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Abstract
We examine a spherically-symmetric class of spacetimes carrying vacuum
energy, while considering the influence of an external dark energy environ-
ment represented by a non-dynamical quintessence field. Our investigation
focuses on a specific set of solutions affected by this field, leading to distinct
kinds of spacetime deformations, resulting in regular, singular, and wormhole
solutions. We thoroughly discuss the underlying physics associated with each
case and demonstrate that more complex deformations are prone to instability.
Ultimately, we find that our results lead to an isotropic de Sitter-like solution
that behaves as a quintessence fluid. To achieve this, we investigate the nature
of the corresponding fluid, showing that it cannot provide the sound speed
equal to a constant equation of state parameter near the center. Consequently,
we reinterpret the fluid as a slow-roll quintessence by investigating its behavior
in asymptotic regimes. Further, we explore the potential implications of violat-
ing the isotropy condition on the pressures and we finally compare our findings
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with the de Sitter and Hayward solutions, highlighting both the advantages and
disadvantages of our scenarios.

Keywords: quintessence, dark energy, isotropy

1. Introduction

The evidence in support of cosmic acceleration is a an established fact of modern cosmology
[1]. The cosmological constant, Λ, is commonly considered the simplest approach to describe
the large-scale dynamics of the Universe. Specifically, it appears as a key ingredient in the
standard ΛCDM paradigm7.

Within the cosmological puzzle, Λ is interpreted in terms of a constant vacuum energy
term [5] derived from quantum fluctuations [6]. According to this ansatz, the cosmological
constant represents a form of dark energy that remains unchanged over time8. Accordingly,
the ΛCDM framework aligns well with observational data, albeit ongoing debates continue
regarding recent tensions and conceptual challenges within the model itself, see e.g. [12].
Nevertheless, dark energy is commonly described through barotropic fluids, exhibiting the
onset of cosmic speed up at a given transition time [13–18].

A promising alternative to barotropic fluids, commonly employed to describe dark energy
scenarios, involves the use of scalar fields. They represent effective fluids that differ signi-
ficantly from barotropic approaches due to their distinct underlying physics, see e.g. [19–21].
The simplest approach, employing a positive kinetic term along with a unspecified potential, is
often referred to as quintessence. Quintessence can reproduce the effects of dark energy mim-
icking the cosmological constant in the slow-roll regime9. Indeed, assuming P and ρ the cos-
mological total pressure and density respectively, w≡ P

ρ =−1 exactly represents the equation
of state parameter for the cosmological constant case, having instead w≃−1 for the quint-
essence slow-roll approximation, in which the kinetic energy is subdominant than the potential.

In addition, very recently the study of black holes has gained significant importance
due to the modern discoveries of gravitational waves and black hole shadows [26, 27].
Consequently, investigating the behavior of black holes within quintessence fields or, more
generally within dark energy environments, can provide valuable insights into the interaction
between black holes and dark energy [28]. Initial attempts incorporate black holes into quint-
essence environments [29], albeit yielding dark energy fluids that exhibit distinct radial and
tangential pressures [30], depending on the radial coordinate, r, i.e. disagreeing with the cos-
mological principle that assumes identical radial and tangential pressures, functions of cosmic
time only.

Moreover, recent advancements have revealed the possibility of non-singular black hole
configurations, predicting the theoretical existence of regular black holes [31–33]. These
solutions, derived from Einstein’s field equations, introduce notable enhancements to the

7 Dark energy models lie on assuming the cosmological principle to hold. Alternatives that aim at violating it are also
possible, see e.g. [2–4].
8 For the sake of completeness, it is remarkable to emphasize a significant distinction between the microphysics of
dark energy andΛ. While theΛCDMmodel is statistically favored, it remains theoretically incomplete, mainly due to
the cosmological constant problem [7]. Addressing this issue would offer new insights into the validity of the ΛCDM
scenario [8–11].
9 For a criticism to the standard quintessence paradigm, see e.g. [22–25].
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properties of black holes [34–37]. One intriguing characteristic of regular black holes is their
ability to carry vacuum energy. For example, this scenario has been extensively explored
through the study of the Hayward solution [38] and its extensions [39–42]. There, the fun-
damental requirement is the presence of a de Sitter phase at small radii, transitioning to a
Schwarzschild solution at very large distances, far from the conventional singularity found at
the origin of radial coordinates.

Motivated by these considerations, our work delves into a class of regular solutions by
imposing a spherically-symmetric spacetime with a 00-component, exhibiting a de Sitter-
like behavior. To accomplish this, we solve Einstein’s equations while demanding isotropic
pressures in fulfillment to dark energy scenarios. Specifically, we first consider that vacuum
energy can be function of an external non-dynamical field that deforms the de Sitter solution
modifying the mathematical structure of the metric itself. Thus, we reinterpret the field as
a possible external temperature induced by the dark energy environment, in agreement with
recent developments toward thermodynamic black holes [43]. To guarantee that the metric
is Lorentzian and remains regular at all radii, we find that our solution accounts for a (quasi)
anti-de Sitter cosmological constant contribution characterized by negative energy density and
positive pressure, whose resulting equation of state asymptotically resembles a quintessence
behavior. Further, we investigate the main thermodynamic properties of our solution, involving
the study of the sound speed at both small and large radii. To this end, we single out oppor-
tune options for our free parameters, appropriately adjusted to reproduce regular and singular
solutions. Within this treatment, we explore the possibility of mimicking a wormhole, com-
paring our solution with early literature. Last but not least, we investigate the case in which
pressures are not isotropic, studying either the case of vanishing radial pressure or zero tan-
gential one. Again, the properties of transporting vacuum energy are investigated, showing the
main differences with respect to the isotropic case and, particularly, showing instabilities into
the computed sound speeds. Regarding deformation, we emphasize that it does not delve into
a class of interesting candidates to transport vacuum energy. Physical consequences of this
aspect are thus described in detail. Finally, our solution is compared with the Hayward and de
Sitter spacetimes, emphasizing the main departures and the regimes in which our spacetime
appears better-behaving than those metrics.

The paper is structured as follows. in section 2, the spherical symmetric setup is developed
and the way we construct our solution is introduced. In section 3, we describe a varying effect-
ive cosmological constant with no deformation, while in section 4 the deformation is accoun-
ted. The physical interpretation of our fluid is reported in section 5 and, finally, we discuss
conclusions and perspectives in section 6.

2. Setup in spherical coordinates

The generic static spherical spacetime is

ds2 =−f(r)dt2 + 1
g(r)

dr2 + h(r)dΩ2 , (1)

where f(r),g(r) and h(r) depend on the radial coordinate only. The stationary region, i.e. where
∂t is a timelike Killing field, corresponds to the region where those three functions are all
positive.

