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We propose a scheme for enhancing the optomechanical coupling between microwave and
mechanical resonators by up to seven orders of magnitude to the ultrastrong coupling limit in
a circuit optomechanical setting. The tripartite system considered here consists of a Josephson
junction Cooper-pair box that mediates the coupling between the microwave cavity and the
mechanical resonator. The optomechanical coupling can be modified by tuning the gate charge
and the magnetic flux bias of the Cooper-pair box which in turn affect the Josephson capacitance
of the Cooper-pair box. We additionally show that with suitable choice of tuning parameters, the
optomechanical coupling vanishes and the system exhibits purely a cross-Kerr type of nonlinearity
between the cavity and the mechanical resonator. This allows the system to be used for phonon

counting.

I. INTRODUCTION

Cavity  optomechanics using  superconducting
microwave circuits” " is an emerging platform for studies
of macroscopic quantum phenomena. In particular, there
is a growing research interest in ultrastrong coupling
regime' "~ where the strength of the single-photon
optomechanical coupling is comparable to the resonant
frequency of the mechanical resonator. Optomechanical
coupling arises from the radiation pressure force acting
on a mechanical resonator and, in the microwave regime,
this radiation pressure coupling is intrinsically weak.
The weak coupling can be amplified by applying a
strong coherent pump to the cavity which linearizes
the interaction between the cavity and the mechanical
resonator. In the linear interaction limit, the quantum
effects are observable only close to the quantum zero
point fluctuations. However, a nonlinearity can be
introduced into the system and single photon strong
coupling regime can be reached allowing rich quantum
physics experiments, e.g., preparing non-classical states
of light and mechanical resonator for potential
quantum information processing applications.

In the superconducting circuit architecture °,
several types of configurations have been proposed
to add nonlinearities into the system such as a
transmon qubit'’, SQUID*", quantum capacitance of a
nanotube in Coulomb blockade regime~', and Josephson
inductance”~>*° which has also been experimentally
realized We propose to employ “Josephson
Capacitance” of the Cooper-pair box (CPB) which
is dual to the operation of Josephson inductance as the
nonlinear element for enhancing the optomechanical
coupling. Looking from the gate electrode, a CPB can
act as a nonlinear capacitive element known as the
Josephson capacitance. This capacitance originates from

the curvature of the energy bands of the CPB with
respect to gate charge ’~ Josephson capacitance has
been proposed to be utilized as a very sensitive phase
detector’’ and a pair breaking radiation detector
Here, we consider a tripartite system consisting of a
microwave cavity, a CPB, and a mechanically movable
capacitance. The coupling between the cavity and the
mechanical resonator is mediated by the Josephson
capacitance of the CPB and it can be tuned by the
charge and flux bias of the CPB. We show that with
suitably tuned, realistic experimental parameters, the
optomechanical coupling can be enhanced by seven
orders of magnitude compared to direct optomechanical
coupling without the presence of CPB, reaching the
ultrastrong coupling regime.

In addition to boosting of the optomechanical coupling,
a cross-Kerr (CK) type nonlinearity between the
cavity and the mechanics is also formed amidst other
nonlinear terms in the system Hamiltonian. The CK
coupling gckxhanp between two resonators a and b,
with number operators n, and 7, can be used for
quantum nondemolition measurements of number of
quanta in one of the resonators since it directly affects
the resonance frequency of the readout resonator.”” In
recent years, CK coupling in optomechanical systems
has attracted theoretical interest including a recent
scheme to enhance the coupling to the order of
the cavity linewidth Tunable CK interaction has
been experimentally demonstrated for superconducting
microwave circuits.

II. DESCRIPTION OF THE SYSTEM

A circuit diagram of the setup is presented in Fig.
1. The CPB formed of two Josephson junctions with
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FIG. 1: Circuit diagram of the investigated
optomechanical setup with the gate capacitance of the
Cooper-pair box connected in parallel to the microwave

cavity capacitance. The elements in the circuit are
described in the text.

Josephson energies Ejq, Ejo and capacitances Cjyi, Clyo
couples a mechanical displacement dependent gate
capacitance Cg1 () to a superconducting microwave
cavity, modeled as a simple LC oscillator in a bias-

T configuration. Here, we assume Cy () = Cg10 +
2

acg;(m)a: + %8 g;lz(m)ﬁ, where the derivatives are

approximated for a parallel plate capacitor.  This

configuration allows the CPB to act as a capacitive
element and, additionally, blocks the DC gate bias from
entering into the microwave cavity and prevents the AC
signal leaking out through the DC gate. The inductor Ly
in the bias-T and the capacitor Cys have impedances such
that they do not affect the qubit dynamics. The junction
capacitances Cj; and Cjo and the static part of the gate
capacitance give the total single electron charging energy
of the qubit, Ec = €?/2(Cg19 + Cy1 + Cy2). Tunneling
of a Cooper pair into the qubit island is tunable by the
static gate charge given by the number of Cooper pairs
in the island ngy = —V;Cg10/(2e) where V; is the gate
voltage. Furthermore, the CPB is split and hence, by
applying a magnetic flux ¢ to the superconducting loop,
the Josephson energy of the qubit can be controlled.

To better illustrate the procedure of deriving the
effective Hamiltonian for the system, we assume in the
following, without loss of generality, that the Josephson
energies of the two junctions are equal, i.e. Fj; = Ejp =
Ej/2, in which case the Hamiltonian of the unperturbed
qubit is

. 1
Haop =—35 > Bjo; (1)
j=1,3

with the ground state energy, Eqs = —+/B? + B3/2 =
—B/2 where B; = Ej cos(w%) and By = —4Ec(1 —
2ng0). Here o; are the Pauli spin matrices and ®o = h/2e
is the flux quantum. In principle, the junction energies
can be different, and the explicit full calculations of the

system dynamics are presented in the Appendices.

