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Abstract: Consider a compact manifold with boundary, homeomorphic to the N-dimensional disk,
and a Tonelli Lagrangian function defined on the tangent bundle. In this paper, we study the
multiplicity problem for Euler-Lagrange orbits that satisfy the conormal boundary conditions and
that lay on the boundary only in their extreme points. In particular, for suitable values of the energy
function and under mild hypotheses, if the Tonelli Lagrangian is reversible then the minimal number
of Euler-Lagrange orbits with prescribed energy that satisfies the conormal boundary conditions is N.
If L is not reversible, then this number is two.
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1. Introduction

Let Q) be a compact and connected N-manifold of class C* with boundary 9Q € C2, homeomorphic
to an N-dimensional disk DN C RN. For the sake of presentation, let () be embedded into
a larger N-manifold M, which is the closure of an open set containing Q. Let L: TM — R
be a Tonelli Lagrangian, namely a fiberwise strictly convex and superlinear function of class C2.
The convexity assumption ensures that the Euler-Lagrange equation associated with L, which in local
coordinates reads

: d :
AL (v(8), () = 2 (doL(v(8), 7(8)) =0, M
defines a locally well-posed Cauchy problem.
Definition 1. An Euler-Lagrange chord is a curve «y: [0, T| — Q) such that

e v satisfies the Euler-Lagrange Equation (1);
e 9(]0,T]) € Qand y(0),y(T) € 9O

If 7y also satisfies the conormal boundary conditions, namely
7() €30, doL (v(0), ¥(D)lr, o0 =0, i=0,T, @
then it is called Euler-Lagrange conormal chord (ELCC).
This work provides some existence and multiplicity results for ELCCs with suitable values of the

energy function
E:TM — R, E(q,0) =dy,L(q,v)[v] — L(g,0).
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Indeed, along the solutions of the Euler-Lagrange equation, the energy function is constant,
namely if : [0, T] — M satisfies (1), then there exists a constant x such that E(y,7) = «. In our
theorem, the existence and the multiplicity of ELCCs depend on the non existence of certain orbits,
defined as follows.

Definition 2. An Euler-Lagrange conormal-tangent chord (ELCTC) is an Euler-Lagrange chord «y: [0, T] — Q
such that

AL (1(0), 5Ol o =0 and  H(T) € Tyr)202

In other words, an ELCTC is an Euler-Lagrange chord that satisfies the conormal boundary
condition in its initial point and arrives tangentially on the boundary of Q).

Let us define

L — . . L , , 3
m(L) min o, (q,0) ®)

which is well defined since () is compact and L is fiberwise convex. Finally, we say that two curves
71: [0, T1] = M and 7;: [0, To] — M are geometrically distinct if ([0, T1]) # ([0, T»]). Now we are
ready to state our main theorem.

Theorem 1 (Main Theorem). Let O C M be an N-disk and L: TM — R a Tonelli Lagrangian.
Then, for every fixed x > m(L), either:

®  there exists an Euler-Lagrange conormal-tangent chord with energy x
or

e if Lis reversible, namely L(q,v) = L(q, —v) for all (q,v) € TM, then there are at least N geometrically
distinct Euler-Lagrange conormal chords with energy «; if L is not reversible, then there are at least two
Euler-Lagrange conormal chords with enerqy x but with different values of the Lagrangian action.

This work generalizes the ones on orthogonal Riemannian and Finsler geodesic chords. When the
Lagrangian is the energy function of a Riemannian or Finsler metric, a solution of the Euler-Lagrange
equations is a geodesic and the conormal boundary conditions are nothing but the orthogonality
condition of the geodesic with the boundary. The Riemannian and Finsler geodesic chords on a
manifold with boundary are strictly related with the brake orbits in a potential well for a Hamiltonian
system of classical type, namely when the hamiltonian function is fiberwise even and convex (cf. [1]).
Indeed, using a Legendre transform and the Maupertuis-Jacobi principle, every brake orbit of a
Hamiltonian system of classical type corresponds to a geodesic in a disk with endpoints on the
boundary, where the disk is endowed with a Jacobi-Finsler metric. Seifert conjectured in [2] that
there are at least N brake orbits in an N-dimensional potential well of a natural Hamiltonian system,
hence where the brake-orbits correspond to the geodesics of a Riemannian metric. This conjecture
has been recently proved in [3], exploiting also some partial results achieved by the same authors in
different previous works (cf. [4-9]), while a preliminary result for the Finsler case is presented in [10].

The proof of the main theorem is based on a variational approach, seeing ELCCs as critical points
of the free-time Lagrangian action functional

T

Le) = [ L0, 3(0) +w)d,

defined on the set of paths in ) with endpoints in dQ and of class H'?, namely absolutely continuous
with derivative in L?. The existence and multiplicity results are then obtained through a minimax
approach, exploiting a particular version of the Ljusternik and Schnirelman category.
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This work directly extends the results achieved in [11], where the main differences are as follows.
Firstly, the main theorem is stated in [11] with the additional hypothesis that if v: () — TM is a unit
normal vector field with respect along d(}, then

doL(g,v)[E] =0, Vg €90,V¢ € T,00. )

This condition, which is trivially satisfied when L is the energy of a Riemannian metric (cf. [9]),
is a key ingredient to exploit the approach presented in [12] to prove that every critical curve of L, has
H?® regularity. Instead, in this work we prove the desired regularity following a penalization method
and the hypothesis (4) is not required. Secondly, the geometric distinction of the ELCCs has not been
proved in [11]. Finally, the minimax method applied in this paper is more simple than the one in [11].
Indeed, we reduce our study on a fixed-time problem, so we can avoid to take care of the possible
sources of non-compactness of the time variable in the free-time Lagrangian action functional.

This work also extends [10], since Theorem 1 holds even when L = F2, where F: TM — R
is a Finsler metric on M. In this case, the ELCCs are actually orthogonal Finsler geodesic chords,
namely geodesics with respect the Finsler structure such that ¢(0), y(T) € 9Q), ¥(]0, T[) C Q and

doF? (7(i), (7))

Theorem 1 cannot be directly applied with L = F2, since in this case L is C*® on TM\0 and
only C! on the entire tangent bundle. However, for every fixed energy level x > 0 = m(F?), we can
construct (cf. ([13] Corollary 2.3)) a C2 Tonelli Lagrangian L: TQ — R such that L(g,v) = F2(q,v) if
F%(q,v) > x/2, with L reversible if F is reversible. As a consequence, every Euler-Lagrange chord for
L with energy « is actually a Finsler geodesic.

2. Framework Setup and Notation

For the sake of presentation, we suppose that () is embedded into a N-manifold M including
Q. Using the Whitney embedding theorem, we can see M as a smooth (C%) submanifold of R?V,
endowed with the Riemannian structure of the euclidean scalar product (-, -y of R2N. A coordinate
system (7') = (q',...,4") on M naturally induces a coordinate system (q’,7'),i = 1,..., N on the
tangent bundle T M. If f is a real-valued function defined on T M, then d,; f and d, f will denote the
derivatives of f with respect to g and v respectively. In a local chart, the derivatives with respect to
q' and o' will be denoted by 9 4 and d,;. We will use the Einstein notation, implying summation over
a set of indexed terms in a formula. The norm ||-||: TM — R is that one induced by the euclidean
product in R?N, while we denote by ||-||;» the norm in a L? space, for any 1 < p < co.

