (x)p(x;η)dx.

In the case of a fluid in a closed container, θ1 = U represents the macroscopic energy of the
system, known as internal energy, and θ2 = V its volume.

The ηi can also be obtained from the θj as follows. Observe that

d
(
θidηi

)
=
∂θi

∂ηj
dηj ∧ dηi = gijdηi ∧ dηj = 0.

Then, θi = ∂iϕ at least locally, for some function ϕ. From this, we can see that gij =
∂2ϕ/∂θi∂θj =: ∂i∂jϕ are the components of g in the θ coordinates, and that gijgjk = δki . Like
we did before, we may introduce a connection ∇ whose Christoffel symbols vanish in the
θ coordinates, so that g=∇dϕ. It is straightforward that ∇∗ and ∇ are dual in the sense of
equation (2). Notice that ∇ is also flat.

The functions ψ and ϕ are related with each other:

dϕ = θidηi = d
(
ηiθ

i
)
− ηidθ

i = d
(
ηiθ

i
)
− dψ.

So, up to a constant (which does not alter g), ϕ = ηiθ
i−ψ is the Legendre transform of ψ. Let

us elucidate their physical meaning.
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Going back to Gibbs’ distributions, we have that

ϕ = ηiθ
i−ψ = ηiEη

[
F i
]
−ψ = Eη

[
ηiF

i−ψ
]
= Eη [ℓx] =−S, (5)

where ℓx := logp(x; ·) is the log-likelihood of theGibbs’ distribution. In equilibrium thermody-
namics, the Shannon entropy coincides with the thermodynamic entropy of the system. Thus,
ϕ is the negative entropy of the system, regardless of the ensemble we are considering [16, 17].
Its Legendre transform ψ is sometimes called Massieu function [18], and corresponds to the
negative Gibbs free energy G per unit temperature in the case of a fluid in a closed container.

Notice that the dual structure that we constructed relies on the convex function ψ (or its
Legendre transform), rather than on Gibbs’ distributions. Physically, this means that we can
construct a similar structure using thermodynamic potentials, which are convex functions, with
no need to resort to the statistical-mechanical description of equilibrium systems. However,
the geometric structures that arise from different potentials are related to the probability of
fluctuations in the corresponding ensembles and therefore are not necessarily equivalent to
each other [19].

Convex potentials also introduce a unique divergence, known as the Bregman diver-
gence [14], defined for two states p and q by

D(p||q) := ϕ(p)+ψ (q)− θi (p)ηi (q) . (6)

Divergences are sufficiently smooth, non-negative two-point functions that vanish only when
the points coincide, providing an asymmetric notion of distance. In particular, the Bregman
divergence coincides with the relative entropy (Kullback–Leibler divergence) of Gibbs’ distri-
butions when ϕ =−S. When we take ϕ to be the internal energy instead, the correspondence
divergence is the availability of the system (see below).

This is the notion of distance that we will use to measure asymmetries in endoreversible
relaxations.

3. Newton’s law of cooling as a gradient flow

We are going to use the dual structure of the space of equilibrium states to portray equation (1)
as a gradient flow, as is done in [9]. Let us assume for now that there is a convex function
ϕ that makes T= η1 an affine coordinate of a flat connection ∇∗. Then, equation (1) is one
component of

η̇j =−λ
(
ηj− ηjq

)
, (7)

where ηjq := ηj(q), and q is the equilibrium state reached after relaxation. In coordinates θi,
equation (7) reads

θ̇i = gijη̇j =−λgij
(
ηj− ηjq

)
=−λgij ∂

∂θj
(
ϕ+ψq− θkηkq

)
,

with ψq := ψ(q). This is equivalent to

γ̇ =−λgradD∗
q , (8)

whereD∗
q := D(·||q), γ(t) := (θi(t)), and grad denotes the Riemannian gradient operator. This

is our first result.

Theorem 1. Newton’s Law of Cooling is one component of the gradient flow defined by
equation (8).
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From equation (7), we may see that the gradient flow (8) is a ∇∗-pregeodesic [9], i. e.,

∇∗
γ̇ γ̇ =−λγ̇. (9)

This will be useful in the next section.
Now we show that T is indeed an affine coordinate of a flat connection corresponding to a

dual structure. To this end, we resort to the First Law of Thermodynamics, expressed by

dU= TdS+ ηkdθ
k.