IIT. CIRCUIT MODEL

Enhancement of the radiation pressure coupling can be
understood from the quantum capacitance picture where
the effective capacitance of the CPB is affecting the total
capacitance of the cavity. For band k of the CPB, the
effective capacitance is given by~ "
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where we denote Cy = Cj; + Cy and Cxy = Cy1 + Cj.
This effective capacitance Ceg, containing both
geometric and quantum capacitance contributions of the
CPB, is in parallel with the cavity capacitance C.. As
a consistency check, one sees that in the limit of small
Josephson energy the effective capacitance approaches
the geometric gate capacitance. The resonance frequency
of the cavity is then w. = 1/4/LcCiot, where the total
capacitance consist of the cavity capacitance in parallel
with the second gate capacitance and the effective
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CPB capacitance, i.e. Cioy = C. + (C—gz—l—m) .
The radiation pressure coupling is given by the linear

expansion of the resonant frequency with respect to the
mechanical displacement

Owe
hgrp = —hEpr, (3)

where z,, is the zero point motion of the mechanical
displacement.
A straightforward calculation yields
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Plugging Eqgs. (4a) and (4b) in to Eq. (3), we obtain
the final expression for optomechanical coupling

1 022 W,
hgrp =hx,, | = & <
? ’ [2 (Cyz + Cetr)? Chot
C{] Cgl Cél CJ Cél
- 2 (5)
(Ce1 +Cy) Cg1 +C5
7Cg10é1 82Ek C§1Cé1 83Ek
2e2 ané 8e3 8 ang




logy [grp/ g0

0.4
0.3
0.2
0.1

0
-0.1
-0.2
-0.3
-0.4

0 0.2 0.4 0.6 0.8 1
n,

O/

g

(a)

IS o o ~

9rp/ 90

N

X 108

Ey/E. =12
Ey/E, =1/4
E;/E.=1/6

07 08 09 1

FIG. 2: (a) The enhancement of the optomechanical coupling g, due to the quantum capacitance compared to
direct coupling gg as a function of flux bias and gate charge. Here Fc/h = 30 GHz and Ej/h = 7.5GHz. (b) The
enhancement of the optomechanical coupling for different Fj/E¢ ratio as a function of gate charge with
EJ/h =5GHz at & = 0.

The enhancement of the radiation pressure coupling is
compared to the direct optomechanical coupling in the
absence of the qubit

1 C§2 We
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where the cavity frequency is inﬂuenceld by the total
capacitance Cq = C. + (CLgl + Cng) in the direct
coupling scheme.

For a numerical estimation of the radiation pressure
coupling, presented in Fig. 2a, we choose a cavity of
resonant frequency w./27 = 5GHz with characteristic
impedance Z, 100 Q resulting in capacitance C. =
0.318 pF and inductance L. 3.18nH. The other
parameter values chosen are: Vy =10V, Ec/h = 30 GHz
(~ 124 ueV), E5/h = 7.5 GHz (~ 21 ueV), thus Ej/E¢c =
1/6. The reason to choose these values for Eg, Ej
is to minimize quasiparticle poisoning which is a well
known limiting factor associated with CPB devices. The
band energies of CPB are 2e periodic with respect to
gate charge modulation. In practice, however, due to
tunnelling of non-equilibrium quasiparticles on and off
the CPB island,””*" the periodicity can change from
2e to le. To reduce this effect, it is desirable to have
Ec smaller than the superconducting energy gap A,.
Typically qubits are made of superconducting Aluminum
(Al) junctions and for Al, critical current (7¢) is 1.2 K,
the superconducting gap Az ~ 1.76kgTc ~ 182 pueV
which is well above the chosen value.

Another crucial factor that influences the coupling
strength is the Ej/E¢ ratio. In Fig. 2b, we plot the
coupling enhancement g,,/go against gate charge ng for
several Ey/Ec ratios at flux g = 0 to better illustrate
how the enhancement depends on ng. The maximum
coupling is reachable near the charge qubit limit Ec >
FEj.

As depicted below in the quantum mechanical
treatment of the circuit, Eq.(21), the device exhibits a
cross-Kerr type of nonlinearity gcxa'ab’h. Using the
quantum capacitance approach similar to deriving Eq.
(5), we obtain the cross-Kerr coupling

2
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where the second order derivative of the cavity frequency
is
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FIG. 3: (a) The cross-Kerr coupling gck, scaled by go, arising from the circuit quantum capacitance calculations as
a function of flux bias and gate charge. Here Ec/h = 30 GHz and Ej/h = 7.5 GHz. (b) The scaled cross-Kerr
coupling for different Ej/E¢ ratios with Ejy/h = 5GHz at &g = 0.
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Noticeably the radiation pressure coupling is IV. PERTURBATIVE QUANTUM MECHANICS

antisymmetrical with respect to the degeneracy point
ng = 1/2 whereas the cross-Kerr coupling is completely
symmetrical in this sense and, additionally, the radiation
pressure vanishes when the gate charge is tuned to the
degeneracy point of the qubit, as shown in Figs. 2a and
2b. However, the cross-Kerr term does not vanish at this
point, see Figs. 3a and 3b. By choosing Ej/Ec < 1 and
detuning very close to charge degeneracy point, we are
able to achieve a very strong Kerr nonlinearity without
the optomechanical coupling. Therefore, with a proper
choice of the gate charge and detuning, the system can
be described with a simple Hamiltonian

Hek = hwea'a + hwnb'b + hgekatab™. (10

Looking at Eq. (10), the cavity resonant frequency
is starkly shifted due to the number of phonons in the
mechanical part, since with proper parameter selection
the maximum predicted gox can reach up to typical
microwave cavity linewidth x ~ 27 x 1 — 10 MHz.”**
This allows the system to function as a very good phonon
counter with the cavity as the readout.

APPROACH

Here we consider the dynamics of the system with
a fully quantum mechanical treatment. This approach
better highlights the involvement of the qubit to the
enhancement of the cavity-mechanics coupling. In the
above circuit model, the quantum capacitance of the
Josephson junctions is seen to affect the total capacitance
felt by the cavity, whereas here the coupling is seen to
arise from a direct perturbation of the cavity and the
mechanics on the qubit.