2.1. Geometry of Q)

There exists a function ®: M — R of class C? such that Q = ®~1(] — 0,0[), 9Q = ®~1(0) and
d®(q) # 0 for every q € 9Q2. For all § > 0, we set

Q; =@ 1(] — o0, 4)).
By the C? regularity of ®, there exists a dy > 0 such that
4®(q) #0, Vg € @ ([=do, o), (5)
and such that Q5 is compact for any 6 € [0, 5y]. We also set

Ko = max|| Vo (g)|| G
q€0y,
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2.2. Sobolev and Functional Spaces

For any [4,b] C R, we consider the Sobolev spaces

H"?([a,b],R?N) = {x: [a,b] — RN : x is absolutely continuous and % € L?([a, b],R2N)} .

and
HY?([a, b), R?N) = {x € H'2 ([a, b],RZN) L x(0) = x(1) = o} .
For S C M, set

H'2([a,0],S) = {x € H'2([a,b], R*™N) : x(s) € Sforall s € [0,1]}.
It is well known that H'2([a, b], M) is a manifold of class C? and its tangent space at x is
TM = {g € H"([a,b], R?N) : &(s) € Ty M foralls € [a, b]}.

Due to the presence of the boundary 9d(), not all the elements of T, M are always admissible
variations. So we give the following definition.

Definition 3. Let Q be a non-empty subset of H'*([a, b], M). Then & € Tx.M is an admissible infinitesimal
variation of x in Q if there exists an € > 0 and a differentiable function h: (—e,€) x [a,b] — M such that

* h(0s)=x(s);
e h(t,-) € QforallT € (—¢,€);

© STe)| _ =20).

The set of all admissible infinitesimal variation of x in Q is denoted by V™ (x, Q).

We identify a curve 7: [0,T] — M with the pair (x,T) € HY?([0,1], M) x (0, +00),
where x(s) = 7(T5s). Thus, the main functional space of our variational problem is

M = {x € H2([0,1],Q) : x(0),x(1) € 0Q}.
If x € 9, then
V- (x, ) g€ TeM: (VO(x(0)),5(0)) = (VO(x (1)) ¢(1)) =o,
’ (V®(x(s)),&(s)) < 0foranys € (0,1)s.t. x(s) € Q) |

In other words, a vector field ¢ € Ty M isin V™~ (x,0) if {(0) and (1) are tangent to 0Q) and ()
points inside Q whenever x(s) € 9Q.

2.3. The Free-Time Action Functional

The main functional of our variational problem is

1 .
Li: Mx]0, 40— R, Li(x,T)= T/ (L <x(s), xgﬂs)) + K) ds.
0
Remark 1. The functional L, is well-defined only if L(q,v) is quadratic at infinity. Since we are considering
the fixed energy problem for a Tonelli Lagrangian, the energy level E~1(x) is a compact submanifold of T M and
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we can modify the Lagrangian outside a compact set K 2 E~1(x) to achieve quadratic growth. In particular, we
assume that L(q,v) is quadratic at infinity, namely there is a constant R > 0 such that

1
L(3,0) = 5 [lolI* + 8(q)[o] = V(q), ¥[oll > R,
where © is a smooth one-form and V is a smooth function on M.

Through all this work, we need the following lemma (cf. ([14], Lemma 3.1)), which provides
lower and upper bounds for the lagrangian function, its derivatives and the energy functions. Its proof
is based on the quadratic construction given in Remark 1 and the compactness of Q.

Lemma 1. There exist four constants ag, a1, by, A1, By > 0 such that for all (g,v) with q € 650 and v € TyM
we have

|dsLq. o) < a0 (14 l0l?) and doL(q,0)]| < a0 (1 + |[o]}); )
||dqu(q,v)|| < ay (1 + HZJHZ) and ||dqu(q,U)|| <ag(1+|v]); 8)
m|[o]|* = by < L(g,0) < Aq|o||* + By; ©)

a1 |[v]|* — L(q,0) < E(q,0) < Aq[|o||* — L(q,0); (10)

m €] < d5,L(q,0)[E, 8] < Aq|lEl)>, V¢ € TyuM. (11)

Proposition 1. The action functional Ly is of class C1, namely it is continuously differentiable and its
differential d Ly is locally Lipschitz continuous.

Proof. Seee.g., ([15] Theorem 2.3.2). [

The derivative of £y in the x-direction is given by

dyLy(x, T)[E] = T/O1 (qu (x, ;) €] + doL <x, f;) ED ds

for & € TyHY?([0,1], M). In the T-direction we have

on- [ (eos(o)an(o) ) [ (oo

Hence, the differential of £ is

8£K
oT

ALy (x, T)[E H) = dyLa(x, T)[E] + % (x, T)H.

Definition 4. Set (x, T) € M x |0, +oo[. We say that (x, T) is a V'~ -critical curve for L, on Mx]0, +oco[ if
dyLy(x,T)[E] >0, VeV (x,M),

and
0Ly

—(x,T) =0.
ar (1) =0
The following lemma will be useful in different parts of this paper, so we state it here for the

convenience of the readers.
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Lemma 2. Let [a,b] C [0,1] and let (x,, Ty) €, HY*([a, b],ﬁ(go) x]0, +oo[ be a sequence such that T, is
bounded from above, namely there exists T* > 0 such that T,, < T* for all n € N. If there exists ¢ € R such that

b .
Tn/ (L (xn,xn>+x> ds <c, Vn €N,
a Ti’l
then %, is uniformly bounded in L?([a, b], R?N).

Proof. From (9) we have

b |l ”an%z([ab] R2N)
cZTn/ a —bi+x)ds > ay—-F "= —T"|by —x]|.
a Ty T

Hence
sk

T 1/2
%01l 2 ((a,5],R2N) < (611 (c+T"[by — K|)> :
O

2.4. The Energy Critical Values

The behaviour of the free-time Lagrangian functional, hence of the Euler-Lagrangian flow induced
by the Tonelli-Lagrangian L, changes when k is greater then some specific energy levels, called critical
values. Here we only describe the critical values that affect our study; for more details about the
different critical values of a Tonelli Lagragian function we refer, for instance, to [14,16,17].

We denote by ey (L) be the maximal critical value of the energy function E. Since L is a fiberwise
convex and Q) is compact, we have

eo(L) = max E(g, 0). (12)
qeQ

The importance of this critical value is quite clear, since the projection of E~(x) on Q) is surjective
if and only if k¥ > ¢y(L). We will also prove that whenever x > ey(L), for every path < there
exists a unique minimum of £, among all the linear orientation preserving reparametrizations of -y
(see Section 4 for more details). As a consequence, we can reduce our analysis to a fixed time problem
and this simplifies the minimax approach that we will exploit to find the critical points.

Another important value which affects the behaviour of Ly is the Mafié critical value ¢(L). In our
setting, ¢(L) can be defined as minus infimum of the mean Lagrangian action over all the closed curves
v, hence

(L) =inf{xk e R: Li(x,T) >0,V(x,T) € Mx]0, +oo[s.t. x(0) = x(1)}.

This Mafié critical value c(L) marks an important changes in behaviour of the free-time action
functional because, whenever x > ¢(L), L is bounded from below and satisfies the Palais-Smale
condition. Moreover, if x > c(L), then the Euler-Lagrange flow on E~!(x) is conjugated up to a
time-reparametrization to the geodesic flow which is induced by a Finsler metric on M (see ([16]
Theorem 4.1)). However, our study cannot take advantage of this construction because the conormal
boundary conditions (2) may not be preserved by the time-reparametrization, as shown in the
following example.

Example 1. Let QbeD? = {g € R?: ||q|| < 1} and

1 1 _
L(g,v) = Z(v‘f—l—v%)%—i(v%—i—v%), Vg € O,0 € R?,
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where v; indicates the component of v. Then for all g € Q and v € R? we have

3 1
E(q,0) = E(U% +03) + i(v% +03),
and
dyL(gq,v) = (U‘;’ + vl,v% + 7).

