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The present work investigates the entanglement entropies of the Hawking radiations, Page times, and
scrambling times for the eternal planar black holes in the holographic axion gravity. The solutions
correspond to a new class of charged black holes, because the boundary diffeomorphism is broken due to the
graviton mass induced by the axion fields in the bulk. The information theoretical aspects of these black hole
solutions are determined upon applying the island rule for the entanglement entropy. Like nonextremal
charged black holes, the radiation entropy grows linearly in the no-island configurations, while it is saturated
at late times by asymptotic values set by the Bekenstein-Hawking entropy in the island configurations, with
the boundary being located slightly outside the outer horizon. In particular, for the extremal black planes of
holographic axion gravity, we find that (a) the entanglement entropy of the Hawking radiation is ill-defined
at the early times when the island is absent, (b) it tends to a distinctive constant at the late times, and (c) the
late-time location of the island is indeed universal. Moreover, we investigate how the Page time is affected by
the holographic massive gravity deformation. For neutral solutions at the small deformation parameter, and
for charged solutions with almost-extremal deformation parameter, we find that the Page transition happens
at earlier times.

DOI: 10.1103/PhysRevD.106.126018

I. INTRODUCTION

Quantum information theoretic aspects and behavior of
gravitational horizons have served us as a long-lasting
source of theoretically profound open questions. These
questions emerge unavoidably in the overlapping physics
of quantum field theory and Einstein’s field theory of the

curved spacetime. Typically, the standard semiclassical
calculations lead to uncomfortable results which violate
a principle fundamental to the known quantum physics:
the time-evolution unitarity of closed quantum systems.
Hawking’s initial semiclassical calculation suggests an
ongoing nonunitary process of black hole evaporation.
The improved prescription by Page realizes a unitarity
restoration with entropy decreasing right after the Page
time [1–3]. Indeed, reproducing the Page curve for the
entanglement entropy of Hawking radiation remains a key
ingredient in solving conclusively the information prob-
lem in gravitational quantum field theories.
Recently, considerable insight has been gained within

the “island paradigm” [4–9]. The entanglement entropy of
the Hawking radiation, as one computes accordingly, may
be limited during black hole evaporation [5–9], realizing
the Page curve and the time-evolution unitarity the entire
process. The fine-grained entanglement entropy of the
Hawking radiation, in the spirit of quantum extremal
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surface prescription [4,7] and after renormalization [10,11],
is given by

SðRÞ ¼ min fext
I
½Sgen�g: ð1Þ

It is defined in terms of the generalized entropy
Sgen ¼ Areað∂IÞ=4GN þ SmðR ∪ IÞ, with I andR denot-
ing in order the island and radiation regions, and GN being
the Newton constant. Additionally, ∂I represents the
boundary of the island, the quantum extremal surface,
and the matter entropy Sm is the von Neumann entropy
of the quantum fields living on the union of the island and
the radiation regions. This formula reveals that one first
needs to extremize the generalized entropy to find extremal
points that indicate locations of the island. Then one selects
the minimum value as the fine-grained entropy of radiation.
Interestingly, Eq. (1) can be also derived by means of the
replica method applied to the gravitational path integral
[12,13]. Moreover, the island formula can be understood by
combining the anti–de Sitter (AdS) boundary conformal
field theory correspondence and the braneworld holography
[14–29].
Preliminary works in this field focused on reproducing

successfully the Page curve in two-dimensional black holes
using the semiclassical method in Jackiw-Teitelboim gravity
[7,8,13]. The island rule was generalized to the entanglement
entropy of the Hawking radiation in higher-dimensional
black holes: for instance, the Schwarzschild [30,31],
Reissner-Nordström [32], charged and neutral (generalized)
dilaton [33–35], Kaluza-Klein [36], rotating Banados-
Teitelboim-Zanelli [37] black holes, Kerr-de Sitter spacetime
[38], the black holes in massive gravity [39] and in the
presence of higher derivative gravity terms [40,41], and
hyperscaling violating black branes [42]. For further devel-
opments in this direction, see also the nonexhaustive list
[15,43–47] and the references therein.
An increasing number of studies have been carried out

on the island proposal in the higher-dimensional de Sitter
space [48] and cosmological scenarios [49–56] and with
other quantum information measures, such as the entangle-
ment negativity, mutual information, and relative entropy
[57–64]. Despite remarkable achievements of the island
paradigm, notable counterexamples [65,66] were shown
against the general ability of the island formula to recover
the Page curve and solve the information problem.
However, in [67], the author found a proper island in a
Liouville black hole, which could solve the puzzle that
appeared in Ref. [65]. Having these questions in regard, it is
interesting to examine the uncovered aspects of the Island
perspective for other black hole geometries.
In this work, in the context of the holographic massive

gravity [68,69] and by applying the island rule, we attempt
to compute the entanglement entropy of the Hawking
radiation and the Page curve for the AdS black holes that
are coupled to two auxiliary flat baths. It should be noted that

the coupling to such nongravitational baths can induce a
mass to the bulk graviton [15,70] so that the graviton mass is
essential for the existence of the island [28,71]. However,
here we only consider the graviton mass arising from the
holographic massive gravity setup and study its effect on
the Page curve. In fact, in the holographic massive gravity
models, giving a mass to the graviton in the bulk results in
the momentum no longer being conserved at the boundary.
Strictly speaking, the bulk graviton mass breaks the diffeo-
morphism invariance of the gravitational action; thus, from
holographic point of view, the stress-energy tensor of the
dual field theory is not conserved and, in turn, the momen-
tum conservation will be violated. (For a nice comprehensive
review on the holographic axion models and their applica-
tions, see Refs. [72,73].) A striking feature of this model is
that the black plane solutions of this model, even in the
absence of a Maxwell tensor, have an inner horizon due to
the finite graviton mass. These solutions play the same rule
like charged black holes with two horizons. Therefore,
inspired by [32,34,36,39,47], we can perform the separate
island analysis for the extremal and nonextremal cases.
This paper consists of five sections. Section II begins with

investigating neutral, nonextremal, and extremal planar
black holes in the framework of the holographic massive
gravity. In Secs. III and IV, we will obtain the entanglement
entropy of the Hawking radiation for all kinds of planar
black holes with and without the island. In addition, the
scrambling time and the Page times are both analyzed and
discussed, specially at the end of Sec. III. Finally, our
conclusions are drawn in Sec. V. Thermodynamics of the
planar black holes are detailed in Appendix A.

