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ON THE NORMAL EXPONENTIAL MAP IN SINGULAR
CONFORMAL METRICS

ROBERTO GIAMBO, FABIO GIANNONI AND PAOLO PICCIONE

ABSTRACT. Brake orbits and homoclinics of autonomous dynamicalesgyst
correspond, via Maupertuis principle, to geodesics in Rienen manifolds en-
dowed with a metric which is singular on the boundary (Jacoéiric). Moti-
vated by the classical, yet still intriguing in many aspepteblem of establish-
ing multiplicity results for brake orbits and homocliniass done in[[B, 17, 10],
and by the development of a Morse theorylih [8] for geodesicsuch kind of
metric, in this paper we study the related normal exponkemtzp from a global
perspective.

1. INTRODUCTION

The purpose of this paper is to prove global regularity tssiolr the distance-
to-the-boundary function in Riemannian manifolds withgsitar metrics on the
boundary. This kind of study is motivated by the use of theedegate Jacobi met-
ric (via Maupertuis’ principle) for the problem of brake d@dand homaoclinics in
the autonomous case, as don€_iri 6,7, 9, 10]. This approasiswgmested for the
first time by Seifert in[[18], where a famous conjecture conicey a multiplicity
results for brake orbits was formulated. The metric singtylaon the boundary
is of a very special type, being produced by the first ordeisiamg of a confor-
mal factor which multiplies a fixed background metric. Faling the local theory
developed in[[B], in this paper we will introduce a suitabéion of normal expo-
nential map adapted to this type of degenerate boundanesya will determine
its regularity properties.

There exists a huge amount of literature concerning theystfiirake orbits —
see e.g.[[12, 15, 2, 22] — and more generally on the studgradgic solutions of
autonomous Hamiltonian systems with prescribed enérgyl4316/ 17, 18]. We
also observe here that manifolds with singular boundanheftype investigated
in the present paper arise naturally in the study of certampactifications of
incomplete Riemannian manifolds. They constitute an irngmdrclass of the so-
calledsingular manifoldssee[[1] and the references therein, where the singularity
is described by the vanishing (or the diverging) of some a@onél factor, called
the singularity function

In order to describe the results of the present paper, lebnsider a Riemann-
ian manifold (M, g) of classC3, representing the configuration space of some
conservative dynamical system, andlet M — R be a map of clas€? on M,
which represents the potential function of the system. Rirmergy levelEl € R,

Date July 27th, 2014.
2010Mathematics Subject ClassificatioB0F45, 58E10.
1


http://arxiv.org/abs/1503.05804v1

2 R. GIAMBO , F. GIANNONI AND P. PICCIONE

E > i]rvljfv, and consider the Jacobi metric:

defined in the open sublevél ! (]—oo, E), the so callechotential well Note
that g, is singular on the boundary —' (E).

ForanyQ € V! (]—o0, E[ ), denote byly (Q) the distance of) from vV ~*(E)
with respect to the Jacobi metric (IL.1). In the recent wolk tl&e following as-
sumptions:

e Vis of classC? in a neighborhood oF ~! (]—c0, E|);
e [is aregular value foV;
e the sublevel/ ~! (]—c0, E]) is compact;

were used to prove that if the minimizer that realizgg(Q) is unique, theniy is
differentiable at), and its gradient with respect to the Riemann mejris given
by

vy (Q) = S ol

whereq is the minimizer (affinely parametrized in the interval 1]) joining
VY E) with Q. Uniqueness of the minimizer is guaranteed for all po@tsuf-
ficiently close to the boundary —!(E). Moreover, in[8, Section 4] a definition
of Jacobi fields along Jacobi geodesic starting fiom! (E) is given and a Morse
Index Theorem was proved.