Naturally, the cavity and the mechanics can be
considered as harmonic oscillators with Hamiltonians

H. = hweala, (11a)

Hun = lwmb'h. (11b)

Here 4 and b() are the annihilation (creation)
operators of the cavity photons and the phonons in the
moving capacitor, respectively, and we have neglected
some terms arising from the detailed derivation provided
in Appendix D, since these terms do not contribute to
the radiation pressure and cross-Kerr couplings.

The charging energy Hamiltonian of the qubit in the
charge basis, expressed with the number of Cooper pairs,
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Here the first term is standard charging energy of a
CPB and the second term causing a slight displacement
of the qubit degeneracy point arises from the direct
coupling between the cavity and the CPB. The effect
that the second term has on the couplings turns out to
be negligible with reasonable experimental parameters,
but we include the term for completeness. We denote
Csie = —2C, (Cgl + CJ) /CJ.

Considering the two lowest Cooper pair charge states
lint (ngo)) and |int (ng)+ 1) as the ground state and
excited states, |0) and |1), respectively, the charging
energy Hamiltonian becomes in the two-level system
approximation

Han = 450 Y [(ﬁ ~ g (@))? +

Hen = — Oz — gcpﬁcaz — Im&m0z + gemTmPcOz, (13)
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where the following shorthand notation is used

on 1
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e
Gep = 2C7szng0’ (14b)
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B = b+ b, (14d)
pe = —i(a—al) (14e)

Here, 0, 0y, 0, are Pauli matrices acting on the space
spanned by the states |0) and [1), and a(f). The first
term gives the unperturbed qubit excitation energy, and
the second arises from qubit-cavity interaction, and the
rest from the charge fluctuations dng = 6%133.

The node fluxes on the cavity side of the Josephson
junctions and on the qubit island are —¢./2 and ¢y,
respectively. The tunneling energy Hamiltonian is thus

et 3P
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where symmetrical JJs are assumed. The following
results are all written assuming Ej; = Ej» = Ej/2
for simplicity, and the full formulas are presented in the
Appendices.

(15)

In general, a node flux can be related to the phase
of the node with ¢; = 27?23;. One can show that the
quantized phase of the cavity node can be tied to the
annihilation (creation) operator of photons a(f) so that
$c/2 = n(a + a') where n = \/e2Zy/(2h) with Z, =
/L¢/C.. The conjugate variable of the cavity flux, the

cavity charge is similarly defined Q. = —1Qup (d — dT),
where the zero-point motion of charge is Q,, = %

See Appendix D for the derivations.

The cavity-qubit coupling parameter n < 1 for typical
microwave cavities. Therefore, we can now expand the
sine and cosine terms of ¢, in Eq. (15) up to second
order in 7). Properties of the phase operators also allow us
to identify the superconducting phase of the island with
ladder operators in the effective qubit so that considering
on the states |0) and |1), we obtain cos(¢1) — 0,/2 and
sin(¢1) = —oy,/2, see Appendix D for derivation. The
approximate quantized Hamiltonian for the Josephson
junctions is thus

. B B R .
Hiy = 7710-1 - 720'31 + 91042 + 92%%3 (16)
with g1 = —B1n/2, go = Bin?/4, and &, = a + a'.

Let us decompose the Hamiltonians (13) and (16) into
parts with the different Pauli matrices, and write the full
system Hamiltonian

3
. . N 1 -
H:HC+Hm—§;Bkak (17)

with the perturbed qubit terms

By = By — 2g02, (18a)
BQ = _29132‘07 (18b)
B3 = B& + 2gmim + QQCPﬁC - 2gcmﬁc‘%m~ (]'SC)

The Hamiltonian (17) can thus be interpreted as the
cavity and the mechanics slightly perturbing the isolated
qubit parameters By, (Bs = 0 for symmetrical JJs). In
other words, the qubit mediates the interaction between
the cavity and the mechanics leading to a mnotable
enhancement of the coupling.

Let us consider a perturbative approach to solving
the cavity-mechanics couplings from Eq. (17), and
note that the eigenenergies of a qubit with Hamiltonian

— LS Byoy, are +£3\/B? + B3 + B3. We write the

Hamiltonian (17) in terms of its ground state
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with

B=\/B+ B, (200)
B=4(91 — Big2) (20b)
§ = 4g3, (20c)
€ = 4B3gm, (20d)
A= 4g7, (20e)
&1 = 4B3gcp, (20f)
& = 492, (20g)
&3 =4 (29epgm — Bagem) , (20h)
&4 = —8gcpYom, (20i
€5 = —8gmYem- (20j)

We can expand the square root term as v1+zx =
1+ 35— %, and we note that the expansion is more
accurate further away from the degeneracy point of the
qubit, where B is larger. This technique yields cavity-
mechanics couplings that approach the ones obtained
from the circuit model far away from the degeneracy
point when Ej < Ec. We also note that the terms &;
are negligible compared to the other contributions using
reasonable experimental parameters, and expanding the
Hamiltonian to higher orders is easier when these terms
are omitted after which all terms in the expanded
Hamiltonian commute.
Up to the second order in the expansion, we obtain

B? + B2 + B?
B
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where, after normal ordering the cavity and mechanics
operators, we identify the radiation pressure coupling as

the prefactor of the term —hg,,a'a (ET + l;)
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and the cross-Kerr coupling as the prefactor of the term
hgckatabth

1
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The circuit and quantum mechanical descriptions of
the system dynamics agree qualitatively but have

differences quantitatively close to the degeneracy point
of the qubit due to the inaccuracy of the perturbative
quantum mechanical approach in that regime. However,
importantly the circuit and quantum mechanical models
align well far away from the degeneracy point and better
agreement is naturally obtained by going to higher orders

in the expansion of the —14/B} + B3 + B term. In
Appendix E, we calculate the third order results for
these couplings by omitting the &; terms that are small
compared to other terms in the expansion. An important
agreement of the two descriptions is also that at the
degeneracy point the radiation pressure coupling vanishes
and the cross-Kerr coupling obtains a large nonzero
value enabling a rich platform for phonon counting
experiments.