3
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In the coordinate system (t,r,θ,φ), the stress-energy tensor for a perfect fluid is

[Tµν ] =


−ρ

Pr

Pt

Pt

 , (2)

where we distinguish the radial pressure, Pr, from the tangential pressure, Pt.
Our purpose is to incorporate into the above metric an external field, ϕ, that does not exhibit

dynamics though. Clearly, the simplest option involves the use of a scalar field describing a
temperature related to the environment resulting from the presence of dark energy. Specifically,
dark energy naturally acts as a thermal bath, effectively modifying the energy-momentum
tensor. Notably, significant examples of such scenarios have been studiedwithin the framework
of external gases of dark energy surrounding black holes, see e.g. [43, 44].

Thus, in order to deform equation (1), we introduce the following modification

ds2 =−f(r,ϕ)dt2 + 1
g(r,ϕ)

dr2 + h(r)dΩ2 , (3)

where conventionally we hereafter take h(r) = r2, i.e. leaving unaltered under the action of
deformation the three-volume associated with the spacetime itself10. Here, the Schwarzschild
coordinates are not fully-established since a priori f(r,ϕ) ̸= g(r,ϕ).

The physical meaning of f(r,ϕ) implies that we search for an external field, ϕ, that can
deform the mathematical structure of our solution. In other words, ϕ is interpreted as an
external field that modifies the energy-momentum tensor of our metric and, then, can act as an
environment fluid, whose properties resemble those of a temperature. Consequently, assuming
that ϕ acts as a temperature, we can vary it expecting that as the system reaches the equilib-
rium, the physical properties of our metric would change accordingly. Hence, the presence of
ϕ defines a class of metrics embedded in a temperature field, whose properties can signific-
antly change the physics associated with the free parameters of our metric, as we will clarify
throughout the text.

We proceed to include the external field motivated by the following physical arguments.

- The action of the field is to switch the free parameters of our fluid, implying a phase transition
that induces a modification of the spacetime itself.

- By considering dark energy as the source for the external field, we find that the most general
solution for the equation of state will also be dependent on both r and ϕ. As a result, the
system is not in equilibrium. To restore thermal equilibrium, we can explore the asymptotic
regime, where the dependence of w on the radial coordinate disappears, and equilibrium can
be restored.

On the other hand, equation (1) with h(r) = r2 can be recast as

ds2 =−exp−2Φ(r) dt2 +

(
1− 2M(r)

r

)−1

dr2 + r2dΩ2 , (4)

where the functions, Φ(r) and M(r), are related to the gravitational Newtonian potential and
to the total mass generating the solution, respectively.

10 In general, any deformation on h(r) can be removed through a change of coordinates, in order to reobtain the usual
three-volume of a sphere.
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Figure 1. Modifications induced by our solution with ϵ= 0 on Φ (top figure) and M
(bottom figure) got from equations (5a) and (5b) with indicative ΛB =

1
2 . For Φ, we

assume r= 1 and we vary the field as ϕ ∈ [1;3], letting Λ be negative, having fixed
ϕc = 1. The black dashed lines correspond to ΛB,5ΛB and 10ΛB. For M, we fixed ΛB

and vary k0 = {−10ΛB,−5ΛB}. In this case, the gray line corresponds to k0 =− 2
3ΛB.

Consequently, deforming equation (4) with ϕ implies that the potential is changed by virtue
of thermal energy associated with the field. In other words, a possible deformation, that gives
rise to equation (3), occurs when the potential and mass change according to

Φ(r,ϕ) =−1
2
log [f(r,ϕ)] , (5a)

M(r,ϕ) =
r
2
(1− g(r,ϕ)) . (5b)

The functional beahaviors of Φ and M will be studied later in the text (see figure 1).
In particular, we notice that a generic change of coordinates may transform the metric into

an equivalent one, removingM(r,ϕ). This appears possible sinceM is a radial function and ϕ
remains unaltered after a change of coordinates. Further, an environment field of dark energy
can modify the gravitational field around the spherical without modifying the total mass that
generates the solution itself.

Bearing this in mind, we focus below on the simplest approach that carries on vacuum
energy, without assuming f = g and regularly behaving at r= 0. We then assume that vacuum
energy sign can change under the action of ϕ and investigate which physical consequences can
be argued from this recipe.
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2.1. Introducing vacuum energy

Writing the Einstein equations as

Gµ
ν ≡ Rµ

ν −
1
2
Rδµν = 8πTµν , (6)

with Gµ
ν the Einstein tensor, Tµν the energy momentum tensor and δµν the Kronecker delta, the

simplest regular solution that transports vacuum energy is the de Sitter spacetime, where

f = g= 1− Λ

3
r2 , (7)

whose energy-momentum tensor is

Tµν =−Λδµν . (8)

To incorporate the presence of a deforming external field, ϕ, the first conditions that can be
considered are

Λ = Λ(ϕ) , (9a)

g(r,ϕ) ̸= f(r,ϕ) . (9b)

In addition, we propose a second deformation, that includes the first as a limiting case,
having

f(r,ϕ) = 1− Λ(ϕ)

3
r2+ϵ(ϕ) . (10)

The physical interpretation of equation (10) comes from the de Sitter spacetime. Indeed,
we intend to deform a standard configuration that carries on a constant form of energy, inter-
pretable in terms of vacuum energy, namely the standard de Sitter configuration. To deform it,
the simplest assumption is to depart from the ∝ r2 functional behavior of the solution, assum-
ing thatΛ is no longer a constant. To depart from the∝ r2 functional form, we thus introduce a
deforming term, ϵ(ϕ), that might depend on the external field, ϕ, responsible for the transition,
that acts on the spacetime itself.

Hence, assuming ϵ≪ 1, the corresponding approximation reads,

f(r,ϕ)≃−Λ(ϕ)

3
r2 (1+ ϵ lnr) , (11)

that, in the case of slightly evolving Λ(ϕ)≃ ΛB, gives a logarithmic correction to the de Sitter
spacetime that can be relevant to precise intervals of distances, depending on the choice of
ϵ(ϕ). For example, assuming that ϵ→ 0 as r→ 0 or r→∞ permits to neglect departures from
a genuine de Sitter cosmological constant at asymptotic regimes, giving rise to corrections that
arise only within the more internal intervals of radii.

Consequently, ϵ is physically the simplest correction possible to the de Sitter power-law
dependence.

In view of the above interpretation, equation (10) can therefore show significant departures
from the de Sitter case, that will be clarified later, as we introduce the asymptotic quintessence
behavior.

In both the deformations, the equation of state parameter depends on r and ϕ.
For the sake of completeness, the influence of the external field, ϕ, can also be encapsulated

in postulating the sign of Λ by hands. Indeed, as we will elucidate later, the sign of Λ can
be arbitrarily set to either positive or negative, resulting in vastly different properties for our
solution. However, the rationale behind choosing one sign for Λ over the other is grounded in

6
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existing literature where external fields can act as effective fluids, altering the dynamics of the
spacetime free terms, see e.g. [43, 45–48]. Additionally, Λ is associated with vacuum energy,
and it is a well-known that the sign of vacuum energy gives rise to de Sitter or anti-de Sitter
phases, each exhibiting distinct physical properties, with recognized implications in quantum
field theory [49].