Set an energy level x and let F be the Finsler metric on Q) such that the Euler-Lagrange flow on E~'(x)
is conjugated up to a time-reparametrization to the geodesic flow which is induced by F. Then (F?)~1(1) =
E~1(x) and

dyF?(q,0)[¢] =0 <= dyE(q,0)[¢] =0, Vo € E7 (k).

Hence the orthogonality condition for F on the boundary reads as
(303 +01)&1 + (303 + )& =0, V&€ T,00,
that is different from the conormal boundary conditions for L
dyL(,0)[g] = (0] +01)&1 + (3 +02)82 =0, V¢ € T,00.

As a consequence, if a curve is an orthogonal Finsler geodesic chord for F, it is an Euler-Lagrange chord for
L, but it may not satisfies the conormal boundary conditions (2).

We remark that the previous critical values satisfy the following chain of inequalities
eo(L) <c(L) <m(L).

Thus, all the results we are going to prove will be available when « > m(L), as assumed in Theorem 1.
Moreover, all the previous critical values coincide when the Lagrangian is reversible. However, if the
reversibility assumption does not hold, all these values may be different.

3. Regularity of the V™ -Critical Curves

Proposition 2. Let (x, T) be V™ critical for L on 9Mx]0, +oo[. Then x has H>? regularity, namely x is
absolutely continuous and ¥ € L2([0,1], R?N).

Proposition 2 is the key ingredient of our variational approach to prove Theorem 1. Indeed,
if there are no ELCTC in Q) and x > m(L), then the regularity of the V™ -critical curves for £, on
M %0, +co] implies that they are ELCCs.

While in [18] the regularity is proved exploiting directly the definition of critical curve in a
manifold with boundary, we base our proof on a penalization method. We allow the curves to lay on an
open set which contains (), adding a penalization term that is different from zero only when the curve
does not lay on Q). Since we are on an open set, the regularity of the critical curves can be obtained with
standard techniques. Then, we prove the regularity of the V™ -critical curves of the functional taking
the limit to remove the penalization term. The penalization method in a manifold with boundary has
been exploited, for instance, in [19] for the Riemannian, in [20] for the Lorentzian and in [21] for the
Finsler case.

Let p,q € Q be such that p # g and [a,b] C [0,1]. We set

C([a,8],,9,%) = {7 € H([a,b], Q) : 7(a) = p, 7(b) =},
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for any 0 < ¢y , where Jp has been defined in (5). For the sake of presentation, we denote
C([a,b],p,q,Q;s) by Cs when we have fixed [a,b] and p,q € Q and no confusion may arise. Then,
fixing [a,b] C [0,1] and T > 0, we define the functional

J:H2([a,b, M) =R by J(x)= T/ahL (x,’l‘,) ds.

We remark that the energy level « does not appear in the definition of 7. Indeed, since [a, b] C [0, 1]
and T > 0 are fixed, T f ab xds is a constant and does not affect the behaviour of 7. We consider on
C([a,b],p,q,Qy) the penalized functional

b
To(x) = T (@) + [ xs(@(x) ds,

where the function y;: | — o0, 6[— R is defined by

0, ift <0,
X&(t) = { 2

((Si—t)z, ifo<t<d.

By definition of x; we have
, 25
= — . l
Xs(t) t((Sft)X&(t) (13)

The regularity of critical points of J; in Cs can be proved by a standard argument (see, for example,
([22] Theorem 4.1)) involving the global inversion theorem (cf. ([23] Theorem 1.8)), which is available
since dyyL(g,v) is positive definite. Thus, we have the following lemma.

Lemma 3. Forany 6 € (0,0p), let x; be a critical curve for Js in Cs. Then x; is C* and satisfies the equation

T (qu <x5, J;‘f) — %de (x,;,?)) = —x5(DP(x5))dD(x5). (14)

Remark 2. If x; is a critical curve for J5 in Cj, (14) implies the existence of a constant Ey; € R such that

E, = TE (x,s,’gf) (@) on [a,b]. (15)

Moreover, in local coordinates (14) reads as

#o i i) 15 1
o _ 0 A 2 J ) )
T2 = e (xo‘, T> (aqu (xm T) - aqujL (sz/ T> T + Tx’(¢(x5))8q]¢(x5)>. (16)

The following result, known as Gordon’s lemma (cf. [24]), is a key ingredient to prove the
existence of a minimizer for J;s in the open set Cs. Indeed, it allows proving that Cs contains at least a
minimizing sequence which converges in C;.

Lemma 4 (Gordon’s Lemma). Let (x,,), C Cg such that
J(xn) < ¢ < oo, (17)
for some ¢ > 0. Then if there exists a sequence (sp)n C [a, b] such that

lim ®(x,(sy)) =6,

n—o0
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then

n—o0

b
lim [ xs(®(xy))ds = +o0.
a
Proof. By (17), the sequence
((xnz Tn))n C Hl'z([al b}rﬁé’g) X}Or +°°[

with T, = T for all n € N, satisfies the hypothesis of Lemma 2, hence | ab || ¢,||2ds is uniformly bounded.
As a consequence, recalling the definition of Ky in (6), for any s € [a,s,] we have

(sa(50)) ~ @(xa(s)) = [ (TO(x(@)) 500D < [ Kollsa(0)]ldo

L/ b 3 . (18)
< Ko(sn —s)3 (/ ||xn||2ds> < Csn —5)2,
a
for some strictly positive constant C that does not depend on n. Then
0 < 6 — ®(xu(s)) < Clsu— )2 + (6 — D(xu(sn))),
and 1 1
(19)

(6 — d)(xn(s)))2 = 2 (C2(sn —s5)+ (06— d>(xn(sn))2) )

Since ®(x,(sn)) — 0 > 0, for n sufficiently large ®(x,(sn)) > %(5 and there exists a sequence
5, < sy such that

1
¢(xn<§n>) - 55
From (18) we get that
1 1
—5,)2 > — .
(Sp —54)2 > 3C(S>0

Clearly we can choose 3, such that
1 -
D(x,(s)) > 55, Vs € (3, 8n)-

Thus, integrating both hands sides of (19) we obtain

! ds> 1 [” - ?
T Y ey

and passing to the limit we get the thesis. [

Lemma 5. For every § € (0,dy), the following statements hold:

(i) forall c € R, the sublevels
Js ={x€Cs: Ls(x) < c}

are complete metric spaces;
(ii) Jj satisfies the Palais-Smale condition, namely if a sequence (x,), C Cy is such that Js(x,) is bounded
and d J5(x,) — 0, then (x,), admits a convergent subsequence.

Proof. (i) Fix § € (0,0). If (x,) is a Cauchy sequence in Jf, then it uniformly converges to a

curve ¥ with support in ()5. Arguing by contradiction, if there exists 5 € [a,b] such that x(5) lies
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on the boundary of Q;, then there exists a sequence (s,), € [a,b] such that lim, e ®(x(sy)) = 9.
By Lemma 4, J5(x,) — 400, which is absurd. As a consequence, ¥([a, b]) € Cs and, by the continuity
of Jy, % € JE.

(ii) Let (x4)n C Cs be a sequence such that Js(x,) is bounded and d7;(x,) — 0. By Lemma 2,
there exists a constant ¢; > 0 such that [ Hb||5cn||2ds < ¢1. Hence, for all [s1, s3] € [a,b] we have

. 2. 12 1/2
dlst(xn(sl),xn(sz))g/ al|2ds < c1 (2 — 51)V/2.