II. BLACK PLANE SOLUTIONS

The aim of this section is to obtain a general family of
nonextremal, extremal, and also neutral black plane sol-
utions in holographic massive gravity. The action we
consider for (1þ 3)-dimensional spacetimes is formulated
as follows [68,69,72,74–77]:

S ¼ 1

16πGN

Z
dx4

ffiffiffiffiffiffi
−g

p �
Rþ 6

L2
− KðXÞ

�
: ð2Þ

In the above action, R is the Ricci scalar, L denotes the AdS
radius, and X ¼ 1

2

P
2
I¼1 ∂μΦI

∂
μΦI is the kinetic term for the

axions ΦI (I ¼ x, y), which are shift-invariant massless
scalar fields. Notice that K is a generic scalar function
[68,72,74]. Bulk axion fields are described by the linear
solution ΦI ¼ αxI , with α being a constant. Interestingly,
these scalars break translational invariance at the boundary,
as they induce an effective graviton mass. By varying the
action with respect to gμν, one arrives at

Gμν − 3gμν ¼
1

2

�
K0ðXÞ

X2
I¼1

∂μΦI
∂νΦI − KðXÞgμν

�
; ð3Þ
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with Gμν being the Einstein tensor. We have chosen to use
the units in which both L ¼ 1 and 8πGN ¼ M−2

p ¼ 1. In
order to find a general family of static black planes, we
consider the following ansatz for the solutions:

ds2 ¼ −r2fðrÞdt2 þ dr2

r2fðrÞ þ r2ðdx2 þ dy2Þ: ð4Þ

The blackening function fðrÞ vanishes at the outer event
horizon, which is located at rþ. Substituting the above
ansatz in Eq. (3), the metric elements take the following
general form [68,75,76]:

fðrÞ ¼ 1 −
�
rþ
r

�
3

−
1

2r3

Z
r

rþ
dss2K

�
α2

s2

�
: ð5Þ

The associated temperature T ¼ κþ=ð2πÞ, where κþ is the
surface gravity of the outer horizon, is, accordingly,

T ¼ ðr2fðrÞÞ0
4π

����
r¼rþ

¼ rþ
8π

�
6 − K

�
α2

r2þ

��
: ð6Þ

For neutral black planes corresponding to the massless
graviton α ¼ 0, the temperature is T ¼ 3rþ=ð4πÞ [78]. We
refer readers to Appendix A for more details about the
thermodynamics of our black plane solution. We are
interested in black plane solutions for a power function,
i.e., KðXÞ ¼ Xn with n > 0, in order to avoid the ghost and
gradient instabilities [74]. In this case, Eq. (5) yields

fðrÞ ¼ 1

r3
ðr− rþÞQðrÞ;

QðrÞ ¼N 2ðrÞ−
α2n

6− 4n
×

8<
:
N 3−2nðrÞ for n< 3

2

− 1
ðrrþÞ2n−3N 2n−3ðrÞ for n> 3

2

;

N lðrÞ ¼
Xl

m¼1

rl−mrm−1þ ; l≥ 1: ð7Þ

The solution1 (7) implies that there is always one outer
horizon at r ¼ rþ corresponding to fðrþÞ ¼ 0, whereas the
existence of the inner (Cauchy) horizon, Qðr−Þ ¼ 0,
depends directly on the existence of the real root of Q.
In the case of a solution with two horizons, the metric
function can be expressed as

fðrÞ ¼ 1

r3
ðr− rþÞ

2
64N 2ðrÞ

−N 2ðr−Þ×

8><
>:

N 3−2nðrÞ
N 3−2nðr−Þ for n < 3

2�
r−
r

�
2n−3

N 2n−3ðrÞ
N 2n−3ðr−Þ for n > 3

2

3
75: ð9Þ

It is worth mentioning that, since the line element of
spacetime must be spacelike between the horizons, the
above solution is true as long as the first derivative of fðrÞ
is positive at rþ and negative at r−, that is f0ðrþÞ > 0

2 and
f0ðr−Þ < 0. Nevertheless, one can find a special range of
the mass-generating parameter α in which the inner horizon
can be absent. To make it clear, let us check this point in
cases with KðXÞ ∈ fX;X2; X3g.

A. Type I: KðXÞ =X model

The case KðXÞ ¼ X corresponds to the well-known
holographic model of momentum relaxation [79]. It is
easy to show that the inner horizon is located at r− ¼
1
2
ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2α2 − 3r2þ

p
− rþÞ, for α values in the range

ffiffiffi
2

p
rþ <

α <
ffiffiffi
6

p
rþ according to f0ðrþÞ > 0. Therefore, the metric

function (9) can be expressed as

fðrÞ ¼ 1

r3
ðr − rþÞðr − r−Þðrþ rþ þ r−Þ: ð10Þ

It should be noted that outside the mentioned range for α,
this solution has only one horizon and the Cauchy horizon
will be absent.

B. Type II: KðXÞ =X2 model

For this case, in the range 0 < α4 < 6r4þ, we have always
a solution with two horizons, which is given by

fðrÞ¼ ðr− rþÞðr− r−Þ
r4

ðr2þ r2þþ rþr−þ r2−þ rðrþþ r−ÞÞ:
ð11Þ

Note that the temperature is positive in the mentioned range.