The negative cosmological constant plays a pivotal role in the anti-de Sitter/conformal field
theory correspondence, i.e. establishing a duality between a quantum gravity theory in anti-
de Sitter space and a conformal field theory in one dimension lower. This correspondence
provides a unique avenue for exploring strongly coupled field theories by utilizing classical
gravity11.

To this regard, one notable implication of the negative cosmological constant is, for
example, the emergence of a holographic screen at the anti-de Sitter boundary. This screen
acts as a boundary for anti-de Sitter space and encodes essential information about the bulk
geometry. Essentially, the holographic screen serves as a holographic representation of the
three-dimensional bulk, capturing its dynamics and allowing researchers to glean insights into
the behavior of the underlying quantum field theory.

In essence, the correspondence with conformal field theory, fueled by the presence of a neg-
ative cosmological constant, facilitates the translation of complex quantum gravity problems
into more manageable problems, giving rise to the emergence of the holographic principle
[50].

In addition, black holes existing in anti-de Sitter space can exhibit negative specific heat,
from which there exists an energy loss that results in a decrease in temperature.

This intriguing feature gives rise to what is known as the Hawking-Page phase transition,
during which black holes reach a state of thermal equilibrium with a thermal anti-de Sitter
space [51].

As above stated, at asymptotic regime, however, we require w will be independent of the
coordinates.

The issue of having radial dependence is well-known for black holes surrounded by quint-
essence, as it happens for the Kiselev solution [29]. This caveat has been widely criticized
recently, see e.g. [30]. Thus, it appears evident that a spherical symmetric solution gives rise
to r-dependent pressure and density that cannot represent neither quintessence nor dark energy
at all radii. Hence, a dark energy environment can be described only if the radial coordinate
does not appear in the equation of state parameter, pressure and density.

In support of this fact, we recall that in a homogeneous and isotropic Universe, the cos-
mological principle imposes limits over the dark energy equation of state. Particularly, the
equation of state parameter cannot be function of radial coordinates, but only of cosmic time.
Analogously, whichever equation of state mimickers of dark energy has to show no radial
dependence if we want to resemble the dark energy effects.

In the case of quintessence, in addition to the above requirement, we also need that the
equation of state parameter is not phantom, namely it turns out to be larger than−1 but smaller
than zero [1, 52].

For a metric under our form, this prerogative may occur at r= 0 and asymptotically as
r→∞.

11 This clearly offers a valuable approach to investigating non-perturbative phenomena that elude traditional perturb-
ative methods.
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2.2. Reproducing quintessence

Given the above, in general relativity, the weak energy condition (WEC) is given by

Tµνϕ
µϕν ⩾ 0 (12)

where ϕµ is a timelike vector. According to the cosmological principle, WEC is
equivalent to

ρ⩾ 0, ρ+P⩾ 0, (13)

where P= Pr = Pt.
As mentioned in the introduction, the ΛCDM paradigm serves as the standard kinematic

model for describing the large-scale dynamics, and is characterized by a de Sitter phase, where
the energy density is equivalent to Λ. By virtue of the above conditions, it appears therefore
intuitive to employ

- a regular spherically-symmetric spacetime [33, 40, 53–79], allowing for the inclusion of
a vacuum energy component that can exhibit a de Sitter phase with a unspecified energy
density, denoted by Λ;

- an equation of state parameter, w, asymptotically approaching a constant value, consistent
with experimental constraints, as those derived from Planck observations [80], i.e. enabling
the existence of dark energy, violating the WEC.

It is well-known that a scalar field, ϕ, being non-dynamical and transporting vacuum energy
under the form of a de Sitter phase, might undergo a slow-roll regime [20], in analogy to
inflationary scenarios [81] and mimicking the role of Λ in the ΛCDM model [21].

In addition, to satisfy the aforementioned conditions, we can draw inspiration from the
Hayward black hole [38], where the core exhibits a non-zero vacuum energy term, i.e. 1−
f(r,ϕ)∝ r2 for r≃ 0.

In our approach, we extend the Hayward solution: there, in fact, the metric tends to
Schwarzschild at r≫ 1, whereas in our case we require 1− f(r,ϕ)∝ r2 for r≫ 1 as well as
for r≃ 0.

By virtue of the two possible deformations, that we described above, we propose to recast
equation (3) plugging equation (10),

ds2 =−
(
1− Λ(ϕ)

3
r2+ϵ(ϕ)

)
dt2 +

1
g(r,ϕ)

dr2 + r2dΩ2 , (14)

where the concept of de Sitter-like solution arises in the ϵ= ϵ(ϕ) and Λ = Λ(ϕ) terms, having
that,

- Λ is constant vacuum energy term with respect to r. Its sign is not specified a priori and
depends on ϕ;

- ϵ→ 0 as ϕ→ 0, namely without dark energy no thermal bath surrounding the solution is
expected;

- g(r) might be regular at r= 0, diverging at r→∞ as g∼ r2, i.e. restoring a de Sitter behavior.

8
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Thus, we evaluate the Einstein equations adopting equation (14)

Tt
t =

(rg(r)) ′ − 1
r2

, (15a)

Tr
r =

rf ′ (r)+ f(r)
r2f(r)

g(r)− 1
r2

=
1
r2

(
1− (Λ/3)(ϵ+ 3)rϵ+2

1− (Λ/3)rϵ+2
g(r)− 1

)
(15b)

Tθ
θ =

1
4

(
f ′ (r)
f(r)

+
2
r

)
g ′ (r)+

2f(r)(rf ′ ′ (r)+ f ′ (r))− rf ′ (r)2

4rf(r)2
g(r)

=
1
2r

· 1− (Λ/6)(ϵ+ 4)rϵ+2

1− (Λ/3)rϵ+2
g ′ (r)+

Λ(ϵ+ 2)2
(
1− (Λ/6)rϵ+2

)
6(1− (Λ/3)rϵ+2)

2 rϵ, (15c)

with Tϕϕ = Tθ
θ, and the prime indicates the derivative with respect to the radial coordinate, r.

To guarantee isotropy on pressure, as in dark energy cases, we require Pr = Pt = P as above
stated, producing a linear ODE for the unknown g(r) that can be integrated to give:

g(r) = f(r)
2F1

(
− 2

ϵ+2 ,−
ϵ

ϵ+4 ;
ϵ

ϵ+2 ;
Λ
6 (ϵ+ 4)rϵ+2

)
+ k0r2(

1− Λ
6 (ϵ+ 4)rϵ+2

) ϵ
ϵ+4+1 (16)

where k0 is an integration constant, consequence of the first order differential equation to solve
in order to address isotropy, whereas 2F1(a,b;c;z) is the analytical continuation of the hyper-
geometric function [82].