Following along this path, in this paper we introduce e ndrexgaonential map
exp™, defined in terms ofj.-geodesicsy : ]0,a] — V~!(]—o0, E[) satisfying
1iﬁ)1fy = P € V-I(E), see Sectioh]2. Such geodesic is necessarily “orthogomal” t

V~—Y(E), in the sense that a suitable normalizationy(f), whens goes to0, ad-
mits as limit as a vector € Tp(V ~!(E)) which isg-orthogonal tol’ ~! (E) at P.

We prove the regularity afxp, and we establish the equivalence between conju-
gate points td/ ~!(E) and critical values of the exponential map (Proposifion 2.3
and Theorer 2]9).

In section[ B we apply the above result to prove that if the minér between
V~Y(E) andQy is unique and ifQ, is not conjugate t&’ ~!(E), thendy (Q) is of
classC? in a neighborhood af), (cf. Theoreni:311). This extends the result proved
in [6], where theC?—regularity is proved only for point§), sufficiently close to
V-YE).

2. EXPONENTIAL MAP AND FOCAL POINTS

A geodesicr : I € R — V~!(]—o0, E[) relative to the metrig, (L) will
be called aJacobi geodesicsuch a curve satisfies the second order differential
equation:
(2.1)

. . . r .. .
(E-V(x(s))) %x(s)—g(VV(w(s)),w(s))w(s)+§g(ﬂc(s),:v(s))VV(:v(s)) = 0.
Moreover, a non costant Jacobi geodesgatisfies the conservation law

(2.2) 3(E=V(¥)a(¥,7) = A € RT\ {0}.
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Given a Jacobi geodesic: ]0,a] — V~!(]—o0, E[) satisfyingliigw(s) =Pc
S

V~1(E), then theg-normalized tangent vecta, := 1(5)/g(7(s),1(s))% admits
limit liféws = € Tp(Vfl(E))L. Indeed, using[8, Lemma 2.2], it can be seen

thatv, + VV (7(s))/g (VV (1(s)), VV (~(s)))*? is bounded in norm by an func-
tion that is infinitesimal fos — 0. In this situation, we will say that is a Jacobi
geodesicstarting orthogonallyto V~!(E). These geodesics will be used later in
the definition of the normal exponential maplof ! (E) using these geodesics.

Remark2.1 Letus now recall a basic result that will be repeatedly ukealighout
the paper. We refer the reader o [8, eq (3.16) and followiisgussion] for the
details of this construction, that we will now briefly sketdfor anyP € V~1(E)
consider the trajectoriegs— ¢(t, P) that are solutions of the Cauchy problem:

Dg+gradV(q) =0
(2.3) q0)="P
4(0) =0,

where% is the covariant derivative of vector fields alopgand grad/ is the
gradient ofl/ with respect to the Riemannian metgic

Moreover, calledy(P, \) the unique Jacobi geodesic starting fréhe V—1(E)
and satisfying\, = X (note that the uniqueness ofP, \) follows again from the
Maupertuis Principle), we have that

a(t, P) = v(P.\)(s), wheret = #(s) /0 ) — v\(/j(?f 56

and thert — ¢(t, P) is a reparameterization of— ~(P, \)(s).

Using Maupertuis—Jacobi principlel [8, Proposition 2.Xe@an show that, set-
ting 7 = /¢, the mapg(r, P), defined in[0, o[xV ~!(E), for a suitablery suffi-
ciently small, is aC''—diffeomorphism. Moreovey(r, P) is a coordinate system
in a neighborhood of ~}(E) and%(O,P) = —1gradV(P), while g—g(O,P) is
the identity map. In particular, it is worth remarking thaf"a-diffemorphism, say
®, betweenl/ ~}(E) anddy,* (9) is obtained by setting(P) = q(é, P).

Definition 2.2. For anys > 0, A > 0 andP € V~!(E) we denote byexponential
map(starting fromV ~!(E)) the map:

(2.4) exp™ (P, A)(s) = (P, A)(s),
First of all, let us prove the following

Proposition 2.3. Fix anyd > 0 such thatd“,l(é) is a C?—hypersurface (6} [8]).
Let @ be theC!-diffemorphism betweelW —!(E) and d,* () (see Remark2.1).
Let v5 be the solutions of the Cauchy problem for Jacobi geodesiits imitial

s

position,w(TA) and initial speedy(%). Then for anys > 0

(2.5) Y(PA)(s) = 36(P A (s = 25).

andexp™(-,-)(s) is of classC'.