51

By the Ascoli-Arzeld theorem, there exists a subsequence (x,) that uniformly converges to a
curve y, and such that X, converges weakly to . By the completeness of the sublevels of 5, y € C;.
It remains to prove that x, — y in H?([a, b], Qs), hence that %, — y strongly in L2. Set

&nls) = (expry) ¥ls), Ve fad]

where exp is the exponential map of the Riemannian structure of M. Since x,, — y uniformly, () is
well defined for n sufficiently large. Moreover, §,, converges uniformly to zero, hence

b
| (@ () xa) (2] = o
As a consequence, d Js(x,) — 0 implies that

n '\ [&n

Jim 47 (o)) = Jim T [ (a2 (322 ) e ot (v 2) [&2] ) =00 0

Since qu(xn, %, /T) is bounded in L! by (7) and ¢, converges uniformly to zero, we have

li de Xn [Eq]ds =0
im q xn,T Cnlds = 0.

n—oo Jgu

Thus, from (20) we obtain

. b n \ 4
11m de Xn, T [gn]ds - 0.

n—oo Jgu

Let [so,s1] C [a, ] such that y([sg,s1]) is in a single chart. If n is sufficiently large, also x, ([so, s1])
is in this chart and
én =Y — X+ Wy,

where w;, converges to zero in L?. Then

. 51 Xp . .
lim dyL (xn, ) [y — %Xn]ds = 0. (21)

n—oo Jgo T

Since x; converges uniformly to v and X, converges weakly to 17, we have

. 51 VAN
lim dyL | x4, = ) [y — %n)ds = 0. (22)

n—oo Jso T

By (21) and (22) we obtain

tim [ (doL (00, L) —dol (30,52 ) ) [ = £a)ds = 0
no Js, v np v s Yy n =U.
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Since L is C2, we can apply the mean value theorem and, by (11), there exists a constant c; > 0

SUCh that
0= lim K d L|x y d T.” [ . ]
s v ns T ‘UL Xn, y Xn dS

— lim ds/ wL( x"+‘7<y_x”>> [V — %] [y — 2a)do

n—rco T
. 51 .2
> lim cz/ ly — xn||~ds.
n—co s

Since the above inequality holds for in every local chart, %, converges to i in L? and this ends
the proof. O

Remark 3. Since Jj satisfies the Palais-Smale condition and it is bounded from below, Js has a minimum
point x5 € Cj.

Lemma 6. Forall 6 € (0,0), let x5 be a minimum of J5 on Cs. Then there exist two constants ky,ky € R
such that for all 6 € (0, dp)
Ts(xs) < ki < +oo (23)

and
EX‘,' < k2 < o0, (24)

where Ey; are the constants defined in (15).
Proof. Let y be a curve in M1 such that y(a) = pand y(b) = q. Theny € Cs for all 6 € (0,4p). Hence
Ts(x5) < Ts(y) = T (y) = k1 < +o0, Vo € (0,0p).

By (10) and (9), for all § € (0, p) we have the following chain of inequalities

(b—a)Ey, = T/abE (x(5, )ds—/ Xs(®(xs))ds < T/ (Al Z—L(x(5,0)> ds
< T/ah (Z‘ll (L <x5, T) +b1) ~ L(x,,0 )) ds < —k1+2 L0 T(b—a).

As a consequence, from (25) we infer there exists a constant k, such that (24) holds. O

X5
T
(25)

By Lemma 6, if (x5, ), is a sequence such that x5, is a minimum for 75, V#, then there exists a
subsequence that is uniformly convergent to a curve y with support in Q). However, we need the
following two intermediate results to prove that y is a minimum for 7, which is a key ingredient to
prove Proposition 2.

Lemma 7. Let (x5);5¢(0,5,) be a family in H'Y2([a,b], M) such that for any 6 € (0,8y), x5 is a minimum of Js
on C([a,b],p,q,Q;s). Forany é§ € (0,6y), set

As(s) = =x5(P(x5(s))), s € [a,b]. (26)
Then there exists &1 € (0,5y) such that

sup [[As]le = sup max [As(s)| < +oo. (27)
5€(0,61) 5€(0,6,) S€lab
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Proof. For any 6 € (0,dp), set ps(s) = ®(xs5(s)) and let s; be a maximum point for ps. Since the

derivative of x; is non-decreasing and Xg(t) = 0 for any ¢t <0, then

0 < x5(P(75(5))) < x5(®(76(56))), Vs € [a,b].

Thus, it suffices to prove (27) assuming that
(75(s5)) €10,4.

We will prove the existence of a constant C > 0 such that

X ®(rs(ss)) < c(1 +Xa(<1>(%s(55)))>/ for any & € (0,d),

from which we infer the thesis. Indeed, by (13) we obtain

( 26
D(75(55)) (0 — P(75(8s

5 —c) xs(@(r(ss))) < C.

Since
inf 72(5 —§
te(00) (K6 —1)) 67

then setting 6; = 8/C we obtain (27).
By Lemma 3, x; is twice differentiable. Since s; is a maximum for p; we have

Ps(s5) = 0% i P (x5(s5) )2ty + 9 P(x5(s5)) ¥5(s5) < 0.
By (16) we have
azq,-qjd>(x,5)xl5xf5 + Taq,-cb(x(g)ﬁ’] (X5, ;) [Taq/’L <x5, ]f)

=0t (302 ) b 2 (@) ()| <0

(28)

(29)

where we omitted the dependency on s, for the sake of presentation. Since we are on a compact subset

of M, there exists a constant ¢; > 0 such that
2 QL] .2
9% P(x5) 255 = —ca |25 %

By (11), we have
Olg,0)58 = 5-lEI? Vg€ M Ve e TIM.

As a consequence, there exists a constant c; > 0 such that
X (35,5 ) 0, 0(30)2 0(x0) 2 xh(@Lx0)en
By (7) and (8), there exists a constant c3 > 0 such that

. . .k .
X5 X5\ X X5
aqu (x§, T) - ajkij (X&, T) T& > —C3 (1 + ||=

T

Xy

T

)

(30)

(31)

(32)
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Then, using (31) and the compactness of 650, there exists a constant ¢4 > 0 such that

y - ¢\ ik 2
9,1 D (x5) " [aq,-L (xg,’@ —aijjL (xﬁ%’) ﬂ > oy [ 1+ . (33)

Now, using (30), (32) and (33), from (29) we have

s
T

X5

T

. . 2
) X X
—c1||%5 |1 + Teaxs(D(x5)) — TPy (1 + ‘ T‘S + % ) > 0.
Hence, there exists a constant ¢ > 0 such that
X % |7
X5(®(xs)) < Te (1 + ?‘5 + ?‘5 ) : (34)

By (10) and (24), we have
T (611 - L(x5r0)> = Xs(P(xs))

<T (de <x5,’ﬁfﬁ) m ) (xﬁf)) — xs(@(x5)) = Es < ky

2

and, consequently,

2
X
ﬂJH; < ko + x5(®(xs5)) + TL(x4,0).

Since ), is compact, L(g,0) is a bounded function, so there exists a constant ¢5 > 0 such that

5 2
ﬂ?<@Q+m@mm) 35)

Since x5(¢(q)) > 0forall & € (0,6)) and g € Q,, from (35) we also deduce that there exists a
constant cg > 0 such that
s

T
E

S%@+m@um) (36)

Finally, using (35) and (36), from (34) we infer that there exists a constant C > 0 such that (28)
holds, and this ends the proof. O

Lemma 8. Let (xy,), be a sequence in H'?([a, b], M) such that x, — y € H"*([a,b], M). Let & € T,M
and set Gu(s) = Py (5)(G(s)), where Py(-): RN — T, M is the orthogonal projection on TyM. Then &,
converges to & in H?([a, b], R?N).