We distinguish two cases, either ϵ⩾ 0 or ϵ< 0, in which we see that for positive ϵ the
functional behavior of the lapse function, f (r), resembles a de Sitter-like form. In the simplest
case, without the presence of an external field, we assume that the dark energy density is solely
induced by the cosmological constant Λ. The non-zero value of ϵ, instead, is associated with
the effects of the temperature becoming non-negligible.

3. Varying Λ(ϕ) with ϵ=0

In order to guarantee that g= 1 at r= 0 and g∼ r2, at r→∞, we first specialize on the simplest
case ϵ= 0, having

g(r) =
(
1− Λ

3 r
2
) 1+ k0r2

1− 2Λr2/3
, (17)

where k0 is an integration constant that will be physically reinterpreted later. Now, only notice
that if k0 = 0, g converges at large radii, while diverges whether k0 ̸= 0. Hence, to address the
de Sitter behavior at large radii, g∼ r2, the natural recipe is to take k0 ̸= 0.

Particularly, the behavior at infinity immediately shows that a genuine de Sitter solution is
recovered if

g∼ k0 r2

2
→ k0 ≃−2

3
Λ , (18)

while around r= 0, up to the second order in r, we have

g∼ 1+

(
k0 +

Λ

3

)
r2 + . . . . (19)

9
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Moreover, the Ricci scalar reads

R=−
6k0

(
4Λ2r4 − 11Λr2 + 9

)
+ 4Λ2r2

(3− 2Λr2)2
, (20)

while the thermodynamic quantities related to the energy momentum tensor, i.e. the energy
density ρ and the pressure P, yield

ρ=
Λ
(
2Λr2 − 9

)
− 3k0

(
2Λ2r4 − 7Λr2 + 9

)
(3− 2Λr2)2

, (21a)

P=
3k0

(
Λr2 − 1

)
+Λ

2Λr2 − 3
. (21b)

Clearly, we are forced to stress that both 1− Λ
3 r

2 > 0 and g(r), should have the same sign.
In view of (17) this means that

1+ k0r2

1− 2Λr2/3
> 0.

This appears possible sinceΛ = Λ(ϕ), and consequently its sign can be variable, depending
on ϕ.

At this stage, we can naturally provide a physical explanation of ϕ.
The free parameter, Λ(ϕ) is a function of the environment field, ϕ, only.
Consequently, the presence of ϕ can modify the sign of Λ by only assuming that Λ is ana-

lytical in terms of ϕ. So, acting as an external temperature that does not explicitly depend on
coordinates, to change sign, Λ(ϕ) can be parameterized by12

Λ(ϕ) = ΛB

(
1− ϕ2

ϕ2
c

)
, (22)

that resembles similar approaches well-established in the context of symmetry breaking
potentials [8, 10, 83].

Immediately, the physical meaning of ϕ appears that of a temperature whose effect consists
in the change of shapes of the free parameters of our metric that, albeit constants with respect
to coordinates, appear not to be constant in terms of the free temperature.

Precisely, at the critical temperature, ϕc, the transition occurs and Λ vanishes, whereas
before and after the transition we respectively have positive and negative vacuum energy
defined.

The corresponding spacetime properties are thus associated with de Sitter and anti-de Sitter
cases for the above cases, respectively.

Phrasing it differently, in order to guarantee that the effective mass changes sign, one
assumes that there exists an external field, ϕ, acting as temperature, able to induce a trans-
ition, at a given critical value, ϕc.

Consequently, we can claim that

12 This choice is constructed by supposing thatΛ is parameterized near a maximum of a phenomenological potential,
sayΛ≃ Λ0 −Λ1ϕ2, whereΛ0 matches the bare cosmological constant, whereasΛ1 is intimately related to the phion
mass associated with the field, ϕ. Hence, rescaling the constants properly, we obtain the form in which explicitly
the critical value, ϕ2

c ≡
Λ0

Λ1
appears. This scenario is inspired from the functional behavior of an hilltop potential in

inflationary theory, albeit in this contexts it only represents a simple parametrization that enables us to switch from
de Sitter to anti-de Sitter spacetimes.

10
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- ϕc is a black hole threshold, since as wewill focus later, the caseΛ> 0 is related to a singular
solution,

- the bare cosmological constant,ΛB is a fixed, arbitrarily positive quantity, that fixes physical
dimensions. It is by definition Λ(0)≡ ΛB > 0,

- the transition of sign occurs passing from the configuration ϕ > ϕc to the opposite, namely
ϕ < ϕc,

- since the field ϕ is non-dynamical, the corresponding effect to change the sign on Λ does
not alter the treatment but leaves open to two distinct cases, say Λ positive or negative.

Consequently, two solutions are available from equation (20), corresponding to regular and
singular configurations,

Λ> 0⇔ singular solution, (23a)

Λ< 0⇔ regular solution. (23b)

To argue these two behaviors, we can easily take into account the Ricci scalar, equation (20).

Immediately, one can see that it exhibits a singularity at r=
√

3
2Λ for Λ> 0. This singu-

larity is obviously eliminated if Λ< 0. This property holds whichever values k0 acquires.
Consequently, the solution appears de Sitter-like in the case of black holes only, while anti-de
Sitter in the opposite case.

This implies two very different situations, basically depending on the sign of Λ and since
ϕc is a threshold, in principle the solution can even pass from being regular to singular.

Below, we analyze in detail the two conditions on different signs for Λ(ϕ). Specifically, we
here confuse Λ with ΛB, once its sign is imposed, i.e. as ϕ is fixed.

3.1. Singular solution

Assuming Λ> 0, we cannot have the solution defined for all r> 0, except for the deSitter case
k0 =−2Λ/3. The following cases occur, depending on k0.

(i) k0 ⩽−2Λ/3. The solution is defined in the set

r ∈]0,1/
√

−k0 [∪ ]
√

3/(2Λ),+∞ [ , (24)

and let us separately consider the models corresponding to the above two patches.
The first patch r ∈]0,1/

√
−k0[ is regular up to r= 0 included, and does not have horizons.

Energy density remains positive and the pressure is negative, but both are finite.
The second patch has a singular boundary at

r=

√
3
2Λ

. (25)

That disappears in the limit case k0 =−2Λ/3, where we obtain the static de Sitter patch
defined for all r> 0. Except this case, the singularity is present and contained in the sta-
tionary region bounded by the horizon

r=

√
3
Λ
. (26)

For greater values of r is well defined and regular. Again, energy is positive and pressure
is negative, and WEC is satisfied in the stationary region only, since ρ+ p change sign on
the horizon (26).