4 R. GIAMBO , F. GIANNONI AND P. PICCIONE

Proof. First of all, recall from Remark 211 thq(\/ft, P) is a coordinate system in
a neighborhood o ~(E). Therefore, for any > 0 such thaty(P, \) is defined
in a neighborhood o\f% (the value of the parameter at Whi@/rreaches:l‘jl(é)),
there exists one and only ong P, \) such thay(ts(P, \), P) intersectsy* (9).
Using the Implicit Function Theorem, we deduce the existenfd sufficiently
small such that the ma (P, \) is of classC'.
Now, since
dt dt VA
(P _dt oyt VA L p
FPA)(s) = —=d(t. P) = = = V(q(t,P))q(t, )
we have that{{2]5) holds for any> 0. Now recall thatys is the Jacobi geodesic
satisfying the initial conditions

75(P7 )‘)(0) = q(t(S(Pa )\),P)’
2.6
( ) ;75(P7 )‘)(0) = E_ V(Q(Z?P, )\)),P) Q(té(P> )‘)>P)>

Since(t, P) + q(t, P) and(t, P) +— ¢(t, P) are of clas€! (RemarKZ2.1), stan-
dard regularity properties of ODE'’s give tli&'—regularity of the magP, \)
Y5(P,N) (s — %) concluding the proof. O

Remark2.4. Note that classical regularization methods show that the(iRa\) —
Y5(P,N) (s — %) is also of clasg'!.
Remark2.5. It is important to note thats starts from the point:
Ps = q(ts(P), P) € dy,'(6) =: N,
with velocity orthogonal to the hypersurfadé.

Remark2.6. Consider a Riemannian metric conformaltsay¢g with ¢ positive
and smooth real map, and the corresponding action integral

W) =5 [ o@gtea)as

on the spaceX of the H “»?>—curves fronf0, 1] to M such that:(0) € N, z(1) = Q,
where N is a smooth hypersurface af, and( is a fixed point inM. We recall
that the critical pointsy on k| x satisfy the ordinary differential equation:

D . . .
[P A(s)] = 29(3(5),7()) Vee(r(s)),
and the boundary conditions
7(0) € N, 7(1) = Q.
(Here V¢ denotes the gradient of with respect to the metrig). Moreover, the
tangent space ok at v is given by theH? vector fields¢ along~ such that

£(0) € T, )V, the tangent space of at~(0) and¢(1) = 0, while the Hessian of
h at a critical pointy is given by

1
10) = [ 3o ) (0)IE.6) + 20(T50). Oa(RE. )

+ o) [9(R(EANEA) + 9(R& O] ds — o(7)9(Ve, 7)|s=0
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(whereV is the covariant derivative with respect to the metficBy polarization,
we obtain the related bilinear form:

@) 1) = | ot Datir* ()il

+9(Ve(1),)a(2n. %) + 9(Ve(v),mg(2E.7)

+ () [9(R(, €)%, ) + 9(g36s )] }ds+
- %ap(v) l9(Ven, 7) + 9(Vu& | _ -

The Jacobi field equation is:

LG BRI - B [9(Vo(1),€)4 + o(7) 2]

2
+9(R67)Vely) +e(VR(,€)7 = 0,
while the vector fields in the kernel dfare Jacobi field§ such that (1) = 0 and

(2.8) e(VN2E+9(Ve(1),€)7 — o(7) Ve

is orthogonal tdl’, )V at the instant = 0.
As pointed out in[[8, Definition 4.6], for the Jacobi metricetdacobi fields
differential equation in the interval, a| is

@9) ~ 2 ((E-VE)RE) + (B~ VE)RE, €+

ds
+ 24TV (), 04) 93, ROVV()+

S
~ 596, HY ()[E) = 0forall s € ]0,a].
We recall now the definition (given ifl[8]) of point which ismjogate tol’ ~ (E).