C. Type III: KðXÞ=X3 model

Finally, for KðXÞ ¼ X3, the black plane possesses two
event horizons at r ¼ rþ and r ¼ r− ¼ α2

61=3rþ
for the range

0 < α6 < 6r6þ. The metric can also be written as

1In the case n ¼ 3=2, the metric function in Eq. (5) takes the
logarithmic form as

fðrÞ ¼ 1 −
�

r
rþ

�
3

−
α3

r3
ln

�
r
rþ

�
; ð8Þ

which indicates a black plane solution with only one horizon at
r ¼ rþ.

2One requires this condition for having positive temperatures
for the system.
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fðrÞ ¼ 1

r6
ðr3 − r3þÞðr3 − r3−Þ: ð12Þ

Generally, the upper bounds of the α ranges come from the
positiveness of the temperature. Using Eq. (6), in the
KðXÞ ¼ Xn models, one can obtain

αext ¼ 6
1
2nrþ: ð13Þ

It is worth mentioning that for α values near this bound, the
black planes have two horizons and exactly at the αext, the
temperature is zero which implies the extremal limit. Before
leaving this section, we should consider the extremal limit
of our cases. In this limit, two horizons r� coincide together
and hence the black hole possesses only one horizon at
rþ ¼ r− ¼ re. In this respect, the metric function (9)
becomes

feðrÞ ¼
1

r3
ðr − reÞ

�
N e

2ðrÞ

−
3r2ne
3 − 2n

×

(
N 3−2nðrÞ for n < 3

2

−ðrreÞ3−2nN 2n−3ðrÞ for n > 3
2

#
;

ð14Þ
where N e

l ðrÞ ¼
P

l
m¼1 r

l−mrm−1
e . For an example, for the

K ¼ X case, if α ¼ ffiffiffi
6

p
rþ, the metric function of the

extremal black plane (14) recasts the form

feðrÞ ¼
1

r3
ðr − reÞ2ðrþ 2reÞ: ð15Þ

III. ENTANGLEMENT ENTROPY

In this section, we attempt to derive the entanglement
entropy of the Hawking radiation for our black branes with
or without the island configuration. Based on such calcu-
lations, we can reproduce the Page curves discussed in the
context of the black hole information paradox, with the Page
times and scrambling times for our case of study.

A. Entropy without island

Let us first focus on the entanglement entropy of the
Hawking radiation in the absence of the island. Actually,
in the early time of the Hawking radiation, there are
very few Hawking quanta in the interior of black holes, so
the island configuration might not be necessary. The
entanglement entropy of Hawking radiation observed
from a distant observer can be congruously described
by the s-wave approximation [30]. Under this approxi-
mation, the dynamics of the radiation is effectively a two-
dimensional conformal field theory (CFT). Hence, we use
the expression of von Neumann entropy for the two-
dimensional CFT to estimate entanglement entropy in our
four-dimensional black hole setup. Therefore, the finite

part of the entanglement entropy of the Hawking radiation
is given by3 [30,81,82]

SðRÞ ¼ c
3
log½dðbþ; b−Þ�; ð16Þ

where dðbþ; b−Þ is the distance between the boundaries
bþðtb; bÞ and b−ð−tb þ iπκ−1þ Þ of the radiation regions in
the right and the left wedge of our Penrose diagrams as
illustrated in Figs. 1(a), 2(a), and 3(a) for the neutral,
nonextremal, and extremal black plane, respectively. In all
panels, the four-dimensional flat spacetimes are used as
auxiliary thermal baths to be glued to both sides of the
two-sided planar black hole [8,46]. Because of thermal
equilibrium, the temperature of a faraway thermal bath is
the Hawking temperature defined in Eq. (6). The geodesic
distance between two points is obtained through

d2ðO1; O2Þ ¼ F ðO1ÞF ðO2Þ½ðUðO2Þ −UðO1ÞÞ
× ðVðO1Þ − VðO2ÞÞ�; ð17Þ

where F is the conformal factor and ðU;VÞ are Kruskal
coordinates (see Appendix B in more detail). Now by
taking together Eqs. (5) and (B7), we obtain that the
entropy without island has the following expression:

SðRÞ ¼ c
6
log

h
4κ−2þ e2κþr

�ðbÞ cosh2ðκþtbÞF ðbÞ2
i

¼ c
6
log

h
4b2κ−2þ cosh2ðκþtbÞfðbÞ

i
: ð18Þ

At the late-time limit (tb → ∞), writing cosh κþt ∼ eκþt,
this entropy is linear in time, that is,

SðRÞ ≃ c
3
κþt ≃

2πc
3

Tt: ð19Þ

This finding implies that entanglement entropy of the
Hawking radiation in the absence of the island surface is
increasing linear with time and becomes infinite at late
times, which results in the information paradox.

B. Entropy with islands

Now we compute the entanglement entropy of the
Hawking radiation, however, upon taking into account

3Note that the UV-divergent part of the entanglement entropy
can be absorbed into the renormalized Newton constant [80]. The
same outcome may be fulfilled by introducing a generic lower
bound cutoff scale in analogy to vacuum energy integrals in order
to avoid divergences at infinity. However, we here ignore the
cutoff dependence of the entanglement entropy as we only care
about how it scales with the subsystem, see Eq. (1). It is worth
mentioning that the UV divergence associated with the end points
in the bath gets canceled through the area and the matter entropy
contributions in the generalized entropy (1).
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the island contribution under the s-wave approximation
[30]. Here, we assume the case when the boundary r ¼ b of
the entanglement region R is far away from the horizon,
b ≫ rþ, so that the s-wave approximation is valid. Thus,
we can use the entanglement entropy of the quantummatter
in the overall region of the union of the radiation and island
and the island region [30], that is,

Sm¼ c
3
log

�
dðaþ;a−Þdðbþ;b−Þdðaþ;bþÞdða−;b−Þ

dðaþ;b−Þdða−;bþÞ
�
: ð20Þ

Since the distance between the right wedge and the left
wedge is very large at late times, one can assume

dðaþ; a−Þ ≈ dðbþ; b−Þ ≈ dða�; b∓Þ ≫ dða�; b�Þ: ð21Þ

The entanglement entropy of the matter, therefore, is
approximated as follows:

SmðR ∪ IÞ ≈ c
3
log½dðaþ; bþÞdða−; b−Þ�; ð22Þ

where aþ ¼ ðta; aÞ and a− ¼ ð−ta − iπ=κþ; aÞ denote the
boundary of the island as shown in Figs. 1(b) and 2(b).
Finally, the generalized entropy is written as the sum of the
above entropy of the quantum matter and the area term with
respect to boundaries of the island,

Sgen ¼ 4πAreað∂IÞ þ SmðR ∪ IÞ: ð23Þ

In Kruskal-Szekeres coordinates, as Appendix B presents,
the generalized entropy can be expressed as

FIG. 2. The Penrose diagram of the nonextremal charged black
planes (a) without and (b) with island in the presence of a flat
thermal bath (red lines) [46].