11
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(ii) −2Λ/3< k0 <−Λ/3. The solution is defined in the set

r ∈]0,
√

3/(2Λ)[∪ ]1/
√
−k0,+∞ [ , (27)

Again, let us analyze the two connected components separately. The first is a solution with
a regular centre and a singular non–central boundary at r=

√
3/(2Λ) again, where the

energy negatively diverges and the WEC does not hold.
The other patch has a horizon as (26) but it is regular up to the boundary r= 1/

√
−k0,

near which the energy becomes negative, whichmakes this solution eligible to build worm-
holes models, as done in [84]. WEC holds only outside the stationary region in this case.

(iii) −Λ/3⩽ k0 < 0. Similar to the above case, with the only exception that the outer patch
r ∈]1/

√
−k0,+∞[ is not stationary (∂t is spacelike), no horizons forms and WEC holds

throughout.
(iv) k0 ⩾ 0. In this case the outer patch of the previous case disappears, and then only the

patch defined in the right neighborhood of r= 0 given by r ∈]0,
√

3/(2Λ)[ , exists, that
again has a non–central singularity as in equation (25). The energy density is always neg-
ative, whereas the pressure is positive in a neighborhood of r= 0 when k0 > Λ/3, and then
changes sign in the approach to the singularity. Here, WEC is never satisfied.

3.2. Regular solution

Let us now take into account the case Λ< 0, where consequently the 00 component of the
metric is well-defined ∀r> 0. From equation (17), taking k0 < 0 results in a solution defined
only for

r<
1√
−k0

. (28)

Therefore, from now on we will consider the case when k0 ⩾ 0, in such a way that ∀r> 0 the
solution is well-defined and, in view of equations (21a) and (21b), also regular. Since Λ< 0,
no horizon forms here, see equation (26).

However, in this case we cannot expect a positive energy density everywhere. In particular,
when k0 <−Λ/3, then a right neighborhood of r= 0 exists such that ρ> 0, but then it becomes
negative outside this neighborhood. When k0 ⩾−Λ/3, instead, the energy will be negative on
the whole solution. The pressure P instead is always positive regardless of the value of the
(positive) constant k0. Finally, the WEC is satisfied when k0 ⩽− 2Λ

3 .
From equations (21a) and (21b) we have, asymptotically

ρ≃ (−3k0 −Λ)− 5
9
r2
(
3k0Λ+ 2Λ2

)
, as r→ 0+, (29)

ρ≃−3
2
k0, as r→+∞, (30)

and

P≃ 1
3
(3k0 −Λ)+

1
9
r2
(
−3k0Λ− 2Λ2

)
, as r→ 0+, (31)

P≃ 3
2
k0, as r→+∞, (32)

implying again, besides k0 > 0, even k0 → 2
3Λ, to resemble a quintessence slow-roll regime.

It is essential to emphasize that the value of Λ is not predetermined a priori and its constraints
can be inferred from the Planck satellite findings [80].

12
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The corresponding equation of state parameter behaves

w≃


1
3

(
Λ−3k0
Λ+3k0

)
if r→ 0,

−1 if r≫ 1.

From the equation of state, supposedly, it seems that even the simplest solution k0 = 0 can
be employed, revealing that as r approaches zero, the equation of state parameter tends to
w= 1

3 , which indicates a fluid similar to radiation. However, as we progress in the text, we
demonstrate that this solution is not purely radiation. We accomplish this by analyzing the
sound speed and reinterpreting our fluid, demonstrating that at small radii, the only plausible
interpretation is stiff matter. We display in figure 2 the behaviors of ρ,P and w with indicative
values of Λ.

3.3. An alternative derivation

Interestingly, one can obtain the same solution that we evaluated invoking a spherically sym-
metric singular solution modified by an additive deformation [84]. Let us impose isotropy a
static metric in the form of equation (1) and assume that the metric coefficients are written in
a δ–expansion form, where δ measures the deviation from vacuum solution with cosmological
constant, i.e. from the Schwarzschild–de Sitter spacetime. Thus, we have

f(r) = χ(r)+ δf1 (r)+ . . . , (33)

g(r) = χ(r)+ δg1 (r)+ . . . , (34)

where

χ(r) = 1− 2M
r

− Λ

3
r2. (35)

The isotropy condition can be extremely simplified with the additional ansatz

f1 (r) = χ(r)α(r) , g1 (r) = χ(r)β (r) . (36)

Moreover, working out the exact linear solutions, inferred as α(r) = 0:

f(r) = χ(r) , g(r) = χ(r)(1+ δβ (r)) , (37)

we get the isotropy condition to become

β ′ (r)
β (r)

=− 6
3M+ 2Λr3 − 3r

. (38)

In such a case, the energy momentum tensor turns out to be exactly linear in δ, say

T0
0 =−Λ+

(
−Λ+

2
r2

− 3(r− 3M)

r2 (3M+ 2Λr3 − 3r)

)
δβ (r) , (39)

Tii =−Λ+

(
−Λ+

1
r2

)
δβ (r) , (40)

where β(r) solves equation (38), manifesting as a linear differential equation. Also note that the
Λ term above is embodied in Tµν because we are considering field equations in the form (6).
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Figure 2. Plots of thermodynamic quantities characterizing the fluid of our de Sitter-
like solution, density (top), pressure (central), equation of state parameter (bottom). The
indicative value for the de Sitter phase is Λ =− 1

2 and the different curves are associ-
ated with distinct sets of k0. The gray dashed line yields the case k0 =− 2

3Λ that corres-
ponds to the cosmological constant case. Here, k0 =−{0.5;1.0;1.5}×Λ, specifically,
the dashed black lines are associated to the upper and lower values of k0, whereas the
dotted line to k0 = Λ. The plot of w provides convergence to the cosmological constant
case, w≃−1 as r≫ 1. A subplot shows the main (slight) differences of the various
equation of state parameters, confirming that P→−Λ and ρ→ Λ, as r→∞.

This would allow in principle to absorb δ in the constant (say, D) coming from integrating
equation (38), setting C := D · δ and considering the family of solutions parameterized by the
only real parameter C.

In principle f (r) and g(r) thus obtained have not necessarily the same sign ∀r> 0, which is
a requirement to address for any Lorentzian geometry, as previously stated.

Moreover, as M> 0 and Λ< 1/9M2, then f (r) and g(r) are positive in a neighborhood
(r+,rc), where r+ is the black hole horizon and rc is the cosmological horizon of the geometry.
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In addition, as C> 0, one can show the existence of a value r0 ∈ (r+,rc) where curvature
diverges and the static geometry is then well-defined within the interval (r0,rc), possessing a
naked singularity when r→ r0.

When C< 0 the geometry is more complex because g(r) has a zero rthr ∈ (r+,rc), although
the metric is regular there.

If the gravitational charge vanishes, i.e.M= 0, we recover equation (17), with f = 1− Λ
3 r

2,
namely we reobtain our solution when ϵ= 0.

It is also possible to demonstrate that, due to the assumptions on Λ and C, we have that
the metric is defined ∀r ∈ (rthr,rc) and by attaching two such solutions at r= rthr, a wormhole
solution can be obtained, see [84].