Definition 2.7. A point(sg), on a Jacobi geodesicstarting fromV —1(E) is said
to beconjugateto V—1(E) if there exists a non identically zero vector figldlong
~ defined in[0, a], with £(a) = 0, such that

() & € C°([0. s0]) N C2(10,]);
(0) [5' (B = V(1))g( & g€) ds < +o0;
(c) ¢ satisfies equation (2.9) i0, a];
(d) £(0) € Ty VH(E);
(e) the continuous extension at= 0 of the vector field:
(2.10) (E-V()EE—9(VV(),€)7
is a multiple of VV'((0)).
Recall thatVV (~(0)) is parallel to the limit unit vector of. A vector field¢ along
~ satisfying (a)—(e) above will be called df+Jacobi field

Let~ : [0,a] — M be a Jacobi geodesic starting orthogonallyito!(E).
Fors > 0 small enough, letV, denote the set of points havinly -distance from
V~1(E) equal tos, so thatp, = v(o,) € N, wheres, = s/,/X,. Observe that,
if s > 0is sufficiently small\; is aC? embedded hypersurface bf, as shown in
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[6]. Denote byX* the shape operator of; at p; relatively to the metrigy,.. From
the relation

(2.11) ViY = VxY — 5 !

W [g(VV, X)Y +g(VV.Y)X — g(X,Y)VV]

the following expression for the covariant differentiati@si along relative to the
Levi—Civita connection ofy, holds:

(2.12)
D*
’[’] =

1

a5 a5 2B V()
Using (Z.11) again, given,¢ € T, N, the shape operator with respect to the
conformal metrict} satisfies the identity

(213)  0u.(S1(O)) = 5(B ~ VO)a(S(6),m) + 396 ma(VV (). ).

where we have exploited the fact thiat (7, Ns)*.
Moreover, introduced the Riemann curvature tensay,of.e.

RY(X,Y) = [Vx, Vy] = Vixy),
then it can be seen that (2.9) is equivalent to the equation

(2.14) (B2)*&(s) = R* (5(s), () (s).

This equation and the skew—symmetry of the Riemann teR$also imply that,
for every E-Jacobi field alongy, the quantity\e = 2 g..(2-£(s),4(s)) is constant
on |0, a]. Also observe thaf (2.12) implies that:

(2.15) Ae =20.(5:6.9) = —39(VV(1), 9 9(3,%) + [E = V()] 9(2E.9)-

Remark2.8. Observe that, it is an E-Jacobi field alongy with £(a) = 0, then
gx(&, ) identically vanishes of0, a]. Indeed, we have just proved that the map
9+ (2-€(s),4(s)) is constant, from which it follows that. (¢, ~) is an affine func-
tion. Moreover{(a) = 0 implies thaty, (£, ) vanishes at = a. Let us now prove
thatg. (¢, ~) can be extended continuously by setting it equal & s = 0.

First, observe thag is continuous at = 0 (by condition (&) of Definitio 2]7),
and it can be seen théaE — V(v)) behaves likes?/3 nears = 0, see[8, Remark
2.4]. The conservation laW(2.2) then implies thaiehaves likes—1/? nears = 0,
and thereforey.(§,~) vanishes at = 0. Thus,g.(£,~) vanishes identically on
[0, a] and, in particularg (o) € T\ Ns.

g(VV (), ¥)n+g(VV(v),n)y — g(3,n)VV (7).

Finally, we can give the main result of this section:

Theorem 2.9. The pointy(a) is conjugate toV ~!(E) if and only ify(a) is a
critical value ofexp™(-,-)(a).

The proof is divided into two Propositions.

Proposition 2.10. Let~y(a) be conjugate td’~!(E). Then itis a critical value of
expL (-, )(a).