FIG. 1. (a) The Penrose diagram of the nonextremal neutral
black plane solutions without island in the presence of a flat
thermal bath (red lines). The Hawking radiation-identified areaR
is divided into two portions,Rþ andR−, which are located in the
right and the left wedges, respectively. TheRþ andR− boundary
surfaces are denoted, respectively, by bþ and b−. (b) The Penrose
diagram of the black plane solutions with island in the presence of
a flat thermal bath (red lines) [46]. The boundaries of the island
are located at a− and aþ.
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Sgen ¼ 2πa2 þ c
3
log

h
κ−2þ

�
e2κþr

�ðaÞ þ e2κþr
�ðbÞ

− 2eκþðr�ðaÞþr�ðbÞÞ coshðκþðta − tbÞÞ
	i

þ c
3
log

h
abe−κðr�ðaÞþr�ðbÞÞ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

fðaÞfðbÞ
p i

: ð24Þ

Indeed, to compute the entanglement entropy, one should
maximize Sgen in the time direction t ¼ ta upon finding the
position of an extremizing Sgen across all possible Cauchy
surfaces. It is obvious that the generalized entropy is
maximized by ta ¼ tb. As a consequence of the above
discussion, the time-dependent part of the generalized
entropy is removed upon setting ta ¼ tb, and the entropy
will become a constant at late times. On the other hand,
imposing on Eq. (24),

r�ðaÞ ¼ −
1

2κþ
log

�
F 2ðaÞ
a2fðaÞ

�
ð25Þ

and then extremizing the entropy with respect to a, i.e.,
∂aSgen ¼ 0 under the assumption ta ¼ tb, one can derive
the location of the island. Therefore, we have

2πaþc
3

F 0ðaÞ
F ðaÞ þ

cF 2ðaÞH0ðaÞ
3aðafðaÞ−eκþr

�ðbÞ
ffiffiffiffiffiffiffi
fðaÞ

p
F ðaÞÞ

¼ 0; ð26Þ

where HðaÞ ¼ a2fðaÞ
F 2ðaÞ . As we consider the configuration in

which the island is located near the event horizon, that is,
a ¼ rþ þ ϵ with ϵ ≪ 1 [36,39], using the approximation

fðaÞ ≈ f0ðrþÞϵþOðϵ2Þ; ð27Þ

the solution to Eq. (26) is given by

a ≈ rþ þ r2þκþc2

36π2F 2ðrþÞ
e−2κþr

�ðbÞ: ð28Þ

Here F 2ðrþÞ ¼ limr→rþF
2ðrÞwhen c ≪ 1; that is, cGN ≪

1 upon restoring the Newton constant. This finding is in
agreement with the one in [83]. We note that the conformal
factor F is finite at the horizon. We now check whether or
not the quantum extremal surface exists slightly outside the
outer horizon at the late-time regime.

1. Neutral cases

As one considers KðXÞ ¼ X, in the range 0 < α ≤ffiffiffi
2

p
rþ, the tortoise coordinate r� is obtained to be

r� ¼
Z

dr
r2fðrÞ ¼

8rþð3r2þ − α2Þ
κþ

ffiffiffi
β

p arctan

�
2rþ rþffiffiffi

β
p

�

−
4r3þ
κþ

log

� ðr − rþÞ2
2ðr2 þ rrþ þ r2þÞ − α2

�
; ð29Þ

where κþ ¼ 6r2þ−α2

4rþ
and β ¼ 3r2þ − 2α2. Therefore, the

conformal factor (B7) reads

F 2jrþ ¼ ð6r2þ − α2Þ32
2rþ

exp

�
α2 − 3r2þ
rþ

ffiffiffi
β

p arctan

�
3rþffiffiffi
β

p
��

; ð30Þ

which is finite at the outer horizon and positive. Using
Eq. (28), we therefore obtain the location of the island for
small value of α, as follows:

a ≈ rþ þ α2ð2b2 − brþ − r2þÞ þ 6r2þðb2 þ brþ þ r2þÞ
432

ffiffiffi
3

p
π2rþðb − rþÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 þ brþ þ r2þ

p
× exp

�π − 3 arctanð2bþrþffiffi
3

p
rþ
Þffiffiffi

3
p

�
: ð31Þ

Clearly, the result confirms that the quantum extremal
surface exists slightly outside the outer horizon.