V. DISCUSSION

We are interested in reaching the ultrastrong single-
photon coupling regime g., > wy, where one can observe
the intrinsic nonlinearity of optomechanical coupling
that goes unseen for weaker couplings that allow the
linearization of the interaction. With our scheme, we are
able to obtain radiation pressure coupling enhancement
of seven orders of magnitude by utilizing the high range of
tunability offered by the setup. With the proper selection
of gate charge and the magnetic flux through the qubit
loop, the desired coupling strength for a specific purpose
can be obtained. Moreover, owing to the wide tuning
options, one can find a regime with enhanced radiation
pressure coupling and vanishing cross-Kerr coupling or
vice versa which makes this setup practical for multiple
types of studies.

For an optomechanical setup with a direct radiation
pressure coupling gg of the order of 10Hz, we are thus
able to reach a coupling of the order of 100 MHz, which
facilitates probing of the ground state of a typical flexural
nanomechanical resonator without the need for sideband
cooling.

Above, we performed our model calculations for a
cavity with impedance Z; = 1002, which means that
the zero-point fluctuations of flux ®,, = +/hZy/2
exceed the zero-point fluctuation of charge @,, =

h/(2Zy), making the device characteristics more
strongly influenced by flux than charge fluctuations. As
seen in Figs. 2a and 3a, the enhancement of the radiation
pressure and cross-Kerr couplings is more affected by
changes in ng than in ®g. With proper tuning of
ng, sizeable enhancements to g, and gcx can still be
obtained even with averaging effects in ®g arising from
large phase fluctuations.

In summary, we have analyzed an optomechanical
setup based on utilization of Josephson (“quantum”)
capacitance of a Cooper-pair box to boost the
optomechanical coupling. We reach an enhancement of
radiation pressure by seven orders of magnitude, which



brings the system well into the ultrastrong coupling
regime. The coupling is highly tunable by charge and flux
bias and, by proper selection of the bias point, strongly
enhanced Cross-Kerr coupling without radiation pressure
effects can be achieved for phonon counting purposes.
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Appendix A: Forming the Hamiltonian

We define the node flux at the node i at time ¢ as

6= Vit ar (A1)

This implies that the voltage at node i can be expressed as
Vi (t) = ¢i. (A2)

The node flux is also related to the phase of the node with
pi=2m o (A3)

Dy’

where &5 = 2%
seen in Fig. 4

The energy stored in the capacitive elements of the circuit is
Cy /. N2 C . .\N2 C . 2 O N2 COg -
Z*J(¢1—¢4) +7g1(¢1—¢2) +72(¢2—¢3) +7C( ¢Z) +7B¢§
1 2
2

Cy (- 1-\? C, /- N2 Oy [ Cey Cp -
=<¢1+2¢c> +7g(¢1—¢2) +2g(¢2— ¢c> +7¢ +7¢§,

is the flux quantum. The node indices corresponding to each capacitive island of the circuit can be

(A4)

where Cy = Cy; + Cj2 is the capacitance of the Josephson junctions, Cy1 and Cyo the gate capacitances, and C. the
capacitance of the LC cavity. The position dependence of Cy1 = Cy () is omitted for notational convenience. The
bias capacitance Cp is included to induce a bias voltage on to the island 2. After taking Cy — oo, the voltage on
island 2 corresponds to the bias voltage. Detailed calculations are given below. Additionally, in order for the method
of nodes to work, the net of the capacitive elements connecting all of the nodes of the circuit needs to be simply
connected.

Similarly, the inductive energy of the system is

— 1o S ¥
U= — By cos <2W¢1¢4+2E) By cos (2W¢1¢’42E>

@0 (I)O
¢2 (¢3 — ¢4)’
(A5)
1
= — Ej cos <27r¢1 + g + 2¢E> Ej5 cos < —¢1 3% — Q(I)E)
(I)O (DO

L s L 5
+ 2LB¢2+E¢C'

Here Fji1, Ejq are the Josephson energies of the junctions, ®g the external flux through the loop of the Cooper-pair
box, Ly the bias inductance, and L. the inductance of the LC cavity.
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FIG. 4: Schematics of the Cooper-pair box circuit for enhancement of optomechanical coupling. For elements, see

text.
The Lagrangian £ (qﬁi, qSL) is thus
1z =
L=T-U=34(Clo-U, (AG)
where
Cy+Can —Cg1 %CJ - él
[C] = —Cg1 Cgl + CgQ +Cg _% g2 ; ¢ = (?2 : (A7)
3Cs —3Cg2 Ce+ 103+ 1Cg2 be
Now, the Hamiltonian of the system H (¢;, Q;) can be expressed with the conjugate momenta
oL
p= A8
Q=7 " (A8)

that correspond to the electric charge on the island i. The canonical relation between the Lagrangian and the
Hamiltonian gives

HZZéigj—ﬁ:ZéiQi—ﬁ

1 1 1
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with the following shorthand notations