Proof. Let¢ be anE—-Jacobi field in the sense of Definitibn 2.7 such ¢{at) = 0.
Fix & > 0 sufficiently small and considdk/'% andg(%). By Remark$ 25 and
A
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2.8, we have thaf(%) N 5+ Now fix Q(r) a smooth curve irj\/%
A
such thatQ’(0) = 5(%) If we fIX ) and)\ the map

P eV YE) = q(P,t;(P,)\)

is a diffeomorphism®(P) of classC!. ChooseP(r) = ®1(Q(r)) and keep\
fixed. Note that by[(2]4) with = a

o d
dexp™ (P, A)(a)[P'(0)] = dy(P, X)(a)[P'(0)] = lim 3./ (2(r), A).
Then, by [2.5) and standard argument in the classical theb@DE'’s, the val-
ues ofdy(P, \)(a)[P’'(0)] is given by the solutiorr of the linearized equation of
geodesics, evaluated at= « with initial position £ <%> and initial velocity
D s

<ﬁ> Then by the uniqueness of the solutions of the Cauchy proble
hav z(s) = &(s) for anys, so

dexp™ (P, N)(a)[P'(0)] = £(a) =0,
concluding the proof. O

Before proving the converse, we need the following:

Lemma 2.11. Let{ be anN;-Jacobi field alongy. Then for alls € ]0, 6] we have
(o) € Ty(o,)Ns, and the vector

(2.16) |, &lo0) + 35 (&(0))
is parallel to(o), whereo, = s/,/A,.

Proof. Let us fixsg € ]0, 4] such thaty(os,) € Ns,, and prove tha{(2.16) evalu-
ated whers = s is parallel toj(o,). To this aim, choose an arbitragyc]0, so[
and letr — -, be al-parameter family ofy.-geodesicsy, : [o5,05,] — M,

r € |—¢,¢[, such that for alk € [s, so,

® %‘r:o%(%’) =£(0s),
o v.(05) € N.

Now let us fixv € 4(o,,)*, consider the two-parameter magr, o) = 7,.(o), and
let v(r, o) be a smooth vector field alongsuch that/ (0, o5,) = v and

(2.17) Dv(r,o) =0
for all ». Then using the properties of the family we get
(2.18)

9 (B2 (€000))0) = 92 (55, (€(020))s (0, 020)) = g (B, 0). 7(00)

where last equality is obtained easily using the propedig¢ise shape operatat?.
Now let us prove that the function — g.(2&(o) + £2(¢(0)),v(0,0)) is
constant (we drop the subscripfrom o and recall thas depends ow, i.e. s =

o+/Ay). From [2Z1#) and(2.17) we obtain:

(2.19) %g*(%é‘(a)w(ova))

— 0. (2Le(0),1(0,0)) = g (R (3(0), £(0)) (), (0, 0)).
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Using (2.17) and(2.18), we get:

(2.20) d%g*(zi(ﬁ(a))vV(O’U)) = g (20| _v(r,0),7(0))
.

= 9. (| _y v (r,0),9(0)) + g« (R* (4(0),£(0)) (0, 0),5(0))
= —9.(R*(5(0),£(0))¥(0), v(0,0)).

Finally, using [2.1B) and(2.20) we obtain:

= 0 (o) + 51 (6(0)),(0,0) =0,

ie., g.(2€(0) + 22(&(0)),v(0,0)) is constant foro € [o5,0,,]. But if we
considersg = §, by assumptions of we have

9+ (56(0) + 33 (£(0)), ¥(0,0)) lo=0,, =0
and the proof is complete. O

Proposition 2.12. Suppose that/(a) is a critical value of the exponential map
exp®(-,-)(a). Theny(a) is conjugate td/ 1 (E).

Proof. Let v(a) be a critical value for the exponential map. Thenbyl(2.53 iai
critical value for the exponential map defined by geodediaginsg orthogonally
from N.