Proof. Foranys € [a,b],let (U, ¢) be a local chart such that U is a neighbourhood of y(s). If we denote
by (¢');=1.. n the canonical basis of RN, then

eu(s) =d(e ) (g(xa(s)))le], i=1,...,N

is a basis for T, ()M, if n is sufficiently large. Applying the Gram-Schmidt process to (e} (s))ie1,.. N,
we obtain an orthonormal basis &, (s) for Ty, (s)M- Similarly, let us denote by é'(s) the orthonormal
basis of T,(;) M obtained from d( » 1 (@(y(s)))[e']. With this notation, we can write
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N . .
Cnls) = ) (2(s),6,(s))én(s) V. (37)

Since x,, and y has H'? regularity, ¢' and &, are in H'?([a, b], R?N) for all n. Moreover, since x,, — ¥
in H'2([a, b], M), we have that ¢, converges to & in H"?([a,b],R?N). As a consequence, by (37) we
obtain the thesis. O

Lemma 9. Let (X5)s¢(0,5) be a family in H'2([a, b], M) such that for any & € (0,89), x5 is a minimum of Js
on C([a, b, p,q, Q). Then there exists a subsequence (8,)y in (0,8¢) such that

1. (xs,)n strongly converges to a curve y € C([a, b, p,q,Q);
2. the sequence of functions (A, ), weakly converges to a function A € L*([a, b], R);
3. the limit curve y satisfies

T <qu (y, ?) — %%%L (y, ;{)) =AVO(y) ae; (38)

and y € H>*([a, b], M);
4. the limit curve y is a minimum of J on C([a, b], p,q, Q).

Proof. (1) Since x5 is a minimum of L; for all § € (0, dy), then there exists k1 > 0 such that (23) holds.
By Lemma 2, ||x;]|;2 is bounded and by the Ascoli-Arzeld theorem we obtain a decreasing sequence
(6n)n C (0,0p) that converges to 0 such that x;, uniformly converges to a curve y and x;, weakly
converges to y. By an argument analogous to that used in Lemma 5, x;5, strongly converges to y in
H'2([a,b], M). Since x;, (s) C Q, forall n € N and 8, — 0, the support of  is in Q.

(2) Since 6, — 0, we can assume that §, € (0,61) and by Lemma 7, A;, is bounded in
L*([a,b],R) C L?([a,b],R). Then, going if necessary to a subsequence, A;, weakly converges to
a function A € L?([a, b],R).

(3) For any ¢ € TyM such that ¢(a) = ¢(b) = 0, set & = Py, (§) € Ty, M. By Lemma 8,
&y converges to ¢ in H?([a, b], R?N). Since x;, is a minimum for J;, we obtain

3,50 = T [ (a0 (0,52 ) o + ot (30, 5 ) [&2] ) s

b
* /a X5, (@ (x5,))dD(x5,) [En]ds = 0.

Since A5, = —xj, (x5,) weakly converges to A in L%([a,b],R), taking the limit in the above

equation gives
T./u.b (qu (y, 7,) (] + doL (y, ?) ED ds — /;b/\dd)(y) [&]ds = 0. (39)

Since & € Hy?([a,b],R?N), we obtain (38) by a partial integration. From (39), by a standard
argument involving the implicit function theorem we obtain that jj has the same regularity of A, so it is
in L2([a,b],R?N) and y € H*?([a, b], M).

(4) Recalling (13), by Lemma 7 there exists a constant c; > 0 such that

D(75,(5)) (0n — D(75,(5))) ‘

sup |xs, (P(7e,(5)))] = sup (x5, (®(75,(s)))

s€a,b] s€la,b 20n
<k sup t((Sn—t)’:kén_)O.
te(0,8,) | 20n 8
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Consequently,

lim/ X(g x§n )d =0,

n—oo

and since C([a,b], p,9,Q) C C([a,b], p,q,Qs,) for all §,, then
T() = lim s, (x3,) < lim Js, (x) = T (), forallx € C([a,b], p,q, ).

O

Proof of Proposition 2. It suffices to prove the regularity of x when it touches the boundary 9.
Indeed, when x lies on (), it satisfies the Euler-Lagrange equations and it is C2. Since the regularity is
a local property, we can restrict our analysis on a single chart (U, ¢) in a neighbourhood of a point
x(f) € 9Q). Let (a,b) be a neighbourhood of f such that x([a,b]) C U and x(a) # x(b). If f = 0, then set
a = 0 and, similarly, if f = 1, then set b = 1. Please note that, for our purpose,s we can choose a and b
as close as we desire.

Choosing T as in (x,T), for any 6§ € (0,dy9), consider the functional J; defined on
C([a,b],x(a), x(b),Qs). By Lemma 9, there exists a curve y € H?*?([a,b], M) that is a minimum
of J on C([a,b],x(a),x(b), ). We shall prove that x has H>? regularity by showing that x = y.

As a first step, let us show that if 2 and b are sulfficiently close, then y([a, b]) C U. Looking for a
contradiction, we assume that this is not true. Then, for every € > 0 there exists 5§ € (f — ¢, + €) such
that y¢(5) ¢ U, where

ye €C([F—e,f+e],x(F—€),x(F+€),Q) =Ce

is the curve that minimizes J on C.. By the Cauchy-Schwarz inequality and (9) we have

5 f+e 1/2
aist(x(@), o) < [ oelas < vae ([ ||y'€||2ds)

<T\F(/t+€ ( (ye,ye>+b1>ds) <2T\/7+2Te\/|37

for every € > 0. As a consequence, dist(x(a),0U) = 0, and this is absurd.
Now choose the map ¢ such that

is constant on the chart. Then ¢ = y — x is an admissible variation of x in C([a,b], x(a), x(b),Q),
since ((s), V®(x(s))) < 0if x(s) € 9Q). Now define f: [0,1] — R by

f(8) = T (x +15).

Since y is a minimum for J on C([a, b], x(a), x(b), ), we have that

Setting &(s) = 0 for any s € [0,1]\[4, b], we have that { € V'~ (x,9). Since x is a V™ -critical curve
for £ on 9, we obtain

f1(0) =dJ (x)[¢] = dxLx(x)[¢] > 0.

Looking for a contradiction, we set y # x and show that if 4 and b are sufficiently close, then

[ 00 -s@)i>o @)
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As a consequence,

02 f1) - f0) = /O)+ [ (1)~ P @)t = [ (76) - f0))et >,
which is an absurd. By definition of f, we have

f(t) = £(0) =dJ (x + t8)[] — dT (x)[¢]

S e R )
(0 (e 5) - 15) ) [£] o
s fax+f€>—w<xf;>>m
0 e L O DI

wm/[( \>MW+;Q+ DMM&]

Similarly, using also (11), we have
X+ t¢ X &
(d”L (ret0 552 ) - (%)) H
2
s e \)wwﬂ

Hence, by (42) and (43), from (41) we obtain
>n/@/['m2z%0+ DG

(i e

Let us show that there exists a constant ¢y > 0, which depends only on x, such that

’

x+at§ x+at§

X+ oté

x—i—(ft@’

X+ oté
T

12
X t
x+TUC’ ds < c7.

16 of 28

(41)

(42)

(43)

(44)
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Indeed, by (9) and since y is a minimum for E‘%’b, we have

/a x+atcH <2/ (H 2>ds
< 5 [ (14 200017+ 11 ) s
< %/b||x||2+i/b (L (y,y) +b1) ds
<& [ / ( ( )+b1>ds:c1<+oo.