2. Charged cases

As mentioned in the previous section, in the rangeffiffiffi
2

p
rþ < α <

ffiffiffi
6

p
rþ for KðXÞ ¼ X, the inner horizon

appears before the outer horizon. Therefore, we obtain
the following expression for r�:

r� ¼ 1

2κþ
logðr − rþÞ þ

1

2κ−
logðr − r−Þ

þ ðrþ − r−Þ2ðrþ þ r−Þ
4κþκ−r−rþ

logðrþ rþ þ r−Þ; ð32Þ

where

κ� ¼ ðr� − r∓Þð2r� þ r∓Þ
2r�

: ð33Þ

Thus, the conformal factor is determined such that

F 2ðrþÞ ¼
1

rþ
ðrþ− r−Þ1−

κþ
κ− ð2rþ þ r−Þ1−

ðrþ−r−Þ2ðrþ−r−Þ
2κ−r−rþ : ð34Þ

Finally, the solution to a is obtained as

a ≈ rþ þ κþr3þ
36π2ðb − rþÞðrþ − r−Þð2rþ þ r−Þ

×

�
rþ − r−
b − r−

�κþ
κ−
�

2rþ þ r−
bþ rþ þ r−

�ðrþ−r−Þ2ðrþþr−Þ
2κ−rþr−

: ð35Þ

It is obvious that the island position is outside the outer
event horizon. In addition, for the model KðXÞ ¼ X2, the
location of the island is obtained to be
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a≃ rþ þ 2r2þκ2þ
36π2ðb− rþÞ

ððb− r−Þðrþ− r−ÞÞ−
κþ
κ−

�
2κþr2þðb2þ r2þ þ rþr−þ r2−þbðrþ þ r−ÞÞ

rþ− r−

�
−ðrþ−r−Þ2ðrþþr−Þ3

4κ−r2þr2−

×exp

�ðrþ − r−Þðκþr4þ þ r−ð2r4þ þ 2r3þr− − 2r2þr2− − ðκ−þ 2rþÞr3−ÞÞ
κ−r2−r2þ

ffiffiffi
γ

p
�
arctan

�
2bþ rþ þ r−ffiffiffi

γ
p

�
− arctan

�
3rþ þ r−ffiffiffi

γ
p

���
;

ð36Þ

where γ ¼ 2κþr2þ
rþ−r−

þ 2r2− and

κ� ¼ ðr� − r∓Þ
4πr2�

ð3r2� þ 2rþr− þ r2∓Þ: ð37Þ

Finally, the KðXÞ ¼ X3 model results in

a≃ rþ þ rþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2þ brþ þ r2þ

p
36

ffiffiffi
3

p
π2ðb− rþÞ

�ðrþ − r−Þ3ðb2þ br− þ r2−Þ
3κþðb− r−Þ2r2þ

�

×exp

�
1ffiffiffi
3

p
r2þ

�
πr2þ − 3r2þ arctan

�
2bþ rþffiffiffi

3
p

rþ

�

þ 3r2−

�
arctan

�
2bþ r−ffiffiffi

3
p

r−

�
− arctan

�
2rþ þ r−ffiffiffi

3
p

r−

����
;

ð38Þ

where

κ� ¼ 3

2r2�
ðr3� − r3∓Þ: ð39Þ

It is straightforward, using Eqs. (36) and (38), to verify that
the island for both X2 and X3 is placed out of the outer
event horizon.
Now, substituting the approximate solution (28) into

(24), the late-time radiation entropy with island is
expressed by

SðRÞ ¼ 2πr2þ þ c
3
log

�
e2κr

�ðbÞ

κ2þ
F ðbÞF ðrþÞ

�

þ c2r3þκþ
18πF ðrþÞ2

e−2κþr
�ðbÞ þOðc3Þ ≈ 2SBH þOðcÞ:

ð40Þ

As we observe, the main contribution to entanglement
entropy at late times is from the area term, that being twice
the Bekenstein-Hawking entropy of black planes. The
present results substantiate the previous findings in the
literature for other black holes, e.g., [30,33,34,36,83].

C. Page times and scrambling times

In early times and in the absence of the island, as we have
observed, the entanglement entropy grows linearly in time.
Nevertheless, at late times, the island appears near the outer

horizon and the resultant entanglement entropy becomes
constant, namely, 2SBH. Equating the asymptotic constant
value of the entropy (40) with the entropy without the
island (19), the Page time for our eternal black planes is
obtained to be,

ctPage ¼
3SBH
πTH

: ð41Þ

The above finding implies that the island arises around
the Page time, which itself is proportional to twice the
Bekenstein-Hawking entropy of the black hole. If the
massive gravity parameter α is set to be close enough
to the extremal limit (13), so that the inner and outer
horizons are sufficiently close each other, the Page time is
estimated as

ctPage ≈
4πr2þ

nðrþ − r−Þ
þ 4πrþ

3
: ð42Þ

Table I presents great agreements between the exact and
approximation results for the Page time. Notice that r− is a
function of α and rþ according to the equation Qðr−Þ ¼ 0.
Clearly, the Page time does decrease upon increasing the
power ofKðXÞ ¼ Xn models. It means that when the higher
orders of massive gravity are added to the theory we are
getting the Page curves at an earlier time. Furthermore, for
neutral black plane cases, in the small massive gravity
parameter limit, i.e., α ≪ 1, the Page time is obtained in
terms of α as

ctPage ¼ 4πrþ þ 2πrþ
3

α2n þOðα4nÞ; ð43Þ

whose leading term is the Page time for the neutral black
plane in the context of Einstein gravity, corresponding to

TABLE I. A comparison between the exact (41) and approxi-
mated (42) values of the Page time for various holographic
massive gravity models in charged black plane cases as one takes
α ¼ 0.95αext to be near the extremal limit and rþ ¼ 1.