In summary, metric (1) is capable of reproducing a singular and regular solutions. In case
of additional requirements it is also possible to get wormholes.

It is therefore natural to compare our solution with the most prominent ones transporting
vacuum energy, say the de Sitter and Hayward solutions, to check the main differences with
our finding.

3.4. Comparing our metric with the Hayward and de Sitter solutions

In this section, we compare our findings with thewell-establishedHayward and de Sitter space-
times. Specifically, the lapse function f (r) for the Hayward black hole is

f (r) = g(r) = 1− 2Mr2

r3 + 2a2
, (41)

whereM is the mass of the black hole, r is the radial coordinate and a is a constant. Easily, let
us assume

a=

√
3
2Λ

, (42)

in order to recover the relevant property that this metric transports vacuum energy, in analogy
to the pure de Sitter solution.

As a consequence, our comparison can be mainly focused around r≃ 0, since the asymp-
totic case, r→∞, tends to Schwarzschild at large radii for the Hayward spacetime.

The main differences are listed below.

- The Hayward solution is not isotropic. It falls into the class of anisotropic generalizations
of de Sitter spacetime discussed in [85]. The energy momentum tensor is written involving

ρH =
18MΛ

(3+ r3Λ)2
, (43)

Pr,H =−ρH, (44)

Pt,H = Pr +
54Mr3Λ2

(3+ r3Λ)3
, (45)

where the subscript H clearly refers to as ‘Hayward’.
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- At small radii, up to fourth order, we have

ρH ≃ 2MΛ− 4
3
MΛ2r3 +O

(
r4
)

(46)

Pt,H =−2MΛ+
10
3
MΛ2r3 +O

(
r4
)
. (47)

- The speed of perturbations is due to the sound speed, say

c2s =
∂P
∂ρ

, (48)

and then, since P= P(r) and ρ= ρ(r), it is easy to show that

c2s ∼=
P ′ (r)
ρ ′ (r)

, (49)

giving for the Hayward spacetime

c2s,r =−1 (50)

c2s,t = 2− 27
6+ 2Λr3

, (51)

that in both cases appears unphysical, because negative-definite.
Remarkably, it is needful to stress that the sound speed represents the velocity of perturb-

ations of a given fluid. In the case of negative equation of state parameters, it can happen
that the squared sound speed turns out to be negative, producing instabilities. Clearly, not
all the negative equation of state parameters are unstable, e.g. the ΛCDM paradigm presents
an equation of state parameter identically equal to −1, albeit the sound speed is identically
zero, as well as in the dark fluid case. In quintessence realm, the sound speed is identically
1 and, again, positive definite, producing stiff matter, i.e. the perturbations evolve with the
speed of light.

Nevertheless, for our model we compute

c2s ∼=
P ′ (r)
ρ ′ (r)

=
3− 2Λr2

15− 2Λr2
, (52)

non-depending on k0.
GivenΛ, the assumption of isotropy generates a one-parameter family of metrics, depend-

ing on the integration constant k0. Specifying k0 would amount to specifying a particular
member of the family. Accordingly, the assumption of isotropy completely determines c2s ,
without the need for further assumptions, since k0 represents a shift in the vacuum energy
carried on by the metric. To better see this point, it could be interesting to compute the
Misner–Sharp mass, i.e. as a quasi-local mass contained within a sphere of radius r. It reads,

mM−S (r) =
Λ+ k0

(
3− r2Λ

)
(1+ k0r2)(3− r2Λ)

r3. (53)

The corresponding density, that in spherical symmetry is proportional to the Misner–Sharp
mass over r3, is at leading order around r= 0,

mM−S/r
3 = k0 +

Λ

3
+O (5) , (54)

showing that it turns out to be constant in the center of our model.
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Figure 3. Sound speed of our de Sitter-like model with fixed Λ =−0.5. The sound
speed is always positive definite, as in equation (52). It approaches stiff matter beha-
vior at large radii, indicating quintessence with a negative-definite potential, asso-
ciated with exotic matter. Violating isotropy implies unstable sound speeds, see
equations (66a) and (66b).

Accordingly, since the above constant is a combination of the two free parameters, k0 acts
as a rescaling constant over the vacuum energy term, Λ, as we clamed above.

Following the same interpretation, since the adiabatic sound speed is a ratio between two
perturbations, the pressure perturbation in the numerator over the density perturbations, we
do expect that it could not depend on k0.

Physically, this implies that the fluid perturbations are not influenced by the offset imposed
by the integration constant that determines the class of metrics, as naively expected. Further,
in agreement with the above description, related to the Misner–Sharp mass, this property
manifests into the degeneration between the two constants, k0 and Λ that can be, therefore,
be chosen arbitrarily13.

Hence, the functional form of the sound speed is positive-definite and leads to a precise
fluid definition, as wewill clarify later. The behavior of sound speed is therefore well-defined
and prompted in figure 3.

In the de Sitter case, the density and pressure appear constant and equal to ρdS =−PdS = Λ,
with vanishing sound speed, in close analogy to the ΛCDM model. Moreover, contrary to
our solution and to the de Sitter spacetime, the Hayward metric is manifestly constructed for
accounting positive de Sitter phase, sayΛ> 0, exhibiting a divergence whenΛ< 0, appearing
exactly the opposite of our case.

We will discuss the role played by the sound speed later, when we will find a direct inter-
pretation of our fluid at small and large radial distances.

4. Perturbing the metric: varying Λ(ϕ) with ϵ ̸=0

In view of the above results, we inferred that the fluid associated with our solution trans-
ports vacuum energy and significantly differs from the de Sitter and Hayward solutions. It is

13 For the sake of clearness, we notice that the Ricci scalar vanishes at r= 0 if k0 = 0. This implies that, albeit k0
is fully arbitrary and degenerate with Λ, its vanishing determines a corresponding vacuum solution. Moreover, the
corresponding sign, if k0 ̸= 0 and r= 0, implies to recover a de Sitter or anti-de Sitter Ricci scalar, respectively..
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therefore licit to expect that possible deformations can be, in principle, responsible for depar-
tures in our findings as we initially conjectured.

In this section, we show that the aforementioned deformations cannot provide deep changes
in the corresponding physics. Specifically, we are interested in small deviations from the de
Sitter-like case, therefore ϵ can be taken negligibly small.