As a consequence, there exists a strictly positive constant c, such that

b 1 " z .
n=2 ([ (1 H‘”’LCH)|c||||<;f||da)ds
2 2 b
=20 Preetas+ 32 [/
b
< 29 gl + 2“°||§||Loo||c||Lz [

where we applied the Tonelli’s theorem and the Holder inequality. Similarly, there exists a constant

c3 > 0 such that
b 1
122610/ (/ <1+
a 0
by 1 b
<alel [ ([ (1+
0 a

Then, by (44) we obtain

T

H _x

)da

1/2 ]
ds) do < c||&ll = 1€ 2,

T

2+ ot P\ o
e BLERRE

5 £ 12
x +T(7t§H )ds)da < o3| €[|fe-

£ = £0) = Tt (S8 — callells 1l 2 — sl )

Since ¢(a) = 0, we have

&(s) H )+ [ de

18]l < Vo —allg]l e

< /ﬂSHg’(a)Hda < Vs—allglle

therefore

We have
f(6)=f0) =Tt (75 —cvb—a—cs(b—a)) ]

As a consequence, if b — a is sufficiently small, there exists a constant ¢4 > 0 such that
F1(8) = £1(0) = cat||€]17.
If y # x, then ||& ||i2 > 0 and, consequently, (40) holds and this leads to a contradiction. [

To state our next result we need the following definition.
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Definition 5. We define the Hessian of ® with respect to L in (g,v) € TM by
42

Hy(3,0)[0] = 5

@(7(s)),

s=0

where y: | —€,e[— M is the unique solution of the Euler-Lagrange equation associated with L such that
v(0) = g and ¥(0) = v. In local coordinates the Hessian of ® with respect to L in (q,v) € T.M is given by

H5(9,0)[o, 0] = 2, @(0)0'0) +3,9(9)0(g,0) (3,L(3,0) ~ 2 Ligo)od), (@)
where ('1(g,v) denote the components of the matrix (d%,L(q,v)) !

Corollary 1. Let (x,T) be V™ -critical for L, on M. Then x € H>®([0,1],Q) reqularity. Moreover,
setting Cy = {s € [0,1] : x(s) € 9O} there exists a function A € L*®([0,1], R) such that

i. A<0ae in[0,1],A(s) =0ifs & Cyand

07 (x, 7) 95 ()9, (x)

a.e. in Cy; (46)

ii. x satisfies the following equation

N .
T <qu <x, ;‘,) — Z oL <x, ;)) —AVO(x)  ae. (47)

Moreover, (x, T) satisfies the conservation law

E <x(s), xg,s)> =K, Vs € [0,1]. (48)
Proof. By the proof of Proposition 2, in every chart the curve x coincides with the curve y obtain from
Lemma 9. Then x satisfies (47) a.e., where A € L%([0,1],R) is the limit of functions defined in (26).
Consequently, A(s) =0 foralls ¢ Cy and A < 0 a.e.. Set p(s) = ®(x(s)). Since p(s) = 0 on Cy and p is
a H'? function, by ([25] Lemma 7.7) we have

p(s) = a;,.q,@(x)xixf +9,P(x)¥ =0, ae onCy (49)

Using (38) in local coordinates, we get that x satisfies the equations

ST x 2\ &1
ﬁ =Y <XIT> (%L (x, T) — aqujL (x, T) T — T)\%,@(X)) . (50)

Substituting the expression of ¥ of (50) in (49) and using (45), we obtain (46). By (46) and since x
is a continuous function, also A is a continuous function in [0,1]. Then A € L*([0,1],R) and using (50)
we obtain that ¥ € L*([0,1],RN).

In order to prove (48), we can contract both terms of (47) with x/T. Since A = 0 on [0, 1]\Cy and
(V®(x),%,=)0 on Cy, we have

d X X 1d X X
%E <x, T) =T (qu <x, T) — ?£d0L (x, T)) {T} =0, on]0,1],

9Ly
oT

thus E(x,x%/T) is a constant. Since (x,T) =0, we obtain (48). O
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Lemma 10. If (x, T) is a V" -critical curve for L on M x |0, +oo[, then it satisfies the conormal boundary
conditions (2).
Proof. Take any vector field § € V™ (x,91) such that

(V®(x(s)),E&(s)) =0, for all s such that ®(x(s)) = 0.

In this case, also —¢ is in V™ (x, M) and, by the V™ -critical assumption on x, we obtain
dxLy(x,T)[¢] = 0. Integrating by parts and using (47), we have

deLoc(x, T)[E] = HdUL (x, ;‘,) [‘ﬂ}:* /01 (qu (x;> _ %disde (x, ;)) (E]ds = 0,

ot (x), 5 ) ] - ot (x0), ) o)) <o,

Since ¢(0) and ¢(1) are arbitrary tangent vectors to (), then (x, T) satisfies the conormal boundary
conditions. O

then

Proposition 3. For every x > m(L), one and only one of the following statements holds:
i.  there exists at least one ELCTC with energy «
or

ii.  every V™ -critical curve for Ly on Mx]0, 400 is an ELCC.

Proof. Let (x,T) be a V™ -critical curve for £, on M x]0, +oo[. Since x > m(L) > ¢y(L), by (48) we
infer that %(s) # 0 for all s € [0,1]. Since x([0,1]) € Q, %(0) cannot point outside Q). By Lemma 10,
(x, T) satisfies the conormal boundary conditions (2). Hence, if %(0) € T, g)9), then by (2) we have

=2 (x0,9) = (0,0 [1O] -1 (20, 22) = 1 (0,29 <,

which is absurd. Thus, ¥(0) points inside (). Let us suppose that Cx = {s €]0,1[: x(s) € 0Q} # @ and
set sp = min(Cy), namely the first positive time at which x(s) € 9Q). By Proposition 2, x is of class
C!, then %(sp) must be tangent to 9Q. Then x (T-) |[0,50)i5 @an ELCTC. Otherwise, if Cx = @, (x,T) is an
ELCC. O

4. The Functional F;

In this section, we prove that if k¥ > eg(L), then we can restrict our analysis on a fixed-time
variational problem, since for every x which is not constant there exists one and only one T(x) €]0, +oo[
such that aa'% (x, T(x)) = 0. This result will simplify the construction of a descent vector field that will
allow using our minimax approach to prove the existence of V™~ -critical curves (cf. [11]).

Let us denote by € the subset of It that are constant curves in 9(), thus

C={xeM:3ge€ Ostx(s) =qVse[0,1]}.
We remark that if x € M\, then ||x|[;2 > 0.

Proposition 4. Set x > ey(L), where ey(L) is defined in (12). Then for every x € I\ & there exists an unique
T(x) > 0 such that

a[:;(
oT

(x,T(x)) = 0. (51)
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Moreover,
Li(x,(T(x)) < Li(x,T), VT €]0, +ool. (52)

Proof. In order to prove the existence and uniqueness of a T(x) > 0 such that (51) holds, we are going
to prove that for every x € M\ & the function

£:10,foo[ R, F(T) = aaﬁT"( T):/(]1<K—E<x,;>)ds

is strictly increasing,

9L
1 T)= li
Aim, f(T) = Jlim, =7

(x,T) = —oo, (53)

and

lim f(T)= lim 9L

T 0.
T—4o0 T—+00 0T (x, ) =

The above properties prove also (52).
The following inequality shows that f is strictly increasing

%L N\ [x x a 1
! _ K adl -2
(1) = 555 (T T/ ( )[T T]d_T3/0|x||ds>0.