In the case of a fluid in a closed container, the only η and θ represent the negative pressure
and its volume, respectively. In general, U is a convex function of S and the θk, and thus
defines a dual structure where T and the ηk are affine coordinates of a flat connection∇∗. The
metrics of this structure are known asWeinhold metrics [20] and are conformally equivalent to
Fisher’s [21, 22], also called Ruppeiner metrics in the context of equilibrium thermodynamics
[23].

According to equation (6), the divergence induced by U is

D∗
q = U+ψq−TqS− (ηk)q θ

k, (10)

which coincides with the negative availability of the system. This is the amount of useful work
that can be extracted when the system is not in equilibrium with its surroundings [18, 24–26],
and provides a notion of ‘distance’ in terms of energy. Mathematically, it is proportional to
the Kullback–Leibler divergence DKL used in [1] to measure distance to equilibrium at every
stage of a relaxation process, this is,

D∗
q = TqDKL (·||q) .

The Λk appearing in the distributions describing Gaussian chains there are equivalent to the
ηk defined here. Consequently, we find it reasonable to use D∗

q as a measure of distance to the
target equilibrium state q in endoreversible relaxations dictated by equation (8).

We close this section with two straightforward corollaries that follow from regarding
equation (1) as a gradient flow. The first one establishes a lower bound on the availability
dissipated along an endoreversible relaxation dictated by equation (8).

Indeed, if γ satisfies equation (8), then

−λḊ∗
q = ||γ̇||2. (11)

On the other hand, the amount of availability A dissipated along any process γ can be
expressed as dA=−dD∗

q [27, 28]. So, the total dissipated availability after time τ is

δA(τ) =
1
λ

ˆ τ

0
||γ̇||2dt⩾

L2
γ

λτ
, (12)

with Lγ denoting the Riemannian length of γ, and the last result following from the Cauchy-
Schwarz inequality. Equation (12) is a thermodynamic uncertainty relation between speed and
thermodynamic cost for processes guided by equation (8) [29, 30].

Assume now that the system is driven along a prescribed path γ defined by a sequence of
states {q(t)}0⩽t⩽τ to which it relaxes, according to equation (8). Then, defining ϵ := 1/λ with
λ time-dependent (see [31]), we have that

δA= ϵ̄

ˆ τ

0
||γ̇||2dt⩾

ϵ̄L2
γ

τ
. (13)

Here, ϵ̄ denotes the average of ϵ with respect to ||γ̇||2, and τ is the duration of the process.
This is known as the Horse–Carrot theorem [27, 32], which provides a minimum value for the

5



J. Phys. A: Math. Theor. 58 (2025) 125004 A Bravetti et al

dissipated availability during any process occurring over a finite time (see also [33]). Thus, we
have proven the following.

Corollary 1. The Horse–Carrot theorem (13) holds for any process satisfying

γ̇ =−λ(t)gradD∗
q(t). (14)

We note that one of the benefits of the information-geometric approach employed in the
proof of this result is that it extends the applicability of the Horse–Carrot theorem to any
dynamics given by (14), such as those in machine learning and evolutionary biology [9, 34],
with the meaning of δA depending on the context.

4. Asymmetric relaxation of a closed ideal gas

We now search for asymmetries in endoreversible relaxations of a closed ideal gas. Consider
two distinct initial equilibrium states p±0 satisfying D∗

0 := D∗
q(p

+
0 ) = D∗

q(p
−
0 ) [1], and assume

constant pressure, so that q and p±0 are determined by their temperatures only, Tq and T
±
0 .

We use the equations of state of an ideal gas, [18]

U= cN0kBT, (15a)

PV= N0kBT, (15b)

to obtain (see appendix A)

S= N0kB

[
(c+ 1) ln

(
T
Tq

)
− ln

(
P
Pq

)]
. (16)

At constant η2 =−P, this yields

∆D∗ = (c+ 1)N0kB

[
∆T−Tq ln

(
T+

T−

)]
, (17)

where∆D∗ := D∗
q(γ

+)−D∗
q(γ

−) andD∗ is given by equation (10). The curves γ+ and γ− are
solutions to equation (8) starting at p±0 , respectively. The constant N0 represents the number
of gas particles, c> 0 is related to the energy equipartition, and kB is Boltzmann’s constant.