Recalling all the above, one can state that we search for a bound on ϵ that implies a lapse
function f(r, ϵ(ϕ)) with the property f(r,0) = r2, as ϵ(0) = 0. Thus, if f(r) = 1− Λ

3 r
2+ϵ one

finds the general solution given by equation (16).
There, we observe that to have a Lorentzian metric then the fraction at the right-hand side

of (16) must be positive and this results, at least when |ϵ| ≪ 1, in the condition Λ< 0 (as in
the ϵ= 0 case) and k0 ⩾ kcrit, where kcrit is the positive constant given by

kcrit =−
Γ
(

ϵ
ϵ+2

)
Γ
(

2
ϵ+2 −

ϵ
ϵ+4

)
Γ
(
− ϵ

ϵ+4

) [
−Λ

6
(ϵ+ 4)

] 2
ϵ+2

, (55)

where Γ(z) is the Euler Gamma function.
Noticeably, the condition k0 ⩾ 0 is not recovered in the limit ϵ→ 0, since limϵ→0 kcrit =

−Λ
3 . This result can be interpreted as an instability feature of the case ϵ ̸= 0. Clearly, kcrit is

associated to the above ϕc, i.e. it is intimately related to how we select the critical value of ϕ,
inducing the sign transition.

Quite interestingly, we remark that

lim
r→0+

ρ(r) =−3k0, (56a)

lim
r→0+

P(r) = k0 (56b)

being independent of Λ and fulfilling the fact that one cannot recover the case k0 = 0 as ϵ→ 0.
We conclude that the corresponding solution is unstable and appears clearly unphysical in

the description of a metric that transports vacuum energy.

5. Interpreting the fluid

The functional form of our equation of state easily suggests that by varying k0 it is possible
to infer different species of barotropic fluids described by our metric. For example, handling
k0 = 0, we discussed previously that it is possible to immediately see that the equation of state
parameter reduces to w= 1

3 in the case ϵ= 0. At a first glance, it can be possible to conclude
that such a fluid mimes radiation, albeit from a more detailed analysis the conclusion appears
different.

In addition, our model, with ϵ ̸= 0 or ϵ= 0, shows that both pressure and energy tend to a
nonzero constant ar r→ 0, see equations (29)–(31).

Then, if one would restore the coincidence between w and c2s , i.e. assuming a constant
equation of state parameter around r≃ 0, then this would force the condition k0 = Λ/12, that
is not acceptable if we want the exact profile given by equation (17) for every r> 0.

Hence, phrasing it differently, it is not possible to have c2s = ω, near the center as one finds
for barotropic dark energy models with constant equation of state parameter. This fact cannot
occur since it would imply k= Λ/12, as stated, but, requiring a physical solution over r ∈
[0,+∞) it behooves us Λ< 0 and k⩾ 0.
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So, one may explore different solutions such that c2s = ω as r→ 0+, extending our cases.
As a consequence, we may impose that both ρ(r) and P(r) vanish at the center, otherwise we
would fall in the same drawback discussed above. This further hypothesis will result into a new
condition to impose on the metric that we can introduce still keeping the isotropy condition on
the pressures, T rr = Tθ

θ . Assuming a sufficient degree of regularity of the metric coefficients at
the centre, the above conditions will produce a sequence of relations between the McLaurin
coefficients of f (r) and g(r). In particular, the lowest order free coefficient will turn out to be
f (0)—that by local Cartesianity we can set to 1 – and f(3)(0), that will be set equal to 6α—with
α generic constant to fix with Λ – having at leading order

f(r) = 1+αr3 + o
(
r3
)
, (57a)

g(r) = 1− 3αr3 + o
(
r3
)
, (57b)

and

ρ(r) = 12αr+ o(r) , (58a)

P(r) =−9α2

2
r4 + o

(
r4
)
. (58b)

Consequently, if this further condition is fulfilled, the initial model can be adapted by updat-
ing it through f(r) = 1+αr3, with no higher order terms, just near the center. In our scenario,
comparing our lapse function in the case ϵ ̸= 0 and equation (57a), we see that it would cor-
respond to ϵ= 1 and α≡−Λ

3 . This clearly violates the condition ϵ≪ 1. This new metric does
not exhibit a manifest limit to the de Sitter spacetime. Hence, even by setting up the free coef-
ficients, the metric cannot provide a Λ-plateau at r= 0, being physically different than our
proposed metric.

Thus, our spacetime appears easier and cannot reduce to a barotropic fluid with constant
equation of state parameter at the center. A physical interpretation of our metric can be inferred
by looking at the corresponding fluid. Thus, let us recall equation (52), computed at ϵ= 0,

cs (0) =
1√
5
, (59a)

cs (∞) = 1 , (59b)

showing, as stated above, that k0 does not play a significant role in determining the fluid.
Noticing this, one concludes that the physics of our solution cannot be influenced by k0 and
therefore the radiation that apparently arose as k0 = 0 cannot be seen as a suitable physical
outcome.

On the other hand, from equations (59a) and (59b), at infinite distances a stiff matter value
of cs is found, but with an asymptotic equation of state parameter, w→−1.

Immediately, one can notice that our scalar field, ϕ, entering the metric as a temperature
environment, can generically written by

ρ= X+V(ϕ) , (60a)

P= X−V(ϕ) , (60b)

where X≡ 1
2g

µν∂µϕ∂νϕ with V(ϕ) the quoted generic scalar field potential that induces the
effects of ϕ.
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Thus, from equation (48), we easily obtain

c2s =
dP/dX
dρ/dX

= 1 , (61)

suggesting that our fluid mimes the sound speed of a scalar field with negative-definite poten-
tial, in the slow-roll regime, characterized by |V(ϕ)| ≫ X. In fact, as claimed above, w=−1
as r→∞.

This interpretation perfectly fits with our demand to require non-dynamical ϕ in order to
induce a phase transition over the sign of Λ.

For the sake of completeness, another possibility could be provided by quasi-quintessence
fluid [8, 10, 22–25] but there, although the same slow-roll regime can be achieved, the fluid
provides a vanishing sound speed because the pressure is not function of X and, so, this fluid
cannot be recovered with our solution.

5.1. Alternative conditions on the pressure

In the context of dark energy scenarios, isotropy has been previously considered. However,
there is no compelling reason to separately examine cases where dark energy contributes only
one single pressure while the other pressure vanishes or, more generally, to investigate the
anisotropic case.

Examples of anisotropic dark energy models have been explored, for instance, through
Bianchi metrics and acquired recently more emphasis in view of current developments that
seem to indicate, although very slightly, departures from the genuine cosmological principle,
see e.g. [2–4, 86]. Clearly, quintessence is isotropic, so demanding to violate isotropy cannot
work to get a quintessence asymptotic domain.

Assuming that the isotropy condition is violated and that Pt = 0 with non-vanishing radial
pressure [87], in the case ϵ= 0, we obtain

g(r) = k1
3−Λr2

(3− 2Λr2)3/2
, (62)

that furnishes

ρ=
1
r2

[
1− 3

√
3k1

Λr2 + 3

(3− 2Λr2)5/2

]
, (63a)

Pr =− 1
r2

[
1+ 3

√
3k1

Λr2 − 1

(3− 2Λr2)3/2

]
, (63b)

with k1 an integration constant to be fixed.
On the other side, for Pr = 0 and Pt ̸= 0, we have

g(r) =
3−Λr2

3(1−Λr2)
, (64)

that yield

ρ=
2Λ
3

(
Λr2 − 3

)
(Λr2 − 1)2

, (65a)

Pt =
Λ2

3
r2

(Λr2 − 1)2
. (65b)
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Notice that the solution that involves only tangential pressure depends on less constants than
the cases of isotropy and radial pressure only, as a consequence of the fact that the equation
from which one argues g(r) is not differential.