. Cg1Cg +4C: (Cg1 + Cy2) + Cy (Cg1 + Cg1) + Cp (4C: + Cy2 + Cy) (Alla)
Csy CBCgl (4CC + OgQ) + Cs(CYy (4CC + Cgl + ng) +4 [CCCgngg + CJCg1Cg2 + C.CYy (Cgl + ng)] ’
i _ CgQCJ +4C. (Cg1 + ng) + Cgl (ng + C]) (Allb)
Cso  COpCa1 (4C, + Cya) + CpCy (4C; + Cg1 + Cg2) + 4 [CeCy1 Caa + C3Cq1Cya + CoCy (Cq1 + Cy2)]’
L _ 4Cs1 (C + Cq2) +4C5 (Cp + Ca1 + Cy2) (Allc)
Csie CBCgl (4CC + ng) + Cg(Cy (4CC + Cgl + ng) +4 [CCCglcgz + CJCg1Cg2 + C.Cy (Cgl + ng)] ’
1 _ 4CCOg1 — CgQCJ + Cg1 (ng + Og) (Alld)
Cx12 CBCgl (4CC + CgQ) + CgCy (4CC + Cg1 + CgQ) +4 [CCCgngg + CJCgngz + C.Cy (Cg1 + ng)] ’
1 _ QCgngg —2C} (CB + Cgl + ng) (Alle)
Csic CBCgl (40.; + ng) + Cg(Cy (405 + Cgl + CgQ) +4 [CCCglng + C,]Cglch + C.CYy (Cgl + ng)] ’
1 _ QCgl (ng — CJ) + CgQCJ (Allf)
Csx9c CBCgl (4CC + Og2) + Cg(CYy (4Cc + Cgl + Og2) +4 [Cccglcgz + OJCgngQ + C.CYy (Cgl + ng)] '
Thus, the Hamiltonian can be written out explicitly
He QP QB Q  ——QiQr + ——Q1Qe + ——QaQe +U (A12)
205 1 205, 2 205, ¢ Csia O Csie YT Ogge 0F° .
Define the nominal bias voltage
Q2
Ve = —" Al13
g CZZ ( )
and calculate the real voltage on island 2
OH 1 1 1 1 1
0Q2 Cxa @ Cs12 @ szcQ & 0212Q1 szcQ (A14)
In the limit Cgz — oo, we obtain (,%"2 = Vg, i.e. island 2 is now set to a potential that can be tuned with V;.

Define the charging energy of the Cooper-pair box, the number of Cooper pairs on island 1, and the nominal gate
charge

62

Ec = Al5
RToR (Al15a)
@1
" e ( )
1 C5:1Cxo
- Al5
Ng 2¢ 0212 ( C)
With these definitions along with Eq. (A13), the Hamiltonian (A12) can be reformulated to a standard form
— )2 CRy 2
H=4FEc(n—ng)” +4Ec 1) ng
Cs1C0s2
) . (A16)
2 12
-2 — 2 ct+U.
* 2Csc @+ <Cz1c et Cs1Cxac eng) Qe

Let us now focus on U in Eq. (A5) and specifically the Josephson junction part of it. Let us define the Josephson
energies of the junctions as

E
Ej = (1+d) 7“ (Al17a)

Ly

Ej = (1-d) =, (A17b)
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where d € [0,1) describes the difference of the Josephson energies of the two junctions. Using Eq. (A17) and the
identity cos (o + 8) = cosacos 8 F sin asin 8, we can rewrite

Lo +10 . — 1
— Fyy cos g ST 30t 5%8) Fio cos W—ﬂ
(DO CDO

= — Ejcos (71'2];) [cos (27722) cos (71'22) — sin (271'22) sin (ﬂ'g;:)):| (A18)
. g5 o1\ . be . o1 b
+ Ejdsin (W@)) |:COS (277@()) sin (W‘I’o> +sin (27T0> cos (W‘bo>} .

Now, the total Hamiltonian of the system can be written as

C2
=4Ec (n —ng)? +4Bc | 5222 — 1) n?
H c(n—ng)” +4Ec <CZICZ2 ) ng

2, 1 Cx12 ) )
20& Qe (Czlc 20t 1 Cae Cs1Cs2c 2enyg ) Qe
— Ejcos (772?) {cos ( ii) ( ig) sin (271':;) sin (7‘(‘;;;):| (A19)
+ Ejdsin (W?{z];?) [cos (271212) sin (71';;?)) + sin (27r£;) cos (7?(?2)}

1 2 1 2
+ 2LB¢2 + 2LC¢C'

In the limit Cg — oo, the definitions introduced in Eqgs. (A1l) and (A15) simplify to

b N 4C; + Cy2 + Cy N 1 | (A2
Co1 Cg1 (40 + Cg2) + €y (4Cc + C1 + Cg2)  Cpa + G5
Cizz -0 (A20b)
clgc 7 Ca (4C. 1 cgj)cfct ?40@{ e O Ci (A20¢)
C;C T TG (40 + C) +2§:(4C€ Cn ) T 20 (Cif G (A20d)
C;m -0 (A20e)
C;C -0 (A20f)
e (Cgl B zwﬁiga) =B (A20g)

The rightmost approximate results are recovered in the case, where C. is the dominant capacitance in the system.

Appendix B: Deriving the effective capacitance

In the following we determine the effective capacitance of the Cooper-pair box part of the circuit. Let us first
determine the electric charges on the different islands of the circuit. These arise from the relation in Eq. (AS8)

oL . 1.
Q1= 8(25 =(Cy+Cq) b1 = Cg12 + §CJ¢()7 (Bla)
1
oL . . 1 .
Q2 = % = (Cgl + Cyo + CB) ¢2 — Co11 — §Cg2¢c7 (B1b)
2
oL 1 1 . 1 . 1 .
Q== (cc + i 40J> bet 2Cvbr — 20t (Ble)
3
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Recall the definition of V in Eq. (A13). In the large Cg limit, Cs2 — Cg, and together with the relation (B1b),

¢.52 = V4 is implied. Now that the voltage on the island is fixed to V4 in this limit, the number of Cooper pairs on
island 1 can be determined by combining the relations (A15b) and (Bla)

Q1 (Ci+Cg) 1 — Caa Vi + 3Ci6

" 2e 2e (B2)
The voltage on the Cooper-pair box island is thus
; Cg1 1 Cy . 2en

Vi=d1= 5V, - - + B3
=h=an Ca & 2C5+Cq ¢ Cy+Cy (B3)

and, therefore, the charge across Cy1 can be written

C3Cq1 Cg1 1 C;Cq

=Cy (Vo — V1) = £V, — £ 2en + ———5 .. B4
le gl ( g I) CJ 4 Cgl g OJ 4 Cgl 2 CJ + Cgl (b ( )

Notice that here the second term has the opposite sign compared to the calculation presented by Duty et al.
However, also our gate charge is defined with the opposite sign with respect to the gate voltage, see Eq. (A20g). Thus
the effective capacitance obtained here aligns with the results in

6@ 1 Cy1CYy O21 82Ek
Cu = gl _ ~8 _ el B5
ff Vg Cxy 4e2 Bné ’ (B5)

where Ej;, is the kth energy band of the Cooper-pair box. We do not have to take the position dependence of Clyy
into consideration in this part of the derivation. Since were are considering a voltage bias setup with a resonance
frequency well below RC' cutoff effects, the voltage on the Cooper-pair box island is able to follow the movement of
the capacitor without difficulties.