The difference ∆D∗ is always positive, irrespective of the initial states. This follows
from observing that all the critical points of ∆D∗ are maxima, and that ∆D∗(0) = 0 and
limt→∞∆D∗ = 0 (see appendix A).

Thus, we have proved our second main result (see figure 1).

Proposition 1. Given the definition of distance to equilibrium dictated by the thermodynamic
availability (10), a closed ideal gas that relaxes according to Newton’s law (1) warms up faster
than it cools down at constant pressure.

Notice that equation (15) always remain valid during the relaxation, provided the process is
endoreversible. This holds true mathematically, even if the initial states fall outside the range
of physical validity of equation (1). Remarkably, through an appropriate definition of distance,
asymmetric relaxations also occur within this regime, and can be explained from a geometric
standpoint (see [2]).

In view of equation (1) and figure 1, the asymmetry may seem trivial, arising from asym-
metric initial conditions. However, our non-trivial finding establishes that at any instant of time
during the relaxation, one can extract more useful work from a system cooling down, because
the availability is always greater in that case. Moreover, our result extends to situations where
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Figure 1. Left: D∗ as a function of T for a monoatomic ideal gas (c= 3/2), in units
of kB = 1. We observe that T− is closer to Tq than T+, meaning that warming up
occurs faster at constant pressure. Right: ∆D∗ as a function of time in units of kB = 1.
According to the graph, the available work is greater when the system is cooling down
at every time during the relaxation. The difference in available work between the two
systems is the greatest at t= t∗, and it gradually vanishes as the systems relax to
equilibrium.

the asymmetry is not predictable from the choice of the initial conditions, as we will show
later.

5. The general result

Let us study the conditions of asymmetric relaxations in a more general setting, supposing
only that the relaxation follows equation (8). In particular, we do not assume the system has a
definite temperature at every instant of time, nor that it satisfies the standard Newton’s law of
cooling (1).

Consider two solutions γ1,2 of equation (8), initiated from thermodynamically equidistant
conditions p1,20 , and define ∆D∗ := D∗

q(γ
2)−D∗

q(γ
1). Assuming ∆D∗ is sufficiently well-

behaved, asymmetric relaxation occurs when∆D∗ ̸= 0, for all t ∈ (0,∞), provided∆D∗(0) =
0 and limt→∞∆D∗ = 0. For this, it suffices that the critical points of ∆D∗ be only maxima.

According to equation (11),∆Ḋ∗ = 0 if and only if ||γ̇2||= ||γ̇1||.Differentiating Ḋ∗
q yields

−λD̈∗
q = γ̇ [g(γ̇, γ̇)] =∇∗

γ̇g(γ̇, γ̇)+ 2g
(
∇∗

γ̇ γ̇, γ̇
)
=−C(γ̇, γ̇, γ̇)− 2λ||γ̇||2, (18)

where the last equality follows from equation (9) and from introducing the Amari–Chentsov
tensor C :=−∇∗g [35, 36].

Evaluating ∆D̈∗ at the time t= t∗ when ||γ̇2||= ||γ̇1||, and substituting into the last
equation, we derive

λ∆D̈∗|t∗ = C
(
γ̇2, γ̇2, γ̇2

)
|t∗ −C

(
γ̇1, γ̇1, γ̇1

)
|t∗ .

We have thus arrived at a general characterization of asymmetric relaxations.

Theorem 2. For two relaxation processes γ1,2 satisfying equation (8), if C(γ̇1, γ̇1, γ̇1)⩾
C(γ̇2, γ̇2, γ̇2) whenever ||γ̇2||= ||γ̇1||, then the relaxation along γ1 occurs faster than that
along γ2.

It is important to remark that in the general case all the η may vary freely on γ1,2, unlike the
previous case of isobaric relaxations, which we now review in the light of the above theorem.
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In the η coordinates, the components of the Amari–Chentsov tensor are [14]

Cijk =− ∂3ψ

∂ηi∂ηj∂ηk
.