Model X X2 X3 X4 X5 X6

ctExactPage 128.886 67.745 47.43 37.335 31.317 27.339

ctApproxPage 128.740 67.567 47.150 36.923 30.772 26.660
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the massless graviton with unbroken diffeomorphism, and
the subleading terms capture the contributions of the
massive gravity. Since n > 0, this implies that the mass
deformation makes the evaporation of the neutral black
plane reaching the Page time more slowly compared to the
original theory with massless gravitons.
As a consequence, the radiation entropy of the radiation

increases linearly with time at early time, during which no
island is formed. Around the Page time, the island can be
formed near the horizon of the black hole and the entropy
takes a nearly constant value that is twice the thermal
entropy of the black plane.
We now discuss the scrambling times of the planar black

holes in the massive gravity models of the present study.
As mentioned before, in our asymptotically AdS black
hole cases, we couple a flat bath at the boundary of the
spacetime. Therefore, the scrambling time tscr is defined to
be the minimum time we can recover the information bits,
after sending them from the boundary (or the flat bath) to
inside the black hole, in the form of the Hawking radiation.
If the observer sends the information from the boundary at
r ¼ b to the black hole, then the time of arrival at the island
surface r ¼ a is tscr ¼ r�ðbÞ − r�ðaÞ. To find this time, we
first need to obtain the tortoise coordinate r�ðbÞ from
Eq. (28) by redefining ϵ ¼ a − rþ. Thus,

r�ðbÞ ∼ 1

2κþ
log

�
r2þc2κþ

36π2F 2ðrþÞϵ
�
: ð44Þ

From the above expression together with Eq. (25), one
finds the scrambling time to be

tscr ¼ r�ðbÞ− r�ðaÞ≃ 1

2κþ
log

�
c2r2þκþ
a2fðaÞϵ

�
F ðaÞ
F ðrþÞ

�
2
�
: ð45Þ

Since the island is located near and outside the event
horizon, i.e., a ¼ rþ þ ϵ with ϵ ≪ 1, we can expand the
above relation as follows:

tscr ≃
1

2κþ
log

�
c2κþ

f0ðrþÞϵ2
�
¼ 1

2κþ
logðr2þÞ

þ subleading terms ≃
1

TH
logðSBHÞ: ð46Þ

In the above expression, we assumed that c ∼ ϵ ≪ SBH; that
is, the central charge is much smaller than the Bekenstein-
Hawking entropy. Clearly, the scrambling time is logarith-
mically smaller than the lifetime of the black hole. This
result is in agreement with the one derived in Refs. [84,85].
Similar to the Page time, for the charged cases with α ∼ αext,
the scrambling time will be small at large n as well.

IV. THE EXTREMAL CASES

In comparison to the nonextremal black plane, within the
island framework, we must perform an independent analysis
for the entanglement entropy in the extremal black plane.
For instance, the radiation region for the extremal charged
black plane is only given by one region Rþ as the Penrose
diagram illustrated in Fig. 3. As shown in this Penrose
diagram, the Cauchy surface including bþ ¼ ðtb; bÞ touches
the singularity at b0 ¼ ðtb; 0Þ. In the absence of the island,
from Eqs. (16) and (17), the finite part of the entanglement
entropy reads

SðRÞ∼ log
h
F ðbÞF ð0ÞðUðbÞ−Uð0ÞÞðVð0Þ−VðbÞÞ

i
: ð47Þ

One can easily check that the conformal factor for the
extremal metric function (14) is divergent at the singularity
(r ¼ 0) as

F jr→0 ∼


r−1 for n < 3

2

r2−2n for n > 3
2

: ð48Þ

As a consequence of this fact, the entanglement entropy in
the absence of the island (47) is ill-defined for such a black
planar. The same result has been reported for other extremal
charged black hole geometries, see, e.g., [34,39,47]. On the
other hand, to compute the entanglement entropy in the
presence of the island configuration, we first need to rewrite
the matter part of Eq. (24) as follows:

Sm ¼ c
3
log

h
κ−2þ

�
coshðκþðr�ðaÞ − r�ðbÞÞÞ

− 2 coshðκþðta − tbÞÞ
	i

þ c
3
log

h
ab

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fðaÞfðbÞ

p i
:

ð49Þ

FIG. 3. The Penrose diagram of the extremal black planes
(a) without and (b) with island in the presence of a flat thermal
bath (red lines).
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In addition, Eqs. (9) and (6) imply that the surface gravity
κþ → 0 in extremal cases. Therefore, by taking the limit
κþ → 0 from Eq. (49), the generalized entropy for the
extremal case [47] is written as

Sgen ¼ πa2 þ lim
κþ→0

Sm ≈ πa2 þ c
3
log

h
ab

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fðaÞfðbÞ

p
× ððr�ðaÞ − r�ðbÞÞ2 − ðta − tbÞ2Þ

i
; ð50Þ

in which the first contribution comes from the area term.
In the above relation, we have used the approximation
coshðxÞ ≈ 1þ x2=2. It is trivial to verify that ta equals
to tb, when we extremize Sgen with respect to ta. Hence,
we have

Sgen¼πa2þc
3
log

h
ab

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fðaÞfðbÞ

p
ððr�ðaÞ−r�ðbÞÞ2Þ

i
: ð51Þ

Now, by varying Sgen with respect to a, one obtains the
following algebraic equation determining the location of the
island:

2πaþ c
3a

þ c
6

f0ðaÞ
fðaÞ þ

2c
3a2fðaÞ ðr

�ðaÞ− r�ðbÞÞ−1 ¼ 0: ð52Þ

Similar to the nonextremal case, we use the ansatz that the
island is located near the event horizon, that is, a ¼ re þ ϵ
with ϵ ≪ 1, together with the following approximations:

fðaÞ ≈ 1

2
f00ðreÞϵ2 þOðϵ3Þ;

r�ðaÞ ≈ −
2

r2ef00ðreÞϵ
: ð53Þ

Hence, the solution to Eq. (52) reads

a ≈ re þ
c

6πre
−
c2ð5þ r3ef00ðreÞr�ðbÞÞ

36π2r3e
þOðc3Þ: ð54Þ

For instance, if we take the metric from (15) for the KðXÞ ∈
fX;X2; X3g model in the tortoise coordinate,

r�XðbÞ ¼ −
1

3ðb − reÞ
þ 2

9re
log

�
1 − re

b

1þ 2 re
b

�
; ð55Þ

r�X2ðbÞ ¼ −
1

6ðb − reÞ
þ 1

9re
log

� ð1 − re
bÞ2

1þ 2 re
b þ 3ðrebÞ2

�

þ 7

18
ffiffiffi
2

p
re
arctan

�
1þ re

bffiffiffi
2

p re
b

�
; ð56Þ

r�X3ðbÞ ¼ −
1

bð1 − ðrebÞ3Þ
þ 1

9re
log

� ð1 − re
bÞ2

1þ re
b þ ðrebÞ2

�

þ 2

3
ffiffiffi
3

p
re
arctan

�
2þ re

bffiffiffi
3

p re
b

�
: ð57Þ

Since we assume that the cutoff surface locates far from
the horizon, b ≫ re, one obtains