Appendix C: Radiation pressure and cross-Kerr couplings

Consider the resonance frequency of an LC circuit

1
c = 5 C1
“ \% Lcctot ( )

where the total capacitance Cl, arises from the cavity capacitor that is parallel with the second gate capacitor and
the effective Cooper-pair box capacitor

1 1\ !
Ciot = C, —_ . C2
ot +(Cg2+ccff> ( )

The cavity frequency can be expanded in the position of the moving capacitor Cg1 ()

. Owe . 10%w: o
We ™ Wep + —T + = z°.
O o 2 Ox2

(C3)

Here, the linear term corresponds to the radiation pressure coupling. Thinking about a simple optical cavity, the
decrease in cavity length should lead to the increase in cavity frequency. The quantization of the circuit gives the
position operator the form & = z,; (bJr + b), where z,;, is the zero point motion. Thus the radiation pressure coupling
is

Ow,
hgrp = 7h%xzp (04)

A straightforward calculation yields

Ow, - _1 Og22 we OCeq
ox 2 (Cg2 + Ceff)2 Ctot ox




with

et CiCa1Ciy CiCh CaCh 0*B, C2 0 (82Ek>

ox (C'gl—i—CJ)2 Co1 +Cy o 2¢? on2  4e? 9z on2

12

(C6)

arising from the expression (2). Here the prime notation is used to mark the x-derivatives. Using the chain rule, we

can determine

0 (82Ek> 8ng 0 (82Ek> . VgC, 83Ek

Oz \ on2 9z Ong \ On2 2¢ & ond’
where the gate charge definition (A20g) is used. Thus we obtain
8C’eff _ CJCglcél CJCél _ Oglcél 82Ek 02 8 Ek
Ox (Cy1 + )P Ca+Cj 2¢2 On2 863 & on?
leading to the radiation pressure coupling
022 w,
hgr :hxz a = -
P P12 (Cga + Ceff)z Ciot
B CJCglOél n CJOél _ Cglcél 0% E;, C BE,
(Cy1 + Cy)? Ca+Cj 2¢2 On2 863 & on?

by plugging (C5) and (C8) back to (C4).
Conversely, the cross-Kerr coupling arises from h% %2;’2“ 2%~ h%xgpl)*b leading to

2
0”we 2
Oz2 Tap

A direct calculation leads to
Pwe _ o Ce2(4Cc+3Ce) +4(Ce+ C) Cen (aceff ) 2
3x2 ¢ g24 (CgQ + Ceff)2 [CCCgQ + (Cc + CgQ) C(eicf}2 ax

1 aQCeff

- CCQ )
Y829 Oy + Cott) [CoCya + (Co + Cga) Cot] 022
where
PCx  CCE GiCh 203 "
2 - +CiCa 3 2
Ox (Cgl + OJ) Cgl +Cj (Cgl + CJ) (Cgl + CJ)
1 0 [(0%E, 9% E}, , 0% (0?Ey
“ iz [4%1%@3; (ang ) (2G5 +20aC) o + Carga (ang )} -

Utilizing the second order chain rule 2 8x2 = % (%)2 + % gig we obtain

82 32Ek 671 84Ek 82ng BSEk
5= (%2 + f
dx? \ on2 Oz 8n‘gL dx? On}
7[ 2 9B, Ve PE,

2e ang 2¢ & 8ng

giving the explicit form of the second derivative

aQCe C 0/2 C C// 20/2 "
2ff __ J& gl . + JLg1 + CJCgl gl _— gl .
0z (Cg1 + Cy) Cgl +C; (Cg1 + CJ) (Cgl + CJ)

1 O*Ey, P Ey
- = {(20 +2C51Clh) B (2Cglc 542 C;’26> o

Ve 0\ OBy,
2 Yl
Tl < 2e Cg> ong

(C7)

(C10)

(C11)

(C12)

(C13)

(C14)
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Appendix D: Quantizing the Hamiltonian

Let us divide the full Hamiltonian (A19) into parts. The cavity, mechanics, cavity-mechanics-CPB coupling,
charging, and Josephson-junction sub-Hamiltonians are

H = Hc + Hm + Hcm + Hch + HJJ, (Dla)
_ 1 Loy
Mo = 55— Q2+ 502, (D1b)
02
Hm = 4Fc | —222— — 1) nZ, Dlc
¢ <Cz1022 & (D)
Csi2
Hem = =——— - 2engQc, Did
Cs1Cs2c sQ (D1d)
Hen = 4Ec (TL ng) + ! . 26”@67 (Dle)
CEIC
_ (2B [0 ‘ _ (e
Hy; = —Ejcos (77 q’o) [cos (1) cos ( ) sin (1) sin ( 5 )} (D1f)

©c
2
+ Ejdsin (ﬂq)]j) [cos (1) sin (%) + sin (¢1) cos (%)} .