At constant pressure,

C=−∂
3ψ

∂T3
dT3. (19)

Applying equations (5), (15) and (16), we have that C111 = (c+ 1)N0kB/T2, which yields

λ∆D̈∗|t=t∗ = (c+ 1)N0kB

((
Ṫ+
)3

(T+)2
−
(
Ṫ−
)3

(T−)2

)∣∣∣∣∣
t=t∗

< 0,

confirming the established result.
One might wonder about the advantage of computing the Amari–Chentsov tensor over dir-

ectly calculating ∆D∗ as a function of time. The key benefit is that ∆D∗ cannot be obtained
analytically, even for an ideal gas. The complication arises from the choice of initial condi-
tions, which must satisfy D∗

q(p
+
0 ) = D∗

q(p
−
0 ). As the equations of state become more complex,

like in the next example, further difficulties arise. In contrast, the computation of C is always
analytically feasible.

6. An example of cooling down occuring faster than warming up

We now extend the analysis of the Amari–Chentsov tensor to quantum ideal gases, illustrat-
ing that theorem 2 relies only on the thermodynamic description of the system, regardless of
its classical or quantum nature. We obtain a rather surprising result: the asymmetry here is
opposite, cooling down occurs faster than warming up.

To begin, we revisit the equations of state for Fermi–Dirac and Bose–Einstein gases. The
internal energy U± and particle number N± are [15, 18, 37]

U± =∓κΓ(a+ 2)(kBT)
a+2Lia+2

(
∓eµ/kBT

)
, (20a)

N± =∓κΓ(a+ 1)(kBT)
a+1Lia+1

(
∓eµ/kBT

)
, (20b)

where the + (−) sign corresponds to fermionic (bosonic) quantities. Here, Γ denotes the
Gamma function, and Lia represents the polylogarithm of order a⩾ 1/2. The constants κ and
a are system dependent [37], and µ denotes the chemical potential of the gas.

In this case, the relevant thermodynamic potential is

ψ (T,µ) =∓κΓ(a+ 1)(kBT)
a+2Lia+2 (∓ξ) ,

with ξ := exp[µ/kBT] representing the fugacity of the gas [15, 18, 37]. For simplicity, we con-
sider relaxations at constant µ. According to equation (19), the only necessary component of
C is (see appendix B)

C111
± =∓κka−1

B Ta−4Γ(a+ 1)
(
µ3Lia−1 (∓ξ)

+ akBT{(a+ 1)kBT [3µLia+1 (∓ξ)
−(a+ 2)kBTLia+2 (∓ξ)]− 3µ2Lia (∓ξ)

})
. (21)

For our systems of interest, all polylogarithmic functions are negative in the fermionic case,
and positive in the bosonic one, provided that T > 0. Besides, if µ< 0, C111

± < 0. This holds

8
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Figure 2. Left: D∗ as a function of T for bosons, in units of κ= 1 and kB = 1. Since
T+ is closer to Tq than T−, cooling down occurs faster (see figure 1). Right: ∆D∗ for
bosons as a function of time, in units of κ= 1 and kB = 1. The shapes of D∗ and ∆D∗

agree with the fact that C(γ̇+, γ̇+, γ̇+)⩾ C(γ̇−, γ̇−, γ̇−).

for bosons and for fermions away from the quantum regime (T→∞ and ξ→ 0) [15]. Since

Ṫ− > 0> Ṫ+, we have that C111
± (γ+(t))

(
Ṫ+
)3
> 0> C111

± (γ−(t))
(
Ṫ−
)3

for all t> 0.
Thus, we have proved the following (see figure 2).

Proposition 2. At constant µ, ideal Bose and Fermi gases (away from the quantum regime)
cool down faster.

The reversal in the asymmetry during this relaxation process is not a quantum effect. We
obtain the same result when we consider classical ideal gases enclosed in a rigid container.
The corresponding equations of state are

U∝ ckBT
c+1ξ, (22a)

N∝ Tcξ, (22b)

with µ< 0. The C111 component of fermionic and bosonic gases reduce to their classical coun-
terpart in the classical limit given by T→∞ (see appendix B).

Finally, we remark that finding ∆D∗ analytically as a function of time is impossible when
dealing with quantum gases. However, we can determine the asymmetry in the relaxation by
means of the explicit calculation of the Amari–Chentsov tensor. This is also possible in pro-
cesses involving more than one parameter, as we illustrate below.