Indeed, it is evident that the scenario with tangential pressure alone is not favored. For any
value of Λ, the pressure is always positive, but when considering negative values of Λ, the
density becomes negative, suggesting the presence of exotic matter exclusively. The natural
sign of Λ is again negative, in order to avoid singularities. Accordingly, we infer

c2s,r (0) = c2s,r (∞) =−1 , (66a)

c2s,t (0) =− 1
10

, c2s,t (∞) =
1
2
. (66b)

Remarking that the models provide instabilities, since the sound speed is mainly negative.
The limiting cases for the equation of state parameters yield

wr (∞) = wr (0) =−1 , (67a)

wt (∞) =
1
2
, wt (0) = 0 , (67b)

showing that asymptotically the radial model approaches a cosmological constant, albeit the
sound speeds are negative, i.e. unstable, while the tangential model provides amatter fluid-like,
within the Zeldovich limit.

The natural behaviors of such equations of state are reported in figure 4, whereas all the
here-developed cases are summarized in table 1.

6. Final outlooks

In this paper, we investigated a class of spherically-symmetric solutions carrying vacuum
energy in the form of a de Sitter-like phase represented by an effective cosmological con-
stant. To achieve this, we left unspecified the sign of Λ and considered the possibility that
it can be modified through the existence of an external scalar field, denoted by ϕ, which is
non-dynamical. We assumed that this scalar field describes the temperature arising from the
presence of a dark energy environment surrounding our spacetime solution. Consequently, we
examined the implications of this approach at all radii.

Specifically, to investigate the phase transition, we considered two types of deformations
on the metric. The first deformation acts on Λ, altering its sign, while the second modifies
the functional form of ∼ r2, which is responsible for transporting vacuum energy. For the first
transition, we introduced a toy model that allows for a change in the sign ofΛ once the external
field is fixed. Consequently, we proposed the existence of a critical value of ϕ, denoted as ϕc,
and found that themetric can pass through a regular to a singular configuration as this transition
occurs.

In particular, we got our results by conventionally considering the 00-component of themet-
ric, which exhibits behavior similar to a de Sitter solution, while imposing the condition of iso-
tropic pressure. We justified the assumption of isotropy to ensure that the external dark energy,
responsible for the presence of a temperature field, matches the key characteristics measured
by current observations. Our class of solutions is found to be regular or singular, depending
on whether the cosmological constant is negative or positive, respectively. Consequently, we
obtained both anti-de Sitter and de Sitter-like behaviors by making different choices for Λ.
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Figure 4. Plots showing the behaviors of equation of state parameters, with indicative
value,Λ =−0.5. Notice that the radial equation of state depends on a further parameter,
k1. (Top) Radial equation of state with k1 =−{0.5;1.0;1.5}×Λ. The subfigure focuses
on differences at larger radii. (Central) Tangential equation of state with fixed Λ. The
subfigure shows the difference with the Hayward equation of state. (Bottom) Plot of the
equation of state parameter.

Further, we slightly summarized some conditions to obtain wormhole solutions by consider-
ing different additive deformations on the metric. In so doing, we demonstrated that more com-
plicated deformations, different from additive, appear unstable and physically-unmotivated.

To show this, we investigated the nature of the fluid and we found that it cannot be at
the same time barotropic and providing c2s = w, with constant w, near the center. Hence, we
investigated a further hypothesis on the metric in order to fulfill c2s = w around the center.
To this end, we demonstrated that this finding induces a modification that does not enable to
transport vacuum energy in analogy to the de Sitter spacetime, violating the condition ϵ≪ 1.

Thus, we reinterpreted our fluid by virtue of a slow-roll quintessence by investigating the
behaviors of the sound speed and equation of state at asymptotic regimes. Indeed, we showed
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Table 1. Schematic summary of our solutions in comparison with other spacetimes. In
particular, we consider our de Sitter-like metric, named dS-like, compared with the de
Sitter solution, dS, the Hayward spacetime and with the alternative metrics obtained
departing from the isotropic condition, namely dSr − like and dSt − like line elements,
respectively the one with non-vanishing radial and tangential pressure. The fluid-like
behavior stands for Q indicating quintessence as it exhibits a negative effective poten-
tial in a slow roll regime, for CC, indicating a dS phase that resembles the cosmological
constant and finally matter that shows tangential matter-like fluid. The unspecified res-
ults are indicated through −, i.e. when either the fluid is not among the above classes
or the result cannot expected. Among all the above scheme, it appears evident that the
de Sitter solution is the unique transporting a pure cosmological constant. Our solution
appears, on the other hand, better behaving than the Hayward spacetime, but with the
great disadvantage of providing an anti-de Sitter phase. Departing from isotropy seems
to result into misleading fluid-like asymptotic constituents.

Model Characteristic Λ< 0 Λ> 0 wr(∞) wt(∞) Fluid− like

dS Isotropic Regular Regular −1 ≡ wr(∞) CC
Hayward Anisotropic Singular Regular −1 ∞ —
dS− like Isotropic Regular Singular −1 ≡ wr(∞) Q
dSr − like Anisotropic Regular Singular −1 — —
dSt − like Anisotropic Regular Singular — 1

2 Matter

that our solution provides stiff matter withw=−1 as r≫ 1, confirming that the field dynamics
is negligible within a slow-roll regime. Consequently, we concluded that our outcome appears
as an isotropic de Sitter-like solution that asymptotically acts as a quintessence fluid.

We also investigated the possible implications of violating isotropy, i.e. by having either
non-zero radial pressure or non-zero tangential pressure only. Comparisons with the de Sitter
and Hayward solutions have been also discussed, showing advantages and disadvantages of
our findings.

Summarizing, our spacetime shows the following properties.

- It mimes quintessence at asymptotic regime and it is singular or regular depending on the
the sign of Λ, differently from Hayward and de Sitter metrics. Moreover, in the case of dSt-
like solution, the corresponding interpretation is purely matter, whereas for the dS model the
cosmological constant behavior is recovered.

- It transports vacuum energy, in analogy to Hayward and de Sitter metrics, but it exhibits
isotropic pressures, differently from Hayward,

- It naturally extends de Sitter, representing the simplest extension to it, relaxing the hypo-
thesis of Schwarzschild coordinates.

- It provides stable sound speed fluid perturbations, well-defined for given sets of free
constants.

In view of the above, as perspectives of our work, we intend to study alternatives that may
carry on vacuum energy. Moreover, we want to work out metrics that can exhibit barotropic
dark energy environment without passing through the existence of quintessence fields. Finally,
breaking the spherical symmetry will also be investigated in future efforts.
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