r�XðbÞ ≈ r�X2ðbÞ ≈ r�X3ðbÞ ≈ −
1

b
: ð58Þ

Therefore, the island location for the above examples is
determined to be

a ≈ re þ
c

6πre
þOðc2Þ: ð59Þ

Interestingly, Eq. (54) can also reproduce the results for
both the extremal Reissner-Nordström and the extremal
Hayward black holes in [47]. Indeed, our findings reveal
the universality of island position which is outside the
horizon re for all extremal configurations. Generally, by
substituting the approximate solution (54) into (51), the
late-time radiation entropy with island reads

SðRÞ ≈ πr2e þ
c
3
log

�
12π

ffiffiffi
2

p
b

cr2ef00ðreÞ2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fðbÞf00ðreÞ

p �

þ c2ð5þ r3er�ðbÞf00ðreÞÞ
18πr2e

þOðc3Þ

≈ SBH þOðc log cÞ: ð60Þ

The above finding for the late-time asymptotics of the
entanglement entropy of the Hawking radiation is in-line
with the previous results [34,39,47]. That is, the radiation
entropy of the extremal charged planar black hole does
approximate a finite constant at the late times, like the
associated neutral and nonextremal charged black hole
solutions. However, we find that the asymptotic constant
value for the entanglement entropy for the extremal charged
black plane is approximately the Bekenstein-Hawking
entropy, rather than the double of the Bekenstein-
Hawking entropy for the nonextremal and neutral cases.
The reason behind this refers to their causal structure. More
precisely, the Penrose diagram of the neutral and nonex-
tremal charged black plane (see Figs. 1 and 2) is the two-
sided geometry, whereas the Penrose diagram of the
extremal charged black plane is the one-sided geometry
as shown in Fig. 3. Moreover, the Page time was not found
in the extremal cases, given the absence of the linear growth
of the entanglement entropy in the early times.
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V. CONCLUSION AND DISCUSSION

The present study has investigated the entanglement
entropy of the Hawking radiation from the black planes
in holographic massive gravity. One main distinction of the
black planes we explored here from common neutral black
planes is the appearance of the inner horizon due to the
induced mass of the graviton. To calculate the entanglement
entropy, we assumed that the eternal black planes with/
without an island are in thermal equilibriumwith a heat bath.
In the absence of the island, the entanglement entropy of

the Hawking radiation grows linearly with time forever in
neutral and nonextremal cases. This, however, implies that
the black plane spacetime evolves from a pure state to a
mixed state. Nevertheless, due to the different causal
structure for extremal black planes, one could not see a
linear growth of the entanglement entropy as such in the
early times.
We have observed, on the other hand, that for neutral and

nonextremal black planes, the entanglement entropy of the
Hawking radiation is bounded by a constant value that is
twice the Bekenstein-Hawking entropy [SðRÞ ∼ 2SBH] in
the presence of the island. However, in the extremal case,
this constant equals the Bekenstein-Hawking entropy
[SðRÞ ∼ SBH]. This difference seems natural because the
causal structure of the extremal case forms a one-sided
black plane.
Moreover, a universal feature for the existence of the

quantum extremal surface in the extremal black planes has
been found in our study. More precisely, for c ≪ 1, there
must be a quantum extremal surface situated in the near-
horizon region outside the extremal black plane, see
Eq. (54). This result holds independent of the model
specifying the chosen parameters. Moreover, we have
found for the neutral and nonextremal black planes that
the boundary of the island is located slightly outside the
outer horizon.
Finally, we have demonstrated how the Page time is

affected by the holographic massive gravity deformations.
To be more explicit, for either neutral solutions at the
small mass-generating parameter α → 0 or for charged
black planes with α ∼ αext, the Page time can happen at
earlier times.
Future studies can be carried out in order to investigate

the entanglement entropy of the Hawking radiation from
hairy black hole solutions in massive gravity, e.g., [86,87].
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APPENDIX A: THERMODYNAMIC QUANTITIES

In this appendix, we analyze the thermodynamics of the
black plane solution (5) by applying the solution phase

space method proposed in [88–92]. To do this, one first
needs to find the surface term Θ, which is obtained through
the variation of the Lagrangian (2) with respect to the
dynamical field, namely,

δð ffiffiffiffiffiffi
−g

p
LÞ ¼ ffiffiffiffiffiffi

−g
p �

Eαβ
g δgαβ þ

X2
I¼1

EΦIδΦI

�
þ ffiffiffiffiffiffi

−g
p ∇μΘμ;

ðA1Þ

where Eis are the equations of motion (EOM), which are
given by

Eαβ
g ¼ −

1

16πGN

�
Rαβ −

1

2
Rgαβ −

3

L2
gαβ þ KðXÞgαβ

− K0ðXÞ
X2
I¼1

∇αΦI∇βΦI

�
;

EΦI ¼ 1

16πGN
∇αðK0ðXÞ∇αΦIÞ;

Θβ ¼ 1

16πGN

�
∇αδgαβ −∇βδgαα − K0ðXÞ

X2
I¼1

∇βΦIδΦI

�
:

Then, we need to find the Noether charge Qμν associated
with the diffeomorphism generator ξμ from the Noether
current J μ ¼ Θμðδξg; δξΦIÞ − ξμL. It means that Qμν

finally reads from the on-shell relation J ¼ ∇νQμν.
Note that the vector ξμ acts on the variation fields by
Lie derivative as follows:

δξgαβ ¼ Lξgαβ ¼ ▽αξβ þ∇βξα;