7. Non-isobaric relaxation of ideal gases: a resemblance to the Mpemba effect

So far, we have considered relaxations where only the temperature of the system changes.
This framework might lead us to believe that asymmetries arise from asymmetric initial con-
ditions, since |T−0 −Tq|< |T+0 −Tq| always. While this is certainly true in the scenarios we
have analyzed to this point, it is no longer the case when more parameters change during the
relaxation. In this general situation, the Euclidean distance between the initial and final states
is not meaningful from the physical or geometrical point of view, and cannot be used to predict
asymmetries.

To illustrate this, we compare the non-isobaric cooling down of an ideal gas to an isobaric
cooling down from a higher temperature, showing that an adequate choice of the initial states
results in a process resembling the well-known Mpemba effect, where a hot system freezes

9
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Figure 3. Left: Contour plot (dark to light) of A :=−λ3C(gradD∗
q ,gradD

∗
q ,gradD

∗
q )

for a monoatomic ideal gas. At t= t∗ (red points), A is greater for γ1 (dashed) than for
γ2 (dot-dashed), whence the relaxation along the former is faster. Right:∆D∗ (orange),
∆(||γ̇||/λ)2 (brown), and ∆A/λ3 (blue) along γ1 and γ2. The minimum of ∆D∗ is
attained when the relaxation speeds are equal. Observe that the two relaxations converge
to q at different speeds. Since ∆A> 0 at t= t∗, relaxation along γ1 is faster, which
agrees with ∆D∗ < 0.

faster than a cooler one [38–40]. In this case, the initial temperature difference is not enough
to predict asymmetries, as we show.

Consider one mole (N0kB ≈ 1J ·K−1) of a monoatomic ideal gas (c= 3/2) prepared at
two thermodynamically equidistant states p1,20 , both relaxing endoreversibly to a state defined
by Tq = 275K and Pq = 100kPa. Relaxation from p10 is isobaric, with initial temperature
T1
0 = 375K, whereas relaxation from p20 has initial temperature T2

0 = 300K and pressure
P2
0 = 189.487kPa.
Let λ= 1s−1. Then, ∆D∗ has a critical point at t∗ ≈ 0.5s, and C(γ̇1, γ̇1, γ̇1)|t∗ >

C(γ̇2, γ̇2, γ̇2)|t∗ (see appendix C). Hence, the relaxation along γ1 is faster than that along γ2

(see figure 3), according to theorem 2.
We have thusly revealed a phenomenon similar to the Mpemba effect in ideal gases, which

brings to the surface the underlying geometric aspects of asymmetries in relaxations dic-
tated by equation (1). This result is, of course, not exactly the same as the Mpemba effect,
because the systems are not initially identical up to their temperatures and no phase transition
(e.g. freezing) is considered. In this case, the systems are initially identical only in terms of
their availability.

Like in the example of quantum gases, ∆D∗ cannot be computed analytically. However, a
straightforward calculation of the Amari–Chentsov tensor yields (see appendix C)

C=
(c+ 1)kBN

T2
dT3 − kBN

P2
dTdP2 + 2

kBNT
P3

dP3 , (23)

which can be readily used to analyze the asymmetry in the relaxation.

8. Concluding remarks

We generalized Newton’s law of cooling using information geometry, portraying it as one
component of a gradient flow. This led us to derive a thermodynamic uncertainty relation
between speed and cost, as well as the Horse–Carrot theorem. Our approach allows for the
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study of asymmetric relaxations even near equilibrium, suggesting that, mathematically, they
can be explained using geometry in this regime.

Going beyond Newton’s law and considering general gradient flow relaxations, our res-
ults indicate that the Amari–Chentsov tensor is crucial for understanding asymmetries, at
least where equation (1) holds. This not only gives it practical physical significance but also
underscores its value in the geometric description of any dynamics governed by equation (8).
However, its role in more general settings remains an open question.

As with thermal kinematics [2], our method is based on information geometry. In both
cases, this provides a geometric understanding of asymmetric relaxations in different regimes.
Exploring the connection between these approaches offers perspectives for future research.

Through examples, we demonstrated the applicability of our results to various thermody-
namic systems, both classical and quantum. Our examination of rigid systems in section 6
reveals an opposite asymmetry compared to the standard one, both for quantum and classical
gases. This shows the universality of our approach and may offer insights on relaxations in
other systems ranging from paramagnetic solids to black holes, and even others beyond the
scope of thermodynamics, like machine learning and evolutionary biology [9, 34, 41, 42].