By (10) we have

FO) < [ (L00) 40— 2 ) ds = [ (1050) +6)ds — 112

Consequently, (53) holds. Now let (T;), be a sequence such that T,, — co. As a consequence,

2 50 ae and | = | <% € L(0,1],R).
T T,

n

By definition of ey(L), we have that if « > eg(L), then L(g,0) +« > 0,Vg € Q.
By (7), we can apply the dominated convergence theorem and we obtain

n—00

1

lim f(T,) = /0 (L(g,0) + &) ds > 0,

and this ends the proof. O

Lemma 11. There exist two constant ¢, ¢y > 0 such that for all x € 9\ &y we have

o MR _o 5
Ay T TA(x) T4y

As a consequence, for every sequence (x, ), C I\ €, we have that T(x,) — 0 if and only if || %, ||%2 —0

Proof. By definition of T(x) and by (10) we have

O—K—/ < )ds<1< /01 <a1’1|1|2x(|;) +L(x,0)> ds < —a 1!I|12|(|L;+ 1,

from which the right-hand side inequality of (54) follows at once. Similarly we have

0:“‘/()15<x'§>d52”‘[) (Al Hx<|2>“( )>d > A |<|>“2'
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and we get the left-hand side inequality of (54). We remark that, since ¥ > ¢p(L) = — min geql L(q,0),
c; can be chosen strictly positive. [

Lemma 12. Let (x,) € OM\C such that x, — xg € € with respect to the HY“?-convergence.
Then Fi(xn) — 0.

Proof. By Lemma 11 we have T(x,) — 0. Moreover, by (9) and (54) we obtain

1 - 12
Fic(xn) > T(xn)/0 <a1 7'3;?!() —b + K) ds > T(xy,) <2c2 +x— b1> — 0.

Similarly,

Y Ay
< < N
Fie(xn) < T(xn)/0 <A1 T2(x) + By +K> ds < T(x,) (ﬂl 1 +x+ B1> — 0.

O

By Proposition 4 and Lemma 12, we can define the continuous functional F: 91 — R* by

Le(x, T , if <o,
fK(X): K(x (.X')) 1 x¢ 0
0, if x € €.
Moreover, Fy is a C! functional on M\ €y, and its differential is

AF(x)[E] = deLx(x, T(X))[E],  Vx € M\Co, ¥V € € V™ (x,M). (55)

Accordingly to the definition of V™ -critical curves for the functional L, we give the
following definition.

Definition 6. We say that a curve x € MM\ & is a V'~ -critical curve for F on MM\ & if
dF(x)[¢] >0, V& eV (x,Mm).

A number ¢ > 0 is a V™ -critical value for Fy if there exists x € 9 that is a V™ -critical curve for F, on M\ &
such that J (x) = c. Otherwise, c is said V™ -regular value for F on 9.

From (55) and the definition of T(x) we can infer the following result.
Proposition 5. A curve x is V'~ -critical for Fc on M\ &g if and only if (x, T(x)) is a V™ -critical for Ly on IN.

As a consequence, exploiting also Proposition 3, we can find ELCCs by looking for the V™ -critical
curves of F on M\ €.

5. YV~ -Palais-Smale Condition

Let |||« H?([0,1],R?N) — R be the norm given by

el = max{ [ ley + ( [ 16 1%s)

Definition 7. A sequence (x,,), C M\ is said V'~ -Palais-Smale sequence for Fy at level ¢ € R if

i Felxn) = ¢
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ii.  forall (sufficiently large) n € N and for all &, € V™ (x, M) such that ||Cu]l« = 1,
AF(xn)[Cn] = —€n,
where €, — 0T,
In this section, we shall prove the following result.

Proposition 6. If k > c(L), then any V~-Palais-Smale sequence x,, for Fy at level ¢ # 0 admits a strongly
convergent subsequence.

Lemma 13. Let (x,)n C M\ &g be a V~-Palais-Smale sequence for Fy at level c € Rwith 0 < Ty, < T(xy) <
T* < 4o0. Then (x)n admits a strongly convergent subsequence.

Proof. See ([11] Proposition 4.3). O

Lemma 14. Let (x,), C 9M\Cy be a V~-Palais-Smale sequence for F at level c € R. If T(x,) — O,
then ¢ = 0.

Proof. Itis an immediate consequence of Lemma 11. Indeed, for all (x,,) € 9\ &y we have

Fi(xn) > T(xy) (illcz +x— bl) -0

and A
Filxn) < T(xy) (alcl +x+ Bl) — 0.
1

O
Lemma 15. Ifk > c(L), then Fy is bounded from below.

Proof. By definition of Fy, it suffices to prove that £ is bounded from below.
For any (p,q) € 9Q) x 9Q), we can choose a curve x,, € M such that x(0) = p and x(1) = q. Then we
define f: 9Q) x 9Q) — R by

f(p.9) = Li(xpg, 1)

Since 9Q) x 0Q) is compact, there exists a constant C such that f(p,q) < C, for all p,q € 9Q2. Now
let (x, T) be an element in M x |0, +-oo[. Then the curve

_ x(%s), ifse [0, T/(T+1)],
Y xx(l),x(o)((T—l—l)s—T), ifs € [T/(T—l—l),l],

is a closed curve. By definition of the Marié critical value c¢(L), since x > c¢(L) we have L, (y,T+1) > 0.
As a consequence

0<Li(y, T+1) = Li(x,T) + Lic(xy(1),x(0), 1) < L, T) +C,
s0 L(x,T) > —C. By the arbitrariness of (x, T), we have the thesis. O

Lemma 16. If x > c(L), then for any V~-Palais Smale sequence (x,), C M\ & there exists T* > 0 such
that T(x,) < T* foralln € N.
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Proof. Let ¢ € R such that Fi(x,) — c¢. Then we have
c+12> Fe(xn) = Fory (xn) + (€ — (L)) T (xn).

Hence

1
< — — .
T(n) < x —c(L) (C 1= Few (x”))
By Lemma 15, ]-'C( L) is bounded from below, and the thesis follows at once. [J

Proof of Proposition 6. By Lemma 16, there exists T* such that T(x,) < T* for all n € N. On the other
hand, since ¢ # 0, by Lemma 14 there must exists T, such that T(x,) > T.. Hence, Lemma 13 applies
and there exists a subsequence of (x;) that strongly converges. [

6. Proof of the Main Theorem

In the following we assume that x > m(L) > ¢(L) > ep(L). Hence, all the previous results are
available and
Fi(x) >0, Vx € M, Fi(x) =0 <= x € ¢.

Moreover, for every c > 0, we denote the sublevel of F; at ¢ by
Fi={xeM: Fe(x) <c}.

Definition 8. Let x € M\ &y and p > 0 be fixed. We say that F has V™ -steepness greater than or equal to y
if there exists ¢ € V™ (x, M) such that ||C||« = 1 and dF(x)[E] < —p.

Lemma 17. Let M > m > 0 be such that C = F ' ([m, M]) does not contain any V™~ ~critical curves for Fy.
Then there exists yc such that every x € C has V™ -steepness greater than or equal to pic.

Proof. This is a consequence of Proposition 6. Indeed, if such yc does not exist, we can choose a
€n — 01 and a sequence (x,,) € C such that

d]:;c(xn)[gn] > —€y, Ven € V_(xnrm)/ ”‘:ﬂ”* =1

Since Fi(xn) C [m, M], Fx(xn) — ¢ # 0, going if necessary to a subsequence. Hence, (x,) C
M\ &y is a V™ -Palais-Smale sequence and, by Proposition 6, there is a V™ -critical curve in C, that is
absurd. O

Thanks to the previous lemma, we can construct a pseudogradient vector field for F; (cf. [10,11]),
that is the key ingredient to prove two deformation lemmas on the sublevels of F; which are necessary
for our minimax approach. We need some preliminary definitions to state these lemmas.

We define the backward parametrization map R: 9t — 9 by

(Rx)(s) =x(1—s), Vse][0,1].

We say that ' C 9 is R-invariant if R(N) = N. On any R-invariant set \V, the backward
parametrization map R induces an equivalence relation and we denote by N the quotient space.
Through this equivalence relation, we identify any element x of 97 with its backward parametrization.
The map R induces amap R: V™ (x,9) — V'~ (Rx,9M) defined by

(RE)(s) =¢(1—s).