1. Cavity Hamiltonian

Let us first quantize the cavity Hamiltonian (D1b). Quantized cavity flux and its conjugate momentum (charge)
fulfill the canonical commutation relation

|:Qg)ca QC:| = Zha (DZ)

and introduce bosonic operators a, a’ with [d7 dT] =1 so that
po =, (a+al), (D3a)
Qe = —iQuyp (4 —a). (D3b)

Applying these to the canonical commutation relation (D2) implies
20,,Q,p = h. (D4)

Thus we can rewrite the quantized cavity Hamiltonian

p 210 q)2p t 1 2p ‘I)Qp 2 12
c — z — a'a - - & z a d ) D5
He={Cp T L <““+2>+ 2y, oz, | (@) (D3)
2 2
where we can denote fw,. = g”’ ‘1>sz' ®,, and Q,p can be solved from this using the relation (D4) and the standard
P c

way of writing the cavity angular frequency
1

e —— D6
v LCCEC ( )

Vﬁa (D7a)
@ , (D7b)

L
CZ]C ’

We find that

sz
®,p
Zo

(D7c)
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and thus the cavity Hamiltonian can be written
A At 1
He = hwe aa+§ , (D8)

where the constant term can be neglected without loss of generality.

2. Mechanics Hamiltonian

The mechanics Hamiltonian (Dlc) can be quantized in a similar fashion. Notice that the gate charge ng is
displacement z dependent as the capacitance Cy1 () depends on the separation of the gate electrodes. We approximate

on
Ng & Ngo + a—;x (D9)
and using the definition of ng (A20g) we find
6ng él
— =——V,. D10
Ox 2¢ ® (D10)

By defining bosonic operators for the mechanics l;, bt with [ZAL IAJT} = 1, we may quantize the displacement as

&= 2y (13+13T). (D11)

The quantized mechanics Hamiltonian is thus (neglecting constants)
'y 0%12 Ong ? 2 717 Ong PR Ing ? 2 (712 | 72
Hon = 4B (22 —1) 2 52 ) a2 blb+2n, 8wy, (0 +0) + (52 ) o, (62 +12)

Cx1Cs2
— honbh + By (?)T + IS) + ho (13*2 + 132) .

(D12)

We now have enough information to also quantize Hcy, (D1d) that directly couples the cavity to the mechanics, and
obtain

~ 0212 8ng ~ A
cm — o~ o~ 2 - c
H Cs1Cxac ¢ (ngO * Oz x) @

. o (D13)
— jgeB12 [ngo - Ve (b+ bf)} Qup (@ — ) .

12
Cs1Cx2c

3. Josephson junction Hamiltonian

In order to quantize the Josephson junction Hamiltonian (D1f), let us first discuss how the phase on the CPB
island relates to the qubit operations when the tunneling junctions are considered as two-level systems. The following
derivation closely follows the treatment of tunnel junctions by Vool and Devoret”'. The tunnelling Hamiltonian of
a Josephson junction can be written in a number basis using the transmitted charge through the junction, which in
terms of Cooper pairs reads as

. Erp N=oco
HT:_2NZOO[|N> (N +1]+ N + 1) (N]], (D14)

where the tunneling energy is denoted by Er. This number basis representation can be related to the alternate phase
basis by equations
oo
ey =Y NN, (D15a)
N=-o0
1

V) =5

2
/ dpe™N¢ o) (D15b)
0
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A straightforward calculation reveals that the operator

27
=g [ doe oo (D16)
has the following translation properties
e |N)=|N—1), (D17a)
e W IN)=|N+1). (D17b)

Confining our approach to a two level setting, i.e. we only consider qubit states |0) and |1), directly leads to

cos = % 6%+ e9] = %[m (0] + 0) <1|} = %o—x, (D18a)
sin = % 6% — e=%] = %[m o~ 10) 1] = —%ay. (D18b)
We may thus identify
cos (¢1) = %O’x, (D19a)
sin (¢1) = féay, (D19b)

where o, are the Pauli matrices with conventions

01
oo =10+ 0= (7 §). (D20n)
) (0 -1
oy =i0) 1~y oh =i () ') (D20b)
0) = (?) : (D20c)
1
1) = (O) . (D20d)
By recall the cavity flux operator (D3a) and the phase-flux relation ¢, = 277%;, we can write
=7 (a+a'), (D21a)
€2Z0
= . D21b
" o (D21b)

We can expand the trigonometric functions of the cavity flux operators in the JJ Hamiltonian (D1f)

cos< )~ ;(‘g) = nQ(a+aT)2, (D22b)

and the Josephson junction Hamiltonian simplifies to

(a+a"). (D222)

0 . (D23)
E
- ZJ cos <7r q)0> 0y + dsin (77(1)0) oy | 7 (a+ dT)Q
By By
= 7O—x 7074 + g10yZc + 920 + 30, + G40y
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with
Op,
By =FEjcos (71— |, (D24a)
0
. Op,
By = Ejdsin | 71— | , (D24b)
D
B
g1 = —71 , (D24c)
B
g2 = f?ﬂ (D24d)
B
g3 = 7277, (D24e)
B
91 = f?ﬂ (D24f)
fe=a+al. (D24g)

4. Charging Hamiltonian

The charging Hamiltonian (Dle) can be written in a quantized form

Ha = 1B Y [0 = na)? + oeiQe] ) o (025)

with eigenenergies E,, = 4E¢ (n — ) + C
charge. Assuming that the Ejy < E¢, the contrlbutlon from the JJ Hamiltonian (D23) to the qubit energy is negligible
and the total qubit energy can be approximated with the parabolas F,,.
Concentrate on the states closest to ngo, i.e. n = int (ng) and n = int (ng) + 1, and call these states |0> and |1),
respectively. From F,, we can see that the degeneracy point of this well-defined qubit is at n, = 1 s t3 Ec Cmc Q.
Thus, in the two-level system approximation, the charging Hamiltonian is

that are parabolas as the function of n, displaced by the cavity

-1
. 1 1 2e 4
ch = 2F 1—-1{ 2 S~ Y z
Hen C (2+8E0021CQ> ngla
. (D26)
1 1 2 0\ 1 1 2 4 on
=2Fc|1— |-+ ————-0Q . —2F — = 0. o,
c (2 T 8B Care ) "g(’] 7 © ( SEo O ) oz 7
We can expand ( + E CZ] QC> ~2— Elc o Q. which allows us to write the charging Hamiltonian
/}:[Ch = 2E‘C (1 - 2ng0> 0z — 2LszngOﬁ00’z
CEIC
Ong e Ong