It is important to remark that the description of asymmetric relaxations that we follow here
relies on a specific notion of distance to equilibrium, namely, the thermodynamic availability
of the system. This choice on the one hand is physically grounded on the fact that it is the
most natural choice in terms of energetic (extractable work) analysis. Besides, it coincides
with typical choices already used in the literature of asymmetric relaxations if extended to
far-from-equilibrium contexts. However, it turns out that this is just one of the many possible
choices of a divergence function on the manifold of states. Describing asymmetric relaxations
independently from how distances are measured is an interesting open problem [43]. It is
directly related to the question of whether theMpemba effect can be effectively addressed from
an information-geometric perspective [44], presenting another direction for future research.
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Appendix A. Detailed calculations of the divergence for closed ideal gases

We present here the detailed calculations that lead to our results in section 4.
Let us start with the derivation of ∆D∗. We plug equations (15) into the First Law of

Thermodynamics, dU= TdS−PdV. Then, we solve for dS, obtaining

dS= N0kB

(
c
dT
T

+
dV
V

)
.

Integrating yields

S= N0kB ln

[(
T
Tq

)c V
Vq

]
.

11
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Solving equation (15b) for V and substituting in the last expression yields equation (16).
To obtain D∗

q , we substitute equations (15) and (16) in equation (10):

D∗
q = cN0kBT+ψq−TqN0kB

[
(c+ 1) ln

(
T
Tq

)
− ln

(
P
Pq

)]
+PqV

= N0kBT

(
c+

Pq
P

)
+ψq−TqN0kB

[
(c+ 1) ln

(
T
Tq

)
− ln

(
P
Pq

)]
.

Upon letting P= Pq, we can readily verify equation (17).
We differentiate this last equation, obtaining

∆Ḋ∗ = (c+ 1)N0kB

[
∆Ṫ−Tq

(
Ṫ+

T+
− Ṫ−

T−

)]
.

Substituting equation (1),

∆Ḋ∗ =−λ(c+ 1)N0kB∆T

(
1−

T2
q

T+T−

)
.

Then, ∆D∗ attains a critical value at t := t∗, which satisfies

T+T−|t=t∗ = T2
q.

To determine the nature of the critical value, let us differentiate ∆Ḋ and evaluate in t= t∗:

∆D̈|t=t∗ = −λ(c+ 1)N0kB

[
∆Ṫ

(
1−

T2
q

T+T−

)
−

T2
q∆T

(T+T−)2
(
Ṫ+T− +T+Ṫ−

)]∣∣∣∣∣
t=t∗

= λ2 (c+ 1)N0kB

{
∆T|t=t∗

(
1−

T2
q

T+T−

)∣∣∣∣∣
t=t∗

−
T2
q∆T

(T+T−)2

∣∣∣∣∣
t=t∗

[
Tq
(
T+ +T−

)
− 2T+T−

]
|t=t∗

}

=−λ2 (c+ 1)N0kB

[
∆T|t=t∗
T2
q

Tq
(
T+ +T− − 2Tq

)
|t=t∗

]
=−λ2 (c+ 1)N0kB

[
∆T|t=t∗
Tq

(
T+ +T− − 2

√
T+T+

)
|t=t∗

]
=−λ2 (c+ 1)N0kB

[
∆T
Tq

(√
T+ −

√
T−
)2
]∣∣∣∣

t=t∗

,

which is negative because λ> 0 and ∆T= T+ −T− > 0 always.
Since ∆D is not identically zero, it must attain a maximum at t= t∗, thusly proving our

main claim in section 4.

Appendix B. Detailed calculations of the divergence for quantum ideal gases

Following theorem 2, the Amari–Chentsov tensor C is the only object we need to determine
asymmetric relaxations dictated by equation (8). To compute it, we require the third derivatives
ofψ, the Legendre transform ofU, with respect to T and the η. For a gas in a rigid container, the

12
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only η is the chemical potential µ. This is because the First Law in this case has the following
form:

dU= TdS+µdN.

Recall that ∂iψ = θi. So, C2ij can be obtained directly with the negative second derivatives
of equation (20b) with respect to T and µ.

The remaining independent components C1ij are obtained by computing the partial deriv-
atives of the components of dS obtained from the First Law:

dS=

(
1
T
∂U
∂T

− µ

T
∂N
∂T

)
dT+

(
1
T
∂U
∂µ

− µ

T
∂N
∂µ

)
dµ.