Remark 4. If L is reversible, then x is a V™ -critical curve for Fi if and only if Rx is a V™ -critical curve for F.
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Definition 9. Let N be a subset of M. Then a continuous function h: [0,1] x N' — N is said admissible
homotopy if

(i) h(0,x) =xforallx € N;
(it) h(t,x) € € forallx e NN&yandt € [0,1];
(iti) if x ¢ N'NCy, then h(t,x) ¢ N N¢&, forall T € [0,1];
(iv) if L is a reversible, N must be R-invariant and h(t, Rx) = Rh(t, x) for every T € [0,1].

We are ready to state the first following lemma.

Lemma 18. Let ¢ > 0 be a V™~ -reqular value for F on 9\ &y. Then there exists an € > 0 and an admissible
homotopy h: [0,1] x FEte — FE+€ such that h(1, FE€) € FLe.

Proof. See ([10] Lemma 6.3). [

We need some other definitions in order to state the other deformation lemma.
For every x,y € 9, set

1

dist (1,9) = max [1x(0) ~ w(O) | Ix(1) ~ y() 1} + [ s) ~yis) P s )
and for every x € Mtand r > 0 set
By(x) ={y € M : dist.(y,x) <r}.

Now assume that the number of V™ -critical curves of F; on M\ & is finite, say (y;)ic;-
Then we can fix an r* > 0 such that

*  B..(yi)N B, (yj) = @foreveryi#j;
e any B, (y;) is contractible in itself;

e any By, (y;) does not include constant curves.

Thus, we define
O = U B (xi)'
icl

We remark that, if L is reversible, then O* is R-invariant by Remark 4.

Lemma 19. Assume that the number of non-constant ¥V~ -critical curves for F on MM\ &g is finite and let ¢ > 0
be a V'~ -critical value for F. Then there exists an € > 0 and an admissible homotopy h: [0,1] x FE+e — Fete
such that h(1, FEte\O*) C FE¢.

Proof. See ([10] Lemma 6.4). O
Lemma 20. Ifk > m(L), then there exists 61 such that, if x € ]-",fl, then

@(x(s)[ <0, Vs [0,1], (56)
that is, every curve of the sublevel F2 lies on a tubular neighbourhood of 0Q).

Proof. Since () is compact and L is quadratic at infinity, for every x > m(L) there exist two constants
tx, 0 > 0 such that

L(g,v) + & > ag|v|*> + 6 >0, Vg € Qg,, Yo € TyM.
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Set & > 0. As a consequence, for every (x, T) € £ C M x]0, +oo[ we have

0> Fi(x) = T(x) /01 (L (x, Tzcx)> -l-K) ds > T(x)dx,

and

from which we infer

Since x(0) € 9Q), then ®(x(0)) = 0 and we obtain

9(x(5)] = [@(x(5)) ~ @(x(0))] < [ [(Ve(@), ¥(0))] do
< K [ I#ldo < Kallt2 < Ko e,

where we used the Cauchy-Schwarz inequality twice. By the arbitrariness of J, there exists é; > 0 such
that (56) holds for every x € FroO

Lemma 21. There exists an admissible homotopy h: [0,1] x F2' — 9 such that (1, F2') C €.

Proof. By Lemma 20, x([0,1]) C ®~1(]0,4]) for every x € Fo. By (5), there exists a retraction
r: ®71([0,60]) — 9Q of class C! defined in terms of flow of V®. Hence, there exists a homotopy g
such that g(1, x)(s) € 9Q), forall x € F2. Now define the homotopy k(7,x)(s) = x((1 —1)s+1/2),
so that k(1,x)(s) = x(1/2) € oQ) for every curve that lies in Q). Combining the two homotopies g and
k we define
h(t,x) = {g(ZT, x), ifte[0,1/2],
k2t —1,h(1,x)), ifte[1/2,1],

which is an R-invariant homotopy such that (1, F2!) C ¢;. O

We require one last definition to complete our proof, which is actually a relative Ljusternik and
Schnirelmann category.

Definition 10. Let X be a topological space and Y a closed subset of X. A closed subset Z of X has relative
category equal to k € N,
catx y(Z) =k,

if k is the minimal positive integer such that Z C \J5_, A;, where {A}%, is a family of open subset of
X satisfying:

. ZNY C Ay,
e ifi#0,A;is contractible in X\Y;
o ifi =0, thereexists hy € C°([0,1] x Ag, X) such that ho(1, Ag) C Y and ho([0,1], ApNY) C Y.

Proof of Theorem 1. Let L be a reversible Tonelli Lagrangian. By Lemma 4, we can identify each
curve with its backward reparametrization and we can study our variational problem in 9. To prove
our existence and multiplicity result, we exploit the relative category

catﬁréoim > N,
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that has been proved in [6]. Let D be the set of all closed R-invariant subsets of 9t and define
ri={DeDicatggD>if, i=1..,N
Since each I’; is non-empty, the following quantities are well defined

c; = Dirgiilelgj(x), foranyi=1,...,N.

With similar arguments applied in [11], by Lemma 21 we have that c; > J1, by Lemma 18 we
have that each ¢; is a critical value for Fy in 9\ ¢y and by Lemma 19 we have that ¢; < ¢; + 1 for
alli =1,...,N — 1. Hence there are at least N V™ -critical curves for F; on 9\ &,. By Propositions
3 and 5, either there exists an ELCTC or they are all ELCCs with energy x. It remains to prove the
geometric distinction of the ELCCs. Let us denote by x; the V™ -critical curve such that Fi(x;) = c;.
Seeking a contradiction, let us assume that x;([0, 1]) = x;([0, 1]), with i # j. Then either x;(0) = x;(0)
or x;(0) = x;(1). If x;(0) = x;(0) = g, then x;(0) and %;(0) have the same direction and since the
two curves (x;, T(x;)) and (x;, T(x;)) have the same energy «, it must be %;/T(x;) = %;/T(xj). As a
consequence, the two curves 7;: [0, T(x;)] — M and 7;: [0, T(x;)] — M defined by

Yi(t) = x;(t/T(x;)) and 7;(t) = x;(t/T(x;))

have the same initial velocity ;(0) = ¥;(0) = v € T;M. By the uniqueness of the solution of the
Cauchy problem

A L(y(8),7(5)) — & (oL (v (1), 5(8))) =0,

7(0) =g,
¥(0) =v € T;M,

we infer that ; = 7;. Since 7; and 7 satisfy the conormal boundary conditions and since k > m(L),
the same argument applied in Proposition 3 shows that ;(T(x;)) and ;(T(x;)) point outside (). As
a consequence, T(x;) = T(x;) and x; = x;. If x;(0) = x;(1), the same argument shows that x; = Rx;.
As a consequence, it must be Fi(x;) = Fi(x;), so ¢; = ¢j, which is absurd.
If L is not reversible, we get the thesis by applying the same minimax argument and the
relative category
Catgﬁ,gom >2,

that has been proved in [8]. However, in this case the geometric distinction of two ELCCs with different
values of the energy functional cannot be ensured. O

7. Conclusions

In this paper, we proved the existence and multiplicity of ELCCs with fixed energy x > m(L) in a
compact manifold with boundary (), where m(L) is defined in (3). As previously stated, this work
generalizes [11], since it does not require (4) to hold, and [10], where only the energy functional of a
Finsler metric is considered.

Moreover, we proved that if k > ¢y(L), where ¢y(L) is given by (12), then the non-constant critical
curves of the free-time action functional £, can be searched among the critical curves of a fixed-time
action functional, simplifying the problem by avoiding the compactness issues that arise from the time
variable T €]0, +oo[. This result could be applied in similar contexts to simplify the proofs of some
known results (cf. [15-17]).
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