δξΦI ¼ LξΦI ¼ ξα∇αΦI: ðA2Þ

Using the above relations and imposing EOM, the Noether
charge Qμν is given by

Qμν ¼ 1

16πGN
½∇νξμ −∇μξν�: ðA3Þ

Having this quantity with the surface enables us to find the
other main conserved charge tensor Kμν, which can be
defined as follows:

ffiffiffiffiffiffi
−g

p
Kμν

ξ ¼ δð ffiffiffiffiffiffi
−g

p
Qμν

ξ Þ − ffiffiffiffiffiffi
−g

p ½ξνΘμ
ξ − ξμΘν

ξ�: ðA4Þ

Notice that, to get δð ffiffiffiffiffiffi−gp
Qμν

ξ Þ, the variation of ξμ must be
vanishing, i.e., δξμ ¼ 0. Therefore, the conserved charge
tensor is obtained as
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Kαβ
ξ ¼ −

1

32πGN

�
2ξγ∇αδgβγ − 2ξγ∇βδgαγ − 2ξβ∇αδgγγ

þ 2ξα∇βδgγγ þ δgγγ∇αξβ − δgγγ∇βξα þ 2ξβ∇γδgαγ

− 2ξα∇γδgβγ þ 2δgβγ∇γξα − 2δgαγ∇γξβ

þ 2K0ðXÞ
X2
I¼1

ðξαδΦI∇βΦI − ξβδΦI∇αΦIÞ
�
: ðA5Þ

On the other hand, based on the phase space method
[88–92], we can always build a manifold M in the phase
space whose points are identified by Ξðxμ; pjÞ, where pj

are the independent parameters.4

Moreover, the tangent space of such a manifold is built
upon a subset of perturbations [88]

δΞ ¼ ∂Ξ
∂pj

δpj: ðA6Þ

Now, combining Kμν with the parametric variations δΞ, we
can obtain the conserved charges associated with the exact
symmetries ξμ of the black plane solutions. According to
the metric coordinates (4) chosen for a black plane, if one
assumes δΣ to be a surface with constant ðt; rÞ, the
conserved charge variations for an exact symmetry ξμ is
defined as [88–90]

δHξ ¼
Z
δΣ

ffiffiffiffiffiffi
−g

p
Ktr

ξ dxdy: ðA7Þ

For our case of study, since the dynamical fields Ξ ¼
fgμν;ΦIg depend on the parameters pi ¼ ðrþ;αÞ, the
parametric variations that appeared in (A5) are also given by

δgαβξ ¼ ∂gαβξ
∂α

δαþ ∂gαβξ
∂rþ

δrþ;

δΦI
ξ ¼

∂ΦI
ξ

∂α
δαþ ∂ΦI

ξ

∂rþ
δrþ: ðA8Þ

To read out the mass of the black plane solution (5), one
must choose the Killing vector ξμ ¼ −∂t as the generator to
which the mass is associated. Note that the minus sign has
been adopted to make the mass be positive. By using
Eqs. (A5), (A8), and (A7), and the metric element (5),
we therefore arrive at

δM ¼ δH−∂t ¼
r2þ

32πGN

�
6 − K

�
α2

r2þ

��
δrþ: ðA9Þ

Hence,

M ¼ 1

32πGN

Z
rþ
s2
�
6 − K

�
α2

s2

��
ds: ðA10Þ

Note that here we have considered the volume of the surface
δΣ set to be one. In addition, according to the definition of
the surface gravity

κ2þ ¼ −
1

2
∇μξν∇μξν; ðA11Þ

the corresponding temperature is given by

T ¼ κþ
2π

¼ r2þf0ðrþÞ
4π

¼ rþ
8π

�
6 − K

�
α2

r2þ

��
: ðA12Þ

The horizon entropy is defined to be the conserved charge
associated with the horizon Killing vector ξh normalized
by the Hawking temperature T. Therefore, by choosing
ξs ¼ ξh=T with ξh ¼ −∂t, the entropy at the horizon is
obtained to be

δS ¼ δHξs ¼
4πrþ
16πGN

δrþ ¼ δ

�
πr2þ
8πGN

�
: ðA13Þ

And then,

S ¼ πr2þ
8πGN

: ðA14Þ

These quantities satisfy the first law of thermodynamics, that
is, δM ¼ TδS.

APPENDIX B: KRUSKAL-SZEKERES
COORDINATES

A general form of the conformal factor function in the
Kruskal-Szekeres coordinate is presented. First of all, we
take the following general ansatz for the metric of space-
time:

ds2 ¼ −r2hðrÞdt2 þ dr2

r2fðrÞ þ r2ðdx2 þ dy2Þ: ðB1Þ

Then, by considering the null geodesic, we can introduce
the tortoise coordinate as

dr� ¼
1

r2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hðrÞfðrÞp : ðB2Þ

Now, the line element (B1) converts to

ds2 ¼ r2hðrÞð−dt2 þ dr2�Þ þ r2ðdx2 þ dy2Þ: ðB3Þ

On the other hand, by defining both ingoing and outgoing
radial null coordinates, i.e., v ¼ tþ r� and u ¼ t − r�,
respectively, the above metric becomes4Note that Ξ’s are solutions to the EOM in the phase space.
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ds2 ¼ −r2hðrÞdudvþ r2ðdx2 þ dy2Þ: ðB4Þ

Now, switching to the new coordinates ðU;VÞ, which are
defined by

U ¼ −κ−1þ eκþu; V ¼ κ−1þ eκþv; ðB5Þ

where κþ ¼ r2þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f0ðrþh0ðrþÞ

p
2

is the surface gravity, the metric
takes the following form:

ds2 ¼ −F 2dUdV þ r2ðdx2 þ dy2Þ; ðB6Þ

where the conformal factor is given by

F 2 ¼ −
4r2hðrÞ

r4þf0ðrþÞh0ðrþÞUV
¼ r2hðrÞe−2κþr�ðrÞ: ðB7Þ

The final metric form presents the original metric (B1)
written in the Kruskal-Szekeres coordinates.
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