Then by classical results (¢fl[5], Proposition 4.4, cap.ii®re exists &2 Ja-
cobi field alongy defined in the intervalos = %, a] such that

(2.21) £(05) € Tyos)Ns, &(a) =0
and
(2.22) B &(05) + E5(&(0s)) is parallel tof (o).

Note thaté can be extended as Jacobi field alopgo the whole interval0, a].
Moreover, sincey. (£(s),¥(s)) has second derivative identically zero, and it is null
atos anda, we deduce that

(2.23) 9.(€(5).4(s)) = 0 for anys € ]0,a]
Moreover, by Lemma2.11:
(2.24) L ¢(0) + 25(£(0)) is parallel toy(o) for anyo € 10, o5] .

Now denote by (¢, n) the index form[(2.]7) with the intervédl, 1] replaced by the
interval[s, a]) (s > 0) and¢ replaced byE' — V. By (2.23) and[(2.24) we deduce
that

(2.25) 12(¢,7n) = 0for any smooth vector fielg along~y satisfying
n(s) € TysyN,/x» andn(a) = 0.

S

Now, arguing as in the proof of [8, Propositions 4.15], wevsltbat there exists
S < S« € ]0,05] such that for any € |0, s..| the quadratic formY?-(n, n) has
a minimizer in the affine spacg?+ of the absolutely continuous vector fielgs
alongy such thaty(s) € TN, 5 andn(s.) = {(s«). Such a minimizer is a
Jacobi field. Moreover, as the proof 0f [8, Proposition 4,16 see also that*
is strictly positive definite and there is only one uniqueabadield alongy in Y**:

therefore it coincides with the Jacobi figld
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The same estimate in the proof bf [8, Proposition 4.15] gales the existence
of a constant’ independent or such that

/ (B - V()g(Re, Deyds < ¢,

from which we deduce (d) of Definition_2.7. Note that propg(thy implies the
continuity of¢ in as = 0, and taking the limit as — 0 in (Z.23) (using the unit
vector of4) gives also property (d).

Finally, integrating by parts in(2.25) (with = 0) and using standard regular-
ization methods as i [8] we obtain the continuitysat 0 of the map

(BE=V) &&= 9(VV(9),6)7
and taking the limit as — 0 in (Z.24) allows to obtain also property (). I

3. ON THE C?—REGULARITY OF THE DISTANCE FROM THE BOUNDARY OF
THE POTENTIAL WELL

In this last section we prove th&’—regularity for the Jacobi distance from the
boundary of the potential well in a neighborhood of a pdiit with a unique
minimizer and such thaf), is not conjugate td/~!(E). Indeed we prove the
following

Theorem 3.1. Let dyy be the Jacobi distace frof —!(E), Assume that), €
V~1(]—o0, E[) is such that there is a unique minimmizer that realide$Qy).
Assume also thaf), is not conjugate td/~!(E). Thendy is of classC? in a
neighborhood of).

Proof. By Theoren 2.B, it follows thaf), is a regular value of the exponential
map. Since it is of clas€? we see that any) sufficiently close taQ is a regular
value of the exponential map. Then, always by Thedrein 2.9ave that( is not
conjugate to/ ~!(E).

Then, for any(Q sufficiently close toQ), there is a uniqgue minimizer. Indeed
suppose by contradiction there exists a sequépgef points with at least two
minimizers~! and~2. By Lemma 3.4 in[[8], they converge (with respect to the
H'-norm to the unique minimizer that realizés (Qy). But this would be in
contradiction with the fact thad, is a regular value of the exponential map.

Finally, by Proposition 3.5 of |8], for ang) nearbyQ, the gradient ofl, at Q
is given by
(E-V(Q)).
where~ is the unique minimizer betweeri—!(FE) andQ, parameterized in the
interval [0, 1]. Then to prove th&? regularity ofdy it suffices to prove the&''—
regularity of4g(1). Sinceyg(1) = Q, thanks to the invertibility ofxp* and its
C'—regularity, formula[{2J5) and Remdrk P.4 allows to obthia ¢conclusion of the
proof.

O
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