—4Ec—= e xszmaz + 2OElc o prQprmpcaz (D27)

Bs . . =

= _702 — GcpPcTz — gmTmO 2 + gemZTmPcO 2,
where

Bs = —4Ec (1 — 2ng), (D28a)

on 1 2
gm = 4FE¢ a—gzzp =4F¢ (%Célvg) Top = ngCVgCélchp, (D28b)
Gep = 25— C szngo, (D28c)

e 871

Jem = 2021(; p 2 QupTap, (D28d)
P (D28e)

pe=—i(a—al). (D28f)
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Appendix E: Perturbative approach to the qubit

Let us regroup the quantized Hamiltonians based on their effects on the qubit

H="Ho+Hs,+H,+H., (Ela)

7'20 = ’}:lc + 7:Lm + ﬁcm7 (Elb)
N [ 1 1~

He = —531 + g3l +92f3} Oz = —531%7 (Elc)
N M1 R 5 1 -~

Hy = *532 + g1Z¢ +g4$c Oy = 7§B2O—y’ (Eld)

N M1 R R . 1~
H. = _533 — 9mZTm — GepPe T GemPelm | 0z = _§B3O'z (Ele)
with

Bl = B1 — QQgﬁC — 2g2£i'3, (EQ&)

By = By — 2g1dc — 2942, (E2b)

B3 = B3 + 2gmTm + 2gcpﬁc - 2gcmﬁc£m~ (EQC)

Provided that E¢ > FEj, the additional terms in B’j on can be considered as a small perturbation to the unperturbed
qubit Hamiltonian

N 1
Hao = —3 > Bjoj. (E3)

We can treat our system with a perturbation approach to the fIQO with eigenenergies :I:%\/B% + B3? + BZ. Thus we
can approximate the full Hamiltonian as a perturbation to the qubit ground state

N N 1 ~ ~ -
H=Ho—5\/B + B} + B, (E4)

Let us write in the above expression explicitly

1 T (E5)
=- 23\/1 + 53 (0@ + B2+ pi2 + 0L + ebm + AB, + &1be + P2 + EaPobm + EaPZim + EPedT)
with

B=\/B:+ B3+ B, (E6a)

a = —4(B1gs + B2g1) , (E6b)

8 =4(g5+ g1 — Biga — Bagu) , (E6c)

p=8(9293 + g194) , (E6d)

§=4(g3+9i), (E6e)

€ = 4B3gm, (E6f)

A =4g2, (E6g)

&1 = 4B3gcp, (E6h)

& = 492, (E6i)

€3 = 4(2gepgm — Bsgem) , (E6j)

€4 = —89cpGem. (E6k)

&5 = —8gmYJem- (E61)
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FIG. 5: (a) Comparison between radiation pressure coupling from the quantum mechanical perturbation theory and
the circuit model. Ratio between them approaches 1 far away from charge degeneracy points as Ej/FE¢ ratio
becomes smaller. (b) Similar comparison for the cross-Kerr couplings obtained from the two approaches.

Recall that v1+ 2z~ 1+ 5 — % + % which allows us to expand the above expression provided that B is large, i.e.
E¢ is large

B} + B} + B}
B
1

- 15 (ade + BEZ + pa3 + 685 + edm + AE2, (E7)

~ _
~

N = N

HiPe + Eap + EgPelim + EaPodm + EsPedt,)
1 . . . . . .
+ 65° (akc + BEZ + pil + 02, + €dm + A22,
R R . 9 TR
+1Pe + E2D7 + EaPelim + EaPodim + EsPedn,)
We can now identify the terms contributing the radiation pressure coupling (;%3%31’ é?ﬁf+1)7 cross-Kerr coupling
#2Fp27 321 We also need to take into account the prefactors arising from normal ordering the terms contributing to
C C m
these couplings afa (Z;T + l;), &le;Tl;, respectively.
The radiation pressure coupling is

1
—hgep = — 55 — 66 28 —35 + 3\ ES8
9o = —5péat 1oz [€(B+60+ &)+ (26 +3))] (E8)
(note the minus sign fixing the radiation pressure coupling to g,p, = —%‘*;C ,ie. hwe () ata ~ h(we — grp®m) @'a) and
the cross-Kerr coupling is
— 1 5 2 2 2 E9
h!JCK—4B3 [2X (B +66) + &5 + 663 + 662 + 2€e64 + 20&4] - (E9)

Ignoring the asymmetry in the qubit eigenenergies introduced by the cavity charge in Eq. (D25), we can more easily
expand Eq. (E7) to higher order. These terms are accompanied with p. operators that do not commute with Z.
thus making high order calculations significantly more cumbersome. Omitting these terms is valid, since the terms &;
resulting from this cavity charge induced asymmetry are orders of magnitude smaller compared to the other terms in
the expansion. In this approximation, the radiation pressure and cross-Kerr couplings are in the third order expansion



€
" = 1655

1
hgex = = 555 {N[-4B? (B +66) + 3a® + 36ap + 135p° + 18 (8% + 1536 + 7057) ]

+3(B+66)e* +18(B+65) A’} .

{—4B* (B + 60) + 30” + 36ap + 135p” + 18 (8% + 1586 + 706° + A+ 66X) }
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(E10a)

(E10D)

The third order expansion for the radiation pressure coupling is not crucial for the result to align well with the

circuit model far away from the degeneracy point of the qubit. However, for the cross-Kerr coupling, expanding to
the third order offers a much better agreement with the circuit model than just the second order expansion.

In Fig. ba, we see that as Fy < E¢ limit is approached, the radiation pressure coupling arising from the perturbative

quantum mechanical method approaches the result from the circuit model far away from the degeneracy point of the
qubit. Similarly, in Fig. 5b, results for the cross-Kerr couplings from the two approaches become better aligned as
Ej/Ec ratio decreases. Here, for the values obtained from the quantum mechanical approach, the second order result
(E8) is used for the radiation pressure coupling while the cross-Kerr comparison is calculated with the third order
equation (E10Db).
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