In the case of a relaxation at constant µ, or equivalently dµ= 0, the Amari–Chentsov tensor
reduces to

C=− ∂

∂T

(
1
T
∂U
∂T

− µ

T
∂N
∂T

)
dT3,

which yields equation (21).
The equation above also lets us to find C111 for classical ideal gases enclosed in rigid con-

tainers. Indeed, plugging in the latter equations (22), we obtain

C111
c ∝−k−2

B Tc−5ξ
[
c
(
c2 − 1

)
k3BT

3 − 3µ(c− 1)ck2BT
2 + 3µ2 (c− 1)kBT−µ3

]
.

To see that equation (21) reduces to the last expression when T→∞, we consider the
greatest power of T in both expressions. Additionally, we recall that Lib(z)≈ z when z→ 0,
for all b, obtaining

C111
±

T→∞∝ −Ta−1ξ and C111
c

T→∞∝ −Tc−2ξ,

which coincide if we consider that the container is a box (a= 1/2) and the gas has three degrees
of freedom (c= 3/2).

Appendix C. Detailed calculations on the nonisobaric relaxation of ideal gases

Given p10, we wish to find p20 satisfying

D∗
q

(
p20
)
= D∗

q

(
p10
)
, ||γ̇2 (t∗) ||= ||γ̇1 (t∗) ||, and C

(
γ̇1, γ̇1, γ̇1

)
|t=t∗ > C

(
γ̇2, γ̇2, γ̇2

)
|t=t∗

for some time t∗. The curves γ1,2 are ∇∗-pregeodesics starting at p1,20 and converging to q.
The first equation can always be solved, as long as p10 ̸= q. This is true because D∗

q is well-
behaved and attains a minimum at q, which means that all its level curves except the one
belonging to the critical value will be 1-dimensional submanifolds. In general, it is impossible
to obtain this solution analytically, which underscores the usefulness of theorem 2.

Finding general conditions that guarantee the existence of p20 is rather challenging. Thus, we
opt for fixing p10 and tune the system using t∗ as a parameter to obtain an acceptable solution.
For simplicity, we set N0kB = 1 and λ= 1. The values we choose for q and p10 resemble typical
laboratory conditions, and so does our choice of p20 among the many solutions we obtain.

To better explain figure 3, we present the calculations that lead to the quantities involved.

13
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To compute A and ||gradD∗
q ||, we need the metric tensor. It is given by the Hessian matrix of

the Legendre transform of U with respect to T and−P, or equivalently, by the first derivatives
of S and V. This yields

g= N0kB

(
c+ 1
T

dT2 − 2
dTdP
P

+
T
P2

dP2

)
.

We obtain gradD∗
q by multiplying the inverse of the matrix representation of g with the

matrix representation of dD∗
q . As expected, this results in

gradD∗
q = (T−Tq)

∂

∂T
+(P−Pq)

∂

∂P
.

Its norm squared is

||gradD∗
q ||2 = N0kB

[
c+ 1
T

(T−Tq)
2 − 2

(T−Tq)(P−Pq)
P

+
T
P2

(P−Pq)
2
]
.

Analogously, we get A by writing T−Tq and P−Pq instead of dT and dP, respectively, in
equation (23)

The two relaxations we consider in section 7 are

γ1 (t) =
(
275+ 100e−t,100000

)
and γ2 (t) =

(
25e−t+ 275,89487.5e−t+ 100000

)
.

Plugging these into equation (17) and taking the difference gives

∆D∗
q (t) =

1
0.00404755 + 0.00452303et

+ 212.5e−t+ 687.5log
(
e−t+ 11

)
− 687.5log

(
4e−t+ 11

)
− 275. log(−0.894875sinh(t)+ 0.894875cosh(t)+ 1) .

The last expression does not say much, but allows us to verify straightforwardly that∆D∗
q > 0

for all t ∈ (0,∞). The critical point of this function is t∗ = 0.511743.
Alternatively, we may obtain the time dependency of A and ||γ̇|| in an analogous way. Then,

according to theorem 2, we solve ||γ̇1(t∗)||2 = ||γ̇2(t∗)||2 = for t∗, and plug into∆A(t∗). This
procedure yields the same t∗, and ∆A(t∗) = 21.8106, which means that the relaxation along
γ1 is faster.
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